Chapter S 4

Binomial Distribution

At the end of this chapter, students should be able to
relate that binomial distribution is an example of a discrete probability distribution:

-

use the binomial distribution, B(n, p). as a probability model to model practical situations:

e recognise conditions under which the binomial distribution is a suitable model and cnmmc@e
appropriate use of a model and the assumptions made:

e calculate binomial probabilities using a graphic calculator;

e calculate the mean and variance of a binomial distribution.

4.1 The Binomial Distribution

Consider an experiment with a fixed number, n . of independent repe
outcomes, of which one is defined as ‘success’ and the other ‘failure’

s, with two possible
he probability of success

is a constant, p, and the probability of failure is 1- p (or g ).

rring in the # independent trials

such that the probability of success for each trial is p. Then take the values 0, 1, 2, ..., n, sothat

Let X be the random variable denoting the number of SLIECESS-ES

X is a discrete random variable. .

: mmle that the random variable X has a binomial

e n is the number of independent trials and p is

If X is distributed in this way, we write X ~ B(n,

(probability) distribution with parameters »n

the probability of success. The probability nction (p.d.f) of X is given by

where x=0.1,2....n. (InMF 26)

For example, if X J m variable denoting the 015 -
number of successes in the 40 independent trials
such that the ility & success for each trial is 0.3, we .
write X — 3)). We can also use a diagram to g5
illustrat@ghe ective probabilities of the distribution. lll Iﬂ
0 el l.ﬂﬁ.‘r.
4 T 10 13 16 19 32 28 28 31 M I 40

X ~B(40.0.3)

As you progress through the chapters. you will learn about other distributions. Thus. it 18 necessary to
correctly identify the random variable and its distribution to ensure that we model a particular situation
using the correct probability model. You are also required to justify the appropriateness of the model and
the assumptions made in the context of the question.



Necessary conditions for a binomial distribution to be an appropriate model:

1. The experiment has a fixed number, » . of repeated tnals, where ne 7" .
2. There are 2 mutually exclusive outcomes, namely success and failure.

3. The_outecome of each trial is independent of the outcomes of other trials.
4. The probability of success. p . is constant for cach trial, where 0 < p <1.

Note:
1. All conditions must be fulfilled before a random variable can be well-modelled by a hinwl‘

distribution.

2. When a question asks for assumptions needed for a random vanable to be well-m by a
binomial distribution. write down the conditions that vou cannot find in th es as
assumptions.

3. All assumptions must be written in the context of the question.

Example 1
For each of the random wvariable described below. state whether the binomy

model. If'it is, justify your answer and give the appropriate values for the E

ibution is a suitable

s. Ifit is not, give one

reason.

(i)  The number of heads when a fair coin is tossed five times

(ii) The number of draws, out of 8. (without replacement) a red drawn from a bag containing 10
red and 15 white balls.

(iii) The number of draws, out of 8, (with replacemgnt) % is drawn from a bag containing 10 red

and 15 white balls. \
(iv) The number of tosses of a com to get a head \‘

Solution % Think Zone

(i) Yes. To check:
» There are n = 5 repeated tosses. o \ - Does the experiment have a fixed
e There are 2 mutually exclusive outcomes, namely number of repeated trials?

getting a head or tail. ‘K\,T - How many possible outcomes are

» The event of getting a head in each toss does not affect there in each experiment? Are they
the event of getting heads m other tosses hence the mutually exclusive?

outcomes are independent - Are the outcomes of each trial
- : : independent?
s The probability of getting a head, p = i, is constant. S e
s - Is the probability of success a
(11) No, p1s not constant constant?
(Y In (ii). what if the total number of balls
1 are # = 8 repeated draws in the bag was large?

ere are 2 mutually exclusive outcomes, namely
drawing a red ball or white ball.
The event of getting a red ball in each draw does not
affect the event of getting red balls in other draws hence
the outcomes are independent.

s The probability of drawing a red ball. p = %, is

constant.
(iv) No, number of trials is not fixed




Example 2

When a machine 1s used to dig up potatoes, there is a probability of 0.4 for each mdividual potato to be
damaged in the process. Five potatoes are randomly chosen. The random variable X denotes the number
of potatoes in the sample which are damaged. Identify the distribution of .Y, justifying vour answer.

