RAFFLES INSTITUTION
H2 Further Mathematics (9649)
2018 Year 5

Chapter 7D: Complex Numbers IV — Loci

SYLLABUS INCLUDES
H2 Further Mathematics:

5 lo;:i 6,T the _fbmrTnﬂTé’{ ~ a| < T,
« loci of the form lz—al = |z—b|,

= loci of the form arg(z-a)=8,

PRE-REQUISITES
e Trigonometry,
e Co-ordinate Geometry,
¢ Basic Geometrical Properties of Circles and Triangles,
L

Complex Numbers I and IL
CONTENT
1 Introduction
2 Loci of the Form Iz - a| =
3 Loci of the Form |z—a| =|z—b]
4 Loci of the Form{arg(z -a) ﬁ@
5 Problems Involving One Locus
6

Problems Involving *i‘wo Loci

Chapter 7D: Complex Numbers 1V
Page 1 of 13




2018 Years
Raffles Institution H2 Further Mathematics

I

1 Introduction

d out by the point
The locus (plural loci) of a variable point is defined to be the path trace

moving under certain conditions.

To illustrate, imagine an ant that can only move on this pit?Ce of pape{].
What is the locus of the ant (describe and draw the locus) in each of the
following cases? '

(a) The ant moves such that it is always 1cm from a fixed point A.The

locus of the antis a <ircle

(b) The ant moves such that it is always equidistant from 2 fixed points
A and B. The locus of the ant is

(¢) The ant moves such that it is always equidistant from 4B and AC . The locus of the
ant is the angle bisector of ZBAC.

mcus

Example 1
On a single Argand diagram, sketch and describe the loci given by
(@) Re(z)=3, @ii) Im(z) =4, (iii) Re(z)+Im(z)=3.
Solution )
Let
®

The locus is the vertical line through the point (3,0).
(i)

The locus is the horizontal line through the point (0,4).
(iii)

The locus is the line with gradient —1 and y -intercept 3.
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2 Loci of the Form |z—a|=r

Given 2 complex numbers z and w, ]z— wl is the distance (or length) between the 2 points
representing the complex numbers z and w.

Q: What is the locus of a variable point P representing the complex number z such that
|z - 3I = 2?7 Inf
Let points P and 4 represent the complex numbers z and 3
respectively. Then |z-3| =2 means that the distance AP is 2.

Now 4 is fixed, while P is a variable point. 0 @ >

So, the point P moves such that its distance from 4 is always 2.

~. The locus of P is a circle with centre (3, 0) and radius 2.

Im
4
Q: What is the locus of a variable point P representing the complex
number z such that |z|=4? /_ _\
: R
Since |z| =4 means that OP =4, where O is the origin, therefore 0 2 S
the locus of P is a circle with centre (0, 0) and radius 4. \J

If Iz —a| =r where P represents the variable complex number z, point 4 represents the

fixed complex number a and r >0, the locus of P isa
circle with centre 4 and radius .

Example 2
On separate Argand diagrams, sketch the locus given by
(a) |z-1+i|=4, (b) |z-3-4i|=5.

For (b), describe the locus and write down the cartesian equation.

Solution ' -

(a) (b)

Note: For questions involving loci, circles should be drawn with a compass and lines drawn
with a ruler. Remember to use the same scale for the real and imaginary axes.
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3 Loci of the Form |z - a|=|z- b|
Consider |z-1]=|z-3]. |z-1]=|z-3]

A
Let P, 4 and B be points representing the complex numbers z, Im

1 and 3 respectively. Then |z—ll=[z—3[ means AP = BP. 4 — B

0 i 2 3 Re

Since 4 and B are fixed points, the locus of P is the perpendicular
bisector of the line segment joining A (1, 0) and B (3, 0) .

i nd B
If |z—a| =z~ b| where point P represents the variable complex number z , the points 4 2

represent the fixed complex numbers a and b, the locus of P is the

perpendicular bisector of the line segment joining 4 and B.

Example 3

On separate Argand diagrams, sketch the locus given by

() |z+i|=|z-1], (b) |z+3]=|z—2+i|, © ﬂ—zl=2.
zZ

For (b), describe the locus and find the cartesian equation.

