RAFFLES INSTITUTION
H2 Mathematics 9758
2023 Year 6 Term 3 Revision 6 (Summary and Tutorial)

Topic: Vectors 1 (Vector Algebra, Ratio Theorem, Scalar and Vector Product)

Summary for Vectors 1

Vector Algebra

With reference to an origin O(0, 0, 0), given points A4(a,,a,,a,) and B(b,,b,,b,), we have the

4 b
corresponding (position vectors) expressed in column form a=| ¢, | and b=| b, |.
a, b
a, b, a, b,
atb=|a, |£| b, |=|a,th, | and
a, b, a, th,
a, ka,
ka=k| a, |=| ka, | with k a real number.
a, ka,

The magnitude (or modulus) of a vector, |a|, is the non-negative number
a

la|=| a, | =&’ +a,” +a,” . This value is equal to the distance from O to 4.
a;

We say that a is parallel to b, denoted by a // b, if and only if b = Aa for some 1R\ {0} , that is,

b is a (non-zero) scalar multiple of a.
o If A>0,then Aa and a are in the same direction.
o If 1<0,then Aa and a are in opposite directions.

Points 4 and B have position vectors a and b respectively, relative to the origin O, such that b = Aa
for some 4 e R\{0} . We then say that the points O, 4 and B are collinear.



) . . : 1 .1
The unit vector in the direction of a denoted by a is obtained by scaling a by —, thus a=-—a.

[a a
1 -2 -2 1
The vectors | 2 | and | —4 | are parallel since | —4 | is a scalar multiple of | 2 | (k=-2) but are
-2 4 4 -2

in opposite directions since k& < 0. The points (—2, —4,4), (0, 0,0) and (1,2,-2) are also said to be
1

collinear. The magnitude of | 2 |is 4/1° +2* + (—2)2 =3 so the unit vector in the direction of

-2
1 1
2 |1s l 2
3
-2 -2

Let a and b be non-zero and non-parallel vectors:
If Aa=pb forsome A, yeR,then 1 =xu=0.
If aa+ pb=sa+tb forsome «,f,s,t R, then a=s, f=t.

Note the importance of non-parallel vectors when comparing coefficients.

1 2
Suppose a=| 0 | and b=| 0 | then 6a+2b =4a+3b however we cannot “compare coefficients”
0 0

of vectors a and b (note that a is parallel to b) as 6 #4 and 2#3.




Ratio Theorem

Consider a triangle OAB with OA=a and OB =b.
So a and b are non-zero and non-parallel vectors.
Let P be a point which divides 4B in the ratio A: 4,

AP A —
re. —=—_If OP=p, then pz,ua+/1b
PB A+

U

(MF26)

Note that the Ratio Theorem is an immediate consequence of the addition of vectors.

From diagram, p—a= (b—a), rearranging we have p = M. Sometimes, it is easier to use
A+ u A+u
p-a= A (b—a) like the following example.
A+u
Points 4, B and P have position vectors a, b and p respectively, relative to the origin O. Given
2 2
. . AB 2
that a=|2 | and b=| 6 |, find p if P lies on AB produced such that -3
5 -3
. . . 5 b-a 2 .
Solution: Easier to find directly, p—a = E(b - a) [DO NOT WRITE = 3 We cannot divide
p—-a
vectors]
-2 2
5
-3-5 -15




Scalar (Dot) Product

Points 4 and B have position vectors a and b respectively, relative to the origin O.
a-b = |a||b|cos@ where § = ZAOB.

. a-b
Re-arranging, cosf = —— .
ol

If vectors a and b are in the same direction then a-b = |a|b|, largest possible value.

, smallest possible value.

If vectors a and b are in the opposite direction then a-b =—|al|b

Two non-zero vectors a and b are perpendicular, denoted by a L b, ifand only if a-b=0.
In particular, i-j=j-k =k-i=0 as i, j and k are mutually perpendicular.

a, b, a ) (b
If a=| @, | and b=| b, |,then a-b=| a, || b, |=ab, +a,b, +ab;.
a, b ay ) \ by

Find the cosine of the angle between the vectors a =2i—3j+2k and b =i+2j—k and determine if
the angle is acute or obtuse.

