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1 The volume of water V in a filtration tank at time t satisfies the differential equation
av =5-kV,
dt
where Kk is a positive constant. Find V in terms of k and t, given that the tank is initially
empty. [5]
State what happens to V for large values of t. [1]
. . sinL(2x) 2\( dy i 2
2 (i)  Giventhaty=e , show that (1-4x*) o) =Y [2]
X
(i) By further differentiation of this result, find the first three terms of the
Maclaurin series for y in ascending powers of x. [3]
sin~t(2x)
(iii)  Deduce the first three terms of the Maclaurin series for in ascending
COS X
powers of x. [3]

3 The curve C has equation

where q is a non-zero constant.

It is given that C has a stationary point at x =4 and an asymptote y =4x+r, where r
is a non-zero constant.

0] Find the values of gand r. [3]
(i) Sketch C, stating clearly the equations of its asymptotes, stationary points and

the coordinates of any point(s) of intersection with the axes. [3]
(iii)  State the set of values that y can take. [1]

(iv)  Using the graph in part (ii), find the range of values of a such that the equation

(x—2)2+[ i —16]2 ~a

X=q

has a negative real root. [2]
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4 (@) State a sequence of transformations which transform the graph of y=Inx to
the graph of y=In(1-2x). [3]

(b)  Itisgiven that f(x)=2a—x, where a>0.
By considering the graphs of y:‘f(x)+a‘ and y=f(|x|)+a, find the value

of the constant k for which [ °[f (x)-+a] dx =k o (F (|x]) +a) dx. [4]

5 Relative to the origin O, the position vectors of two points A and B are a and b

respectively, where |a| =2 and the angle between a and b is 37” radians. Given that a

and 2a+b are perpendicular, find

Q) the exact length of b, [3]
(i) the exact length of projection of a onto b. [1]
The point P lies on OB such that the ratio OP:0B =3:5.

(iii)  Find the exact area of triangle APB. [4]

6 An art exhibition features sculptures of Singa and Nila, which are the mascots for the
SEA Games held in Singapore in 1993 and 2015 respectively. The number of Singa
and Nila sculptures corresponds to the number of sports contested at the two editions
of the games respectively. The sculptures are of varying heights.

The Singa sculptures are displayed in a line such that the tallest Singa sculpture is in
the middle. Starting from both ends of the line, the height of each subsequent Singa
sculpture is 10 cm more than the preceding Singa sculpture, up to the middle Singa
sculpture.

Q) Given that 29 sports were contested at the 1993 SEA Games and the total
height of all the Singa sculptures is 3120 cm, find the height of the tallest and
shortest sculptures. [3]

The Nila sculptures are displayed in order of descending height. The height of the
tallest Nila sculpture is 210 cm. The height of each subsequent Nila sculpture is 5%
shorter than the height of the preceding Nila sculpture.

(i)  Given that the shortest Nila sculpture is the only Nila sculpture to have a
height of less than 35 cm, find the number of sports contested at the 2015 SEA
Games. [2]

(iii))  Find, to 2 decimal places, the height of the shortest Nila sculpture and the
total height of all the Nila sculptures. [3]
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7 The polynomial P(z) has real coefficients. The equation P(z) = 0 has a root re'’,
wherer>0and 0<@<r.

(1 Write down a second root in terms of r and 6, and hence show that a quadratic
factor of P(z) is z° —2rzcos@+r>. [3]

(i) Solve the equation z*=-625, expressing the solutions in the form re',
wherer>0and -z <0<r. [3]

(ili)  Use your answers in parts (i) and (ii) to express z* +625 as the product of two
quadratic factors with real coefficients, giving each factor in non-
trigonometrical form. [3]

Fig.1 Fig. 2 Fig.3

Fig. 1 shows a card in the form of a square of fixed side a. A triangle is cut from each
side, to give the shape shown in Fig. 2. The remaining card shown in Fig. 2 is folded
along the dotted lines, to form the right pyramid with square base of side x as shown
in Fig. 3.

X2 |a® —f2ax

(1 Show that the volume V of the pyramid is given by V = 3 5 [4]

. , - o a . .
(i) Use differentiation to find in surd form the value of — that gives a stationary
X

value of V. [4]
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9 (@) Q) By considering the derivative of eX2 , find jxexzdx. [2]
(i) Hence, find [x%e*"dx. 3]
(b) Use the substitution u =sin®x to find

j 1_Tudu. [5]

for all

10  Prove by mathematical induction that Zsin(2r0)=cose_chs(2”+ Do
= sin

positive integers n. [6]

Hence, find an expression for siné&coséd+sin26cos20+...+sinnfcosnd in
terms of 6 and n. [2]

11 A sequence u,,U,,Us,... is defined by u, =1 andu,,, =u, +W , Where k is a
n
positive constant and r >1.
Q) Using the method of differences, show that
i)
=k 4]
1-—
Ink
(i)  Given that u, converges,
(@) state the limit of the sequence in terms of k, [1]
(b)  find the range of values of k. [2]
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12 Do not use a graphing calculator in answering this question.

