Q1 | Solution
(a)
0:
7
0=—
b _
(®) Since 7 is minimum at d =—m, d_y_ ! =3
dx 11
tan| —m
At Hzﬂn, xzﬁ and =—l.
6 2 2

Hence the equation is y — 1 =3 x—? :>y:\/§x—2

2
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Q2 | Solution

@ | d dy
—(xy)=x—+
)=ty
d’ d’y _dy
—(xy)=x +2
de ( y) de dx
d’ d’y _d’y
W)
) n dny n—ly .
Conjecture: — (xy):xdx” +tn——=-—r,ne’
b n n n-1
®) Let P, be the proposition d (xy)zxd y+nd ij where neZ” .
dxn dxn dx)'l
When n=1:
RHS :xd—y+y
dx
d
=— =LHS
)
.. B is true.
k k k-1
Assume B, is true for some ke Z": %(xy)zxjx—{+k3xki)

To prove F,,, is true:

)= 4 et

dxk+l dx dxk

© o (-1)"e™
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Q3 | Solution

(a) 1 1 1
2 —>R ”f' a-2 2
1 2a 16 0 2a¢a-5 15 -12

1 51 1
N R ) 2
0 0 2a*°+9a+5 —4a-2
1 51 1
—& 510 1 a-2 2
0 0 (Qa+1)a-5) 2Q2a+1)

For system to be consistent, (2a+1)(a—-5)#0 OR (2a+1)(a-5)=0=22a+1)
1

az——,50R a=—
2

La#s

(b)

x+5y+z=1
y—3z=2

Letz=4,
y=2+31

=-5(2+32)-2+1

=—9—2—27/1
X -9 =27
A
Y= 2 +E 5 . AeR
z 0

() x+ 5y+ (z-D=1
2x+11y+ a(z-1)=4
x+2ay+16(z-1)=-11

X -9 ; 27
Substituting z—1 into solution above, | y |=| 2 |+ 5 5|, AeR
z 1 2
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Q4 | Solution
(@) | Since f(1)f(2) = (13 -3- 1)(23 -6-— 1) =-3<0, there is at least one root in the interval.
Since f'(x)= 3x” —3, which is positive over the interval (1, 2), there will be exactly one root in the interval.
® [ O -Of) _O0-@3) _7_,
f(2) - (1) H-=3) 4
Since f'(x)=3x" -3 and f"(x)=6x, are both positive over the interval (1, 2), the curve is upward sloping
and concave upwards, hence the chord used for linear interpolation will lie above the actual curve, resulting in
an underestimate.
© x’—=3x, -1 2x, +1
O I S Rl L e
(¢) | For x, =1, f'(1)=0 and so g(1) is undefined, causing the iterative process to fail. n .
(i) .
From the GC, using x, =2, 1 2
2 17/9
we have o =1.879 (3 d.p.) 3 10555/5616
4 1.879385
5 1.879385
(d)

u, (1)_2'(1’1113 _3un _1) . 2+7uﬂ —21/!”3
1=(u, =3u,-1)  2+3u,-u,

u =

n+l

Using this formula, u, =1.879303, u; =1.879378. This suggests that the linear interpolation converges almost
as fast as the Newton-Raphson method in this particular context.
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Q5 | Solution

(a) a
S={|b|eR*:2a-b+4c=0

C

Note that 0 € S, hence S is non-empty.

al (12
Let u,veS suchthat u=| b |,v=|b, |,and 1R

G &)

a, + Aa,
Then u+Av=| b, + 1b,

¢ +Ac,
2(a, + Aa,)— (b, + Ab,) + 4(c, + Ac,)
=2a,—b +4c, + A(2a, —b, +4c,)
=0

Lu+Ave S

As S c R? is closed under addition and scalar multiplication, S is a linear space.

(b) a, a,
Let u,ve S suchthat u=| b, [,v=|b, |,and 1R

G )

a, + Aa,
u+Av=| b +A1b,
¢ +Ac,

a, + Aa,
T(u+Av)=T| b, + Ab,
¢ +Ac,
a, +Aa, +3(c, + Ac,)
=| 6(a, + Aa,) +4(b, + 1b,) +2(c, + Ac,)
a,+Aa, +b + b, — (¢, + Ac,)

a, +3¢, a, +3c,
=| 6a, +4b, +2c, |+ 1| 6a, +4b, +2c,
a,+b —c¢ a,+b,—c,
=T(u)+AT(v)

Therefore T is a linear transformation.
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(c)

— O\
— K O
N W

Using GC,

ref (A) = -4

S o =
(=

Letz=41,

x=-31, y=44

-3
Basis for the null space of A = <| 4

@

As nullity(A) =1,

rank(A) = dim(R*) — nullity(A)
=3-1=2

(©

a a+3c
as T| b |=| 6a+4b+2c |, and

c a+b—c

2(a+3c)—(6a+4b+2c)+4(a+b—c)
=2-6+4)a+(-4+4)b+(6-2-4)c
=0

Range(T)c= S .

