H2 Mathematics (9758) JC 1 River Valley High School. Mathematics Department, 2022

FUNCTIONS - Additional Practice Questions’ Solutions

1. [EJC/2019/3C1 Promo/Q7]
The function f is defined by

f:xn—>i, fOI’XER,XiE,
ax—hb a

where a and b are non-zero constants.
(i) Find f™(x)and state the domain of f . [3]

(ii) Hence show thatf?(x)=x, and write down f"(x) where n is an odd number.  [2]

The function g is defined by g:x+—2+e™, forxeR,x>0. If a=2 and b=1 for

function f,
(iii) Explain why the composite function gf does not exist. [1]
(iv) Find an expression for fg(x) and state the domain and exact range of fg. [3]

EJC JC1 Promo 9758/2019/01/Q7 (Solutions)

Suggested solution

(i)

(i)

fZXI—)i, fordei,x;tE,
ax—b a

bx
Let y=—— ax—b)=bx
y=——p = y(ax-b)
= axy —bx =by

by
ay—b

= X=

leXHib, fOFXER,XiE,
ax_

a
since f(x) =F*(x), f*(x)=f[F*(x)]=x
bx

f3(x):f[f2(x)} =f(x), therefore for " (x)=f(x) = —— for n odd,

(iii)

If a=2 and b =1 for function f,

f:x— X , fOI‘XGR,X?&l,
2x-1 2

Rf=R\{1}
2

D, :[O'OO)
As R; ¢ D, gf does not exist.

(iv)

fg(x)=f(2+e™)
2+e7*
2(2+e7)-1

_2+e”
3+2e7’
D, =D, =[0,)

x>0

g

Range of ng:E’gJ
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[M1/2019/31 Promo/01/Q5]

The function f is defined by f:x — for xeR, x<-2.

2

(i)  Find f(x) and write down the domain of f*. [3]

(ii)On the same diagram, sketch the graphs of y=f(x), y=f"(x) and y=ff"(x),
stating the equations of any asymptotes and showing the relationships between the graphs

clearly. [4]
M1 JC1 Promo 9758/2019/01/Q5 (Solutions)
5(i) Ay
ot |
¢ r=i(x))|
x—4-1
y : >
1 y=0 | o X
X>=4+= !
y x=-2
1 . 1
X= /4+— (rejected *- x<—2) or x=- /4+—
y y
1
S (x)=—]4+=
()= t+
Domain of f * = Range of f =(0,)
5(ii) ay
3. [TMJC/2019/JC2 Prelim/01/Q7]

The function T is defined by




H2 Mathematics (9758) JC 1 River Valley High School. Mathematics Department, 2022

n—x for n< x <n+1, where n is any positive odd integer,

f(x)=

n i . .
X—E for n< x<n+1,where n is any positive even integer.

(i) Show that f(1.5)=-0.5 and find f(2.5). [2]
(ii) Sketch the graph of y =f(x) for 1<x<5. [2]
(iii) Does T have an inverse for 1< x<5? Justify your answer. [2]

(iv) The function Jis defined by g:x+ 2X 1
X+

. L a2
expression for gf (x) and hence, or otherwise, find (gf) 3 [4]

TMJC JC2 Prelim 9758/2019/01/Q7 (Solutions)

For 1<x<2, f(x)=1-x
~.f(1.5)=1-1.5=-0.5 (shown)
For 2<x<3, f(x)=x-1
~f(25)=25-1=15

For 1<x<2, f(x)=1-x
For 2<x<3, f(x)=x-1
For 3<x<4, f(x)=3-x
For 4<x<5, f(x)=x-2

VA

i e

Since f(1) =0=f(3) , fis not a one-to-one function.
Hence, f does not have an inverse.

Alternative

Since y =0 cuts the graph of f at 2 distinct points, f is not a one-to-one
function.

Hence, f does not have an inverse.

