Question 1 — Topic : Numbers and Proofs
L. | Let f(n)=13"" (6n+7)—1. By considering f(k +1)—f(k), where k € Z", prove using
Mathematical Induction that f(»n) is divisible by 18 for every positive integer n. [6]

Solution

Let P, be the statement “ f(#) is divisible by 18, where ne Z" .

correct P,, Induction Hypothesis and Inductive Step
When n=1,
f(1)=13%(6+7)-1=2196 =18(122) which is divisible by 18.
. P11s true. show base case P 1s true

Assume P(k) is true for some k € Z~
ie. f(k)=13""(6k+7)-1 is divisible by 18
ie. f(k)=18m forsome meZ

To show P(k+1) is true, i.e. f(k+1)=18p for some p eZ

Consider
f(k+1)—f(k)=13"*2[6(k+1)+7]-1-[ 13" (6k +7)-1]

=132 (6k +13) - 13" (6k + 7)

— 13K+ i78k +169 — 6k — 7) form expression for £(k +1)—f(k)
=13""1(72k +162)

=18(13""1) (4% +9)

f(k+1)="f(k)+18(13°")(4k +9)
=18m+ 18(13k+1 )(4k + 9) apply induction hypothesis

=18p,
where p=m+ (13“1)(41{ +9)eZ

o Pp 1strue = P, 1s true
Since P 1s true, and Py, 1s true = P, 1s true, we conclude by Mathematical Induction that

- +
PH 1strue forall neZ™. for proper conclusion
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Question 2 — Topic : Functions and Graphs

2.

(a)

For any real number x, the largest integer less than or equal to x 1s denoted by |_xJ .

For example, \_3.7J =3 and \_4J =4

(1)

Use a sketch graph of y=| x| for 0 <x <5 to evaluate Jj | x |dx.

2]

Solution

);:Lij 0<x<35

(graph/sketch)

Ij \_JC_| dx = Sum of areas of the rectangles shown

=0+1+2+3+4
=10




(a)

(i1)

Use a sketch graph of y = LeIJ for 0 < x <Inn, where n 1s an integer, to

Inn

show that , LeIde:nlnn—ln(n!).

Solution

Y Yy =e

Lu"’J* 0<x<lInn

L
S

| 1 S

n2 In3 In4 ..Inn

Inn
Jy L& Jas
= Sum of areas of the rectangles shown
=1(In2—-In1)+2(In3-1In2)+3(n4-In3)+...+(n—1)(Inn—In(n-1))
= —Inl —In2 —In3 ...+ —In(n —1)
—Inn

+nlnn

—In(n!) + nlnn (shown)

(graph/sketch)
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(iii)

n_l—n

Hence, show that n!>n"e

Solution

Since ‘_e""J <e',

(e fes e

= —In(a) +nns[er]
_ olnn _ 0
=n-—1

= In(n!)>2nlnn+1-n

n

In(n!)>Inn" +Ine'”

In(n!) > In(n"e'™)

n_l—n

n'>n’e (shown)

(evaluate definite integral)

(rewrite and take exponential)




(b)

. . 2 1
Find the exact value of the integral .[—2 \/ 9 — x* (x?’ cosg 1 Ejdx .

4]

Solution

IZ \/9— X’ (x:"’ cas£+ ljdx
-2 2 2

2 X I 2
_ 24 .3 2
— J.—Z \/9 — X [I COS E] dx + 5 J._2 "/9 —x"dx (break down integral)

T

5

[y

Let f(x)= \/9 —x? (f cosg]_ Then,

f(—x) = \f 9 — (—x)2 ((—x)?’ cos%x]

= —\/9 —x° [f’ cos%) =—f(x)

Since the integrand 1n /; 1s an odd function, .. 7, =0.

