CJC H2 Mathematics 2023 Promotional Exam

1 The diagram below shows the graph of y = f(x). The curve has two stationary points at ( -4,3) and
(0,1).
)}
A
y=1(x)
4,3)
(0.1)
> x
(a) State the range of values of x for which the graph of y =f(x) is strictly increasing. (1
(b) Sketch the derivative graph of f, y =f'(x), indicating clearly the coordinates of any points of
intersection with the axes. 2]
. d 4
2 (a) Find —xtan™(2x). (3]
dx
C peq d x+1 . . .
. (b) Find a—x—-ln , leaving your answer as a single fraction. [3]
-5 4
3 Plane 7, contains point A(7,5,1) and line / with equation r=| 5 {+ 2|2, 1 ¢
4 |
(a) Find an equation of 7, in scalar product form. [3]
© Plane 7, has equation x+3y~3z=8.
(b) Find the acute angle between 7, and x,. (2]
(¢) Find the perpendicular distance from 4 to z,. (2}
. x-1
4 The curve C has equation y = T | |
(a) Sketch the graph of C, stating the exact coordinates of any points of intersection with the axes,
any coordinates of turning points and any equation of asymptotes. [4]
(b) By adding a suitable line to the graph drawn in part (a) and labelling its equation, solve
LIl PN [4]

2x2+6x 2



It is given that y=sin"'x, ~1<x <1,

: d
(a) Show that %{1 =X ( d:]

(b) Using the result in part (), find the Maclaurin expansion for y, up to and including the term in
3

X% (3]

(¢) By substituting x=0.5 into the expansion found in part (b), find an approximate value of . [2]

(3]

It is given that two lines, / and m, with equations
=(i+3Kk)+A(2i-4j+7k)

and r=(2i+2j—Kk)+ p(3i-2j+3k), where 4, yr e
respectively, intersect at the point P.
(@) Verify that the coordinates of P are (-1, 4,~4). [1]
A point 4 with position vector i+ 3K lies on line /. The point O on the line m is the closest point from 4
to the line m.
(b) Find the length of AQ. | 3]
The line »n is a reflection of the line / in the line m.

(¢) Find the position vector of the point of reflection of A in the line m.
Hence, find a cartesian equation of the line n. [5]

(a) The curve y = f{x) cuts the axes at (1, 0) and (0, -2). It is given that ! exists. State, if it is possible
to do so, the coordinates of the points where the following curves cut the axes.

i y=f'x) (1]
@ y= f[%x) ‘ 13
(i) y= f(—;-x+ 1) [1]

(b) Two functions g and h are defined as follows:
g:x|—>«/x+2, Xe ,x2-2,
h:x— x*—4x+5, xe , x20.

(i) Show that gh exists and find the exact range of gh. [4]
(ii) Use a non-calculator method to solve gh(x) = 2x. [3]

(a) A sequence u,,u,,u,,...is defined such that v, =1, v, =23, uy==, and u,,, =au, +b, where
n=1,and a and b are rational numbers.

Find the values of @ and b. Describe how the sequence behaves. £3]
(b) () Express Ew«m}_ri—g in the form Ar+—-§-1~+—i-l, where 4, B and C are constants to be
r - r=1 r
determined. [2]
(i) Hence evaluateZ‘l—-———?{}j—-i exactly. (You need not simplify your answer.) [5]
r

r=2
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Mrs Chan wants to sct up a rectangular portable playpen for her toddler in her living room. To optimise
the space of the living room, she decides that one side of the playpen will be formed by the living room
wall so that she only needs to construct three sides of the playpen. Mrs Chan wants to maximise the
enclosed arca of the playpen while keeping the total length of the three sides of the playpen, excluding
the wall, fixed at 360 cm.

(a) Without the use of a calculator, find the maximum enclosed area that her toddler has within the
playpen. [6]

Mrs Chan wants to increase the enclosed area that her toddler has within the playpen. To do so, she
believes the playpen should be that of an isosceles triangle. Assuming that the total length of the two
sides of the playpen, excluding the wall, is still 360 cm, she then aligns the base of the isosceles triangle
along the wall of her living room and sets up the playpen.