The planes p, and p, have equations 2x—z =3 and X—3y =-3 respectively. The
point A with position vector Ai+j+ uk, where Aand x4 are constants, is in both

p, and p,.
Q) Find the values of A and x . [2]
(i) The planes p, and p, intersect in a line I. Find a vector equation of I. [2]

(iii) A third plane p, has equation r({ai+j)=/, where o and S are constants.

Given that the three planes have no point in common, find the value of « .
What can be said about the value of 5 ? [3]

(iv)  The point B has position vector i + 2j + 4k. Find the position vector of N, the
foot of the perpendicular from B to p,. Hence find the vector equation of the

line of reflection of AB in p,. [5]
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Pioneer Junior College
H2 Mathematics
Prelim Exam Paper 1(Solution)

Q1
d—V=5—kV,k>0
dt

I L dv:jldt
5-kV

—lln|5—kv|=t+c
k

In[5-kv|=—kt—ke

5-kV =+e ™

5-kV = Ae ™, A=+e
1 —kt

Vv _E(S—Ae )

t=0,V=0.

Hence, O=%(5—A):> A=5.

Vv =%(5—5ekt)
Vv =§(1—e‘kt)

ASs t—)w,V—)E

Q2
()

sin"t(2x)

y=e

dy sin"t(2x) 2
— =g -
dx TR
J1-4x? dy _ 2y

dx

2\( dy 2_ 2
(1-4x )(d_xj = 4y? [Shown]
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Alternative solution
Iny=sin"*(2x)
differentiate wrt X:

o) o

y Ldx 1—(2x)?

x/1—4x2d—y:2y
dx

2\( dy 2_ 2
(1-4x )(&J = 4y? [Shown]
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(ii)
Differentiate implicitly,

2 2
2(0'—3’) dy (1—4x2)—8x(d—yj _gy W
dx J\ dx dx dx

2
When x =0, y =1, d_y:2 , d_32’=4
dx dx

2

sy=1+ 2x+X?(4)+...

=142X+2Xx% +...

sin"t(2x)

e

2
= (1+2x+2x? +...)(1—X—+...)‘l
COS X 2
2
= (1+2x+2x° +...){1+%..}

XZ
:1+?+2x+2x2+...
:1+2x+§x2+..
03
(i)

2 2
y= 4x =4x+4q+ 4q

X—q X—q
The oblique asymptote is y =4x+4q.

dy _, 49
dx (x-a)
When x =4, d—yzo
dx
Therefore,
2
4- 2o
(x—q)
2
(Z_qj —4
4-q
A
4—q
29 _ 2 or 2 —2 (no solution)
4—-q 4—q
q=2
r=4q==8
q=2,r=38
@PJC 2015
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(i)

x=2

One negative

(iii)
y<0 or y>32 real root

(iv)
(x—2)2+[ ax —16] —a

X—(q
The equation given is actually (x—2)2 +(y—16)2 = (\/5)2

2

Therefore, the solution to the equation is given by the intersection between the y = and

X—q
circle with radius «/a centred at (2,16) which is the point of intersection between the 2
asymptotes.

Distance between origin and (2,16) = Distance between (2,16) and (4,32)

= /22 +16% =+/260
For the equation to have 1 negative real root the graphs must intersect at least once for x <O0.
Hence, a > 260

@PJC 2015 [Turn Over]



10

Q4
(a)
1. Translation by —1 unit in the direction of x-axis. -

) o 1 Note: Can also do step 3 first
2. Scaling parallel to the x-axis with a factor of 5" followed by step 2. In fact
3. Reflection about the y-axis. there are many other possible

ways.
& y
\ y=1f(x) \ y==f(x)+a
2a 3a
0 23 X 0 3a

J-Cz)la‘f (x)+a‘ dx = %(3&)(3a)+%(a)(a) —5g2

[t (b)+a)ox=2( 2(garaiea)|

=8a®

Therefore,
5a° =k (8a2)

k==
8
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Q5
()

aand 2a+b are perpendicular
=all(2a+b)=0
2alla+allb=0

2|a|2 +alb=0
a’b= —2|a|2 =-8

A |b|cos(377zj _ g

1

2b|| ——= |=-8

b(-)
Ib| =42
(ii)
Length of projection of aonto b
= an‘
alh

b

_| 8
_m_ﬁ

Area of triangle APB = %‘ﬁ x @‘

1
2
1
2
1

= —|a><b|
5

1

1
5
8
5
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= —‘(b—a) X

5

- = b H
2 |S|n(

zb‘
5

2

—axb
5

)
4

(2)(4&)(%)

A

11

Alternative method

QO
@)
v
8]

Length of projection of a onto b
=00Q= 2005% = \/5
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12

Q6

(i)
Let the height of the shortest Singa sculpture be x.

