2023 H2 Math Prelim Paper 1 Solutions

No

Solutions

f(x)=ax’ +bx* +cex+d

f(-)=—a+b—-c+d=-15 —(1)

f(2)=8a+4b+2c+d=3 —-(2)

£'(x) =3ax’ +2bx +c

f')=3a+2b+c=0 —-(3)

j:f(x)dx=6:>j02(ax3+bx2+cx+d)dx=5
2

[lax4+lbx3+lcx2+dx} =5

4 3 2

0
4a+§b+20+2d=5 -4

Using GC to solve (1), (2), (3), (4)
a=15,b=-6,¢c=75,d=0

2(a)

u,=S8,-85,,
= (n+n)=| (n=1)"+(n-1)
:(n2 —(n—1)2)+(n—(n—l))
:(n+(n—1))(n—(n—1))+1

=2n-1+1

=2n
The general term y_=2n

u, —u, , =2n—(2(n-1))
=2 (constant)

Since u, —u, , is a constant independent of n, hence {u,} forms a GP.

2(b)

Let a denote the first term of the geometric progression.
Let & and d denote the first term and common difference of the
arithmetic progression.

ar’ =b+6d ...(1)

ar*=b+12d ...(2)

ar®=b+24d ...(3)

(2)-(1): ar —ar’* = 6d ..(4)

3)-(2): ar’ —ar*=12d ...(5
. ar’ (rz —1) B 6d
RASK ar’ <r2 —1) " 12d
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2

ro 1
2
11
7”2
r=i\/§

Since r >0, r=42

Since || > 1, the geometric progression is not convergent.

3(1) | Let the height of the isosceles triangle be a cm.

2
X

a? +2 = >
4

2
a? =k -
4

Therefore, height of the pyramid

2
Volume of pyramid, V'

= %x base area x height

2

=§x(x) K’ _x?

2 2
X , X
—_ k _

3 2

4 2
Hence V2 - k2 X )
9 2

(ii) 4 2 24 6
p2 X g2 X7 | kX7 X7
9 2 9 18

Differentiating with respect to x,

2.3 5 2.3 5
2Vd_V:4k x” bx :4k x7 3x :lx3(4k2—3x2)
dx 9 18 9 9 9

When d—V =0,
dx
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lx-°’(4k2—3x2)=0
9

Since x = 0,
4k* -3x* =0
:%k x:—ék (rejected “ x > 0)

2 3 5
Sy 4V _ 4k 3x
& 9 9

Differentiating with respect to x,

2y 2 2.2 4
) Vd [d_Vj :12k x” 15x :lx2(4k2—5x2)
A2 Udx 9 9 3

When x—ik d—V=O,
3 dx

{303 5e)

d¥v  116k?

d? Vo 27

2
Since V >0, then d—V<0 when x—&k .
dx? 3

Therefore x = #k will maximise the volume of the pyramid.

(@)
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maximum a =1

(iii)
x<1:>g(x):—[%(2x)—l}
g(x)zl—%(Zx)

1.
Lety—1—5(2 )
2" =2(1-y)
x=log, (2(1-y))
x=1+log,(1-y)
Since x =g (),
S g (»)=1+log,(1-)

sg ' (x)=1+log,(1-x)
Dg,1 =R, =(0,1)

(iv)
f(x)=2

3 —
3x—5
13
6

=4- 2

=X
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-1 forxeR,x<2,

(2]
3
£2(x) = 1(24 3)“5]—1 forxeR,2Sx<E,
2 6
4—+ forxe]R,xZE.
3(4-525)- 6
2% 2 forxeR, x<2,

3__3 13
=42 ¥3 -1 forxeR,2Sx<z,

_—9x—15 forxeR,xZE.
21x—44

S (x—4) +»*=9
(x—4) =9-)?
x—d=+Jo—y*
x=4+J9-

Since x<4, x=4—,/9—y’

y=—\/§ x+35

5 x=y-35

x:y_3\/g
5

SN SRR
ﬁ(y—%/g)z

=ﬂj - —[16—8 9—y2+(9—y2)}dy
0

ﬁ(y—3J§f

=7rJ- ——(25—)/2 -8 9—y2)dy
0 5

Using GC: V' =31.899 units® (correct to 3 d.p.)

