RVHS H2 Mathematics 2023 Promo

An ellipse C has the equation ax? +by2 + ¢y =-3 where a, b and c are constants. It is given that
C passes through the points with coordinates (0, 1.5), (0.6, 0.6) and (-1, 1).

(i) Find the values of @, b and c. 3]
(i) Identify the centre of C. [2]

At a sit-down dinner, 2 adults, 4 boys and 4 girls are to be seated at a round table with ten
identical chairs. Find the number of different ways that they can be seated if

(i) there are no restrictions; [1]
(i) not all the 4 boys are seated together; 2]
(iii) the 2 adults are seated together, and a girl is on each side of them. 3]
The function fis given by f:x+> 2+5,x>2.
x —

(i) Explain why ™' exists. 1]
(i) Find £ in similar form. [3]
(lii) Find ff in a similar form and the exact range of ff. {3]

-2
Given that [/ = J’x3 (1+x2) dx.

2

(i) Bywriting /= J.xz [x (1 +x° )- :| dx , use integration by parts to find an expression for /.

[3]
(ii) Use the substitution u = 1+ x% to find another expression for I. " [3]
(iii) Show algebraically that your answers to parts (i) and (ii) differ by a constant. [13
. 4x~-32 1
Th Chas equation y=—————— x€ ,x#--,5.
© Ve & S AR Y = By (5 -5y 3
@ Show, algebraically, that y < % ory2l. (3]

(i) Sketch the graph of curve C, stating the equations of the asymptotes, coordinates of its
turning points and points where it crosses the axes. (3]

(iii) On the same diagram in part (i), sketch the line with equation y=1—38£. Hence, or

. . 4x-32
otherwise, solve the inequality (3—\:5%?5—) 21 —% . [2]
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n—1

Let f(n) = .
) n(n+1)

(1) Express f(n) in partial fractions. (1]
N

(i) Hence find ) 2"f(n). (31
n=]

2N
@iii) Find Y 2" 'f(n-1). [2]

n=2

N
(iv) Denote Sy =Y 2"f(n).Find least integer k such that S, is more than 5% of Sy, [2]

n=1

x
3

(i)  Without the use of a calculator, show that J- ltan x|dx =In2. 3]
_%

(ii) Hence, find the exact volume of the solid formed from completely rotating region bounded

by the graph of ¥ =[tan x| +1, the lines x = —145- and x = %, about the x-axis. [5]

Let S, denote the sum of the first n terms of the sequence of numbers u,, u,, #y,.... It is given

that S, =2n> +kn , where k is a non-zero constant.
(i)  Show that the sequence of numbers u,, u,, u,,... i an arithmetic progression. [3]

A geometric progression has non-zero first term a and common ratio 7. Given that the sum of

the first 5 terms of the progression is % of the sum of the first 10 terms of the progression.

(ii) Show that r :% and find the infinite sum of the geometric progression in terms of a. [4]

(iiiy Given further that w,,, u,, u, are thrce consecutive terms of the given geometric
progression, find the value of . (3]

A curve C has equation
y(:c-H)2 +y*—12x=0, where x, y 2 0.
dy 12-2y(x+1)

i Show that — = ——————. 2
® & (et1) +2y 2l
(i) Find the equation of the normal L to the curve at the point P(3, 2). (3]
(iii) Find the area of the triangle bounded by L and the axes. 1

(iv) The curve C is transformed by a series of transformations resulting in a curve
D, with equation
3y(2x+1) +9y* =24x=0,

with point Q on D corresponding to the point P on C.

The normal Z undergoes the same sequence of transformations as curve C, resulting in the
line /.

Describe a possible sequence of transformations that maps C to D and hence deduce the
exact area of the triangle bounded by / and the axes. (3]
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A curve C which is symmetrical about the x-axis has parametric equations
x=cost+cos2t, y=sin{+sin2¢, 0<¢t<2n.