Total height of all the Singa sculptures = 2x%[2x+(14—1)(10)]+[x+(15—1)(10)] =3120

28x +1820+x+140=3120
29x =1160
x=40

Height of the shortest Singa sculpture is 40 cm

Height of the tallest Singa sculpture = 40+(15—1)(10) =180 cm

Alternative
Let y be the height of the tallest Singa sculpture.

Total height of all the Singa sculptures = 2x%[2( y—10)+(14-1)(-10)]+y=3120

28y —280-1820+y =3120

29y =5220

y =180

The height of the tallest Singa sculpture is 180 cm.

Height of shortest Singa sculpture = 180+ (15—1)(—10) =40 cm

or
Height of shortest Singa sculpture = 170+ (14 -1)(—10) =40 cm

Alternative

Let the height of the shortest Singa sculpture be x.

Total height of all the Singa sculptures = %[2x+ (14-1)(10)] +%[2x+ (15-1)(10)] =3120
x=40

Height of the shortest Singa sculpture is 40 cm

Height of the tallest Singa sculpture = 40+(15—1)(10) =180 cm
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13

(i)
T, <35

210(0.95)"" <35

a1
0.95)" <=
(0.95) <%

(n-1)In0.95<In (%j

&)
In| =
6
1>
In0.95

n>35.93
n=236
The number of sports contested at the 2015 SEA Games is 36.

(iii)
Ty =210(0.95)™ " =34.88
The height of the shortest Nila sculpture is 34.88 cm.

36-1

210/1-(095)" |

1-0.95
The total height of all the Nila sculptures is 3537.33 cm.

=3537.33

536 =

Q7
(1)

z=re" isaroot = z =re"’is another root since P(z) has real coefficients.

A quadratic factor of P(z)

=(z-re’)(z-re)
=z° —zre?? —zre'’ 4+ r?

=2 —zr(e’+e " )+r’

=2° —zr (cos @ +isin 6+ cos(—6) +isin(—6) )+ r’
=7°—zr(cos@+isin@+cos@—isin @) +r’
= 2> —2rzcos@+r? (shown)

(i)

Z4 — —625 — 54ei(7r+2n7r)
7 —5e [T7), N=0,+1, 2

SO z= 5ei[_37”),5ei[_%j,5ei(%j’5ei(37ﬂ)
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14

(iii)

i)

i i-” isl
z4+625:(z—5e(4))(z—5e( 4))(z—5e(4))(z—5e 47)

=[z*-(2)(5)zcos (%j +5°][z2° - (2)(5)z cos[%”j +5%]

= (22 -5\2z+25)(z2 +5\22 + 25)

Q8

(i)

Consider the diagonal length of the card in Fig 1.
Diagonal length =+/a*+a? =+/2a

Let the height of the triangle side of the pyramid be b.
2b+x=+/2a

J2a-x

2

b=

Let the height of the pyramid be h.
By Pythagoras Theorem,

(-5
=ne [ Bs) (5]

V ==x°h
3

(5
SR

~ x_2 a2 —J2ax
3 2
(i)
Method 1

dv _ 2x az—ﬁaerx_zl
dx 3 2 32

2 2

(= ()

For stationary value of V, ((jj—v =0
X

@PJC 2015
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15

z_[ﬁ]_;(ﬂj

3 2 32 2
a—«/§x=?x or x=0(N.Aasx=0)
a_502
X 4
Method 2
szx_“ a? —2ax
9 2
_aix*t —2ax°
18
2Vd_V:4aZx3—5\/§ax4
dx 18
When d—V:O,
dx

4a%x® —5J2ax* =0

ax3(4a—5\/§x) =0

ax’4a-52x=0 or ax®>=0 (NAas x=0)
4da :5«/§x

a_52

X 4

Q9
@()

Consider %(exz ) = 2xe*

Therefore, Ixexz dx = %exz +C
(i)
jx3exzdx

= Ixz (xeXZ )dx

_1 2. %2 X2 ,
—Exe —Ixe dx Let u=x S—V:xeX
:lxzexz_lexz_FC du Xl 2
2 2 — =2X v=—¢g"
dx 2

2 l 2
== x’e* —Eex +C

@PJC 2015 [Turn Over]



(b)

J.\/?du

_.[ 1-sin®x
sin? x
COSX , . .