Solution Think Zone

e  Since there are 5 potatoes in the sample. there is a fixed | Is there a maximum value for X7
number of repeated trials, i.e, n =5,

e There are 2 mutually exclusive outcomes, i.e. the potato | What are the possible outcomes &J
is damaged or the potato is not damaged. a potato from the sample is

e The event that a potato is damaged is independent of | chosen?
another potato being damaged. Are the outcomes inde

e The probability of choosing a damaged potato, p =0.4. | 18 the probabilit

Vi
is constant for each trial. e el
Hence X ~ B(5.0.4) cb‘

Example 3 (2012/11/9 part)

In an opinion poll before an election, a sample of 30 voters is obtai ¢ number of voters in the sample
who support the Alliance Party 1s denoted by 4. State. in congxt. what must be assumed for 4 to be well-
modelled by a binomial distribution. s “%

Solution Think Zone

e The voters™ opinions should be independent., Implied assumptions in the question:

» FEach voter must have the same probability of supporting | 1. Number of voters is fixed.

the Alhance Party. \}Y 2. Voters either support or do not
@ support the Alliance Party.

Self Review 1 (2009/11/1
A fixed number. », of cars
context, fwo assumpti

%ﬂd and the number of those cars that are red is denoted by R. State. in
d for R to be well modelled by a binomial distribution.

Solution [ g Think Zone
e The colour of the n cars must be independent of the Recall the conditions for binomial
‘CGI_?LIT cﬁ‘_apﬁ:-ther cars, distribution and infer which is relevant in
#  The probability that a car is red is the same the context of the question.
\througha}ut the sample.

Wh; solving questions involving distributions, it is useful to remember the DICE framework:

I»: Define the random variable

I: Identify the distribution of the random variable
C: Compute the probability

E: Evaluate if the answer makes sense (0 <p < 1)
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Example 4 (2007/11/9):

A random variable X has a binomial distribution with n = 6 and the probability of success p .

Write down an expression, in terms of p. for P(X -

4).

It is given that p :%. Find F'(X = 4), giving your answer as a fraction.

Solution

Think Zone

X ~B(6, p)
P(X =4_}=(2Jp"(1—p}‘ t=15p' (1-pY

When p -%, we have X ~ H[ﬁ,%]

P(X=4)= 15[&]4(1-5

135

4096

Apply the DICE framework:

I»: Define the random variable
I: Identify the distribution of the ran
C: Compute the probability

E: Evaluate if the answer makd®s

Example 5:

Given that the probability of a randomly chosen person havin

that in a group of four randomly chosen people.
(i)
(i)

no one has blood type A,
more than two have blood type A.

Solution

Step 1: Define the random variable

Step 2: ]denﬁfj the disirihu&
X ~B(4.04

Step 3: go ute ﬁ: Step 4: Evaluate
@ P(x -{}}—I[;]{D.:;]”{u.ﬁ]‘ =0.130(3 s.f)
A
A Y
wl’(}s' >2)=P(X =3 or 4)
=P(X =3)+P(X =4)
= [:](3.4)” {{].6)+(:](D.4T (0.6)'

=0.1536+0.0256
=0.180 (3 s.f)

.
Let X be the random variable denotin @ﬂ'
of people who have blood type A. out @1 eople.

Wpe A is (1.4, find the probability

Apply the DICE framework:
What are we interested to find in this
experiment?

To do this, check:

1. Is there a maximum number that .\ can
take?

2. Is the probability of a person having blood
tvpe A constant throughout?

Once we have established that .Y follows a
binomial distribution. we can apply the
formula to calculate the probabilities.

In order to apply the formula, we have to
convert the *>" to *=" by interpreting the
meaning of the question.
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4.2 Use of G.C. for questions with Binomial Random Variable

The G.C. allows us to compute the value of P(X = x} and P( X< x)dirdct]}f via the command | binompdf)

and [binomedf] respectively. We would need to rewrite the expressions if we require other probabilities.

Example 6

An ordinary die is thrown 12 times. Find the probability of obtaining

N\
>

(i) exactly three 6's,
(ii) less than three 67s,
(iii) more than five 67,
(iv)  between two and seven 67s,
(v)  between two and seven 6's (inclusive of both).
Solution Think Zone

Let X be the random variable denoting the
number of 6°s obtained out of 12 throws,

Then, X ~E(12__l]
6 )

Define the random varigisle and establish its
distribution by asking ;.
- What

are w sted to find in this

g

¢ criteria of the binomial random

(i) UsingGC, P(X =3)=0.197 (3s.)