Solution

€Y (b)

The locus is

Let 4 and B represent the points (-3, 0) and (2, -1)

respectively. Gradient of 4B is

Gradient of the perpendicular bisector of 4B is 5.
Midpoint of 4B has coordinates

The cartesian equation of the locus is

Chapter 7D: Complex Numbers [V
Page 4 of 13




Raffles Institution H2 Further Mathematics 2018 Year 5

Note: To obtain the cartesian equation of the locus, we may also use z = x+iy where
x, y e R. For example 3(b), we have [z —(—3)| = ]z - (2—i)|
]x+iy—(—3)l = ]x+iy—(2 —-i)l
|(x+3)+iyl =|(x—2)+i(y+1)|
Jx+3Y 457 = J(x=2) +(y+1)
X +6x+9+y =x* —4x+4+y* +2p+1
y=5x+2

The cartesian equation for any locus, be it circle, half-line, etc., can be found in this way, by
writing z as x+iy where x, y € R. This is especially helpful when the equation of the given

locus is a ‘non-standard’ one, as in example 1.

© '—Z—i-z|=2 Tmp
l,i)
\m %z ey Jz 2
A ¥
(022 0 Re
\Z[ 1+i
[ 12—(|+1‘)]:1|21 —Z——2‘=2

Q_ll— Ji(l-'r'l)[ = 2[21

]2—":2 (0

4 Loci of the Form arg(z—a)=0

Let P and Q be the points on an Argand diagram representing z and w respectively. Recall
that arg(z) is the directed angle made by vector OP with the positive real axis.

: 4
Q: What is the locus of a point P representing z such that arg(z) = ??

Since arg(z) is the directed angle OP makes with the Inb _
; ; T
positive real axis, the locus of P is the half-line starting at, arg(z) =)
» v T
but not including, the origin and making a directed angle of .
with the positive real axis. z
3
0 Re
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Note:
The argument of 0+0i is not defined, hence (o, 0) is excluded from the locus.
The locus consists of the half line rather than the whole line because points on the ‘other half’

of the line represent complex numbers whose arguments are —2% .

Q: What is the equation of the locus represented by the other half of the line?

A: The equation of the locus is arg(z) = "
3

In general, arg(z—w) is the directed angle made by the vector P with the positive real

axis.
Why?

Tma4 P
Since z—-w is represented by @5 s a:g(z—w) is the “\g-\
directed angle made by OP with the positive real axis, Q“ .........
(different from the directed angle made by PQ with the
Ppositive real axis.) 0 »R

—»Re

Consider the locus defined by arg(z-1-i)= %

The equation arg(z-—(l-ki))z—;E means the directed angle Tim
4

that 4P makes with the positive real axis is i;-, where 4

and P represent 1+i and z respectively.

So the locus of P is the half-line starting at, but not

including, the point (1,1) and making a directed angle of —7;: o| - Re

with the positive real axis.

If arg(z—a) =6 where the point P represents the variable complex number z and point 4
represents the fixed complex number a, the locus of P is the

half-line starting at, but not including, 4 and
making a directed angle @ with the positive real axis.

Note: If 8> 0, the angle is measured in the anti-clockwise direction from the positive real axis.
If <0, the angle is measured in the clockwise direction.
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Example 4

On separate Argand diagrams, sketch the locus given by

(a) arg(z+2i)= %,

(d) arg(z—-(-2))=tan™ (

M| w

(b) arg(1+i-z)=-§

(c) arg(z—(2+i))= arg(3-i),

] . Describe this locus and find its cartesian equation.

Solution

(a) arg (Z—(-Z'\)) = J_“,(_:-

®) arg(1+i-2z) =

T

4

]

g (1-(z-1-0) = F

OJB(".U +0/(8(2-|-])':j:j

T+arg (z- (1+i J) ‘:-}%'l

oy (z- (i) =- Z}F
)Q ('1') B (’,[)
T/)& T
- ”Re
(1)

Re

arg (2-('2‘*!, s
= -tan -T(=]J

N

mocus isa
-P*Ilne MS G-, l:)\:{. rod \ne
the pont (-2,0) ood Making-a

U cled angle 0%_&“"(-0'\"(-32——)
it e posthve real axQ

3
-3
/ fan -i-)
A —> Re

e
(-2,0) ; : :
The cartesian equation of the locus 1s

S = '3_‘X43/ X =]
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5 Problems Involving One Locus

Example 5 (-2 ) 1o inequalities:
Indicate, on separate Argand diagrams, the region defined by the following 1meq
(a) 3<Re(z+2)<5, ®) |z-i<2,
N 1
© |z+1]<|]z-1], _(d)0<arg(z+2+31)s-6—-
Solution |°;§+nt’<°czuh§;\! i
| @) 3<Re(z+2)<5 J 1 (b) |z-i|<2
‘ 3 <&x42<S Im4 / I";A
| <<= 3 // 2
A - . / 2/
° i/ Re | v e
: / /. 9/ /~" Re
j AL T
© |z@)|s|z- 1]
lz#t= |2 1ma
/ 1
/ g t‘o 3] ):-E:
/N
/ /

Example 6
If arg(z+3) = i;— , find the exact least value of |2].