6(i) | Consider y =k, k is a constant
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x(x—a) iy
x+a
x’ —ax = xk +ak
x*—(a+k)x—ak=0
For the range of y can take, the line y = k and the curve C should
have point(s) of intersection.
(a+k) +4ak >0
a’ +2ak+k’+4ak >0

a’+6ak+k*>0

Considerk* + 6ak +a* =0

2 2 \324°
_ —6a£36a’—4a’ _-6a£+32a =(-3%2v2)a

2 2
Sk> —3+2\/§)a or kﬁ(—3—2x/§)a

Hence, y 2> —3+2\/§)a or yS(—3—2x/§)a

k

(ii) y:x(x_l)andy=—§+ 10
x+1 2 x+3
x(x—l)__é_i_ 10
x+1 2 x+3

2x(x—1)(x+3)=(-5(x+3)+20)(x+1)
2x(x—1)(x+3)=(5-5x)(x+1)
2x(x—1D)(x+3)=-5(x—-1)(x+1)
(x—=1D2x(x+3)+5(x+1))=0
(x=D2x* +11x+5)=0
(x-D2x+1)(x+5)=0

x=1orx=—— orx=-5
2

(111) y=X(x_l) Sketch the curve y=—§+ 10
x+1 2 x+3

Coordinates of intersection (—%,%) and (1,0) and (-5, -15/2)
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_x(x=1)
x+1

y:x/—2 x=-3x=-1

Note: the minimum and maximum y values can be found from (i):
(0.414, 242 =3) and (-2.41, —2+/2 -3)

(iii) | Area
e 11 (—§+ 10 ]_x(x—l)
> 2 x+3 x+1
1 5 2
_ ( (x-2)-—2
> 2 x+3 x+1
! ( 1 10 jdx
=|,|-——=—x —_+
-\ 2 x+1 x+43

1
=[——x—%—21n|x+l|+101n|x+3|}
L

2

-2
=———— 21In|2|+101n|4]- LV 2) omiiom 5‘
2 2 4 2 2 2

:—2—21n2+201n2—21n2—101n5+101n2

=26ln2—101n5—%

a=26,b=-10, c=—-
8
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73)

Since Q lies on the line passing through OB, OQ is parallel to OB.
Hence Q has position vector in the form Ab where A is a real
constant.

[OR]
Equation of line OB:

r=0+1b, AR

=r=41b
Since Q lies on the line, it has position vector in the form Ab where
A is a real constant.

(i)

A P
o1 3
By Ratio Theorem,

[ _es]

AN
OP:Z@a+b)

_)
00 = b

%
AQ=2b-a
AQ LOP

:%(3a+b)-(ib—a)=0
3la-b-3a-a+Ab-b—a-b=0
3l|a||b|cosl9—3|a|2 +/1|b|2 —|a||b|cosl9=0
3Acos@—-3+A—cosfd=0
(3cos@+1)A=3+cosd

_ 3+cosd
3cosf+1

(iii)

Analytical method

8
P 3+cosd :l+ 3
3cosd+1 3 3cosf+1
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O<9<£
2

0O<cosf<l1
0<3cosf@<3
1<3cosf@+1<4
1 1
—— <
4 3cosf+1

8

3
3cosf+1

8

1<l+—3
3 3cosf+1

1<A<3

From GC.

Graphical Method
T Ry

Wa=(L(costRI+3IA(3Cos(RI+1I] [0=K.,

2 8
3 3

H=1.5707963 ¥=3

~1<A<3
Q lies on OB produced.
Hence, the point O does not lie between O and B.

8 (1) i-1 1i-1 1 1.
W=—=—=—+4—1
41 21 2 2
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(i)

cos@+isinf—1
W=

cos@+isin@ +1i

e’ —1

4
() Si“@

o[ G oo T ;)

10
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9(i) 4
AB=0B-04=|0

AC=0C~-04=|4

8

ABx AC =| 8
—-16

1

Take the normal vector to the plane as | 1

-2
Equation of the plane ABDC is given by
1 2\(1
rel [=|0p1 |=—4
-2 32

The cartesian equation of the plane ABDC is
x+y—2z=-4. (Ans)

(i) | Let the acute angle be 6 .

1 0

I [0
0059:—_2 : :izﬁ

Jo o V6 3

0 =35.3° (1 dec place) or 0.615 radians

(ii1) | Since D lies on plane ABDC, from (i)
x+y-2z=-4

Substitute D(-2,4,k),
—2+4-2k=-4

= 2k=-6

k =3 (Ans)

11




2023 H2 Math Prelim Paper 1 Solutions

(iv)

0 2
BD=|4|,AC=|4
2 1

Since BD cannot be expressed as BD=kAC , where k is a constant,

henceBD and AC are NOT parallel.

4 2

AB=|0 |,CD=|0
2 -1

AB=2CD

Hence 4B and CD are parallel.