For 2<x<3, f(x)=x-1

XeR,x#-1. For 2<x<3, find an
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2(x-1)-1 _ 2x-3

f — =
gf (x) (x-1)+1 X
af 2
Let X:(gf) 1(5)
2
f(x)=2
gf (x) =3
2x—3_g
X 3
9
X=—
4
Alternative:

For 2<x<3, f(x)=x-1,
2(x-1)-1 _ 2x-3

f = =

A Ay o

2X—3

Lety=

Xy =2X-3
2X—Xy =3
x(2-y)=3
3
X=——-
2-y
3

(@) (=5

Wiyt
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4(1)

(i)

(iii)

R, = (—00,16] C (—oo, 25] = Dg

.. gf exists.
Method 1 (Using graph of y=gf(x)):
y
A Rgf
y=gf(x)
(_11 3)
o)

From graph, Ry =[3, )

Method 2 (Using graph of y=g(x):
(—oo, —1]—f)(—oo,16]—g)[3, oo)
<Ry =[3 )

Let y=(3-x)(x+5)
y=(3-x)(x+5)
=15-2x—x*
=16—(x+1)°
(x+1)?*=16-y
x:—lim
Since x<-1, ~x=-1-,16-y
~F () =-1-4/16—x
D,. =R, =(—,16]

f(x) = (%)
= f(x)=x
15-2x—x* =X
X +3x-15=0

_ -3+ J3Z —4()(-15) —3++/69

2(1) 2

~3-69

2

SoX=

(- x<-1)
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5(i)

y:‘xz_az‘

Greatestk = « .

5i)  Lety :—(x2 —az).
X*=a’-y

= X=+a’ -y (" x>0)
LX) =V’ -x, xe(0,a]

S(iil) - fg(x)=1

:>,/25—i2=1
X

OR

fg(x) =1

=9(x)=f()
:>i2:24
X
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6(i)

Least a=6.

Let y=x*—8x+12
X’ —8x+12-y=0

. 8+,/8°-4(1)(12-y)
2

Xx=4+./4+y
As X226, x=4+./4+y

Hence f *: x> 4+4+x, x>0

Alternatively,

Let y=x*—8x+12

x* —8x+12-y=0
(x—4) -4 +12-y=0
(x—4)2 =4+y
x—4=iJZ:§
x=4i\/m

As x>6, x=4+./4+y.Hence f *:xX>4+4+X, x>0

i
v Reflect y =f(x) about the line y =x to get y=f"(x)
F(x)=1"(x)
f(x)=x
x> —8x+12 =X
x> —9x+12=0

X=9i4/92_4(1)(12)
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7(2) g(x) > 2
3x-3
= >
X —8x+18
3X—3—2(x2—8x+18)
x> —8x+18
2x% —19x+39
= o
X —8x+18

=

Since x2—8x+18=(x—4)2+2>0 for all x e R, the inequality reduces to
2x* -19x+39<0
= (2x-13)(x-3)<0

:>3<X<E.
2

7(b)()

(2,50)
y=1(x)

X

(k. f (k)

(—k,—50)

Given that the range of f is [-50,50], we have
50— (2(-k)—4)" =f(—k) =50
4+10

2
~.k=3 (since k>0)

=>k=-

7(b)(i)  Consider the inequality
g(x)>0
=3x-3>0

= x>1.
So to solve gf(x) >0, we replace x with f(x) to obtain

f(x) >1
:>50—(2x—4)2 >1
:>(2x—4)2 <49
= -T7<2Xx-4<7
3
= ——< X< =,
2 2
Since D, = D; =[-3,3], —§< X<3.

8(i)
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2
f(x)=x*-2x+a Y soh)

:(x—1)2_1+a \1\/
—ed < x

]

From the graph, range of f =[-1+3, oo);

T T
Rg_1 = Dg :(__!_j
2 2

R.,cD, =R
g

»
»

Therefore, composite function fg™ exists

Finding range of fg™*:

2
D,—>R, :{—z,z]—)R . =[a—1,7[—+7r+a)
g 9 2 2 fo 4

2
Therefore, range of ng_1 = {a -1, % + 7+ a]

(ii) when a=-3,
y=x"-2x-3
y=(x-1)°-4
X=4y+4+1 or—\/erl(rej)
fr:xo>Jx+4+1 forxeR, x>—-4
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9.  The functions f, g and h are defined by
fixHx(x-2) xeR*”

g:x—>3x*+2 xeR™
h:x—e?, x>0.

