2023 H2 MATH (9758/02) JC 2 PRELIMINARY EXAMINATION — SUGGESTED SOLUTIONS

Qn Solution

1 Vectors

(@) | BP=0OP-0B AP =0P-0A4
=(3a-2b)-b and =(3a-2b)-a
=3a-3b =2a-2b
=3(a—b) =2(a—b)

Since BP = %ﬁ’ , points 4, B and P are collinear. (Shown)

BP:AP=3:2

(®) |/, r=b+i(a-b),A1eR
Since N lies on line BP, ON =b + A(a—b) for some A € R.
Since ON is perpendicular to /,,,ON is perpendicular to (a—b).

[b+2(a-b)] -« (a—b)=0
[(1-2)b+4a] « (a—=b)=0
(1-2)(bea)~(1=2)|b|" + 2|a] = A(asb)=0

Given that |b| =1, a| :i, asb =(i)(l)cos£:z,
3 3 3 3

2 » (4 (2
1-A) = [—(1-2)(1 Al—=| =4 =1=0
( )@ =40y (J (3)
(1_1)(1}&1—31:0
3 9 3
B L
3 9
B,_1
9 3
1=
13
BN =ON - OB

3
=b+—(a-b)-b
+13(a )

LNy
13
Therefore, ﬂ = i .
BA 13
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Alternative Method

BO-BA

e

—b+(b—a)
Z

—b+(b—a)=—bsb+b-a

=—|b| +|b||ajcos—
2 3

)
=—l+—| =
302

|ﬂ|2 = |b|2 + |a|2 - 2|b||a| cos%

12 -20()
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Qn Solution

2 Maclaurin’s Series

(@)() y=In (1 +2x +3x7 )

e’ =1+2x+3x"
Differentiating with respect to x,

d—ye"’ =2+6x
dx
2 2
d—fey+(d—yj e’ =6
dx dx
When x =0,
y=0
&,
dx
2

y:0+(2)x+2%x2+...

=2X+ X" +... (up toxz)

(iii) yzln(1+2x+3x2)

—2x+3x2—w+ (usin dard seri
= 5 g standard series)
2
=2x+3x° —@+
2

=2X+ X" +... (up to xz)(veriﬁed)
(b) x 1

e :x(4+x) 2

Page 3 of 13




Qn Solution

3 Sequences and Series & Complex Numbers

@ | z  r(cos +isind,)

z, 1(cosb,+isind,)

_ r(cosf +isin@,) (cos6,—isinb,)

1, (cos @, +isin@,) " (cosb, —isin6,)

7, cos 0, cos 6, —icos 6, sin @, +isin b, cos @, —i’ sin &, sin O,

2 2 22

r cos” 6, —1"sin" 6,
_ 1, cos 6, cos 0, +sin 6, sin 6, +i(sin 6, cos 6, —cos G sin 0, )
- 2 . 2

r cos” 6, +sin” 6,

7 .
:—l[cos(ﬁl—6’2)+1sm(91—02)].

6

z

Lo

arg [—] =6 -0,
)

®) Zn: (argw,_, —argw, ) =argw, —argw,

o
+arg w, —arew,
M—};ﬁ
+...
+ Mz AW,
+ ar: 1 arg w,

=argw, —argw,
=arg(0+i)—arg(n+i)
:%—arg(nﬂ)

k==
2

(©) |Asn—oo, arg(n+i)—0,

c Wr—l
hence Zarg — | converges.
w

r=1 I3

o w, 2
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(d)

o3

.\3 “\3 “\3
+1j (2+1j (3+1]
- | +arg| — | +arg| — | +
3+1 4+1
= w 0+1
=3| » arg| —L |—arg| —
2 g( w,] g(1+ij]

—(arg(0+i)—arg(1+i))j
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Solution

Applications of Differentiation
When y=0,

uz‘siné’—%gt2 =0

1
tlusinf@——gt |=0
( 2° j
_ 2usin@
g
Since t 20, t = 2usin 0
g
represents the time taken for the projectile to return back to the same height

t=0 or

‘e 2usin@
g
as the origin at which it is launched.

b -
(b) When 7 — 2u31n6’,

g
x:u(zusmejcosﬁ
8

2
Y gin20 (Shown)

8
'y 2
© E:2L00s29
o g
2
When E:0, 2Lcos26?:0
de g

cos20=0

20="
2

9:1 (sinceO<0<%}

T : o
6 =— gives the maximum range of the projectile

=pn{25)

g
u2
Hence the maximum range of the projectile is —.
g
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Qn Solution
5 | Probability
(a) | P(B")=0.51
P(A'nB')=0.15
P(ANB")=0.51-0.15
=0.36
(b)
A B
0.15
P(B| A) =tz PEOD 1L
29 P(4) 29
P(A)-P(ANB") 11
P(4) )
P(4)-0.36 11
P() 29
29P(4) —10.44 = 11P(4)
18P(4) =10.44
P(4)=0.58
(¢) | Note that P(B')=0.51.

Let P (C ) = X.
Since 4 and C are independent,
P(ANC)=0.58x.

Note that B and C are mutually exclusive.