(i) Sketch C, indicating the coordinates of the x-intercepts. 2]

(i) Find the equation of the tangent to C at the point where t=%’£, giving your answer in
exact form. (4]

(iii) Show that the point with coordinates (—1,0) lies on the line y =mx+m.

Hence state the range of values of i for which the line y =mx+m intersects C at exactly
3 distinct points. : (2]

Fixed vertical cameras have to rotate quickly to keep track on moving objects. A camera at 4 is
attached on a vertical wall AC with fixed height ¢ ¢cm. A ball B is moving horizontally away
from the wall AC. At time ¢ seconds, the ball is x cm from the wall and the camera would have
complete a rotation of & radians from the wall to keep track of the ball. At this instant, the -

camera is rotating at a speed of iidﬁ radians per second. Assume that the triangle ABC lies on a
t

vertical plane containing the path of the ball.

CAMERA
()
A
e
acm
u >
c - xcm B 7 BALL
(i) By expressing tané in terms of x and a, show that~£ =( - 2 - )f‘-j [4]
dt \a +x/dt

(i) When the ball is 9 cm from the wall, it is travelling at 6 m per second. At this instant, find
the speed the camera is rotating at in radians per second, leaving your answer in terms of
a. [1]
(iii) Given that @=4 and that the ball is travelling such that x=¢ cm, find the exact
maximum value of the rotating speed of the camera in radians per second. (7



12

Two teams of scientists are investigating the population of wild hares, and the population of
their predators, the wild lynxes, in the snowy mountains.

The number of hares in the snpowy mountain is P thousand at a time of ¢ years after the
scientists begin observations. Initially, the first team of scientists observed that there were
50 thousand hares growing at the rate of 25 thousand hares per year. After several
observations, they decided to model the growth rate of the hares, at any time ¢, to be

kP(100-P) hares per year, for some positive constant £.

a1

a) (i) Show that — =——P(100—P). 1

® (@ Show that == P(100-P) g
(i) Find Pinterms of £, (5]

The number of lynxes in the snowy mountains is Q thousand at a time of ¢ years after the
scientists begin observations. Initially, the second team of scientists observed that there were
8 thousand lynxes decreasing at the rate of 0.8 thousand Iynxes per year.

Both team of scientists collaborated and developed a refined model for the growth rate of
the hares. The model assumed that, at any time ¢, the hares were growing at the rate of

1
P —— QP per year.
16~ pery

d’P
(b) (i) For the refined model, when f =0, show that 7 =15. [2]
(i) Hence, find the Maclaurin serics of P in the refined model, in ascending powers
of #, up to and including the term in . [2]

Two scientists, scientist 4 and B, both use the refined model to approximate the
number of hares after some time. Scientist 4 approximates the number of hares one
month after the scientists started observing, while scientist B approximates the number
of hares ten years after the scientist started observing.

(iii) Given that both scientists used your answer in part (b)(ii), state the
approximation only provided by scientist 4 and suggest an appropriate reason
why scientist 4’s approximation would be considered more appropriate as
compared to scientist B’s. [2]
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An ellipse C has the equation ax? +by2 +c¢y =-3 where a, b and ¢ are constants. It is given
that C passes through the points with coordinates (0, 1.5), (0.6, 0.6) and (~1,1) .

(i) Find the values of a, b and c. [3]
(i) Identify the centre of C. [2]

Solution [5] SoLE, Conic Section

®

Sub (0,1.5) into ax? +by* +cy==-3:
2.25b+1.5¢ = =3 ~- (1)

Sub (0.6,0.6) into ax® +by* +cy=-3:
0.36a+0.36b+0.6c =3 -——(2)

Sub (~1,1) into ax® +by* +cy=-3:
at+b+c=-3-—(3)

By GC,
a:l, b=4, c=-8.

