Chapter 13C : Matrix Spaces and Linear Transformation
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1 Null Space of A Matrix

1.1

2019 Year 6

Null Space

not e-rr)a{-T

Let A be an mxn matriX. Then the set of all solutions of the homogeneous lincar system Ax=01s

called the null space of A, i.c.

Null space of an mx, matrix A = {x eR":Ax= 0}.
For example,

Theorem 1.1

. 1 2
if A :[2 4], then the null space of A

={xeR*:Ax=0}
e J0-6)
{)emes (@)<el
{ z)eRZ: u+‘1-=o}
{(:{) vdk}= {v(,l) ; VelR}

The null space of an mxn matrix A forms a subspace of R".

Proof :

Since A0 =0 where 0 =

LetxeUand yeU.
Then }3‘2:/;0)r A;1=O
A(’f«“é J=px + A:{: p"‘l"\g-'is)
Thus x+4eU
les xeu. ThenAx=0
A (ax)= (A x)=

Hence U forms a subspace of R”.

0

Let U denote the null space of A. Then U is a subset of R” since A is an mx» matrix.

, 80 0eU. Hence U is non-empty.

«0:0 where e, | thws g €Y
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1.2 Basis of Null Space of a Matrix

To find the basis of the null space a matrix A, we first row-reduce the augmented matrix [A]0] (or
just A) to reduced row-echelon form.

X

X2
Then, solve for the unknown xi's where y _| . | € RrR".

n

1 0 -3 1
. 1010 :
For example, if the reduced row-echelon form of A is 0 0 , then the solution to Ax =
00
0 is
1 0 -3 1]0
. 01 0 2|0
[ Note that [A|0] in reduced row echelon form is -]
00 0|0
00 0 0O
So the null space of A, U, consists of the set of vectors
X 3X3 — X4 3 (=1 ‘ 3 7 -1
2 0 2 0 2
al® *4 =x3) _|+%4 =a| [+B whereao=x3,f=xs eR.
X3 X3 1 0 1 0
Y 0 1 0 1
(3 ) |
5 .
Hence 1 3 spans U.
\0
3 -1 3 ak))
ol |2 ... , 0f. : e 2
o is linearly independent as 1 is not a scalar multiple of
0 1 0 1
3\ (-1
0 : : .
Thus _t is a basis for the null space of matrix A.
0 1

Alternatively, since the null space is the set of solutions of Ax =0, we can use Plysmlt2 GC app to
help us to find the answer.
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Example 1 (9225/June1983/01/Q14, part of question)

3 0 -2 3
. ; =4 2 0 =8 : V defined by
Given matrix A where A = 5 , find a basis for the subspace ¥ de
-2
3 -3 2 9
V= {xeR*: Ax=0}.
s ; we wau T,
{
3 v - &
4 AM e A‘ :)J

Find the general solution of the equation Ax =

)
o
the set of all the solutions forms a subspace of R*. A £ - A (9) ) =

Solution : A’ (X_(é
~ o\

Method 1 (Using RREF) /
\\‘/1\/ = Q

1 0 -2
- o (0 1 =4 B
Using GC, the reduced row-echelon form of Ais ?
00 0 o
00 0 o0)_
L (
X Mo °F F, o 5 X _(o ]
X \ '«l\\
> Q2N o Rs D \\/
b Dbo o’ ¥y 3

."'_lj
‘ Xy fo)
<5 %1 Xq: 0 = X;:'}XYX‘ < Q/c/
LN
7(1'%¥3“1X+: 0 » xlzﬁg-xé,'[’ ¢

y %%~ X 1
7(‘ I A3 g 0 Y\ =y 3
s (5] = [ x ) §) 4 (3 sk

* 2 :
X“ xsf =& ~{
X : i (oz) (‘
1 . : 3 z T g &y W=
Sb q\ﬁj‘\g Qo,—\{ S r.|\ ( f/
X, - %Ys g =l

Y- 4Xs W= ©
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Method 2 (Using Plysmt2 App)

xj
X2
3

Letx = e V. Then,

Ax=0 =

=y

Us'™g GC, we gt X =3 N3 -Y4

;f Xy ~A¢

3 0 d)_ 3 xl
.4 2 0 “8 :“
; g A 3

Y FR

f f
Thas (ii < | ke Ve x|t

Kq ¥4 )

ORMALEFLOAT FRAC REAL DEGREE CL
PLYSHLT2: APP.