3
N

m and scroll down to

%inumpdf’ and press L
v in the values: ‘trials: p: and

x value: @.

Highlight ‘Paste’ and press .

HOEHAL FLOAT AUTD REAL RADIAR HF n MOEHAL FLOAT AUTD EERL RADIRH HP [I
binomedf binomprdf(12.1-6.3)
trials:12 e AT RRT 24,

p:lsb
¥ value:30
Paste

(i) UsipglGC, P(X <3)=P(X<2)

5 =0.677 (3s.f)

In this case, the GC does not allow us to compute
the probability directly. Thus, we need to rewrite
into P{X =x)or P(X <x). Which is the more

appropriate one?
Press m and scroll down to

‘B:binomedf” and press @

Key in the values: “trials: IE, P: and

x value:

Highlight *Paste’ and press .




binomcdfi{l2,1-6.2)

............................... -B774261943
1146 L]

® wvalue:Zl

Paste

trials 12 T

(iii) Using GC, P(X >5}=1-P(X <5)
=0.00792 (3 s.f)

the probability directly. Thus, we need to rew

into P(X =x)orP(X <x). Which is theQ
appropriate one?

In this case, the GC does not allow us to uummi%

(iv) Using GC,
P(2<X<7}=P(X<6)-P(X<2)
=0.321 (3s.f)

Again, the GC does not allow us
probability directly. Be carefi
this question so as not to u

probabilities
Note: P(2 - X* ‘}+ ... *P(X=6)
(v) Usmg GC,
P(22X<7)=P(X<7)-P(X <1) Note: P(2 )=PX=2)+..+P(X=7)
=0.619 (3s.f)

Example 7 (Independent Reading):
A multiple-choice test has 10 questions, each with
correct. It a student is totally unskilled and selec

question, the probability of choosing the cogre

Q%

rent possible responses. of which only one is
om a response to each question, so that. for each

er is —, find the probability that he gets

(i) all the questions wrong,
(ii)  less than 50% of the questi
(iii)  at most three questions.g
(iv)  not more than 2
(v) at least threg rrect
i,
Solution ) Think Zone
Let X h&@gandgin vanable denoting the number | Read the entire question before deciding the
of queStions%hat are correct, out of 10 questions. “successful” outcome. ie “number of questions
¥ -8l10 1 that are correct™.
- s Have you used the DICE framework?
P(X =0)=0.107 (3s.f) Interpret — Having all the questions wrong is
equivalent to having 0 correct questions,
(ii) p{;{' o 5}: p(x <4)=0.967 (3s.f) Interpret — 50% of the questions is equivalent to
5 gquestions out of a total of 10.
(1i1) P(){ c_:}.} =0.879 (3s.5) Interpret — at most 3 is equivalent to having a
maximum of 3.
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(iv) P{ X £2)=0.678 (3s.f) Interpret — not more than 2 is equivalent to
having a maximum of 2.

(v) P(X 23) :l—P(X < g} —=0.322 (3 s.f) | Interpret — at least 3 is equivalent to having a
minimum of 3.

Self Review 2:

The probability that the people in town X support Party

selected sample of 8 voters, there are

A 1s 0.6, Find the probability that in a ran 3%

(i) exactly 3 who support Party A,
(ii) more than 5 who support Party A.
Solution Think Yone

Let X be the random variable denoting the number
of voters who support Party A, out of § voters.

X - B(8,0.6)

(i) P(X =3)=0.124 (3s.f)
(ii) P(X >5)=1-P(X <5)=0315 (3
s.1)
a8

Example 8 (Question involving conditional prob
From past records, the purchases at a fast food ou
burgers. Find the probability that, in a random g
(a)

exactly 4 customers buy chicken bu

hat 9% of its customers prefer to buy chicken

f 27 customers,
yen that fewer than 6 customers buy chicken burgers.

(b)  the last customer is the fifth cust v chicken burger.
Solution \'ﬂ% Think Zone
(a) Let X be the random variable denoting the number of | Have you used the DICE

X—B(ZT.G.D‘;:}'“\ bdl
P(X=4and X <6
_P(x=4)
BT
=0.136

3 s.f)

Y - B(26.0.09)

customers who buy chicken b_urge_rs, out of 27 customers.

mbﬂ ¥ be the random variable denoting the number of
customers who buy chicken burgers. out of 26 customers.

framework?