Since ABDC has one pair of parallel sides and one pair of non-
parallel sides, hence ABDC is a trapezium.

D C

To find height of the trapezium ABDC, we use

0) (4
4% 0
E| 2) \2 ‘1 ° 4
h:@x_: = 8 :—\/%
B4| 20 ‘\/% I IE
CD =5
AB=2/5
Area of trapezium ABCD
:%(CD+AB)h
1 4+/30
:E(3J§)(T\/_)

3
— 66 = 62 units>
- a=6 (Ans)

12
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Alternative:
Trapezium ABDC
= Area of triangle ABD + Area of triangle ACD

=lﬁxﬂ+l@xa\
2 2
:lﬁxﬂ+l@xa\
2 2
0) (4 2\ (2
] 1
=—|[4[{x|0|+=| 0 (x| 4
2 2
2/ (2 1) =1
| 8 4
=—| 8 +l -4
2 2
~16 8
= 4P (22) 12141 4 (-2)
=66
3
=62 units’
10(i) deOCQ
dt
inn :i’ onut :bQ a’ b>0.
a0 dt

Rate of change of amount of glucose,

13
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d_Q_inn_onut

dt dt dt

9 _a_ 19

d QO

WhenQ=4,£=0
dr

L 4p

4

a=16b

.40 16,

dr 0

{2
0

= k[m _QQ2 J (shown) where k=5b

14
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(i)

do_,(16-0°
dr 0

j(lfgzjdgzjk dr

—lj 20 > |dQ=kt+C where C is an arbitrary constant.
27\16-0

%ln|l6—Q2|=—kt—C

In[16- Q% = -2kt —2C

16_Q2 — ie—zkt—zc D — iefzc
Qz — 16— De X

When t=0,0="7

7°=16-D

D=-33

Whent=15,0=6.8

(6.8 =16+33¢™

0.91636 ="

~30k =—0.087342

k=0.0029114

QZ — 16 + 336—2(0.0029114)t

A=33

B =-2k =—-0.0058228 ~ —0.00582

(iii)

When ¢ = 60,

QZ — 16 + 33670.0058228(60)
Using GC,
0=6.267~627

(iv)

Since the glucose level after 1 hr is 6.27 mmol/L which is not within
the normal range, hence the clinical trial is not as effective as it
claims.

(v)

When ¢t — o, O® —16. Hence Q — 4.

Hence the amount of glucose in the patient’s bloodstream approaches
4 mmol/L in the long run.

The model might not be feasible in the long run as there may be other
external factors such as consumption of food, that might affect the
glucose level in the patient’s bloodstream.

15
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113)

x=a(cosf—e) y=bsinb
£+e=cosn9 sin«9=Z
a b
cosd — x+ea

a

sin@+cos* =1

(=) +(3) -

2

2
(x+ea) +y

s

(i)

pa—

R

1 1, . =t
A= 5 (a(cos 6, zjb51n6?1j+_|.x_a[msg];]ydx
:%siné’1 cos —a—bsiné?1 +J'9:0y2d9
2 4 0=6" do
= %Zsinﬁl cos 6, —a—bsintﬁ?1 +I€zobsin9(—a sin@)dé
4 4 0=

_ b 020 - Ding +ab[ sin’ 06
4 4 -0

16
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A=Lin20 - L ing +ab [ sin 6do
4 4 0-0

:a—bs1n20 bsmé’ +a_b (1 cos26)d0
4 4 2 do-0

=a—bs1n20— bsmé’ ab e_sm26?
4 4 2,

=D in26, - Dsing + 22| [ g - 5120 ) (S0
4 4 2 2 2

:a_b in 26, ——b n91+a—b91—a—bsin2¢9l
4 4 2 4

:a—bé’ —anbsiné?1

(iii)

Area swept out by the planet between P1 and P>,

A e

(iv)

0=0

[a[cos -5 bsin&,]

O

Let 4,be the area swept out by the planet from Py to F,.

A, =— ab o, —%smé’
2 4
Hence, Area swept out by the planet from 7, to P,
A=4,-4,
_ab ab ab by — ab b no,
2 2 4
ab

=7(7z—93)+a7f)sin93

17
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Since the areas swept out must be equal in the same amount of time
(as given by Kepler’s Second Law)

“Tb(%—%j =“Tb(27z—293 +5in@,)
VA

1
27 +sin@, —20, =———
R RN Y
3z 1
sind, —-260, =——-—
3 3 2 \/5

From GC, 6, =2.8523=2.85

18