(use of odd function)

9 )
yz\/‘)—x‘ &y =9-—x7

P )
& xT+y =3

a semi-circular arc
centred abt. origin O
with radius 3

i
('S
.
g
('S
Wl =Y

. 2 o
smﬁzz,ﬁzmn

} (use of area of semi-circle)

= :(Area of sector) + (Area of right- | A)]

=2 _l(Bz)sin_l (g] + l(2)\/5_

2 3) 2 |
=2 Esin_1 [Ej +4/5

. Required integral =/, + %]2 = %sin_l (%] ++/5
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Question 3 — Topic : Counting

3. | An n-digit number uses only digits 1, 2 and 3. It does not contain any occurrence of ‘12 or ‘21°.
Let there be 7, such numbers, with X, of these having first digit 1 and Y, having first digit 3.
(i) | Prove that, for n>2 |

(ﬂ) XH — Ay +YH—] > -
(b) ¥, =2, +%, . =
2
Solution
(ﬂ) To count XH , consider 2 cases : (explain 2 cases)
e the 2nd digit is 1 so there are X, |, ways to write the 2nd to nth digits
e the 2nd digit 1s 3 so there are Y, ; ways to write the 2nd to nth digits
X,=X, ,+Y _, (by Addition Principle)
(b) Define Z, to be the number of n-digit numbers from 7, with first digit 2.
By symmetry, Z, = X,
To count Y, , consider 3 cases : (explain 3 cases)
e the 2nd digit is 1 so there are X,_, ways to write the 2" to n™ digits
e the 2nd digit is 2 so there are Z,_, ways to write the 2" to n™ digits
e the 2nd digit is 3 so there are Y, ; ways to write the 2" to n™ digits
Y =X, ,+Y _+Z, , (by Addition Principle)
— 2XH—1 + Yﬁ'—l (by Symmetry PI'iIlCiplEf) (use symmetry principle
to deduce answer)
3. | () | Hence, find a recurrence relation for Y, , interms of ¥, and ¥, , for n>2. 2]

Solution

Using (b), ¥, =2X, +Y,

Y,-Y, Yoa—%
:>Xn_l __n n—1 and Xn — _n+l n
p) 2
USiﬂg (a), Xﬁ' - Xﬂ—l + Yﬁ'—l
Yn+l - K? Yn o K?—l
> — 5 + K?_l (expression entirely in V)
Yo=Y, =Y -Y _+2Y,,

Y, =2Y, +7Y,




1 no ] n N
Prove that Y, —5(14—'\/5) +E(l_ﬁ) for neZ”. 5]
Solution
Let P(n) be the statement that Y (1+\/_ ) ( -2 ) for neZ".

The 1-digit number starting with 3 1s 3, and
the 2 dlglt numbers Starting with 3 1s 31, 323 33. (explain LHS)

¥, =1 and (1+J_) ( \/_) =1
Y, =3 and (1+J_) ( V2) = (3+2«/_) (3 202)=3

Thereﬁ)re,, P(l) and P(2) are true. (2 base cases)

Suppose P(k) and P(k +1) are true for some k € Z" :

2o ) 02

and ¥, ,, = %(1 + x/f)kﬂ + %(l—ﬁ);ﬁl (induction hypothesis)
We want to prove P(k +2) 1s true: Y, , :%(14-\/5)“2 +%(1—\/§)k+2
Vi =21, +Y;

=(1e42) " (1=42) S (1442) +S(1-2)

=%(1+JE) (2+2J_+1)+%(1 JE) (2 2J_+1) (induction step)

-0 ) (142 50-2) (1<)
:%(l+\/§)k+2+%(l—\/§)k+2
Since P(1) and P(2) are true, and

(for ke Z", P(k) and P(k +1) are true = P(k +2) is true),

by the principle of mathematical induction, (for n € Z™, P(n) is true).

(conclusion)
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Alternative inductive step

KE:+2 = 2Yk+1 + Kfc

:(1+ﬁ)k+l+(l—\/5)k+l+%(]+-\/§)k+%(l—\/§)k

( A ( \
k+1 | k+1 |
:(1+\/§) k\1+2(1+\E))+(1—\/5) K1+2(1—\/E))
_(1+\/§)k+1(1+_lzﬁ]+(l—ﬁ)k“(l—l+2ﬁ]
k+1[ ] + k+1 _J_
:(1+\/§) [1 22]+(1— 2) [1 22]




(iv)

Find and simplify an expression for 7, for ne Z™ .

