Y Dunman High School H2 Double Math

HN"MATIC
depoliwfmznf !

(TOPICAL REVISION — SUGGESTED SOLUTION)
RECURRENCE RELATIONS

Question 1 [Solution]

1

(i) Solving 18=20p+q, 17=18p+q => p:%, q=8.

(ii)

sy q :
k:—:16 = =

(iii) Since - p , ngn k=16

(iv)

Xr = pXr—l+q

xr=16+4[—j >0
2

=p(PX_,+0)+0=P°%_,+q(1+p)
=P X+ q(1+ p+pP .+ p )= prx0+q[1_ P J

(Method 1)
For p=1, rewrite the RR X, = PX, +0 as X,., —K=p(X, —k), where keR.

Then X, = (6, ~k)-+k=> =k —kp and k=—=.

u . . .
Let U, =X, —K. Then u”—” = P is a constant and the sequence {U,} is a geometric

n
sequence with first term Uy = X, —K and common ratio p. For the sequence {u}
to be convergent, -1< p<1.

(Method 2)
Alternatively, limits may be used to explain the condition using the similar

approach of rewriting the RR X,,; = PX, +0 as X.., —k = p(X, —K), where keR.

X~k = p(%,y —K) = P* (¥, , —K) = P’ (%, s —K) == p" (% —K)
lim(x, —k) = lim p"(x, —k) = (X, —k) lim p"
For the sequence to be convergent, -1< p <150 that

lim p" (%, —K) = (%, —k)limp" =0

Then limx, =k

n—oo

1-p
1

Recurrence Relations



Question 2 [Solution]
“KillPest”: k, =0.35k, , +500 , inthe long run, limk, ~ 769

2
“PestKill”: p, =0.15p,, +650, inthe long run, lim p, ~ 765

Pestkill will be more effective in the long run since there will be fewer pests on the trees.

Question 3 [Solution]
3 X, X +7X . +X +15=0

(X, +7)+(x,+7)+8=0

Xn+1
o
yn+l yn yn
Iz _ G[Lj +8=0
Yoo Vs

Yni2 _6yn+1 +8yn =0

Characteristic equation:
m?—6m+8=0
m=2orm=4

sy, =AY +B(4")
. Xn _ A(2n+l) + B(4n+1) _7
A(2")+B(4")

Question 4 [Solution]
4
I _ 3[—yn-lj— 2n+8

yn+l yn
Lnﬂ{h_(n_l)}s
yn+l n
u,=3u,,+5
Thus u, =A(3")+B, where B=3B+5 = B=—E
Now ulzﬁ— :E—lz1
Y, 2 2
u1=A(31)—§:1=3A—§:>A:1
2 2 2
.'.un:3”—E
2
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I 3y 2
yn+1 2
Question 5 [Solution]
5 W, =4W,_; +3l,4 ()

In = Infl _Z\Nn—l ~+(2)
:Wn = 4Wn—1 +3(|n72 - Z\anz) ~+(3)
From (1), 31,, =W, —4W,__,

Put into (3): Wn = 4Wn_1 + (V\/n—l - 4Wn_2) - 6VVn_2
Wn = 5an—l _10\Nn—2

=W, -5W,_; +10W,_, =0 (shown)

Auxiliary Equation: 1> -51+10=0 = 1= 5i\/2—15

r=Jal, =J10; 6= tan‘lg =0.65906

N | o1

t

J15.
2

n

W, =102 ( Acos(0.65906n) + Bsin (0.65906n))
W, =10= A=10

W, =4W, +3l, =W, =55

55 = +/10 (10cos(0.65906) + Bsin (0.65906))
= B =15.4919

n
W, =102 (10cos(0.659n)+15.5sin(0.659n))

Question 6 [Solution]

6 i) a,=2 [‘1’or‘0’]
a,=3 [11°,°01" or ‘10]

(i) Case 1: string of n bits ending with a ‘1°,

. ) Any bit string of length n — 1 with 1
End with a 1: no two consecutive 0s

an—l
Case 2: string of n bits ending with a ‘0’

End with a 0:

Any bit string of length n — 2 with 10
no two consecutive Os

an—z

Recurrence Relations



sa,=a ,+a ,,n=3

(iii) From GC, there are 17711 ways of constructing the string of length 20 bits.