(b) Using differentiation, find the base and the height of this isosceles triangular playpen such that its

area is a maximum. {51
() Comment on Mrs Chan’s belief that area enclosed is larger when the playpen is in the shape of an
isosceles triangle compared to the rectangle in part (a). n

A Sports Equipment manufacturer is conducting a series of tests on tennis balls.
(a) In the first test, a tennis ball is released from rest at a height of 180 cm above the ground surface

of a tennis court. It is found that the ball always rebounds to % of the height from which it falls.

(i) Find an expression for the total distance the ball travels until it is about to touch the floor

the (n + 1)™ time, giving your answer in the form 4+ B (Z) ,» where A and B are integers to

be determined. 4]
(ii) Hence find the number of times the ball has bounced when it has travelled 12m and also the
total distance it has travelled before coming to rest. [3]

(b) In the second test, the vertical distance travelled by the same tennis ball during each regular time
interval is recorded and is found to follow an arithmetic progression. The distance travelled by the
tennis ball in the first 0.1 seconds is shown in the table below:

| Distance travelled -

(in sec 2740 during interval (in cm)’
0.00 0.2
0.02-0.04 0.6
0.04 - 0.06 1.0
0.06 — 0.08 1.4
0.08-0.10 1.8

Without using a calculator, show that the time taken for the tennis ball to reach the ground surface
is 0.6 seconds. (4]
(c) State an assumption, in context, for the calculations in both tests to be valid. 1]
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A curve C has parametric equations

(@)

x=1=21}, p=0£+1, forte
Sketch C, indicating the coordinates of the points of intersection with the axes. (3]

The line x+y=2 cuts C at the points 4 and B where the x-coordinate of A4 is greater than the x-
coordinate of 5.

)
(©

(@)

(e)

Find the exact length of 48 in the form k2 where k is an integer to be determined. [3]
The point M is the midpoint of 4P where P is the point (l 290, P+ 1) . Find a cartesian equation

of the curve traced by M as p varics. Leave your answer in the form (ax+b) = (cy+d), where

a, b, ¢ and d arc integers to be determined. [3]
Show that the cquation of the normal to C at the point P is

8p 4
=[f(p)|x+pt+——+1-—
y={ip))x+p = +1-37
where {(p) is an expression in p to be determined. 3]
Find the acute angle between the normals to the curve at x = -7. [3]







Quecstion 1:

(®) TFor f'to be strictly increasing, f'(x)> 0

Therefore, x> 0

D) %

(=4,0)

y=£f'(x)

(0.0)

A 4

X



Question 2:

(a) %\ tan™ (2x)

= (H—(? 7 ](2)+tan "(2x)(1)

== +2"1 >+ tan™ (2x)
X

d .\'2+1
b —In
() 1'1

=%%[ln (x2 + 1) —In x]
i
2l P4l x

1 2x2—x2+1)
_E x(xz-i-l)

__x=l
2x(x2+1)
Alternative:
x +1 (x(Zx) x +1 (I)J
d x2+
—ln
dx * x +1)




Quecstion 3:

12 4 ~4
(a) Another direction vectorin 7zyis | 0 |or| 0 jor| O
-3 -1 1

(4 2 1
n=| 0 [x]2]|=|-8|=2|—4
-1) {1 8 4
Equation of 7, is
(1Y (7 1
rel —4|=|5|e| 4
\4) 1) (4
(1)
ref—4|=-9
\4)
1 1
—4 [ef 3
4 -3

-1
(b) acute angle between 7z, and 7, = cos

JE+(=4) + 4212+ (3) +(-3)?

=23.3%0r 0.406 rad

() Let Bbeany pointon =,,e.g(8,0,0)

7 8 -1
Bd=|5l-|0|=| 5
1 0 1

(~1 3

=3

perpendicular distance between 4 and 7, =

5 |e
1) AP+ +(3)

=ﬂ— ~2.52

J19






Question4:
(@) /
u
% (319) =
2
_]”=0 /(‘-],I) x°+3x
(1,0) ]
y=x+2
x==3 x=0
(b) y=x+2

x<=3.73 or =3<x<—1or =0.268<x<0



Question 5:

(a)

(b)

y=sin" x

1
._dZ= 1 =(1—x2) 2
dx 1—x?

2-o((5)(¢)

$y_o Sy

=0, £y,
YER T e

Hence y =x+l6x3 +...