(i) Determine, stating your reasons, whether each of the following functions exist:
@ g (b) fg.
If the function exists, give its domain, rule and range.

(ii) Giventhat f(a)+h(In) =0 and « # 0,1, show that o® —a* —a-1=0.

J
‘/ @ 5:&@
(0,2)

p) s oaeba, ‘3" q&lﬁ‘a.

_ X—2 _
g 1:XH—,/T,XG(2,oo),Rg,1 =R

l'/ F«) + h(law) =©

«(«-D) + et =0

-L
x'-2« + Qﬂ"“ =0

1
K-k + i =0

K'-2«% + 1 =3
a4 (-(-I)(q’-.(‘l--.q—h = 0
< #* |

KP.K*-g -1 = O

&= (1) ¢ R =Dy

Fy  exishs.
—>  20¢* (3x"+2) | xe R”

!’3:1 ?
P\;jzﬁ?\

T RS AN g T T

K — At — o
<= )4‘*—9.-("+o-<‘+0-< +l\
-.(.(‘I—A'S)
~ o +0u 04 & |
- (-« +a<"j
~—t O * |
- (=™ + )

- |
=(==+1)

0




H2 Mathematics (9758) JC 1 River Valley High School. Mathematics Department, 2022

10. [DHS /2019 Prelim/P1/Q4]
The function f is defined as follows:

f(x):x+i, a<x<b

where a is a positive constant.
(i) Giventhat ™ exist, show that b<a+1. [2]

(i) Giventhat a=1and b=2, find f *(x) and the domain of f. [5]

Qn Suggested Solution

10 Since the shape of the curve is

i
(i) Y .

7
7

\

[
|

- X
I X=a

-’
7
7

For f to be 1-1, the Iafgest b can take is the x-coordinate of the turning point.

, 1
f'(x) _1_W
l —
C(x-ay
x=azxl
x-coordinate of turning point is a+1, since b>a
For graph to be 1-1, b<a+1,

(i) Let y="f(x)

yoxe L
x-1

(x=D)y=x(x-1)+1
Xy—y=x"-x+1
X* =1+ y)x+1+y=0

(x_(1+y)]2_(1+y)2+1+y:o
2 4
(X_ (Lt y)jz _-n

2 4

_@+y), =D
2\ 4

X
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12
Since [E,Zj is a point on the curve of y:f(x),x:(1+y)_ (y-1) ~1
22 2 4
2
f,1()():(1+x)_ (x-1) 1
2 4

The domain of f™ is the range of f = [3,0).
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11. [JPJC /2019 Prelim/P1/Q1]
It is given that

£(x)= 4a% —x?, for 0 < x < 2a,
~ |2a(x-2a), for2a<x<4a,

and that f(x)=f(x+4a) for all real values of x, where a is a positive real constant.

() Evaluate f(2019a) in terms of a. [1]
(ii)  Sketch the graph of y=f(x) for -3a<x<5a. [3]
The function g is defined by

g:xn—>\/4a2—(x—2a)2, 2a < X < 4a.
(iii)  Determine whether the composite function gf exists, justifying your answer.  [1]

(iv)  Give, in terms of a, a definition of fg. [2]
(v)  Given that (fg )71 (27) = %a, find the exact value of a. [2]
JPJC JC2 Prelim 9758/2019/01/Q7 (Solutions)
11
(i)

Since f(x)=f(x+4a),
f(2019a)=f (3a)=2a(3a-2a)=2a’

(i)

3a s O 20 4a  5a  x

(iii)

Since R, = [0, 4a2] « D, =(2a,4a), gf does not exist.
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(iv) Please note that g(2a) = 0, g(4a) = 2a, so f takes 0 to 2a

fg(x)=4a’ —(\/4a2 —(x—2a)2 )

ngXH(X—Za)Z,

(v)
(fg) " (27) = % a

7
fg| —a |=27
g(z j
2
[Za—Zaj =27
2

9 .

—a- =27
4

a’=12
a=+23

Since a>0, a=23

=(x—2a)2

2a< XxX<4a,