2]

Solution
TH — Xﬂ' +Zﬂ' -I- YH
=2X, +Y
=2[};‘+l _Y;]_l_}]”
2
=Y,
_l(1+‘\/5)ﬂ+l +l(1_\/§)ﬂ+l
2 2

(symmetry or use (11))

Alternative solution

Forany neZ", n>2,
Y =X, ,+Y +Z , (by Addition Principle, from (1b))
=1,

S, =Y
:%(Ier/E)HH +%(1_\/§)n+l
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Question 4 — Topic : Functions and Graphs

4. | The Bernoulli polynomials, B (x), wheren =0, 1, 2, ..., are defined by B,(x) =1 and,
for n>1, 4B, () _ nB,_,(x) and I;Bﬂ(x)dx =0.
(1) | Show that B, (x) = x*(x—1)> + 4, where 4 is a constant (that need not be evaluated)| [4]

Solution
By(x) =1
B .
d l(x):Bﬂ(x)=1 = B,(x)=x+k, where k is a constant.
) —1x=1
1 X ] ]
IBl(x)dx:O, “—thkx| =0, —4+k=0, k=—.
0 2 |4 2 2
. |
.. }31CI)==I?—E£.
B .
d 2(x)=2Bl(x)=2x—l — Bz(x)zxz—x+k', where k£’ 1s a constant.
- qx=I
1 32 1 1 1
s [Byde=0, |- kx| =0, c—24k'=0, K=
0 '3 2 | 3 2 6
Bz(x):xz—x-i-l-
6
dB;(x) =3B, (x) = 3x° —3x+% = By(x)= X — %xz + %x + k", where k" 1s a constant.
_ —x=I
1 4 3 2 11 1
J.B;;(x)dx:{), Y 2T ik =0, ——=+—+4+k"=0, £"=0.
0 4 2 4 | 4 2 4
3 ]
LBi(x)=x - =x? +—x.
) =2 =2t 4
dB,(x)

=4B,(x) =4x" —6x" +2x = B,(x)=x"—2x" +x* + k", where k" is a constant.

dx

S By(x) = x*(x—1)* + 4, where 4 is a constant.

(shown)




11

(i)

Show that, for n>2, B (1)-B,(0)=0.

2]

Solution

For any integer n> 2,
B,(1)-B,(0)=[B,(®)] _,

1dB,, (x)
- j{J dx dx

x=1

(rewrite expression)

= [ 7B, (x)dx

1
— ”( 0 Bﬂ_l (I)dl') (apply conditions in the definition)

=n(0) - n-121
=0 (shown).
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(iii)

Show that B, (x+1)—-B,(x) = nx"~! for all positive integers .

[4]

Solution

For any positive integer 7, let P, denote the statement B (x+1)—B (x)=nx"".

Base Case :
LHS =B, (x +1) - B,(x)
1 1
= _(x—l—l)—E_ - -x—g_
=1
RHS=(1)x' ' =x" =1
~Bi(x+1)-B,(x)=()x""". ie. B. (show base case)

Induction Step :
Consider any positive integer £.

Suppose P, . 1.e. Bk(erl)—Bk(x):kxk_l. Then,

d

E[Bkﬂ (x + 1) o Bkﬂ(x)]

=(k+1) B, (x+1) (1)=(k+1) B,(x)
=(k+1) :Bk(x+1)—Bk(x)]

= (k + 1) kxk_l] (use induction hypothesis)

—(k+1) %[f‘]
_d
o

[(k +1)xk ]

~B.,,(x+1)=B,,,(x) = (k +1)x* + C, where C is a constant

When x =0,
k
By (1) =By (0) =(k+1)(0)" +C
-0 {regulr{]fpﬂn i1) ;{} (complete induction step)
= (=0

Bk+l(x T 1) o Bk+l(x) = (k + l)xk , 1.e. Pk+l :

Since B{ 1S true, and (fOI' any kel , Pk — B(H) (conclusion)

By the Principle of Mathematical Induction, (forany neZ™, P, is true).
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(iv)

N
L 1 1
Hence, for any positive integer N, show that » m"~ =—[B, (N +1)—B,(1)], and
n

m=1

N 2
deduce that » m’ = ( NV + 1)] .
— 2 Bl
Solution
N | N
Z mﬂ'—l — Z nmﬂ—l
m=1 n m=1
| N
= E Z [Bn (m + 1) o Bn (m)] (rewrite summand as a difference)
m=1
|
- [ 2) - Bn (1)
n
T n - BH
+ B;f‘i)\— BH
+B, ( (=),
+ Bn (N + 1) o Bn ] (apply method of difference)
|
-~ [B,(N+1)-B,(1)]  (shown)
n
[t n=4, then