BISYSTEN MRTRIX (4 %X 5)
[ §" 0 & 0

Y

tsysHiens)=

XL:% ¥ "r)_Y“

|
1 Aq| 2
0
|

SOLUTION SET
x1B0+2/3x3—x4
X2=0+4/3x3+2x4

X3=X3
X4=X4

/

INORMAL FLOAT FRAC REAL DEGREE CL
PLYSMLT2 APP

1

[MAINTMODE [ SYSM ISTOREI RREF |

[MAIN I MODE ICL EARI1.0AD ISOLVEI

S 0 buy- \)&S'\S Ke Vs i(az (

)
I

N

Q
Q
¢]

(\) i u5°\““°"°FA£:L )

sin(e

But, 3(

!
0
]

Siee A [') (3
i

W is vot ot
W doeat Brm 0 Subs e

4
3

0

él/\;2

( 4
:

J onder seal o %u[*fp“

of R,

|

Lt W be e set of qu"}‘P\*n‘Lns‘h Ax< !
5
)!So(%)

[5)4_),\, gow A (g)?

17

[l

“5 9
S—

Chapter 13C: Matrix Spaces and Linear Transformation

Page 5 of 21



2019 Year g
Raffles Institution H2 Further Mathematics

Example 2 (9225/Juncl989/01/Q9)

The matrix A is defined by

a 1 172 3
a 1 2.3
A=, b+2 ¢l 3 ’x_(‘?’b",ER’a%O)'
3a 2643 0 3fT N PY gy A

The null space of A is denoted by K. | / : i ¥ idamsion of
@ Show that when b, 0, the dimension_ofK is' 1, and that when b =0, the dimension o
Kis2. ; N il |

r st i X

(ii) For the case b = 0, find, in terms of 4 onl‘y, a basis vector e; of K. ik ¥

(iii) For the case b =0, find 5 vector ez such that {ei, ez} is a basis for X.
a+0

(iv)  Hence show that if p = 0, then the vector| ~

» Where & e R, belongs to X for all

— az
values of 6, but if b % 0, then thig vector belongs to X for only one value of 6.

Solution :

a112R1—>R2-R|a112 : o] g
a 1 23| P o'\ /9y ey N S S
2a b+2 1 3 0 b7/ ?1'_'—!{‘11%"'0‘-“5' 0o:p ¢
Lsa 2b+3 10 3 0:.26 3 3) (e o260 0
a 1 12y \;)Whbpcgulgy e 2
W dgds o o Roxx, |0 b O 0
TN R e B g
00 0 0 000 0
a 1 1.2) (a1 01
S 203 508000
Arovwechelonformof 2 BA2 1) 3 18 i'% 1-1
3a.26+3 0 3) {0700 0 (\oo‘éﬁ’
(i) If b #0, the reduced row-echelon form of A can be
Then, wapdse }5/‘.:@ (%}ek‘ ® :.
ie )(:-aLlN/ 3:0;2""’“} WeR
50,;(:[;)_(5;';4) g
/(- :'W(e |
W 1 -
A bagis b k )
S
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S, Iim (R)E T EEE
b e e 0P A iy 38 3’0')

If 5 = 0, then the reduced row-echelon form of A is

'k\P. Y:-’tj—‘lqw) Z*'W 3 -1

S ()(*é"') | @ |
A basis B K uN‘ i ) 15)dis (K S
-y

\
1 \l IApinTT2
i froim Ug (?) ot hofey
| .