(ii)

x> +4y* —8y=-3
x2+4(y2—2y+1)—4=—3

K +a(y-1) =1

Centre of C: (0, 1)
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2 At a sit-down dinner, 2 adults, 4 boys and 4 girls are to be seated at a round table with ten
identical chairs. Find the number of different ways that they can be seated if
(i) there are no restrictions; (1]
(ii) not all the 4 boys are seated together; 2]
(iii) the 2 adults are seated together, and a girl is on each side of them. {31
2 Solution [6] Permutation and Combination
() | No. of ways
= (10~ 1!
=362 880
(ii) | No. of ways
= No. of ways without restrictions — No. of ways for 4 boys to be
seated together
= 362880 —(7-1)x 4!
= 345 600
(iii) | 2!: to arrange the 2 adults within a unit.

(“C2 x 2'.) : choose 2 girls out of 4 to be seated on each side of the 2

adults and arrange them.
(7-1)! : consider GAAG as a single superunit and arrange with the
other 6 people.

No. of ways
= (7-D!x(*C,x21)x2!
=17280
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3 The function fis given by f: x> +5,x>2.
x —
@ Explain why ™ exists. [1]
(i)  Find f~' in similar form. [3]
(iii)  Find ff in a similar form and the exact range of ff. [3]
3 Solution [7] Functions
@

Ul x=2

graph of y=f(x) at most once.
Hence, f is one-to-one and therefore, f - exists.

£(b)=£(c)

For any horizontal line y =k (for k0O ), the line cuts the
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(ii)

From graph, D, = R, = (5,0)

.'.f":xl—)L+2,x>5.
x—

O 1 g () =5

x-2 16 1 16x-27
- 4 S5=—- =
3x-5 3 3(3x—5) 3x-5

x-2

)

ff:x— +5x>2

3x-
Method 1
D =(2e) R =(5)— R =[5

y;\ x=2

- —wd

o U e I B e

[0 T P,
]
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Method 2
Ya
16
PR PP ——" : y 3
———————————— A I
16 1
Sprovmmmmmmeme R peli e a———l s
Y73 3{3x-5}) r(x)
> X
0] 2
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- 31,2\
4 Giventhat /= | x (1+x ) dx.

for I. [3]

(i)  Use the substitution u# = 1+x? to find another expression for 1. [3]

|

-2

| (i By writing I = J‘x2 [x(l +x2) } dx, use integration by parts to find an expression
(iii) Show algebraically that your answers to parts (i) and (ji) differ by a constant. [1]

4 Solution [7] Integration by parts, by Substitution
| (i -2
‘ i J‘xZ[x(sz) }dx u=x2,ﬂ=x(l+x2)_2
| ) 2 - . dx ,
-—"7(]2+x) _Il+x2 dx =%[2x(1+x2) }
X _1_ 2x -
B 2(1+x2)+2.[1+x2 dx du_,. .1 (1+x2) |
) & 2 -l
=——i—+l]n|1+x2|+c1
2(1+x2) 2
=—§—(%xz)+lln(l+x2)+c[. (as 1+x7>0)

(it u=1+x2:$1=2x§£
u
-2
[#er)" e

~>

x2 (1 +x? )_2 2xdx

i

(u-~1)u'2 du

—I——u'2 du
u

il

[ S N N

4x-32

5  The curve C has equation y = m
X -

,xeD,x;t——l-,S.
3
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_1 ow; aliebrhicall , that si >1.
(j)_ii( m_g_ ycally ys1g oryal

(1) etch the raph of curve C, stating the equations of the asy

}H’pmgcb‘o.x

On the samf( &F agrlm in part (i), sketch the line with equ
(a5 132" >0),

(Bx+1)(x- 5)

d poipgs where it crosses the axes.

(1ii)

l1n 1+x

\
2oth rwnse) soj{@.ﬂwl)mequahty
OR

x

I:ﬁz

du 2
jx3(l+x2)_2dx J—
I(zz—l)J_
j(u Du2d
EJ‘Z—“*Z du

1 -1
—_~5(lnlul —’u_—l‘]'i'CZ

:%lnll+x2|+mj’?§

=%ln(1+x2)+

xX=

du

e

+ey.