NORMAL FLOAT AUTO REAL RADIAN HP [] NORMAL FLOAT AUTO REAL RADIAN MP s
PRESS + FOR aTh1
Plotl Plot2 Plot3 n zs(au
nMin=1 17 u1g1
u(n)ER(n-1)+u(n-2) 18 6765
u(nrMin)B{3,2} %3 1?;'1‘2
Bvin)= 21 28657
in)= 22 46368
Y(”M"E) 23 75025
Bwin)= 24 121393
in)= 25 19
winMin) 26 196418
=25

Question 7 [Solution]

7 (i) a,=3, a,=8 (all possible cases 32— 1[RR])

(i) Considering cases for the colour of the nth tile.
If nth tile is not red (i.e. gray or green), there will be 2a, , ways.

If nth tile is red, we need to ensure that the (n-1)th tile must either be green or gray,
there will be 2a, , ways.

a,=2(a,,+a,,)

Characteristic equation:
m>-2m-2=0

24412
m=

=1+3

a, = AL+V3)"+B(1-V3)"
Using 3=1, a =3
A+B=1
A+B+V3(A-B)=3

2
A-B="—
V3
1 1 1 1
AT BT
1 1 no (101 n
a“:[EJrﬁj(l“/B) +(E—%j(1—x/3) n>1

Recurrence Relations



Question 8 [Solution]

8(i)

The characteristic equation for F _, =F +F , is

_I_
zz—z—lzo:z:l—f.
1445)  _[(1-v5)
Hence the general solution is FnzA[ +2\/§J +B(T\/§J :

(i)

Since F,=FR+F,=F,=F,—-F =0.
Hence we have

A+B=0 and A(l+2\EJ+ B{l_*/gj =1

2

hich Ivi i A L dB L
wnich upon solvin 1Ves =—= an =——.
p gg \/g \/g

1(1+46) 1(1-45)
Therefore F=—| —— | ——| — | .
ﬁ( 2 ] ﬁ[ 2 ]

We can also formulate the following 2 equations and solve for A and B (but taking a
longer time):

{8 o5 o

2 2

(i)

S F & 1| 1(1+45) 1(1-45)

1 &|(1+45)
3%%{ 6

1 |&f(1445) &f(1-45)
3| 2 s Z[T”
a1 1
R 5

6 6

25-5 25-5 |35\ 20

zi_6(5+‘/§)_6(5‘*/§)}_31 L%]zé
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Question 9 [Solution]

9(i) | Number of shrimp = previous total + new born - dead

X ., =X +lx —gx
n+2 n+1 2 n+1 16 n
3 9
==X =%
2 16
X —Ex —gx
n+2 2 n+1 16 n
From the recurrence relation, the auxiliary eqn is m? _gm+% =0.

2 n n
Since (m—%) =0, the general solution is x, = AGJ + Bn(%) :

Substitute X, =330 and X, =360, we can solve to get A= 240 and B = 200.

X, =240 (§j +200n (%
4 4

@i) | x; =103.05
Number of shrimps = 103 000 (to nearest thousand)

iii n n
(i) As n—>oo,(%j —0 and n(%j —0.S0 x, >0.

The shrimp population will die out.

Question 10 [Solution]

10() [u, =9

(i) Consider how an acceptable n-digit passcode can be obtained from a n-1 digits.

lead to an odd number of 5s)
i.e. there are 9 digits to choose from to be the n™ digit.
.-. the number of n digits that can be formed from this case is 9u, ;.

Case II: If the n-1 digit passcode is not acceptable, the the n™ digit must be 5.
There are 10" —u__, passcodes that are not acceptable.

. the number of n digits that can be formed from this case is 10"* —u, ,.