(© sin™(0.5)=0.5 +%(0.5)3 o

n~25

—_— AT m—

6 48




Question 6:

@)

(b)

] 2
I:iv=|0|+A4| -4, Ael

3 7
2 3

mir=| 2 {+u) -2, nel
-1

3
{
P
m
(1 2 -1
When A=-1,|0|+A]-4(=] 4
\3 7 —4
2 3 -1
When u=-1,| 2 |+u(-2|=| 4
-1 3 -4

Method 1

Length of AQ = shortest distance from 4 to line m

3
PAx| -2
3
\ﬁ2+(—2)z+32
1\ (-1 3
01— 4 {|x]-2
_\3) \4)) A3
J9+4+9
| 2 (3
=——=| —4 |x| 2
J22




| 2
—| 15
V22

S

,293 .

=,[—— units

22

Method 2
2+43u
Since Q lies on the line m, 00 =| 2—2u |, for some el
-1+3u
Since 40 L m
((2+3u 1 3
(1434 3)
2“2/1 o -21=0
349u—~-4+4u-12+9u=0
2u=13
B
22
(83
22
Hence, 00 = 2
11
_]l
\22
(83 ( 61 3
22 1\ 22 > . 5
— || 18 18 61 (18Y [ 49 J273
= =Sl = — 1=l — ] *|—| +| —— | =—
Hence, |AQ| > 0 55 \/(22) [22) ( 22) >
HRSGE I
\22) \ 22,
Method 3
2
PA=|—-4|P4=4/69
7
35 ’ 35
PO=22| 2|, PQ=—"1
s I G



1)

J22
_ (293
V22

(¢) Method 1:
Let the reflection of 4 in the line m be 4.

2+3u
Since Q lies on the line m, 00=| 2-2u |, forsome s &0
-1+3u
Since 40 L m
((243u) (1)) (3
2-2u |-|0|[e| -2 (=0
\\—1+34u 3) 3
(1+3u 3)
2-2u || -2 |=0
L—4+3,u 3
3+9u—4+4pu-12+%u=0
22u=13
13
#=n
/i_ﬂ
22
Hence, 5@: -?-
11
17
(22)
Using mid-point theorem, 00 = %(m + (ﬂ")
(83) f72}
2|y |1
— e 9 18
Hence, O4'=200-04 =2 Tl 0f = T
17| 3 16
(22, (11
(72) 8 )
11 -1 11 83
Direction vector of line n is PA" = % -1 4 = —?—?— =11—1 26
16| \74 28 28
\_ﬁ/ k-l_lj




-1 83

Hence, equation of line nis  v=| 4 |43} =26 |, Al or r=
—4 28

. . X+l 44—y z44
Cartesian cquation is =—=
83 26 28
lx—72 1811y 1lz+16 ~-§ -y z+1
83 26 28 7 83 26 28

Mecthod 2: Alternative Method (using projection to find OO

[
PO=| Po—| -2 ]7 -2
3 3
2\ (3 3
Y (SN [_2
27 s s
3
=—(6+8+21) —2]
3
3
PO=2
2| 3
3
0Q-ﬁ~§ -2
2
3
(lﬁ\ (E\
3 2| oy |2
00=2| o |+op=| -1 || 4 |<| 18
2 2
3 105 | \"4 |17
=) |z

Using mid-point theorem, 00 = %( A+ OA ')
{

83 7_2-\

2| 1 1

— — 9 18
Hence, OA'=200-04 =2 Tl 0| = m
17| 3| e

\55) \ ﬁ

(72 )

11 83

18

’l—l +ﬂ =26 |, ﬂGD
_1_6 28

\ 1)
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4 72 \ / 83 N\
T,y | T
Direction vector of line n is PA' = % -1 4] = —% ﬁ
L I
L 11 \ 11 )
(1 83
Hence, equation of linenis r=| 4 |+p| =261, fel or r=
\—4 28
Cartesian equation is xl_4-y z+4
26 28
[1x-72 _18-1ly 11z+16 x—B By z+38
83 26 28 ° 83 26 28
Method 3: Find PA’ Using Ratio Theorem
1 > i (3
T= T’Zo 2 — =2
=\ M| 2 s
3 k3
3
=L —4 lo| =2
22
=-——(6+8+21) -2
'_Q'=
22
3
. . . = (e =
Using mid-point theorem, PQ = E(PA +PA )
(83 )
| T
— e = 35 26
Hence, PA'=2PQ—PA =2(§] 2| ~-|-4| = -
3 7 28
\ 1)
-1 83
Hence, equation of linenis r=| 4 |+B[-26(, fel or r=
—4 28