N
> m’ :% [B4(N +1)—B,(1)]
m=1

= l ([xz(x —1)2 + A}

—[xz(x—l)z +A:|

9

4 x=N+1

1
-~ ([V+D2(N)? + 4]~ 4) (apply n=4)
:% [N(N + 1)]2

_ -2
~ NU\; +1) (deduced)
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Question 5 — Topic : Counting

S. | (a) | New Chang Lee sells 5 types of puffs: curry, sardine, black-pepper chicken, tuna
and yam.
Mr. Ong wants to order a total of 26 puffs such that each type is included and there | [4]
1s an even number of puffs of each type. Find the number of ways he can make the
order.
Solution
This 1s equivalent to distributing 26 1dentical objects into 5 distinct boxes, such that
each box has some object and an even number of objects. (describe distribution
roblem 1dentical object,

Eistinct hm-:e:‘j e
Which 1s equivalent to distributing 13 pairs of 1dentical objects into 5 distinct
boxes, such that each box has at least 1 pair of objects. (address even)

131
NUHleI' waays = 5_1 (expression)
=495
5. | (b) |4 married couples are randomly seated at a round table with 8 chairs.

By using the principle of inclusion and exclusion, find the probability that no wife
sits next to her husband. [4]
Solution
Total no. of circular arrangements without restrictions = 7!= 5040 (total)

Let A. be the event where the i couple is sitting together, for i =1,2,3,4 .

No. of circular arrangements where at least one couple sits together,
=4V 4, U 43 U 4]

=2 |4l= X |44+ X |4ngn4l- Y |An4 0404,
1<i<4 1<i< j<4 1<i< j<k<4 Isi<j<k<m=4
4 4 1 4

—[1]/-’11‘ _[z]lAlﬁAE +[3]AlﬁAzﬁA3‘ ‘[4]|Alﬁ‘42ﬁ‘43ﬁ‘44 (PIE)

(o)) GJor) (o) Sy
(4.n4;n4,n4,,)

= 3552

Required probability
3552

5040
- 31

105
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(c)

Let a, a,, ..., a;, be a sequence of 10 natural numbers.

By considering the sums q,, ¢, + a,, ..., a;+a, +...+a,,, and using the

pigeonhole principle, prove that there 1s a sequence of n consecutive term(s) whose
sum 1s divisible by 10, for some 1<n <10.

[5]

Solution
Let Sl — al,,
SZ = a + da,,

Slﬂ :ﬂl +a2+..+a10

Case 1: One of the S.

1

e Then ay,...,a; 1s the required sequence.

iS d1v151ble by 10 ‘Consider trivial case)

Case 2: None of the S. 1s divisible by 10.
e Forall 1<i<10, S; has aremainder of 1, 2..., 9 when divided by 10.

(reduce to 9 pigeonholes)

e By pigeonhole principle, there exists 1< j <k <10 such that (PP with 10

pigeons and 9 pigeonholes)

S =5, (mod10)
a +...+a; E(al +...+aj)(mod10)
W (RHS zero)
(.:11+,..+ak)—(al+“.+aj)50 (mod10
A +...+a,=0 (mod10
(completing the proof)
Then a;,,, ..., a; 1s the required sequence.
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Question 6 (MS) — Topic : Numbers and Proofs

6.

(a)

Let p be a prime number and »,s € Z suchthat O<r,s < p.

(1)

For any a € Z , show that ra = sa(mod p) if and only if 7 =5 .

Solution

(&S)r=s
(r—s)a=0
(r—s)a=0(mod p)

ra = sa(mod p)

(=)ra =sa(mod p)
pl(r-s)a

pi (F’-S) "+ euchd's lemma

pq =(r—s) for some g € Z

Since 0 <r,s < p,

we have —p<r—s< p mmplying ¢ =0

Sr=s=0>r=s

~.ra=sa(mod p) ifand only if r =5 .

(a)

(i1)

By considering the product ax2ax3ax...x(p—1)a, prove that for
any a € 7, but not divisible by p, a?~' = I(mod p) (Fermat’s Little Theorem).

Solution

a><2a><3a><._.><(p—1)ﬂ E(p—l)!(modp)

(p—1)la’" =(p—1)!(mod p)
a’! = 1(mod p)

(a)

(iii)

Hence, show that for any integers a, b, p divides ab” —a’b.