+ey. (as 1+x%>0)

(31

rmptotes, coordinates of its

[3]

ation y=l—§. Hence, or

[2]

(i)

2
2(l+x2)

- +l]n(1+x2)+c]— %ln(l+x2)+ +¢

+Cl —C
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Solution [8] Graphing Techniques, Inequalities

@

y can take value if the equation y = 4x-32

real solutions.
4x-32

Y= Br+1)(x-5)
(3% -14x-5)y=4x-32

3yx? +(~14y—-4)x+(32-5y) =0
Taking discriminant >0,

(~14y—4)" —4(3y)(32-5y) 20
(7y+2)2~(96y—15y2)20
49y +28y +4-96y+15y* 20
64y’ —68y+4>0

16y* -17y+120
(16y-1)(»-1)20

(3x+1)(x~5)

has
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(i)

4x-32
Gx+1)(x-5)

(iii)
From the graph in (ii),

—%<x<5 orx=>8.

River Valley High School
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n.—

Let f(n) = nnt D)

(i) Express f(n) in partial fractions.

N
(i) Hence find ) 2"f(n).

n=1

(iii) Find %2"-%(;1-1).

n=2

N
(iv) Denote S, = ZZ"f (7). Find least integer & such that S, is more than 5% of §,,.

n=1

[1]
[3]

(2]

[2]

Solution [8] Sigma Notation, Method of difference

n-1 2 1

n(n+1) “n+l n

River Valley High School
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(iii)

2N
> 2" f(n-1)
n=2
ntl=2N
= Z 2"f(n) (replace n by n+1)
n+l=2
2N-1
= 2"f(n)
n=l
9(2N-D)+ H2N-1

“eN-D+1 N

(iv)

S, > 0.055,,

k+1 11
= 2 -2>0.05 2——2
k+1 11

+
k+1

2 >11.2091
+1

ie.

Solving using GC,

k 2k+l
k+1

5
%= 10.67 <11.2091

6
E=18.29 >
7

11.2091

7 32>11.2091

k=6
Least k= 6.

Alternatively,

5, =228 184182
11

0.05S,, =9.20909

k S,

. 232 =8.67 <9.20909

6 -“74= 16.29 > 9.20909

7 30 >9.20909

For S, > 0.05S,,, k=6
Least k= 6.

River Valley High School
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7 (i) Without the use of a calculator, show that r tan x|dx =In2. [3]
__:

(i)  Hence, find the exact volume of the solid formed from completely rotating region

bounded by the graphof y= ‘tan x‘ +1,thelines x = —% and x = %, about the x-axis.

(5]

7 Solution [8] Applications of Integration

® Ii|tan x| dx

0 3
=I —tanxdx+I tan x dx
= 0

4

= 2]: tan x dx

=2 [ln (sec x)]:

=z(m[cols%)""(colson

=2(1n(v2)-mn(1))

=I|n2.

(ii) Required volume
= 1:_[_7'_ (Jtan x| +1)2 dx

= nji]tan x|2 +2|tan x| +1dx

= ﬂji tan® x+1 dx+1tJiZ|tan x| dx
L‘ )

= nj;secz xdx+2min2
4

r-3
4

=7 tanf——tan[-EJ +2xin2
4 4

=2n(1+In 2) units’.

= n[tan x]f +27win2

River Valley High School
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8  Let S, denote the sum of the first n terms of the sequence of numbers ¥, u,, u,,.... It is
given that S, =2n” +kn, where k is a non-zero constant.
(i)  Show that the sequence of numbers u,, u,, %,,... is an arithmetic progression. [3]
A geometric progression has non-zero first term @ and common ratio 7. Given that the sum
L. 32
of the first 5 terms of the progression is 3 of the sum of the first 10 terms of the
progression.
(ii) Showthat r = Py and find the infinite sum of the geometric progression in terms of a.
(4]
(iii) Given further that ug,, uy, u, are three consecutive terms of the given geometric
progression, find the value of . [3]
8 Solution [10] APGP
@ Uy =8, =Sy

=20 +hn-(2(n-1)" +k(n-1))

=2(n2—n2+2n—1)+k(n—n+1)
=4n+k-2
Alternative 1:
u, —t,y = 4n+k—-2—(4(n-1)+k-2)
=4(n—n+l)+0

=4
As the difference between two consecutive terms is a constant,
the sequence 24,4y, 43,... is an arithmetic progression.