Solution

AN

arg(z—(-3))= % . The locus is the half-line as shown.

|z| = OP, where O is the origin and P is a point on the locus. arg(z—(-3)) =§

Least value of |z| occurs when OP is perpendicular
to the half-line, i.e. when P=1F,.

Least value of || is O P=3snk = ;E
/3 Je
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Example 7
If z is a complex number such that [z—\/i —i[ =1, find in exact form, the greatest and least
valuesof (i) |z-3i|, (i) arg(z~i). i
(13, 1)
Solution

Let the point P represent the complex number z in the equation |z - (JE +i)[ =l

(i) Recall that |z—3i| is the distance between the variable point P
and the fixed point A (0, 3).

Greatest value of |z-—3i| is given by distance 4D - Im,
as in diagram, with AD passing through the centre A(0} 3)
of circle C. %
% locus of P
AD = AL = G D
= [EyFrGD +!
= E +
Re
~ >

Least value of lz —3i| is given by distance 4B,
with B diametrically opposite to D.

(ii) Recall that arg (z - i) is the directed angle that EP makes with the positive real axis,
where E is the fixed point (0, 1).

EF and EG are tangents to the circle at F and G respectively. .

Im 4

r locus of P
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6 Problems Involving Two Loci

Example 8

On a single Argand diagram, sketch the loci given by

O |7=2,

(ii) arg(z) = % .

. 2 satisfies both
Hence, or otherwise, find the complex number z in the form x +iy that

(i) and (ii).

Solution

The complex number 7 — x+1i
1

X =

Since arg(z) = &

>

Hence

\

¥ satisfying both (i) and (ii)
is represented by the point of intersection 4 of the 2 loci.

avtre 5 (3,-3)

2
Example 9 )
Sketch the loci given by |z-1|=| +i] and |z-3+3i=

Obtain, in the form a+ib » the complex numbers repr
the loci, giving the exact values of a and b.

(z3)[=2
N

2 on the same diagram.
esented by the points of intersection of

Solution

It is importantto observe that the 'p'erpéﬁdiéuiar"b’iseétor’pa'ssés*thfough'(0, 0) and the

centre of the circle (3, —3). Note also the bisector has Cartesian equation y = —x .

At 4, x=

Hence the points of intersection of the loci
represent the complex numbers

locus of
IZ—]I = lZ +ll Alm

locus of Iz—3+3i| =2
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Example 10 -
In each of the following cases, show in an Argand diagram, the set of points Wthh satlsfy the ,
constraints imposed: 5 Ve t
: 4 | 4 XA o {\ ' G 3 u

(a) |z-2/<1 and Im(z)20; By 52 2ot Py P SO /XF

" V4 K4 = = l’ | [
(b) |z-2i|<3 and -4—<arg(z)<T;_ - |

(c) %Sarg(z)sg and Re(z)<2. T'-i")’

L

Solution f n f\g . |
(a) |z-2|<1and Im(2)20 Iy y ( ) j"!:) - .
oo

(b) |z-2i|<3 and %<arg(z)<-4£

(© %Sarg(z)s% and Re(z)<2

Imé -

vl (gne Y i
MY
.‘)1'\" i :‘: ’ﬁ i ' JV

A 3 Chapter 7D: Complex Numbers IV
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Example 11
OW, on an Argang diagram, the set of points which satisfy
liz-1+i|5|1-il and = <arg(iz—1+i) <=
Find (i) the exact greatest valye of |z+3+ i! ;
(i) the range of values of arg(

3
4 4
zZ+3+ i) » leaving your answer to 3 significant figures.

]iz—-1+i]s|l—i|

7[ -
ZS arg(lz—1+i)

A
NN

@i |z +3 +i| = Iz —(—3—i)] is the distance between
apoint P on the locus and the point 4 (-3,-1).
Greatest Iz +3+ i]

=A4Q, where AQ passes through C

(ii) arg(z+3+i) is the directed angle that AP
makes with the positive real axis.

ZOAC = £LDAC =

Chapter 7D: Complex Numbers IV
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SUMMARY
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