Therefore, u, =9u,_, +10"* ~u_, =8u_, +10""

n

Case I: If the n-1 digit passcode is acceptable, the n digit cannot be 5 (since that will

Recurrence Relations



(i) | u =8u, _,+10"*

=8(8u, , +10"?)+10""

=82 ,+8-10"2+10"*

=8%u, ,+8°-10"°+8-10"* +10""
=8'u_,+8°-10"*+8°.10"°+8-10"* +10""

By observation,
u =8""u +8"%.10'+8"°.10* +...+8*-10"* +8-10"* +10""*

ol

u =9-8""+

.10
8
n-1
8

un:9-8"‘1—40-8”‘2+4-10

8

n-1 n-1 1 n

u =9-8"-5.8 +§-10
un=4-8”’1+1-10n

2

1n n
u 25(8 +10 )

n

Question 11 [Solution]
(a) 2u,.,—-3u,,,+U, =1, whereu, =1,u, =2

Suppose the sequence u, converges, U, — L.
2L-3L+L=1
=0=1>«
.. the sequence diverges. (shown)

o)) V.. 2 V.., +V, =0, wherev, =1v, = J2.
Auxiliary equation: A2 —+24+1=0

2 +42i
-

T . . T
=1 =C0S— tisin—
4 4

nz . Nz
-V, = Acos— + Bsin—
4 4

Recurrence Relations



v, =1= A=1

\F:> ——\f:>A+BZBl

NG

4 . Nz ner o«
L.V, =C0S— +SIn— =+/2C0S| — — — or «/2sin
" 4 4 ¥2 [ 4 J { V2 ( 4ﬂ

(i) Possible values of v_ are 0, +1,++/2.

Question 12 [Solution]

12

Q) u,,—Uu, =u —qu, —4
For the population to grow, u,,, —u, >0 foreach ne z*

In particular, need u, —u, =(1-q)u, —4>0, that is u, >1i (1—g>0).
-q

(i)

Given that u, =10 and u, =15, we have
15=(2-q)(10)-

which gives q=0.1.

The recurrence relation is then u,_, =1.9u, —4.
Using the GC to evaluate the terms, we have u,, =1000000 (1 s.f.)

This is highly impractical as the formulation of the recurrence relation did not take into
account the physical constraints of the jar. It could be too small to hold such a huge
population.

(iii)

The suggestion should not be taken up as the differential equation assumes a model where
the population is continuous, which only works better when the population is large
enough.

Recurrence Relations




Question 13 [Solution]

13
(i) Day | Nympha luvenus Adultus
1 2 0 0
2 2 2 0
3 2+9(2) 2 2 J| <
4 2+9(2) | 2+9(2) 2+2| |
+9(2) b —— = ————
+9(2)
v
5 2+9(2) L, | 2+9(2) 2+9(2)
+9(2) +9(2)
+9(2) +9(2) +H2+2
+9[ 2+9(2) ]
+9 (2+2)
Note that
e The new nympha kaka on the (n-1)"" day is given by U, , —U_ ,
e The total invenus kaka and adultus kaka on the (n-1)"day is U, ,
u,=u,,+(u,, —u,,)+9u,, [Orequivalently, u, =2(u,,—u,,)+10u,_,]
The recurrence relation is u, =2u, , +8u, ,,n>3, u, =2, u, =4.
(ii) | The characteristic equation is
x*—-2x—8=0
(x—4)(x+2)=0
X=40r x=-2
Therefore, the general solution is u, = A(4)" +B(-2)"
Now u, =2andu, =4
We have u, =2=4A-2B————— @
u,=4=16A+4B————— (2)
Solving eq (1) and (2) simultaneously, we have A= % and B = _%
1,0 1 n
u,==(4) —=(-2
=34 —(2)
(iii) | Stephen’s immune system will not attack the kaka causing the death of the micro-
organism in his body. (or any other plausible answers)

Recurrence Relations




Question 14 [Solution]

14

()
(0.85)*(25) =13.1

(i)

Just before the (n+1) -th dose, amount present in body is (0.85)“u. .
Thus u,,, =0.85"u, +25,i.e. u , =0.522u +25.

(iii)

C.F.: u, = A(0.522)"

PS.:u, =B.

Since B=0.522B+25 = B=52.3%
G.S.: u, =A(0.522)" +52.3

Since u, =25, thus A=-52.3.