(2i-3j+2K)-(i+2j—K)
V2 432122 124224 (-1)
2-6-2_ [6

cosl=———=—,[—
V1746 N7

0 is an obtuse angle

Solution cosd =

<0

Properties of Scalar Product
(1) a-b=b-a
(ii) a-(bxc)=(a-b)t(a-c)
(i) A(a-b)=(1a)-b=a-(b)
a-a=|a] < |a|=+a-a note the relationship between the scalar product and the

) modulus
Given that |a|=2,|b|=3,a-b=-1,
(i) (a—b)-(2a+b) (i)  (2a—b)-(2a+b)
=2a-a+a-b-2b-a-b-b =4a-a+2a-b—-2b-a-b-b
= 2af’ ~a-b-of = 4l ~[pf
=2(2*)—(-1)-3’ =4(2%) -3
ﬁﬁ)h—2w=\ﬂa—ﬂﬁ(a—2b)=Jaa—2wb—2ba+4b1)=th—4wb+4ﬂf=:“=2Jﬁ




Applications of Scalar Product

Points 4 and B have position vectors a and b respectively, relative to the origin O.
Given that P is the point on the line OB such that AP L OB , it can be shown that

. b )b AN A
OP:GTJH:(a-b)b

P is the foot of perpendicular from A to the line OB and P is also the point on the line OB nearest
to 4.

Thus, the length of projection of vector a onto vector b is given by |57’| = |a-ﬁ| .

Points 4 and B have position vectors a and b respectively, relative to the origin O.

Given that a=2i—3j+2kand b =i+ 2j—k, find the length of projection of a onto vector b.
Find the position vector of the foot of the perpendicular from 4 to OB.

A

Solution OP = |a -b

|(2i—3j+2k)-(i+2j—k)|_|2—6—2|_\/g

\/12 +22 +(-1)’ NG

07):(a~f))f):—(ijm:—i—2j+k

If «, B and y are the angles between a and the component vectors i, j and k respectively, then

| a a, a A .
a= ﬂa = |—1,—2,—3| = (cos a,cos 3,cos 7/). Component of a are referred to as the direction
a al |a| |a

cosines.



Vector (Cross) Product

Let a and b be two non-zero vectors that are represented by OA and
OB respectively.

axb =(| a||b |sin9)ﬁ
where 8 = Z4AOB is the angle between a and b, and n is the unit vector
perpendicular to both a and b.

It follows that
Two non-zero vectors a and b are perpendicular if and only if 4

|a><b|:|a||b|. In particular, ixj=k, jxk=i and kxi=j.

Two non-zero vectors a and b are parallel if and only if axb =0.
In particular, ixi=jxj=kxk=0.

Figure 1

Given that (u+v)x(u—v)=0, what can be deduced about the vectors u and v?

Solution:
(u+v)><(u—v):0
uxu—-uxv+vxu—-vxv=_(
0+2vxu—-0=0

vxu=0
u=0or v=0orulv

Properties of Vector Product

I. axb=—(bxa).
|axb|=|bxa|=|a||b|[sin@|<|al|b|.
ax(btc)=(axb)*(axc).
A(axb)=(Aa)xb=ax(A1b).
(axb)-a=(axb)-b=0 So axb Laand axb Lb.

kv

Examples of how the properties are used

|(a+2b)><(3a—b)|=|3a><a—a><b+6b><a—2b><b|
=[0+bxa+6bxa+0|
=7|b><a|
|(aa+ﬂb)><(aa—ﬁb)|=|a2a><a—a,3a><b+aﬂbxa—,6’2b><b|
zaﬂ|0+b><a+bxa+0|
:2aﬂ|bxa|




Let A(a,,a,,a;) and B(b,,b,,b;) be two points in three-dimensional space and let the position
vectors of 4 and B with respect to the origin O be a and b respectively.

Then vector (cross) product axb, is the vector given by

q b, a,b; —asb, a,b; —asb,
axb=|a, x| b, |=| —(ab,—ab) |=| a;b,—ab, | (MF26)
a, b, ab, —a,b, ab, —a,b,

Applications of Vector Product
Let the points 4 and B have position vectors a and b with respect to the origin O, and let & be the
angle between a and b. Let C be the point such that O4ACB is a parallelogram.

Then we have B\ c
(1)  Area of triangle OAB is %| axb|. b \
2) Area of parallelogram OACB is | axb | 6
0 o A

3) Distance from B to OA4 is |b X ﬁ|.

(Recall the length of projection of OB onto OA4 is |b~?1|)



Revision Tutorial Questions

1 For each question, indicate the letter corresponding to the correct answer.

Answer

I | The modulus of the vector 6i—2j—3k is

(@ V23 b Vi1 © 1 @ 49 (@ 7
II | The unit vector in the direction of the vector —i+2j—2k is

1. 2. 2 1. 2. 2 1, 2.2
a ——i+Zj-Zk b —i—-Zj+2k (c | —i-—j+=-k
@ —3te3ie3 ®)  Fi-3i3k © (3 3173 )
1, 2, 2 I, 2, 2

d i+ Zi—ZKk (e ——i+Zi—Zk

@ 51+5J 5 © 91+9‘l 9
III | If a=2i—j and b =2i+ j then a<b is

(a) 4i—j b)) 3 (©) 0 (d) 47 —§° (e 5
IV |If a=i+jand b=2i—j then axb is

(a) 2i—j (b) 0 (c) 3k (d) -3k (e) 1
V | Itis given that the points A4, B and C are collinear. Referred to the origin O,

OA=i+j, OB=2i-j+kand OC =3i+aj+bk. Find a and b.