0.15 - 0.42x

c A

0.15-0.42x>0 0.36-0.58x=>0
x<— and xsﬁ
14 29
5

Therefore, maximum P(C) =—
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Qn

Solution

Discrete Random Variable

(@)

Area of target board = 7r(52) =257

Area of region with score 50

= 72'(12) =7

Probability of dart hitting region with score 50

.z _1
257 25

Area of region with score 25

=7 (32 ) - =8r

Probability of dart hitting region with score 25
8z 8

T 25z 25
P(S =75)=ﬁxix2!
25 25
16

= E (ShOWIl )

(b)

Area of region with score 0

=257-9r =167

Probability of dart hitting region with score 0
_l6xr 16

257 _2_5

75

P(S=s) |16 16 |16 8 16 1
257 25
256
625

16
625

(c)

From GC,
E(S)=20 and Var(S)=400.
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Qn

Solution

7 Correlation and Regression
(a) | No, since product moment correlation coefficient is independent of the scale (or unit) of
measurement.
(b) | Using GC, r=-0.985.
Since 7 is close to —1, there is a strong negative linear correlation between ¢ and
In(100-x).
(©) In (100 — x)
A
4.2 —
29 4
: » !
[
5.5 9.1
(d) | In(100-x)=5.93932-0.33739¢
In(100—-x) =5.94-0.337¢ (3 s.f)
(e) | Sub =10,

In (100 — x) = 5.93932 — 0.33739(10)
100 —x= e2456541

x=87.03 s.f)

Since ¢ =10 lies outside of the given data range of 7, the linear relation between
In(100—x) and ¢ may no longer hold. The estimate is not reliable.
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Qn

Solution

Normal and Sampling Distribution

(@)

Let 4 and S be the mass of a randomly chosen apple from Brand 4 and Brand S
respectively.

S ~ N(78.8,3.12) and A~ N(82.2,2.22)

Required Probability
= P(8O <A< 84)

=0.635 (3sf)

(b)

Let T=4 +A4,+...+ 4.
E(T)=5x82.2=411
Var(T)=5x2.2"=24.2
T~N(411,24.2)
P(T >408)=0.729 (3s.f.)

(c)

Let D=5-0.94.
E(D)=78.8-0.9(82.2)=4.82

Var(D)=3.1+0.97 (22" ) =13.5304

D ~N(4.82,13.5304)
Required Probability

=P(|D|>1)
=1-P(|D|<1)
=1-P(-1<D<1)
=0.907  (3sf)
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Qn Solution
9 | Hypothesis Testing
(a) | Tim can randomly select 20 Year 1 Boys, 20 Year 1 Girls, 20 Year 2 Boys and 20
Year 2 Girls to ensure that the sample of students is unbiased and representative of the
cohort.
(b) | Tim should conduct a one-tailed test as he believes that students are spending more than 3
hours each day on their homework.
© Unbiased estimate of population mean is x= g +3
=32
. : . . P | 16°
Unbiased estimate of population variance is s~ = %(1 64— E}
= 804 or 2.0354430=2.04
395
(d) | Let X be the time that a randomly chosen student spends on homework each day (in

hours).
Let u denote the population mean time that students spend on homework each day (in

hours).
Hy:u=3
H:pu>3
) ) .. = 2.0354
Under H,, since n =80 is large, by Central Limit Theorem, X ~ N| 3, 20
approximately.
Test statistics: Z = X3
2.0354 Just choose any suitable
80 / level of significance, and
Level of significance: 5% conclude accordingly.

Reject H if p—value < 0.05
Using GC, p—value=0.105 (3 s.f)

HORMAL FLOAT AUTD REAL RADIAN HF n HNORMAL FLOAT AUTO REAL RADIAN HF n

InrPt:Data u>3

He:3 z=1.253863049
o:{(2.03540 r=0.1049459593
®:3.2 ®=3.2

n:&e n=80

uimpe U ]

Color: BLUE

Calculate Draw

Since p—value =0.105 > 0.05we do not reject Ho and conclude that there is insufficient
evidence at 5% significance level, that the population mean time that students spend on
homework each day is more than 3 hours.

Thus Tim's belief is not accurate at 5% significance level.
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(e)

Hy: =3
H:u+3
_ 2
Under H,, assuming that X ~ N(3, 0'2), X~ N(?),f—oj.
Test statistics: Z = X3
o
10

Level of significance: 2%
Reject H, if z—value < —2.3263 or z—value >2.3263.

Since H, is rejected,

32-3 <-23263 or 32-3 >2.3263
O'2 O'2
\/ 10 \ 10
o <-0.27187 or o <0.27187 (3s.f)

(rejected)
0<0<0.27187 (since o >0)
Therefore, for teachers’ claim to be rejected at 2% level of significance, 0 < o <0.271.
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Qn Solution
10 | Binomial Distribution
(a) X =8 means there are 8 steps forward and 2 steps backward. Hence the counter ends up
6 steps ahead of point S.
X ~ B(IO, EJ
5
P(X =8)=0.121 (3 s.f.)
(b) | P(Serene wins the game) =P (X >8)
=1-P(X <7)
=0.16728
~0.167 (3 s.f.) (shown)
(¢) | Let Wbe the number of games, out of 20, that Serene wins. ¥ ~ B(20,0.16728)
P(W = 3) =0.23753~0.238 (3 s.f.)
(d

0.16728 Win
Plays Online
0.3 Game 0.83272 Lose
0.4 Win
0.7 Plays Word
Puzzle Game
0.6 Lose

P(Plays Word Puzzle|Wins)
(0.7)(0.4)
(0.7)(0.4)+(03)(0.16728)
=0.84801
~0.848 (3s.£)
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