27Tth customer

26 customers

. —— N - ")
4 bought chicken iy customer to
burger buy chicken




P(Iast customer is 5th customer to buy chicken I:-urger)
= P( 4 customers out of 26 customers buy chicken burger
and last customer buys chicken burger)
=P(r =4)(0.09)
=0.0111 s

Example 9 (Question involving binomial distribution within a binomial distribution)
In a large population, the proportion of people having blood group A is 35%. Specimens of blood fro
first five people attending a clinic are to be tested. It can be assumed that these five people are

sample from the population. The random variable X denotes the number of people in the sam@ are

found to have blood group Al
(i
fewer people with blood group A.
(ii)
has more than two people with blood group A.
(i)

State the distribution of X', justifving your answer. Find the probability
Three such samples of five people are taken. Find the probability that eib

Twenty such samples of five people are taken. Find the ]}rﬂrh"ib]]

hese three samples

i fifteen out of these

twenty samples will contain at most two with blood group

Solution

(i) X is a binomial distribution since

e there 15 a fixed number of number of peop]e
be tested, n =35,

¢ cach person either has blood group A or docs \'

¢ the blood group of each person is ind t of
others,

¢ the probability of a person hav'%

p =035, can be consi
since the population is K‘

X ~B(5,0.35)

group A,
¢ a constant

6483
=0.765 (3s.f)

A

h*ne to answer in the context of the
estion. Do not just copy the generic
characteristics.
The word “random sample™ implies that the
blood group of each person i1s independent
of one another.

We usually leave answers to 5 s.f. for
accuracy in case we need the value in
computing subsequent parts of the
questions. However, you still need to leave

the fimal answer in 3 s.1.

(i) Let ¥’ be the random variable denoting the number
of samples with more than 2 people with blood
group A, out of 3 samples

P(.Y >2)=1-P(.X =2)=0.23517
Thus, ¥ ~ B(3,0.23517)

Using GC, P(¥ =3)'-‘-=- 0.013006

=0.0130 (3 s.f)

We are no longer interested in the number
of people in a sample of 5 with blood group
A, Instead we are interested to know how
many samples out of the 3 groups of 5 that
satisfy the condition of “having more than
2 with blood group A”. Hence we need to
define a new random variable Y and
identify its distribution.




Alternatively,
Required probability = [ P(X > 2)T

[1-P(x <2)T
= 0.23517°
= 0.013006
=0.0130

(ii1) Let " be the random variable denoting the number | Again, in this case, we are interes k

of samples with two or fewer people with blood | know how many samples out %
group A, out of 20 samples. groups of 5 satisfy the conditi z@ ost

2 with blood group A™. Thy

to define a new rando

1= a need

Thus # ~ B(20,P(X <2))

Using G.C.,

P(W 215)=1-P(W £14)=0.676 (3s.1)) cb
4.3 Expectation and Variance of a Binomial Distributs @ ;

= and standard deviation are as

For a binomial random variable, X ~ B{m p), its expectation,

follows:

) (In MF 26)
") =\/npg . where g =1-p

ased on the definition of expectation and variance for
er. However, you are not required to know the derivation

Var(.‘f) =8 = up{l—p

E(X)=u=np - % (In MF 26)
S

standard deviation, o =

Note: The formulae are derived from calcy
discrete random variables in the previo
in the current syllabus.

Example 10
A safety engineer claj verage, 60% of all drivers whose cars are equipped with seat belts use
them on short trips. Iy ¢ of 400 drivers whose cars are equipped with seat belts, find the mean
ng seat belts. Find also the variance of the number of drivers not wearing seat

ithout seat belt, he will be fined $120. What is the expected fine collected by the
jce, iigh night where 400 drivers are sampled?

Think Zone
£ be the random variable denoting the number of drivers | Establish the distribution of .X" and
who do not wear seat belt, out of 400 drivers. use the formulae accordingly.
X ~B(400.0.4)
E(X)=np=(400)(0.4)=160 Since the amount fined is a constant
g at $120, the expected fine collected
Var(X )=npg :{4{}[}) (D'4)(“'6) e is proportional to the expected
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Thus, the expected fine collected is 160x$120=%19200. number of drivers not wearing seat
belts.