83
-26
28
(7_2?}
1 83
% + 4] 26
_E 28
L 11,
(g\
-1 11
26
4 |+ _ﬁ
_4 ‘2_8-

\ 11 )

, Bel





. c . X+
Cartesian equation is %3

AR I8=72 1811y Tz+16 x-§ -y

11

1 _4-y _z+4

26 28

83

26

b

28 83 26
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Question 7:

@) (@@ (0.1)and (-2,0)
(i) (2, 0)and (0, -2)
(iii)  (0,0) only

(b) (@) By graphical method or by completing the square, Ri = [1,0)
Since Ry = [l,0) <[-2,»),
gh exists

Using mapping method:
Dgn = D = [0,00) —[1,0) =R, =D, —[y3,0) =R,,

(i) ghx)=2x =>Vx*—4x+5+2=2x
Squaring both sides and simplifying, we obtain

:>3x2+4x—7=02x=1,—1

Since Dgh = Dn = [0,0), x can only be 1.
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Question 8:

3
a) —=q+b ---meeeee- 1
(a) 2-° Q)
—==a+b -mmeeemee- 2
6 4" @
Solving (1) and (2) using GC, a =§,b = —%.
So, u,,, =—u, _1
4 2
UsingGC:
L TLIAL bat

ot LM oyt Hel3 rial)
\mn -'1{ ; INSedRY WL st HSIOEIN  Stovaeds

i
i IRSETIC TOLRY A+ nNin=1

T wutnd)Efutn)-1.
arti retoii}
utidey
N33 1IEATEL unm- 1
{LRECTIDNTVIL e uiZ)=

SRESMIER Y LYY i
N e T Iwintl)=

g{l{td try: [T §FF vlk=
gmwm “‘&%ﬁm v21=
& 2 B PRI I b

.f:-'-:\*-“- 33y

*ﬁBLE SETUP
TbiStarteNog
im,;-s .
rdeat: FUIYD
Derend: MY Ack

U(105)1R 11985091466, 017

-3
=l u,=%, u,=%, u,=4,...
The sequence decreases and diverges.

2r+3=2l'(1‘2—1)+3 3

273 —
b i =2r+
® O rt—1 rr—1 ! rr -1

or use long-division
2r

rr—1 i2r3 -2r+3

(=) 2r=2r

3—-
So,—2L2—2£+—3=2r+ 23
r-—1 r-—1

t (r=D(r+1) T Jrr+1

By cover-up rule, B =% and C = _%

2 -2r+3 _, 3 3

Hence, > =2r -
r =1 2(r-1) 2(r+1)
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3
So, A=2’B=E and C=-=

Alternative Method
1 a b
=—H+
(r—l)(r+l) r—1 r+l
r=0,~1=-a+b
1

r=2, L a+=b
3 3

Solving the equations simultaneously, a =

(r-l)l(r+l) =%[,1_1 "ril]'

2r° —2r+3 o4 3

?'2 ’2

o E[L__
2 r+1

(i) ZZI‘ —2r+3 "[2r+ _.___r_-lk_lD
- 1 1
=333 5

r=2 r=2

313 1 1
=(n—1)(n+2)+5l:;—;—mi|
9 3 3
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Question 9:
(a) Let the length and breadth of the playpen be L and B respectively.

L
®

117 wallfif

Perimeter, 2L + B =360
= B=360-2L

Area enclosed, A= LB
=L(360-2L)

=-=21*+360L
a4 _ 360-4L
dL

For max/min values, set % =0=>360-4L=0

=L=90cm

2
d; =—4 <0 for all L, thus when L =90 cm, area is a maximum.