Thus u, =52.3(1-0.522")

(iv)
Need 0.522u, > 20, thus

0.522x52.3(1-0.522") > 20
= 0.522" <0.61759
= n>2.0288
=n>3

Thus the interrogation can begin after the 3" dose.

(v)

Note that u, —52.3 as n — oo.

Thus amount of serum is body is always less than 55 regardless of the number of doses.

Thus there is no maximum length of time.

Recurrence Relations

10



Question 15 [Solution]

15(i)

X, =1.06x,; —120, n>1, x =4380

(i)

X, =1.06x,_, —120
=1.06(1.06x,_, —120)-120
=1.06°x,_, —1.06(120)-120
=1.06x,_;—1.06% (120)-1.06(120)-120

=1.06""x, ~1.06"(120)----~1.06(120)-120
120(1.06™* —1)]

=108 { 1.06—-1
=1.06""(4380)-2000(1.06"* -1
=1.06""(4380)-1.06""(2000)+ 2000
= 2380(1.06™" ) + 2000

- X, =2380(1.06"*)+2000,n >1

2380 (1.06”‘1) +2000 > 6500

=1.06"" >1.890756303
= n-1>10.932
= n=>11.932

Least integer n is 12.

Earliest time: End of August 2019

(iil)

Let y_denote the number of functional smartphones manufactured by factory Y at the end
of n" month starting from September 2018.

_(100+k-35
o= 100 Yo

:(96.5+k

*Jn

100 ] Yo, N>1 'y, =4000

(iv)

_(96.5+Kk
yn 100 yn—l

Recurrence Relations 11




(965+k Y
("0 ) 2

B (96.5+ kj”‘l
100 h

96.5+kj”‘l

= 4000(

96.5+k

1
4000( j > 6500

(96.5+ kjﬂ _, 6500
100 ~ 4000

96.5+K . 1 049748678

= k >8.01256

Least value of k is 8.01 (3 s.f.).

The recurrence relation model for factory Y is not sustainable in the long run if
96.5+k

100

<1=k < 3.5, resulting in a nett loss of functional smartphones every month.

Question 16 [Solution]

16(i) | ¢, =100 andc, = 200
¢, =200+ 200+ 20—-0.01(200) = 418

(i) | Forn>3,

¢, =0.99c,,+20+c,
=c,=199,,+20

Letc, = A(L.99)" +B forn>2.

A(L.99)" + B :1.99[A(1.99)”—1 + B] +20

— A(1.99)" + B = A(1.99)" +1.99B + 20
—0.99B =20

Recurrence Relations 12



418= A(1.99) - 2090
99
= A=55.6 (35.)

.0y =55.6(1.99)" 220 for n>2.
" 99

(iil)

Forn =3,
d,=d_+2d_,—(d,,—d._,)
=d, =2d, ,+d ,
=d,-2d,,—-d, , =0 (Shown)
Characteristic equation:
m?-2m-1=0

2+/4+4
>m=———

2
+
mzz_zﬁ

:>m:1+j§ orl—\/E

+d,=C(1+2 ) +D(1-+2) fornz1
Since d, =200 and d, =400,
200=C(1++/2)+ D(1-2]

= 200=(C+D)++v2(C~D) - (1)
400=C(1++2) +D(1-+2)

= 400=C(3+2v2)+D(3- 22

= 400=3(C+D)+2y2(C~D) - ©)
(1)x3—(2):

200=+/2(C-D)

— C—D =1004/2 ----- (3)

Substitute (3) into (1):
200 = (2D +100v2) ++/2 (1002 )

— 2D =-1002

— D =-5012

-.C =100v/2 —504/2 =502

-4, =50V2(1++2 ) ~50v2(1-+2) forn>1.

Recurrence Relations
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(iv)

From GC,
Total for Moonhub POMO
End May 2020 | ~6.6922x10° | ~6.6923x10°
End June 2020 | ~1.62x10’ ~1.33x10’

Thus, the total number of customers who sign up for the new mobile plan under Moonhub
will first exceed the total number of customers under POMO is at the end of June 2020.