Alternative 2:
u,=4n+k-2

=(k+2)+4(n-1)
Hence, ),ly,!,... is an arithmetic progression, where

u; =k +2 and its common difference is 4, a constant.

River Valley High School
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(i)

“(fs -1) 2 a(r"*-1)

r—1
[32] ,0 1
33
P =( )7 —I ¥ +1)
5

(as rr #1due to a=0)

\l
11

+
33 33

(ShOWn)

Infinite Sum = L. 2a.

N | —

(iii)

Ugy 2
4(30)+k-2 1
4(62)+k-2 2
238+2k =248+k
k=10
=l
uyq 2
4410-2 1
4(30)+10-2 2
8/+16=128
1=14.

River Valley High School
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A curve C has equation
y(x+1)" +y*~12x=0, where x, y > 0.

-2y(x+1
@  Show that 122+l 2]
dx  (x+1) +2y
(i)  Find the equation of the normal L to the curve at the point P(3, 2). [3]
(iii) Find the area of the triangle bounded by L and the axes. (1]
(iv) The curve C is transformed by a series of transformations resulting in a curve

D, with equation
3y(2x+1)" +9y* —24x =0,
with point Q on D corresponding to the point P on C.
The normal L undergoes the same sequence of transformations as curve C, resulting
in the line /.

Describe a possible sequence of transformations that maps C to D and hence deduce
the exact area of the triangle bounded by / and the axes. [3]

Solution [9 marks] Implicit differentiation, Graphing
Transformations

®

y(x+1)’ +y*=12x=0
Diff wrt x:
2 dy

y(2)(x+1)+(x+1) -

((x&-l)2 +2y)%=12—2y(x+1)

dy
+2y—=>=-12=0 ---(*
}"l ™

dy _ 12—2y(x+])

shown)
dc  (x+1)"+2y (

(i)

&y _12-2(2)(3+1)

dr (3+1)°+2(2)
Wi
20
1

5

1 .
Gradient of normal = —(—1- =5
"3)

Thus, equation of normal is

River Valley High School
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y—2=5(x-3)
y=5x-13
(lll) \Vhel’ly=0,x= ‘%
Whenx=0,y=-13
1{13 169
Area of triangle = 5[?J(13) T units2,
(v) | 3p(2x+1)" +9y* -24x=0

3y(2x+1)" +(3y) —12(2x)=0

Since x has been replaced by 2x,

(1) scaling of scale factor % along x-direction
Since y has been replaced by 3y,

(2) scaling of scale factor % along y-direction

Thus, area of new triangle = 16.9x ~;— X % = 169 units?.

River Valley High School
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10 A curve C which is symmetrical about the x-axis has parametric equations

x=cost+cos2t, y=sint+sin2f, 0<t<2m.

(i) Sketch C, indicating the coordinates of the x-intercepts. [2]

(ii) Find the equation of the tangent to C at the point where t=%, giving your answer in

exact form. [4]

(iii) Show that the point with coordinates (—1,0) lies on the line y = mx +m.