2]

Solution

ab” = ab”"'b = ab(mod p)
a’b=a""ab=ab(mod p)

ab” —a’b=ab—ab=0(mod p)
S p (ab*” —a"’b)

(use Fermat's little theorem for ¢ and b)

(b)

Let m,n,k € Z" and ged(m,n)=1.
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Prove that n+m | n”* + km" ifﬂﬂd{]ﬂl}f'ifﬂ‘l—m‘k‘l—l.

Solution

(=)n+m|n° +km’

n+m)q=n’+km’ for some g eZ

(
(n+m)q+m*—n*=(k+1)m’
(

n+m)(g+m—n)=(k+1)m’

c(n+m)|(k+1)m’
Note that ged(n +m,m) = ged(n,m) =1
By Euclid's lemma, (n+m)|(k +1)

wgE

(<)(n+m)|k+1

have (n+m)|km* + m’

and (n+m)|(n+m)(n—m)=n>—m’

= (n+m)|km* +m* +n* —m* =n* + km’
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Question 7 (MS) — Topic : Inequalities

7. | (@) | (D) Showthatx+122\/; forx, y>0.
Y y

Solution

1
Forany x,yeR", —eR".

Y
By the AM-GM 1nequality,
1

Jf+122\/E (shown)
Y Y

X+ — :
Y > x(—}
2 V Y (apply AM-GM 1neq.)

7. | (a) | (ii) | Hence, show that

| | | |
Xp+— || X+ — | Xgo +— || x50 +— | =2, for x;, X, X3, ..., X590 >0
Xy X3 Xs50 X

Solution

For any x;, X,, X3, ..., X5 >0,

X

X; ’ij

> (2 EJ (2 ﬁ] {2 @] {2
\—?’fz X3 X5) \J

[
X1X2X3...X5(
\ X523 X50X

=2°"  (shown)

_ 250

| | | |
LHS = (xl + —](XZ + —J.--{Xﬁrg + —J(Iﬁ{] -+ —
X2 X3 x50 X1

Using part (1), x; +LE 2 |4, ieZ", i,j>1.

1

—
X50

X1

J
J

use result of part (a1)]
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(a) | (iii) | Deduce the positive solutions of the system of equations
X, + i =8
X2
X+ =
? X; 2
1
X4
|
Xq9 +— =38
X5()
Yoy + = o
) g
Solution
25
1 1 | 1 1
[Il + _]{XZ + _]..-{X4g + _][XSU + _] — 825 X [—]
X9 X3 X5 X1 2 [connect part (11)]

— 2?5—25 _ 250

For the inequality of (11) to hold at equality,
it must be that these inequalities hold at equality :
1 [ 1 1

'3':1_}_—:—:”2 ﬂ X =— x1+—:2x1:8
Y\ *2 X2
1 ] 1
1 x, Xy =— Xy +— =2x, = —
X3\ :
. . : | _ 1
Xso '\ Xso 1 1 1
1 rx_ xﬁﬂzx_ x50+_:2.l'50:§
Xso +— =2 [0 ! 1
X \Jxl
1 . 1 1
Sub x; =4, x;p = — Into X355 + — = —
4 X, 2
|

Then LHS = x5y + —

=—=RHS (checked)
X, 2
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(b)

(1)

Let x,y,z be positive real numbers satisfying xyz =1.

Determine, with proof, the minimum value of

IZ y2 ZZ
+ + ] [ﬂ
y+z Z+X Xty

Solution

From Cauchy-Schwarz inequality, we have

{x/;TT{\/yT]:[mT [(\f}’?f*( :+I)Z+(M)zi|3(x+y+z)2

{ﬁ]i(\/jjji{ﬁ]z (y+z+z+x+x+y)2(x+y+2)

. . 2
+ + —

y+z z+x x+y 2x+y+2z) 2

}(x+y+ﬂ2_x+y+:

From AM — GM 1nequality,
1

E(HW)%(;,@)
3
2

Hence,
X7 y* z° 3
+ + > —
y+z z4+x x+y 2

Equality holds when x=y ==z

:Dgz:x3zh x=y=z=1.