As dim(Range(T)) =rank(A)=2, and dim(S)=2,
Then Range(T)=3S.

Alternatively,

Range(T) = Column Space of A

1)(0
=Span<| 6 |,| 4
1)1

As 2(1)—1(6)+4(1)=0 and 2(0)—1(4)+4(1) =0,
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Range(T) <= S .
As dim(Range(T)) =rank(A) =2, and dim(S)=2,

Then Range(T)=S.

®

-2 1 0 3

1 -2
T -1|=| 0
-1
1 -3
Subset of R’ requiredis {| -1 |+A4| 4 |, 1eR
-1 1
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Q6 Solution

(a) un - 4”1171 - un—Z = 0

Auxiliary equation: 4> —44-1=0

,_4£420
2
=2+4/5

General solution: u, = 4(2++/5) + B(2-/5)", where 4, B are constants
When n=0, t,=1=A+B (1)

When n=1, u, =a = 4(2+5)+ B(2-5) — (@)
(2+\/§)(1)7(2):(2+\/§)—a=2\/33

(5)-
25
A=1-B

_\/§—2+a
25

J5-2+a +5)-a n
un( 2} J(z J5) + %(2—\5),;00

B:

Alternatively:
M)+ @)(2++5):
(2+\/§)a (10+4f)

1+(2+ 9+4\/§—(2+\/§)a
BT - 10+44/5

N
®&
uQ

(b) As ‘2+\/§‘>1,(2+\/§)n—)oo as n—>ow .
As ‘2—\/§‘<1 , (2—\/3)"—>0 as n—>w .

Thereforeu, converges if @ =0

25
.'.a:2—\/§.
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(c)(®) RHS =1+ 1
4(1+s,)

1

=1+ 5
4[1+"1+‘”1]

2u

n

2u
=1+ —>r
4(4u, +u, )
=1+ 2u,
4un+1

= M
2’un+l
=s,,, =LHS

@ay | 1
i 4(1+s,)

Let the limit of the sequence be /.

Thenas n— o, l=1+; = 2.3
4(1+1) 4

1>0,since u, =1, u; =0 =>u, 20 forn=0 =s5,20 forn>2

g
==

(c)(iii) 2ug +u,
§g =——F
2u,

Using GC, u, =5473, u, =1292

12238

S, =
* 10946

5
2

Sg

12238
RV e
5473
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Q7 | Solution

(a) | Consider the triangle POR, with ZRPQ =6, PR=r, PO=2c and RQ=r—-2a.
Using cosine rule, (RQ)" =(PQ)’ +(PR)" —2(PQ)(PR)cos(LRPQ)
= (r—2a) =(2¢)" +(r)’ —2(2¢)(r)cosd

= 2 —dar+4a* =4c* +r* —4cercosé

2 2
= r(1—20059)=a ¢

a a

(d)

© | ycos@=x+c, rsinf =y, r2=(x+c)2+y2

2 2
r(l_scong:“ "€ o wr—c(reos®)=a’ ¢ (from (a))
a a

s 2 2 2.2 2 2
Substituting rcosd, ar—c(x+c)=a’-c¢* = a’r =(a +cx)
. . 2
Substituting *, a’ [(x +c) + yz} =a* +2d°cx + X
= a'x’ +2a’cx+a’c> +a’y’ =a' +2a’cx+cx’

= (a2 —cz)x2+aZy2 =a2(a2 —cz)

@ (3—22)x2+3y2=3(3—22) = é—yz:l

At intersection with y =mx+ £k,

2

x?—(mx+k)2=1 = X =3(m’x® + 2mhx+£7) =3
= (3m* —1)x" +(6mk)x +(3k> +3) =0
Since y =mx +k is a tangent, there is only 1 solution, i.e.
= (6mk) —4(3m* -1)(3k* +3)=0
= 36m’k” —4(9m’k” +9m” —3k> =3)=0

= 36m’k’ =36m’k’ —36m’ +12k’ +12=0

= k=3m’-1

Alternatively:

2

Yoo o 2%y o X
3 3 dx dx 3y

Equation of tangent at (xl, yl) is y—y, =3x—1(x —xl)
N
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2_ 2
- y:Lx+3yl—x1:ix—i,where ¥, <0.
3)/'1 3)/1 3)/1 N
1 1
Thenmzi, k=——=k'=—.
3}/] W B2

2 2 a2
RHS=3m2—1=3[iJ spem T3 3 ke (shown)

3)’12 3J’12 ylz
(e) 1)’
fm)=3| —| -1
m

(f) | At the intersection,

mx ++3m” —1 :—lx—k iz—l

m m

= m*x+m\3m* =1 =—x++3—m’