Example 11 (Independent Reading)
In a binomial probability distribution. there are » trials and the probability of success for each trial s p. If
the mean is 8 and the variance is 4.8, find the values of # and p.

Solution Think Zone
Let X" be the random vanable representing the number of success
out of » trials. Then, X ~ Bl{n, p} \
E(X}:nng () Interpret the =i of
\"ar[X ) np(l —p)=438 mmmmmmmmmm e m == D) having mean 8 nce 4.8
Subst. (1) into (2):

8(1-p)=4.8

1-p=06 cb

p=04 .'.n:iziﬂ

0.4

Example 12 (Airline Overbooking)

S ) - )

United passenger dragged oft plane

Air Canada has apologised to a

Canadian family and offered “very ‘b\a likely to sue airline, attorney says

airline bumped a 10-year-old boy doctor, was hospitalized after Chicago aviation
. i police dragped him from the plane as the airline

from a flight. " ; g
Agencies. 5. A, (2017, April 17). Air Canada sought to make space on a flight from the city’s
apologises for bumping boy, 10, from family (' Hare international airport to Louisville,
holiday fhght. Kentucky. Agencies, 3. A (2017, April 13).
https://wyw theguardian. com/world/201 7/apr/ hitps://www.theguardian. com/world/201 7/apr/13
1 8/air-canada-apologises-bum ping-bov-family- Junited-airlines-passenger-lawsuit-david-dao

(‘I haoliday-tlight
2 S ( zj F

Past experienc@s show that about 20% of the passengers who are scheduled to take a particular flight on a
{ rup. For this reason, the airline sometimes overbook flights, selling more tickets
than the dgats tl&y have, with the expectation that they will have some no shows and reduce revenue loss
s seats. Suppose that the airline uses a small jet with 10 seats and consistently sells 12 tickets
7 orfe of these flights.
‘iid the probability that there are not enough seats for the passengers and state the assumption made
in your calculation.
(ii) On average. how many passengers will be on each flight?
(iii) If each ticket is sold at 51000 and the compensation associated to an overbooked seat is $2500), which
includes the refund of ticket sold, what is the expected revenue for each flight. leaving vour answers

to the nearest whole number?
(iv) Will the revenue be higher if the airline decides to sell exactly 10 tickets instead of 127
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Solation

Think Zone

(i) Assume that whether a passenger show up or do
not show up is mdependent of other passengers.

Let X" be the random variable denoting the number of
passengers who shows up for the flight, out of 12
passengers.

~B(12,0.8).
P(not enough seats) =P(X =11)+P(X =12)
=0.27488
~0.275 (3 s.f)

Nowadays, people often travel in groups of two or
more. Does this affect the independence
assumption about passenger behaviour?

We are looking at the number of tickets sold.

The small jet has only 10 seats. If 11 \12
passengers turn up. there will not be en::r

(ii) Average number of passengers on each fhight
=E(X)=(12)(0.8)}=9.6

&

(iii) We can find the expected compensation by
letting ¥ be the compensation made and form the
following table:

Y 0 2500 5000
P(Y =y) [ P(X <10) | P(X =11) | P(X =12)

Expected revenue
= selling price of 12 tickets — E(1") %
=1000-12-[2500- P(Y =11)+ 5000 P(X =12)]

- 1200ﬂ—[25ﬂﬂ(ﬂ.2ﬂ616}+ 5{3(}0({].{]68?2}] v
= 511141

<
S

(iv) Revenue =1mn(m}=$1mﬂﬂ$ |

Since the expected revenue all 12 tickets
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E.ffects of varving n and p on the shape of the hinomial distribution
Applet to explore how the binomial distribution change as » and p changes:

hitps:/'www. geogebra.org/m/GEb9XrAS

Ha N

X-~B(12,02) B(12,0.5) X ~B(12,08)
X -B(30,02) X ~B(30,0.5) X ~B(30,0.8)
X ~B(80.0.2) . X ~B(80,0.5) X ~B(80.0.8)

als

36 9131518213927 2033363942 U3 b WILa1H] rH AH L1 A

What observaty an y ake and what conclusion can you come to?
. For pand small n, e.g. X ~ B(l 2,{].2] . the binomial distribution 1s skewed right (i.e. the

¢ probability falls in the smaller numbers 0, 1, 2..... and the distribution tails off to the
). I'the context of the airline overbooking in Example 12, it corresponds to the case where
-qhuw rate 1s 20% and there is allowance to more than 12 tickets such that the bulk of the
nbabllity still falls in the numbers smaller than 10 (number of seats).
For small » and large p, the binomial distribution is skewed left.