' EN
N e"z( J)
o ” 3 (l

"-_.__J ‘
S -
f—-"‘-‘-’

oo D\—

q:(s) 2t (o)
® b0, g ol
ooy o 20\ ).6./.).- A P
(eq) (‘; 4(-2‘4):‘01 0| +0 (“.) ge+8a8 oy
=0 Ay 0 " "1 Q
o+ s
(’P L:{/()) (dﬁq) :0((01 )‘erf s € (R
-g -

Crm e 2nd @mponet, = hox=0 7 00
TL-U—“) 0(:0(?0 50; for L}ZOJ (@—:‘%/ be[o:thKM/Zﬂnecq

__4.1
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2 Row Space and Column Space of a Matrix

2.1 Row Space

an a, - a,
ajl a22 .- a
_ o 2 1
Let A : P ." | be an mxn matrix.
aml amz amn

Note that we could consider the Tows of the matrix A as vectors in R”.
The row space of A is the linear subspace of R”

. spanned by the rows of the matrix A.
The row rank of A is defined as the dimension of

the row space of A. |
For example, : |

Row Space of (i zjz{u({) +|3(§) I'.ol, ge\p}é:{(o{iég-)(i):h’ﬁa%
<yt

which is a QTT‘GIaN— [ine PQ&S{({\& 'H'\r?u (:) Oan
A \ o PO u-e' | 2
Row rank of [‘11 EJ is | | | r alle] (:L)lr\ R

1 4
& \2:% |

[l |

Another example,

Row Spaceofﬁ a = {d ( ]3,) 'R (;)
(

o |
LB eﬂl}"

‘14

1 2

Row rank of [1 OJ s eince 5 2),('0” .gg%‘-‘lmeartg m&@reﬁcﬁg,L
: | l ‘ I,I | 3 -"‘ ] ‘I sed

N

1 2 1
Thus, in fact, row Space of 10 = R

[ ] n &
)~ n

Remarks " ' - X 0 Sl (1]
(a)  The non-zero rows of a matrix in row echelon form are linearly independent.
(b)  The non-zero rows of a matrix A in row-echelon form form a bas

]

is for the row
space of A. - T3 e o)

(¢) A matrix A in row-echelon form has row rank equal to the number of non-zeto rows.

(d)  Row operations do not change the row-space of a matrix.
Hence row space of A = row space of row-echelon form of A.

(e)  Any two matrices which are row equivalent have the same row rank.
(2 matrices are said to be row equivalent if one matrix can be obtained from the other
matrix by repeatedly applying elementary row operations.)

%

To find a basis for the row space of a matrix A
(a) Reduce matrix A to row-echelon form.
(b) The non-zero rows of A in row-echelon form form a basis for the row space of A.

Chapter 13C: Matrix Spaces and Linear Transformation
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2.2 Column Space

n

an Gy 4

Gy 0 4

Let A=| 21 27 | be an mxn matrix.

Oy By #0 o

ml mn

Note that the columns of the matrix A could be regarded as vectors in R".

The column space of A is the vector subspace of R” spanned by the columns of the matrix.
The column rank of A is defined as the dimension of the column space of A.

For example,

Column Space of G 3} - {ﬂ(:}}p(:) ;d,ﬁelR}
Co]umnr&mkof(1 2] is 2 Since g(:),(;)} IS a hn’(’_arldg. moqe,roh set

1 0

I 2 5
Thus, in fact, column space of =R

1 0
Theorem 2.1
For any matrix A, the dimension of the row space of A is equal to the dimension of the column
space of A.
Thus, rank (A) =row rank (A) = column rank (A).
AN neyd

hot bea ry, Important Facts

Sﬂl uel®  (a)  Row operations will change the column space of a matrix A.

™matrix Hence the column space of A and the column space of the row-echelon form of A are not
the same.

(b) Row operations do not change the linear relationship between the columns of A. For
example, if columns 1, 2 and 4 of a matrix A are linearly independent, then columns 1, 2,
and 4 of the row-echelon form of A are also linearly independent.

THorem ([ 7\ /. o AT nq i B0 a1

le+ A and B kel row equivalont Mmatr ey

Then +h0 «ﬂo[lomnﬁ Satements ars trye,

(@) B given sep of - column ve ctors of A s [y ,
€ ond only £ Ahe Sepof Ofvespording Colutin
v@cmrg" of B is Ui .

®) A gven set oF colomn Yectovs of A formy @
bosis for +he olomn spae of A,

R ond onyy & the set of-@rrespording golumn
Ve ctors 20 & £or Rrms o b"\\su\ o the

Chapter 13C: Matrix Spaces and Linear Transformation
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Finding a Basis for the Column Space of A

(1) Reduce matrix A until it is in row-echelon form. , A i

(b)  Let B be the row-echelon form of A. Look for the columns of B which ci;mtam a leading
"1". Then the same columns of A form a basis for the column space of A.