Hence state the range of values of m for which the line y = mx+m intersects C at exactly
3 distinct points. [2]

10 Solutlon [8] ngma Notatlon Method of difference

@)
(i) x=cost+cos2t:>9£=—sint—23in2t
dr
. . dy
y=sint-+sin2t =>-d—t- =Cos?+2c0s2t
L _dy &
Tdx dr de
cos! +2cos2t

sinf+2sin2t

At t=%TE: x=-1, y=0,

cosgz+2cosi7£ —l—l
d_ 3 32 __f3
dx 51n2?”+2sin—431 ‘/73__\/3_,

2n
. Equation of tangent at ¢ = 5 y-——«/_(x D)

ie y= —Bx=3

River Valley High School
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(iii)

For y=mx+m,whenx=-1L, y=m(-1)+m=0.
Therefore, (—1,0) is on the line y = mx+m for all real values of

m. (shown)

Hence, for the line y = mx+m to cut the curve C at 3 points,

mel \{\/g,-\/g}. (OR mel],m:ti«/g)

(Note: the line y =mx+ m cuts the curve C at 2 points when

River Valley High School
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11  Fixed vertical cameras have to rotate quickly to keep track on moving objects. A camera at
A is attached on a vertical wall AC with fixed height a cm. A ball B is moving horizontally
away from the wall AC. At time f seconds, the ball is x cm from the wall and the camera
would have complete a rotation of & radians from the wall to keep track of the ball. At this

. . . dg _ ..
instant, the camera is rotating at a speed of T radians per second. Assume that the triangle

ABC lies on a vertical plane containing the path of the ball.

CAMERA

B

A

acm

.

c xcm B VUBALL
. . . dx
(i) By expressing tané in terms of x and a, show that 49 =( 5 a > )— [4]
dt a’+x"/dt
(ii) When the ball is 9 cm from the wall, it is travelling at 6 m per second. At this instant,
find the speed the camera is rotating at in radians per second, leaving your answer in
terms of a. [1]
(iii) Given that a=4 and that the ball is travelling such that x =¢* cm, find the exact
maximum value of the rotating speed of the camera in radians per second. {71
11 Solution [12] Rates of Change, Max and Min
@ tand=2=.

Alternative 1

b
tanf =—

0 =tan”’ (5)
a

déa

dt

a

a

dé dx
dx dr

River Valley High School
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do_|__a [_1_)91
dt 2{ (x)z) a)dt
a1+ =
a
dée a dx
—_—= — St
= (a2+x2]dz‘ (Shown)

Alternative 2

x
tanf =—
a

Differentiate with respect to 7.

=5 )-(a)&)

)
dt  \asec?g/\ dt

(

o (1Y
df—ka(tanzé’ﬂ) dt

v

do| o)
de | 2 2 dt
\a ((x/a) +1)

-

46 _ J—J(EJ (Shown)

dt \ a2 + x2 dt
(i) When x = 9,% =600,

46 _ (—9—2)(600) = 62000 radians per second.

dt \a?+9 a“+81
| dx_

dr

deé 4 8¢
— e 2t) =
ds (16+t4J( ) 16+1*

River Valley High School
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20 (16+1*)(®)-(8n)(4”)
da (164t)
_128-24¢"
) (16+t4)2 '

2
For stationary values, d—2 =0.
dt
128241
=
(16 +t4)
128-24r* =0
4 16

==

0

=2 (rej —verootas 2 0)

43

Method l(Sccond Derivative Test)

2 d3e
By GC,when f=-—7, — = —0.74029 <0 .
437 ad

. dé . .
By second derivative test, — attains a maximum at ¢ = _2—.
dt i3

Alternatively, one could do it algebraically:
P (16+'t4)2 (—9613)-2(16+t4)(16+4t3)(128—24t4)

dr? (16+t“)4

At t=%, 128—24¢* =0, so,

&0 (16+14)2 (~96ar*)-0 96t3(16+t4)2 .
= = <

dr’ (16+t4)4 (16+z“)4

River Valley High School
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12

['wo teams of sgientists are investigating the population of wild hates, and the population of
hgr%qle%@gﬁfﬂ'r»;ibd lynxes, in the snowy mountains.

4\ '
The nu("n@é’rto} hares in the snowy mountain is P thousand at a ltime of ¢ years after the
scientists begin observations. Initially, the first team of scientists pbserved that there were
S% thousand , hares, growing at the rate of 25 thousapd hares |per year. After several
D s‘éﬁ%&‘?&%‘s?%ﬂ&“ai"cﬁ%td Stampet %aexgpm}?trﬁtze%"the hares, at any time ¢, to be

kP (100 — P) hares per year, for some positive constant .