(a) a=-3,b=2 (b) a=3,b=-2 (©) a=0,b=1

(d) a=-1,b=0 (e) a=6,b=-1
VI | It is given that the points A, B and C are collinear. If a =—2b + 3¢ then C divides

AB in the ratio (a) 1:2 (b) 2:3 (¢) 3:2 (d) -2:3 (e) 2:1
A1 -4 1

The angle between the vectors 3 and ) is given by

(a) cos™ (0) (b) cos™' (1) (¢) cos™' Q (d) sin™' [_—j (e) cos™ [_—1j

10 52 5\2
VIII | a, b and c are the position vectors of the vertices of a triangle. The area of the
triangle can be expressed as
1 1
(a) (b—a)x(c—a) (b) 5|b><c| (© §|(b—a)><(c—b)|
1

@ —lp—alxle—a © [(b-a)(c-a)

IX | Given vectors a and b, and scalar A , which statement is false in general.

(a) axa=0 (b)  |Zasb|=A[|asb (c) as(bxa)=0
(d (a-b)x(a+b)=2axb (¢  (a+b)«(a—b)=|a] —|b[




X | Referred to the origin O, the points 4 and B have position vectors a and b respectively.
Which of the following conditions below imply that (a—b)x(a+b)=07?
1 a and b are perpendicular
2) a and b are parallel
A3) Either a or b (or both) are the zero vector.
) The points O, A and B are collinear.
(3 lal=b|
(a) All of the above (b) (1) and (5) only (¢) (2),(3)and (4) only
(d) (2) and (3) only (e) None of the above

Answer Key
| 11 111 v \ VI VII VIII IX X
(e) (@ (b) (d (@) () () (©) (b) (©)

Source: ACJC Prelim 9758/2018/01/Q3(b)

2 Referred to the origin O, points 4, B and C have position vectors @, b and ¢ respectively,

b|=3,

where a is a unit vector,

c| =/3 and angle 4AOC is % radians. Given that 3a+c¢=+kb

[4]

where k # 0, by considering (3a+c)s(3a+c), find the exact values of k.

Solution

(3a+c)s(3a+c)=9asa+3ac+3cea+cec
(3a+c)s(3a+c)=9aa+6asc+cec

kbekb =9aea + 6a«c + coc

K’ |b|2 = 9|a|2 +6al|¢] cos%+ |c|2

K[| :9(1)+6(1)(x/§)cos%+(\/§)2
k*(3)" =21

J21

k=+X2"
3




Source : PJC Prelim 9758/2018/02/Q1

3

Referred to the origin O, points 4 and B have position vectors a and b respectively. The point C
lies on OA produced and is such that OC = A04, where A >1.

The point D lies on OB, between O and B, such that 4D is perpendicular to OB . 1tis given that
la|=4, [b|=8 and £40B =60°.

(i)  Show that OD = %b . [2]

(ii) Show that the vector equation of the line BC can be written as r = Aua+ (l - ,u)b, where

M 1s a parameter. [2]

The point £ lies on the line BC.
(iii)  Find the values of 1, in terms of A, such that the area of triangle ODE is /300 . [4]

Solution

3(i) | Method 1:

OD = (4cos 60")6
b

= (4cos 600)H

b
=(2)=
()3
= lb (shown)

4
Method 2:
OD = |asb

A

b

b

1
=—b (shown
1 (shown)

Method 3:




AD-OB =0
(05-04)-08 -0
OD+OB —0A-OB =0

|OT) |073| = |@ |@|cos 60°

|OT)| — 4¢0s60° =2

Hence, OD = %OT? = %b (Shown)

() | BC=1a-b
Equation of line BC: r =b+ u(Aa—b)
r=Aua+(1-u)b (shown)

() |\ ea of AODE = %|55 « 5E| - /300

%‘ibx[ﬂymr(l—,u)b]‘:m
%|bx/1,ua|=m
/1|b><,ua|=8m (since 1>0)

ﬂ|,u||b||a||sin60° =8+/300

)3 3|20

2

=5
A

D oru=_>
H=2MH=77

Source: EJC Prelim 9758/2018/01/Q5

4  Referred to the origin O, the points P and Q have position vectors pand q where pand qare
non-parallel, non-zero vectors. Point R is on PQ produced such that PO : QR =1: . Point M is

the mid-point of OR.
(i) Find the position vector of R in terms of A ,pand (. [1]

F is a point on OQ such that F, P and M are collinear.
(i)  Find the ratio OF:FQ, in terms of A . [4]

Solution
4(i) | By the ratio theorem,




5@: OR + AOP
1+ 4

OR=(1+4)q-p

(ii) | Since the point F lies on line OQ, OF = tq , for some t € R.
PM =OM —OP
1 —

——OR-
SOR-p

G
= 2(12PP

0 [20),
2 2

Since the point F also lies on line PM,
OF = p+sm,for some s € R.