=|=—=(2sinxcosx) dx
sin x

:I2coszxdx

:Icos 2x+1dx
_sin2x

(2sinxcosx) dx

+x+C

=sinxcosx+x+C

=Jui—u+sintJu+C
=Ju—u? +sintJu+C

Q10

16

cosH—cos[(Zn +1)H]

u=sin%x

du )
— =25In Xcos X
dx

u=sin’x=sinx=+u

= x=sinJu

Let P, be the statement Zn:sin(zm):
r=1

n=1:
1
LHS =Y sin(2r@) =sin(26)

r=1

cosd—cos(30)
2sin @

) —23in[;(9+39)}3i”[;(9_39)}

RHS =

2sin@
_ —2sin(20)sin(-0)
- 2sin @
=sin(20)
LHS=RHS, .. B istrue.

Assume B, is true for some k=1,2,3.......

- 2k +1
ie. Zk:sin(Zré’):COSQ cos| (2K +1)0
r=1

2siné@
To show B, is true.
ok cos@—cos[(2k+3)0]
L. 2r0) =
i.e rZ:l:sm( ro) Y
@PJC 2015

2sind

, N=123,..

[Turn Over]



17 Note:
2sin@sin(2k +2)6

o1 =—cos|[ (2k +3)0 |+cos[ (-2k -1)6 ]
LHS= ;S'”(Zm) — —cos[ (2k +3)0 ]+ cos[(2k +1)0]
= Zk:sin (2r0)+sin[(2k+2)6] =—cos| (2k +3)6 ] +cos[(2k +1)6]

Factor formula should be applied on
~ cos@—cos[(2k +1) 49] 2sin@sin(2k +2)@ to avoid the negative angle.
- 2sin@
_ cosf—cos[(2k+1)6 |+ 2sin[ (2k +2)0 Jsin g
- 2sin@

_ cosf—cos[(2k +1)6 | -cos[ (2k +3)6 | +cos| (2k+1)0 ]

2sin @

+sin[ (2k+2)6 |

B cosH—cos[(Zk +3)¢9]

2sin@
- B, istrue

Since P, is true and Py is true = Py is also true, by the principle of Mathematical Induction,
Pnistrue forall n=1,2,3.......

=RHS

Zsin(ZrH) _ cos¢9—co.s(2n +1)6

— 2sin@

> 2sin(rg) cos(ro) = cos0 - co_s(2n +16
~ 2sin@

cosé@—cos(2n+1)0
2sin g

cosé@ —cos(2n+1)6

4sin@

2(sin@cos @ +sin 260¢cos 20 +...+sinn@ cosnb) =

sin@cos@ +sin20¢cos20 +...+sinngdcosnf =
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Rl

(i)
(@)
1 Ink 1Y
su, > 1= Note: Asn— o, — | =0,
Ink therefore sequence converges and
lim u, = Ink limit exists.
n—oo Ink -1
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19

(b)
Since u, converges,

—£—<1 y v=Ink
Ink . y=
1<|ink| 1 /

Ink <-1 or Ink >1 f - K

e

1 / ¢
O<k<Z= k>e / y=-1

Q12

(i)

Subst coordinates of A into the Cartesian equations of p, and p,
2A—u=3 .....(1)

A-3=-3...(2)
From (2), A1=0= u=-3

(ii)
2 1 -3
Direction vector of lisgivenby | 0 x| -3 |=|-1|=—|1
-1 0 —6
Point A (0,1, —3)Iies on both p, and p,and hence on I.
0 3
Vector equation of linelisr=| 1 |+t| 1], tel.
-3 6
(iii)
Since the 3 planes have no common point, | must be parallel to p, but not contained in p,.
a) (3
10/1{=0=3a+1=0

0 6
1
a=——
3
0 a
1 (01|
-3 0
p#1
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20

(i)

Equation of line through B and perpendicular to p, is

1 2
r=|2(+s|{ 0|, sel 3(1’2’4)2
). e
This line intersects p, at N. Hence -1
1+2s 2 4’;'-, """""""" rw )2
2 |0 0 |=3 AR :
4-s) |1
2+4s—4+5=3 g
s=1
1 2 3
ON=|2|+ 0 |=|2
4) (-1) (3

Let B’ be the image of B upon reflection in p,
By ratio theorem

on = 9B +OB’
2
Alternative method
- 5 By ratio theorem’
OB'=20N-0B=|2 . ABL AR
AN - AB + AB
2 2
5 5
AB'=0B'-OA=|1 AB'=2AN-AB=|1
5 )
0 5 Equation of reflected line is
Equation of reflected lineisr=| 1 |+¢|1|, ¢l 0 5
r=| 1 (+4|1|, gel
-3 5
-3 5
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