\/3—m2 —m\/3m2—1
X =
m? +1

y:m(\h—m2 —m\/3m2—1}r\/m:m\/3—m2 +3m -1

=

m +1 m* +1
Substituting,

2 2 . 2 2 .
x2+y2=[\/3—m —m\/3m —IJ +(m\/3—m +\/3m —IJ

m* +1 m* +1

=ﬁ[(3—m2)+m2(3m2—1)+m2(3—m2)+(3m2—1ﬂ
m-+1

_2+4m2+2m4_2
1+ 2m+mt
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Q8 | Solution

(@) | x=rcosd, y=rsinf
(x2+y2)2=7y3+2x2y

= (r2 )2 =7r"sin’ @+ 27 cos” @sin O
= r="7sin’ 0 +2(1-sin’ 0)sin 0

=7 =35sin’ @+ 2siné

O jf”[f(ﬁ)]2 do = jf”(smﬁ 0+2sin6) do

1

= joi"zssinﬁ 6 +20sin* 0+ 4sin’ 0 do

Let g(@)=25sin® @+20sin* @+ 4sin” @, then g(0)=0, g(gj=49,and
6 4 2

T 1 1 1 81

—|=25| —| +20| = | +4| —=| ==.

g@ (ﬁJ (ﬁj (ﬁj 8
Using Simpson’s Rule,

s ofson (2}l

=T O+§+49 :@n
12 2 24

© | L 1
joz sin"6 do = joz sin @sin""'0 d@

=[-cos €sin”’1€]§n - jf“(—cos 0)(n—1)(sin"6)(cos 0) &
=[=(0)(1)+(1)(0) ] +(n —1)j§"(cosze)(sin"*29) do
=(n-1) E(l —sin’6)(sin"*6) do

[#"sin"0 do =(n—1)[>"(sin"?0) d6 —(n—1) > sin"0 d&

1

n[2sin"0 do = (n—1) jf“(sin"*ze) do

jf sin"6 df) = (”—_lj En(sin”’Qﬁ) o

n
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(d) ™
A= [?"25sin’ 0+20sin' 0+ 4sin’ 6 49
1
r-T
=’ 25(Ejsin4a+zo(ﬂjsin20+4[Ej do
Jo 6 4 2
1
T
-’ E(ﬂjsinzﬁﬂs(ﬂ}ddﬁ
Jo 6\ 4 2
1
r—n
-’ E[—2_1j+2d0
Jo 8L 2 2
1
:jz ﬂdgzﬂn
o 16 32
e
© Percentage error = Qn—ﬂn +£nx100%=13.8% (3s.f).
24 32 32

Hence Brian’s claim that the estimate is unreliable is valid.

§
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Q9 | Solution

(a) 0.98 0.1
A =
0.02 0.9

B,) (098 0.1(B,,
E, ) 1002 09)\E,
[0.98Bn1 +0.1E, , J

~10.02B_, +0.9E,

B, +E, =(0.98B,_ +0.1En_) (0.02B, , +0.9E, )
=B, ,+E, _

n—l1
As B, +E, =B, +E, , forall n>1, B,+E, =B +E; forall n>0.

Hence B, +E, is a constant forall n>0.

(b)

098-2 0.1
|A—/11|=‘ ‘—

002 09-4|
=(0.98-1)(0.9-2)—(0.1)(0.02)=0
A% —1.884+0.88=0

_ 1.88+4/1.88” —4(0.88)

2
1.88+0.12

2

Eigenvalues are 4=1,0.88

-0.02 0.1 |0 1 5|0
Let 4 =1, PO I N
002 -0.1|0 o0 0 0|0

Corresponding eigenvector e, = ( ]

0.1 1o
Let 4,=0.88 L UL
& (002 002‘ j 108 [o 0‘ oj

Corresponding eigenvector e, = (_1 ]

a0 el 1)
N
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) 1(5 —1](1 0 j(l 1]
Al =—
61 1)lo 088 )\-1 5
_1(5+(0.88)" 5-5(0.88)"
61 1-(0.88)"  1+5(0.88)"

B, 50

:An
(Eﬂ] [SOJ
1(5+(0.88)" 5-5(0.88)")(50
6(1-(0.88)" 1+5(0.88)" )| 80
1(650-350(0.88)"
6( 130+ 350(0.88)"
5(65-35(0.88)"
3| 13+35(0.88)"

(d)

The model does not support this position.

As n— o,

B, _ 5(65-35(0.88)" _)2 65 _65(5

E,) 3113+35(0.88)" 3013 311
Hence we would expect the populations of city B and E to stabilise at a ratio of 5:1, and city E will not be
abandoned.

(e

B -5
The population of city B and E at the end of 2025 can be modelled as (E3 j +[ 5 J, where B, and E,;are the
3

populations under the old simulation.

5

original model £ years after 2025 can be represented as

-5 -5
Ak[ jzo.ggk( j

5 5
0.88"(5)<0.1

In0.02

>
In0.88
k >30.603

-5 -1
As ( j = 5( | ] is an eigenvector of A with eigenvalue 0.88, the difference between the new model and the

Hence the difference will first fall below 100 in the year 2056.
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