2 yz 2 2 2 2 3
+ + = + +—=—
y+z z4+x x+Yy 1+1 1+1 1+1 2

Check : (

x=y=z=I

2 2 2
X Y zz . 3
+ + 1S —.

y+z z+x x+y 2

Hence, the minimum value of
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(b) | (ii)) | Hence, prove that if a,b,c are positive real numbers satisfying abc =1, then
1 | ] 3
3 + 3 - 3 > —. [2]
a(b+c) b’(c+a) c’(a+b) 2
Solution
Take x:l,y:l}z:l.
a b c
X7 I z° 1 1 1
oix xtv (1 1) (1 1) L1 1
y+z zZ+X X+ a;(+] b2(+} Cg[+]
b c c a a b
B 1 N | N ]
N {bﬂ:] 2(c+a} {aﬂb]
a|—— | b C
bc ac ab
- abc N abc . abc
a’(b+c) b’(c+a) c’(a+b)
| 1 ] 3
~ 3 T3 3 =
a’(b+c) b'(c+a) ¢ (a+b) 2
AISO_‘, XyzZ = lll = L =1 (Multiply abc and use abc = 1)
abc abc
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Question 8 (MS) — Topic : Numbers and Proof

8. | (a) | For each positive integer r, let

1 1 1
a, =——+ - -

"or+l (D +2) (D) +2)(r +3)

b:L+ 1 + 1 R

"+l P+ (k1)

2

() | Find b, in terms of r. [2]
Solution
| | 1
b =——+ + + ...

!

o+l (P2 (r 1)

Geometric Series

| (sum-to-infinity of GP)

8. [(a) | (i) | Deducethat 0<a, < l [2]

r

Solution

Since r > 0, 1t 18 clear that a, > 0.

| |
(F+D)(r+2) (r+1)°
1 1

<
F+1)(r+2)(r+3) (r+1)

1 1 1 1 1 1

So—+ + +... < + 2+ 3+..-
T+1 (r+1D)(r+2) (r+D(r+2)(r+3) | r+1 (r+1)° (r+1)
a, b,
1
a,<b, =—
r
1
Thus 0 <a, <—. (shown)

r
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(a)

(iii)

Show that a, =rle—| rle |, where | x | denotes the integer part of x. [3]

Solution

ForreZ",

1 1 1 1 1
e=1+1+—+—+... +—+ +
2! 3 rl (r+1)! (r+2)!

r! rl! r! r! r!
rle=r+r+—+—+...+—+ +
21 3! rl (r+1)! (r+2)!

+ ...

r! r! r! 1 |
=r+r+—+—+...+—+

—+ + ...
21 3 Pl (Pl (4 2)(r +1)

rlr! r!
=r4+r4+—+—+..+—+a,
2! 3! r!

As(}c:ar-::lil, O<a, <1,

r
rlrl rl . :
r'+r+—+—+ ...+ — 1s the integer part of r!e.
2! 3l r!
rl rl r!
it —+—+.+—=|rle|
2! 3! r!

nrle=|rle|+a,

a, =rle— \_r!eJ (shown)

lapply result of (11)]

(a)

(v)

Hence show that e 1s 1rrational.

Solution

Assume to the contrary that e 1s rational,

. . L. k
1.€. there exist positive integers &, m such that e = —.
m
k
Then, mle=—xm!=k(m-1)eZ.
m

Thus m!e 1s an integer.
So | mle |=mle, mle—| mle|=0, .. a, =0

m

But this contradicts the result in (1) where a, > 0.

Going back to the assumption, .. € must be irrational.

(proof by contradiction)

[apply result of (aii1)]

lapply result of (an)

and obtain a contradiction]
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(b)

Given that a sequence y,, y,, )3, ... 1s defined by

1
y1:2jyﬂ+1:y”+ ,forall ne N .
2 U

Show that the sequence converges.
Find the exact limit of the sequence.

[5]

Solution

yl :2? yn+l:£+_

yn+1 E

Since y

n+l

>0 fornelN, y > /2.

(show sequence 1s bounded below)

. The sequence y,, y,, s, ... 1s bounded below by J2.

1 2-y] :
yﬂ-l—l_y”: _yn: - E:O (as yﬂ_:izandyﬂ:}o)

Yo 202,
.. The sequence y,, y,, ¥,, ... 1s a decreasing sequence.

(show sequence 1s decreasing)

By Monotone Convergence Theorem, the sequence y,, y,, y;, ... converges.

(apply MCT)

Let L=Ilimy, . Then

n—»0

n—»00 n—»ow

limy =L, and lim[y” +1J_L+1

L:£_|_l
2 L
L 1
E—
2 L
L’'-2=0

L=+2 (reject L = —J2 asL >0, - the sequence y,;, V,, Vi, ... 1S positive.)
The limit is /2.