Question 17 [Solution]

17

(i)
Characteristic equation is
pA>—A+(1-p)=0

/1—11“/1_4'0(1_ p) 1+y4p’-4p+l 1+(2p-))
2p

2p 2p

Hence 2=1or 1P

p
Since p = % there are two distinct roots.

k
R =F (1)k +G (1__‘)} for some constants F and G.

p
Using the boundary conditions R, =0 and Ry =1, we get
R,=0=F+G
N
R, =1=F +G(1_—pj
p
1 -1
On solving, we obtain F = . G = ) 5
5
p p
1 k
1 1 1-p) 1_( _p]
Hence, Ry = = N( pp] = P <.
S R
p p p

Recurrence Relations 14




(i) P (Achieve $20 with initial $10)

10

_9
19
1-| ——~ 10
e
- 199 7= w0259 (3D
-1 1—(9
1-| -8
19

P (Achieve $120 with initial $100)

100

F
- 1199 120=1 (19 __=0.122 (3 5f)
1-| 2 9
19

Since P (Achieve $20 with initial $10) > P (Achieve $120 with initial $100), it is more
likely for Ben to achieve $20 with an initial $10.

(iii) If p :%, then 4 =1 is a repeated root for the characteristic equation.

Hence
R, = Dk (1)k + E(1)k = Dk + E for some constants D and E.

Using the boundary conditions R, =0 and R, =1, we get
R,=0=E

RN:1:DN+E:D:%.

Hence R, = %

Question 18 [Solution]

18 | m*-m-1=0

mzliﬁ
2
1-45 1++/5
Since y<¢, W = Zfandqﬁ: Z\f

Recurrence Relations 15



General solution f, =cy" +C,¢"
Substitute f, =1,
¢ +C,=1=¢ =1-¢,
Substitute fl =1,
Cy +Cp=1=(1-C,)y+C,d=1

1 1 1 1 ¢—-g
g1 |1z =22 =2
Gna =9 [+gn] (Uﬁj 0. ¢ 40,

Solving,
C2=—_l// and Cl=E
-y -y
J5+1 J5-1
= and ¢, = ——
2 2\/§ 1 2\/5
Therefore,
J5+1 , B5-1
f — n+ n
"= 0% ¢ Nl
f :i 1+\/§ ¢n_i % ‘//n:i(¢n+l_‘//n+l)
" 5L 2 N J5
(I) gn+1: fn+1: fn+fn—1 =l+h=1+i
f, f, f, g,

() | since ¢>0, ¢ 9, >0 and so,

@ 0<g,<¢=>¢-9,>0=0,,, >¢ and similarly
gn >¢:>¢_gn <0= gn+1<¢
(i) _ -
b) | 10, —0l=|%==* (9, 4=
1
S;|g”—l_¢| gn—l 21
1
S$|gn_z—¢| " p>1
<ol
1 1-n
S¢n1|91—¢|=(¢—1)¢

() | Now, we have 0< |gn —¢| <(p-D)g"".
last

Recurrence Relations
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Since ¢ >1, Iim((¢—l)¢1‘”): Iim(
By squeeze theorem, lim|g, —¢|=0

Thus, limg, =¢

¢—1J
¢n—l

0

(ii)

_ _gﬁ +gn +1
B g,+1
29,+1 29+1

Oz =9 = g.+1 g+l

_ 2¢gn +2gn +¢+1_2gn¢_ gn _2¢_1

(9, +D(¢+1)
g9, —¢
(9, +D(¢+1)

It is obvious that ¢+1>0andg,+1>0VneZ".

If 0<g, <@, then —g°+g, +1>0=7,,-9,>0
=02 >0,

Also, §,-¢<0=>0,,-¢<0=>g,,<9¢

If g, > ¢, then then g +9, +1<0=>g,, -7, <0

= gn+2 < gn

Also, gn_¢>oz> gn+2_¢>0:>gn+2 >¢

Thus, we have §,<0,.,<¢ if 0<g, <¢
¢<gn+2<gn if gn >¢

The sequence g, will oscillate about the number ¢ and eventually tend to the limit 4.

Recurrence Relations
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