=p+s{(1;—/1)q—(§+ljp}
:(1—%—S)p+Mq

2
Since p and q are non-parallel & non-zero vectors, comparing coefficients of p and
q against OF =1q , we have

l—ﬁ—S:O
2

s(i+1J:1
2

R
&4_1 A+2
2

— s(1+2) 2 (1+2
OF = =
2 9 mz[ 2 Jq

1+ 4 1+ A4 —

=—""q=—220
2+iq 2+ 4 ©

Thus, OF : FOQ=1+1:1

Source: MI Prelim 9758/2018/02/Q4
5 Relative to the origin O, the position vectors of points 4, B and C are a, b and ¢ respectively. It
is given that a and b — a are perpendicular and C lies on 4B produced such that AC: AB=4:3.

(i) If a is a unit vector, show that |b| > 1. [3]

Given further that |b| =2, find the angle between a and b. [1]



(ii) The direction cosines of b are 0.6, 4, u and b is perpendicular to the y-axis. Find

(a) the angle b makes with the x-axis,

(b) Aandu.

(iii) By expressing ¢ in terms of a and b, show that |c-a| = a-a.

(iv) Give a geometrical interpretation of |cxa| and hence evaluate

Hence state the length of projection of ¢ onto a in terms of a.

|c><a|

|b><a|'

Solution
S@) |a Lb-a= a(b-a)=0
= a-b:a-a:|a|2 =1 (since |a| = 1)
= |a||b|cos€ =1 where @ is the angle between a and b
= cosﬁ=ﬁ< 1=>|b| > 1. (shown)
|b|=2:>c050:%2 0 =60°.
(ii) | Let a be the required angle.
(@ | cosa=0.6 =>a=cos'0.6=53.1°(1d.p.)
(g) A =c0s90° =0.
®) 0.62+0* + 12 =1= p* =1-0.36=0.64 = 1 =10.8.
(itf) By Ratio Theorem, b = aJ;3c =>c= 4b3_ a.
lc-a) :‘(41)3_3)-21‘ :E(b-a)—é(a-a)
:‘i(a-a)—l(a-a) (from (i))
3 3
= |a-a|=“a|2‘ = |a|2 =a-a. (shown)
2
Required length = M _aa_ ﬂ =|al.
|  Jal al
(iv) |c x a| = Twice the area of triangle OAC

|b x a| = Twice the area of triangle OAB = (4B)h, where h is the height of triangle

OAB with AB as the base.
Since A4, B and C are collinear,

c><a|= (AO)h.
exa] (4O)h _AC 4
bxa| (4B AB 3

Hence,




Source: SAJC Prelim 9758/2018/01/Q6

6 Relative to the origin O, the position vectors of points 4 and B are a and b respectively, where a
and b are non-zero and non-parallel vectors.

The point C with position vector ¢ lies on the line segment 4B such that AC : CBis A:1-1.1t

4
is given that b is a unit vector, a| =3 and the angle formed between O4 and OB is 120°.

@) Find the value of A such that the points O, 4 and C form a right angle 40C. [4]
(ii)  Find m, the position vector of M, the midpoint of AC, in terms of a and b. [2]

A circle is drawn with AC as its diameter and O is a point on the circumference of the circle
drawn.
(iii) Determine if OB is a tangent to the circle described above. [3]

(iv)  Give a geometrical interpretation of |b o m| . Hence, explain (b o m)b in terms of

its magnitude and direction. [2]

Solution
6(i) | Since AC: CBis A:1-4,

A C B

By Ratio Theorem,
_Ab+(1-2)a
C A+l-2
=b+(1-1)a

Since OC is perpendicular to OA4,




cea=0
[Ab+(1-2)a]ea=0
Abea+(1-A)aea=0

A{%xlxcosl20°}+(l—ﬂ,)|a|2 =0, since |a|=§

Pl
(—%)M%@—A):o

240 185
3 9 9
2, 16

9" 9
_16_8
2211

(i)

c:ia+§b
11 11

By Mid-point Theorem, find OM =m , where M is the mid-point of AC.
OM =m

(iii)

Since the vector b is not perpendicular to m, where OM is the radius of the circle, OB is
not a tangent to the circle.

(iv)

[b @ m|is the length of projection of m on b.




(bem)b is a vector with magnitude [bem

, which is the length of projection of m on

. 2
b. Moreover, it is in the opposite direction of b as meb = 5 <0.




	Let a and b be two non-zero vectors that are represented by  and  respectively.
	1 For each question, indicate the letter corresponding to the correct answer.