#etq%d 2(First DerivadRe tedt) /0 [1]
M;dz T 2T 187

(i) | Find P in terms of {. 43 [51

420 0.0372923>0 0 —0.0365609 <0 ]
h ber of Iynxes in the showy mountains is O thousand 4at & time of ¢ years after the
seichists ¢ egin ohservations Iditially the second team of scientjstd observed that there were

Blthousand lynxes de/creaqing at thevatelof 0.8 thondand lynxes per year.

b |

Bpthfeanugfesirntists cplishertadmndidanslaped a%refined model for the growth rate of

the hares. The model assumed that, at any time ¢, #fa hares were growing at the rate of
P—I%QP per year.

2

2
b) (i) Forthe r&gneé (‘Wﬂ whenat = 0, show that ap =13. 2]
Hence, maximum — = —~2__ 7 -2 __ radians per secodtf.

(i) Hence, fid thg Ma}:ﬁurin deries of P in the refined madel, in ascending powers

of ¢, up to and including the term in £*. 2]

Two scientists, scientist 4 and B, both use the refined mpdel to approximate the

number of hares after some time. Scientist 4 approximates the number of hares one
month after the scientists started observing, while scientist B approximates the number
of hares ten years after the scientist started observing.

(iii) Given that both scientists used your answer in part (b)(ii), state the
approximation only provided by scientist 4 and suggest a reason why scientist
A’s approximation would be considered more appropriate as compared to
scientist B’s. 2]

12

Solution [12] Differential Equation, Maclaurin Series

(ai)

dP
& _kp(100-P
——=kP(100-P)

When t=0,P=50,%1;=25
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25=k(50)(50)

Hence, dar =LP(lOO—P) (Shown).
dr 100

G) | dp
L __1 ploo-p
dr 100 ( ) OR
100 dP dp
— S 97 .1 p(100-p
P(100-P) dr TRNTT )
, 1 100 _dP_
—t dP=|1dt 100P-p% df
— _dr=|1ds
In|P|-In|l00—-P|=t+c ,[502 ~(P-50)* .[
100 |50+P 50|
=t
“loo—p| "¢ 2(50) |50-Ps0| ¢
P tc t P ‘
—4 p— [ )
00-p o —A4e "[fo0—p|~"*¢

where 4 = +e°

When ¢ =0,P=50
S0 _ 40

100-50

A=1

P
100-P
P =100¢’ — Pe
P+ Pe! =100¢'
P(1+e')=100e’

P= 100e 100
1+¢ 1+e
(bi) dP 1
—=P—— P
dr Q
dZ_P_@_mQ 1,40
dr?  dt dt 16 dt
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when 120, P=50,0=8 =259 _ g3,
dr d¢
d’p ] 1

P 25 —1—5(8) (25)—E(50)(—0.8) =15. (Shown)

(bii)

When =0,
2
P=50,d—P=25,£=15.
dt de?

P:50+2Sr+gt2+m

P=50+25t+7.5t2+...

(biii)

When ¢ =L,
12

2
P=50+25 [L}HS(L) =52.135 thousand
12 12

Scientist 4 would approximate 52.1 thousand hares.

Acceptable reasons

. . 1.
It is more appropriate as ¢ = T is closer to 0 as compared

. . 1
to =10, making the approximation at t:E more

accurate.
OR

1
When 0 <7 <1,when I=E, the terms " for n>3 are a

lot smaller and are negligible. While, when ¢ >1 when

t =10, the terms " for n >3 are significantly large and
not negligible. So, the Maclaurin Series in (bii) is
inappropriate 7 =10 as it ignores these values.

OR

As (= ]Lz is close to the initial conditions, the
assumptions made by the scientist for the refined model are
likely still applicable. However, when =10, it is far too
long after the assumptions are made and are unlikely to be

applicable.
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