Eg if columns 1 & 4 of B contain a leading "1", then columns 1 & 4 of A form a basis for
the column space of A.

Caution : The columns of B containing leading "1'" do not form a basis for the column space
of A. In general , the col

umn spaces of A & B are different (See Important Facts).

Important Note :

Although the row rank of A equals the column rank of A, a basis for the row space of A is not a
basis for the column space of Ay (5 0 o ) ”
\o/Y4 .i & .

Example 3

Given matrix A where . | [ . .| . | [ 2m2 ¢
3 0 -2 3
-4 2 0 -8 “a

A= 1 -2 2 5 |-findinany order
3 -3 2 9

@) a basis for the row space of A,

(ii) a basis for the column space of A,
{iii) rank A.

Solution ;

,...
|
|
=

2
Using GC, the row echelon matrix of A is = | 0 2.
0 0 0
0 0 0
A bosis for e iow space of A s

0 :
\ v SO T
" ‘ Sl il 3 8.
e T :LI‘,“.“’_} - ) ‘%‘n’w‘l" A 9]
J1OR

f\-ncr\\fzr bas‘\s &r -Uwe My S.Fa@"o{ A |S‘ C A3

-3 ‘. 4 J .'f ) YV Aapn ,Jl -'-2 | 0) 2 SlﬂCé (
ronk(\)=2 and N AT PARD o Y3 Y ey hno
(M » ncD x&';) ’(? )} G al "”ﬁ’prb tf\&%fer\&‘?f"“fe-t-_

/1 A f A\
| v 1 ) Ay ) ! T, |
§- ¢ - V i f » 4 W
5 \
i | f

(M)

!

NGy —

Chapter 13C: Matrix Spaces and Linear Transformation
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3 =3

@\ basis %rl\we colomn SPaCQ oF i (?) ,(gz )S

Question: Can the following be a basis for the column space of A? %

-4 | 0
(a) (%)’(‘O’)j ) —5)1(-]5_)

2

ms: (Q) N @ ;j Cont LQ ?/KF'PUP‘{) tn rm

(c) -2 2 ,
B . I
9 ok PF o basd_ﬁ!"’:e slots

spac of A,
D A baeg for Ahe row Spae o A

1§ not a basts for the oo sPace of A
_ © The chom w tHs care Conraprds o o
(iii) Ronfk A =73 . ron leading 15 Colomh” Vol q
guoante thoy we G baps Rr dho dolamn
: spoa of A. I Just "ap onthey the ront
clements ]r\% (i |E’A ordd@ thethese Q Wooto™ e
SR vetrorv is a lincar condoinafon of #e trens necky indoperst,
nside Lasis., 1 3) (2 Y 4+ W sry ke a
Find a basis for the vector space spanned by the vector. - 0 N 9 || . Y bosisn ln4hs
) Jushby oo,
Solution :
1 3 2

Form the matrix A whose columnsare | 2 [» | —=1[s | =3[,
-1 2 3
Then
1 3 2 7 R,—R,-2R, 1 3 2 7 R;—R;+iR, 1 3
A=l 2 < ~§ 0f—Betah ol f . -7 id|— BT ig )
-1 2 3 3 0 5 5 10 0 0

O = N
O N

Hence a basis for the given vector space is +he IGMe an fnding & bosis for the
eddwmn spad of A

J
\_\% ® 0 b oS58 ‘[[‘.)I‘ "\l\Q SNQ n \’PC-h,- Chapter 13C: Matrix Spaces and Linear Transformation
. {1 Page 11 of 21
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3 Linear Transformation -, / . . M2 Amola) 9 ;! E &

|
31

. ‘ |
Representation of a Matrix as a Linear Transformation

LetT: V- Whbea map from a vector space ¥ to another vector space W.

Tis called a linear map or linear transformation if the following properties are satisfied:
M  T+u)=T()+ T(u) 1 ‘ -
(i)  T(av)=oT(v) F \ / Y (d) S o ) [ <]
forallu,v e VandaeR )| * ) | ol 1o /|

It | , ;
For example, T:R? 5 R\ I\Jy"T[xJ= 23c+y.