Thus 4 =90(360~2(90)) =16200 cm’

(b) Lét the base, height and slant height of the playpen be b, 4 and / respectively

Wétll 7/ /077

Perimeter. [+ =360
=/=180

2
Also, [ = (2) + 1
2

2
= h=,[180% —[—b—)
2
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Arca enclosed Ibh lb 1802 bY
ea ¢ od ==bh =— .
2 2 2

l‘!otl ou lU
2
nvia A Imn’-({i]

NAE RS ANIE IR I NaN RN RIS INLE R ANIREO RN PAVANINYADE

Y=
A\Ya=
AN\Y4q=
E\Yg=
E\Ys=
A\Yr=

vrmn«mi«mxmvu '

e v

OR via differentiation
1

st T 5(8fe-2]) l)

1., lpom
Zb -2(180)
b=180v2

To determine if b=18042 gives a max A:

b=18042 (180v2}

— N\

Maximum

Thus b =254.56 cm ~ 255 cm (to 3 sf)




(©)
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2
With height = /1 =, [180° —(g) =127.29 = 127 cm (to 3 sf)

Alternative method

Let 4 =%(1so)2 sin@

jA—é=162003cosG

At max, cos6=0
0=90
d*4 )
<7 = ~16200sin6 <0 (0<8<180)

base = \/1 80° +1807 -2(180% ) cos 90"
=255 (3 5.£)

Alterative method
The max area for a rectangle with fixed perimeter is a square.

So, the max area for an isosceles triangle with fixed equal sides 180cm is also a square with diagonal
180 em.

180.€m

Hence, height of the isosceles triangle = side of the square =

180
V2

~127.28cm |

‘ 180
Base of the isosceles triangle =2 x ~\/—5— ~255cm

Mrs Chan’s belief is not valid as the area enclosed when the base of the playpen is in the shape of an
isosceles triangle is 16200cm? (from GC) which is the same that calculated when the base of the
playpen was rectangular in shape.
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Question 10:
2 n
(@) () Total distance = 180+2( J180+2[%) 180+...+2G) 180

oo )

1[1-(3) 1
=180 +270 |— 2/

13
4

= 1260 — 1080 (3)
4
SoA4=1260, B=-1080

2

( n
(i) Consider 1260 — 1080 i] >1200
\
Using GC or taking In on both sides, n<10.1 or
n 1260 — 1080 (}_)
4
9 1178.9
10 1199.2
11 1214.4

So the ball bounced 10 times before travelling of 12m.
Total distance travelled before coming to rest is 1260 cm.

(b) Length of each regular time interval = 0.02 seconds

Let u, cm denote the vertical distance travelled by the ball during the nth regular time interval.

" U, Uy, U, -.. follows an arithmetic progression, with first term u, =0.2 and

common difference 0.6-0.2=04,

. Total distance (in cm) travelled during the first n regular time intervals,
s, =-§(2x0.2+(n—-1)x0.4) =180
= 0.2n* =180
n* =900
n=30 (. nel’)
. Total amount of time it takes for the tennis ball to reach the ground surface
=30 regular time intervals of 0.02 seconds each

= (30x0.02) seconds
= 0,6 seconds

68
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The floor on which the tennis ball bounces must be flat so that the ball bounces vertically upwardS
consistently. OR

The ball’s bounces are not affected by any external forces like strong winds. OR
The ball's bounces are not affected by the dimensions of the bafl,





Question 11:

(a)

J)

(0. 1.35)
(_15 0)/’“‘

(b)

(0, 0.646)

At intersection,
(1-22)+(F +1)=2

£ -2=0

2 (t-2)=0
t=0o0rt=2

At t=0, (x,»)=(1,1)
Att=2, (x,y)=(-7,9)
So, A(1,1) and B(-7,9)

Exact length
=[1-DT +[1-9T
=4/128

=82

20
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(e)

21

Point 4 is (1.1)
Point Pis (1-2p?, p* +1)

_ 2 3 3
The midpointofAPis(l 212’ o “*2”'):(1_,,2,&“)
2

P°=(-x)'=(2y-2)y
The required equation is (1-x)* =(2y-2)?
b
dx

dy
Y%

dx

Yt
31

=——4;-
3

=—=t

4

Equation of normal to C at P

y-(p3+1>=§[x-u-zp2)]

¥ =ix—+p3 82,4 (shown)
3p 3 3p
At x=-7,
-7=1-2¢
21* =
2 — 4
f==
. 4 2
At ¢ =2, gradient of the normal to the curve =——==
3(2) 3
. 4 2
At 1t =-2, gradient of the normal to the curve = =——
3(-2) 3

Required angle

=tan" (%)Han"

=67.4°or 1.18 rad

<
~3