For p =1(.5 and large and small #, the binomial distribution is symmetric.
4 For large n, the binomial distribution approaches a bell shape.
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Example 17 (Calculating the unknown probability of success, p)
For a certain strain of a flower, the probability that a seed produces a pink flower is a constant, p. Ina

sample of 10 such flowers, it is known that the probability of obtaining less than 4 pink flowers is 0.7739.
Find the probability that a seed produces a pink flower.

Solution Think Zone
Let X be the random wvariable denoting the | DICE

number of seeds that produces pink flowers. out
g ; ' Press followed by m an

of 10 seeds.
down to ‘B:binomedf” and press .

¥ B{lﬂ, p) Key in the values: “trials: |10},

p: Y (in replacement of p) and x y

d&&b

P(X <4)=0.7759

P(X <3}=0.7759 Highlight ‘Paste’ nd pross oeD)
Keyin 0.7759 in Y,.

P({E 3) Press @lu get w Setup’. Use

Kmin = 0. Xy ' dYmw = 1.
1 m

FLOAT AUTD REAL RADIAN HF FeEHAL FLOAT AUTE REAL RADIAHW HP
CALC INTERSECT

Flotl  Flotz  Plots LS

0.7759

Y iBbinomedf (18, X,.3)

\'l’!n= 5’.";'-4"'1';: o ¥u, 7758

Press

! to get the graph of Y, and Y, .
@ Press m and scroll down to *S:intersect’
w to find the intersection between the two curves.
Thus, by G.C., p=0.250(3 QK

Question: Why canfwe tc obtain the value of p?

Self Review 4
In NYIJC, g%Rot thg student population is left-handed. Find p . if in a sample of 30 students, the
probability of8btaifiing less than 9 lefi-handed students is 81.81%. [21.6]

J84/1/12(modified))
assumed that dates of birth in a large population are evenly distributed throughout the year so
¢ probability of a randomly chosen person’s date of birth in any particular month may be taken as

(i) Find the probability that of 10 people chosen at random, at least 2 will have their birthdays in May.,
June, July or August.

(ii)  Find the probability that of 6 people chosen at random,
(a) exactly two will have their birthdays i January,
{b) more than 2 but less than 6 will have their birthdays in January.
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(iii)

(iv)

8 people are chosen at random. Find the probability that at least 1 people will have his birthday in
January. Find also the probability that at least 2 people will have their birthdays in January given
that at least 1 person will have a birthday in January.

M people are chosen at random. Find the least value of M so that the probability that at least two
will have their birthdays in January exceeds ().8.

Solution

(1)

Let X be the random vanable denoting the number of people who have their birthdays in I\K

41 . 1
June, July or August, out of 10 people. Then X ~ H(lf},ﬁj, ie, X~ B[l[}.g] Q

P{X22)=1-P(X <1)=0.89595(5s.f)
=0.896 (3s.1)

(ii)

Let ¥ be the random variable denoting the number of people who have thej v in January,

out of 6 people. Then ¥ - BL 6,—

(1
O
(i) P(Y=2)=0.073549(5 s.f) Q'JQ

=0.0735 (3 s.))
@ii) P(2<Y <6} =P(Y <5)-P(¥ £2)=0.0095449 (5 s.f:
= 0.00954 (7
[ Note: P2 < ¥ <6)=PF(¥ =3) + F{(¥ = 4%+ —

(iii)

Let W be the random variable denoting the people who have their birthday in January,

out of 8 people. Then, W ~ E[E,é

2) _1-P(W<1)
v=1) P(W=21)

¥ 0.13890
0.50147

A =0.277
(iv

%ﬂu: of M people. Then, R ~ H[M’,é}
Since P(R=2)>0.8

t R @t the random variable denoting the number of people who have their birthday in January,

1-P(R<1)>0.8
Using G.C.,

M 1-P(R<1)

34 0.78767
35 0.80104