NN 9d taan 1a-) @yan (») 2nk :
Let[ [],( ZJG]RZ and ¢ eR | | s ik 3
M)\, ‘ EIF,T'\\ o

( 3

g G1E S

. iy 94T L9
34 _ay1‘

Thus, T is a linear transformation

The mapping V defined by V : R? — R? where | Flaf ¥R

-
o (06) =('§)¢V(@+@D

Let A be a fixed mxn real matrix. Define the map T : R” — R” by

Ta(v)=AvforallveR".
Then Ta is a linear transformation.

is not a linear transformation

Proof :

From the basic properties of matrices,
(i) Ta(u+v)=Au+v)=Au+Av= Ta(u)+ Ta(v)
(i)  Ta(av) = A(av) = cAv = a Ta(v)
“lforallu,ve R"andallaveR. « .1

Chapter 13C: Matrix Spaces and Linear Transformation
, . Page 12 of 21
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Consider the linear transformation T such that T B? — R?. Let the standard basis in R* be

e = []j and e, = (0] Thus, any vector X = [x, J e R?can be written as X = x,¢, + X,¢€,.
0 1 %,
Observe the effect of the transformation T on x:

T(x)= T(xlel = xlez) =T(xe, ) +T(xzez) = x,T(el)+x2T(c2)

Let T(e,)={a”] and T(e2)=["”]. Then,

a, a

T(x) = x a 5 % . a, alz](":l]:(an alsz
: ay y ay a, Gp)\% a, 4y

a a 5 4 4

't 7121 which is obtained by

Hence, the matrix representing the above transformation is A= [a .
21 22

observing the effect of T on the elements of the standard basis (i.e. T(e]) and T(ez) )

In fact,
iTT is a linear transformation such that T: R” — R", then T can be represented by an mxn matrix
ay 4, 4,
gy a
A=| 2 72 " |, where
am] aml o amn
ay ap, a, 0

0 1
T(e|)= a?l ,T(ez)= aszz ;---vT(en)= " , and -l L T e €, =

A Az -
x+2y
For example, T: R? - R’ by T[xJz y-3x|.
y X
I 2
Then the linear transformation T can be represented by the 3x2 matrix |-3 | | since
{ O

g._]
TN
S
b
1l
fat]
=
(=9
|
N
—_ O
. I
]

Alternatively, it can be seen that
x+2y

T(XJ= y=-3x|= + =
¥

X

Chapter 13C: Matrix Spaces and Linear Transformation
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3.2 Null Space and Range

Let the linear transformation T : R”

whereve R". Then,

(a) the null space or kernel of
in R” which are ma
ker T = {v
The nulli

— R" be represented by the mxn matrix A ,i.e T(v) = Av

the linear transformation T is defined as the set of all vectors
pped to the zero vector of R . Symbolically,

€ R"T(V)=0)={ve R"| Av=0}.

ty of T is the dimension of the null space of T,

(b) the range of T is defined
R". Symbolically,
range T = {T(v) |v ¢ R"
The rank of T is the dim
Note : Range T =il

as the set of vectors which are the images of those vectors in

={Av|ve R"}.
ension of the range of T.

2 1
For example, if the linear transformation T: R? — R*pe represented by the 3x2 matrix | -3 2 |,
=l 3
2 1 2 X
then range of T = { x| -3 ¥ 2]:x,yeR} isa plane in R*, parallel to vectors | —3 and | 2
[ ) (s
0
and passing through the origin | 0 |
0
2x+y 0
Let|-3x+2y |=|0| Then y=-2x ... (1)
3y—x 0 29=3% (2)
=X s 3)
0
0} .
The solution of these 3 equations give x =0 and ¥=0. So, only [ 0] 1s mapped to | O | under T.
0

)

13C: Matrix Spaces and Linear Transformation
CRgL : i Page 14 of 21
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Theorem 3.2

LetT: R" > R"™ be a linear transformation
subspace of R".

. Then, ker T is a subspace of R” and range Tisa

Proof :

Note
ker T is the same as the solution space to the

homogeneous linear system Av = 0. Thus, finding a

basis for ker T is the same as finding a basis for the null space of A which is the same as Section

i &

Chapter 13C: Matrix Spaces and Linear Transformation
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Spanning Set for Range of a Linear Transformation

Let the linear transformation T : R" _ R be represented by the mxn matrix

%Gi Gy == g Y
= aZI a22 az i vz

A= 172 "l ie T(v)=Av wherev=| ?| eR".

aml am.’. amn Vn
Then T(v) = Ay

a, ap, a, 12

= | % Gy Gy | |
A a,, Ay Ve 1

GV +av, +ota,y

’M ( I )
=| @V tayy, +.ta, v

a_ v+ T
m;l ApVy +.ta, v Lg"[' (,{S (Q_Q ‘ﬁ}ﬁf%w

A x
n a, a, WL%A ¢ Pz Mq'fr:c% =

:V] . +v, 22 +eety a_zn
: o o X =
2 \’ rqh%‘e'

As v runs through al] the possible elements of R” ; ] ba S
N
a, a, a3 a, é
range of T = span }| % 92| |9 %2n ke & %c:_.n
2 2 - 3 . L A4 > E
aml amz am3 a

mn

= span {column vectors of A}
= column space of A

Thus,

(i) dim(range T) = column rank (A) =rank (A).

(i)  to find a basis for the range of T, simply find a basis for the column space of A as
described in Subsection 2.2. oo O

FREITTRAY
AR

It can be proven that for any linear transformation T: R” — R%,

dim(ker T) + dim(range T) = n, \ 5 & (Rank-Nullity Theorem)
o e,

L&, nullity +rank=n o

Similarly, if A is an mxn matrix, then
dim (null space of A) + rank A = number of columns of A.

Chapter 13C: Matrix Spaces and Linear Transformation
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Example 5 (9225/1989/96/Q9)

The linear transformations T; : R* — R* and Tz : R = R* are represented by the matrices M

1 -2 3 5 1 -2 0 -3 4
2
0 2
and M: respectively, where M = 8 2 and M2 = g 6l \%
0
The range space of Ti and T2 are denoted by Ri and Rz respectively.
7 (i) Write down the dimensions of R1and Ra.
/(i)  Write down a basis for R1 and a basis for Ra.
/(ili)  Determine whether R1U Rz is a vector space, and j

(iv)  The null space of Ti and T2 are denoted by K1 and
and a basis for K>.

justify your conclusion.
Ko respectively. Find a basis for Ki

1
1 -
(v)  Itisgiventhata=| |. Find a vector Xi and a vector x2 such that Mux1 = Mia and
1
1
0
Max2 = Mza, and such that x1 — x2 is of the form P | where p and g are non-zero
q
0
integers.
Solution :

@ d-m(R.) 3, dim(R.)=3
i . [D - | B |
' ’ | 'l). 3 g A ] =) ]
(ii)  Basis forR is (E) (g)(ﬁ)andbasis for R, is (3) (c])) (g)
/ ] f_ © al d f ‘,

(i)

Then onsider (. +($°) ()
. {

*

()H ;¢Rl ?)éQuQ
der vector addihon -

’”\uS‘, R, VR, no+ clo&‘ed undor vect
apter 13C: Matrix Spaces and Linear Transformation
Not- a vector SFaOE- Page 17 of 21
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(iv)
1 -2 3 5 0
x=2y=3y+5w=0
0 1 4 9y 0
Mx = = = y+4z+9w=0
0 0 1 2| = 0
z42w=0
0 0 0 0/lw 0
Using GC, we get x=—w, y=-w,z=-2w
x -w (1 1
y -w 1 . .
So, = =—w A basis for K| is
z 2w 2
w w -1 -1
1 -2 0 -3Yx 0 il
xX— - =
M iz . = y+2w 0
X= = =
“7lo 0 0 ofz|7|0 i
z+w=0
0 0 1 1 /lw 0
Using GC, we get x=—w,y=-w,z==2w
x) [ -w 1 1
) 2w 2
So, Yl " =—w i A basis for X, is
Z -w 1
w w -1 -1
] | = ’) !1
- -Qa)-= =
™ Mxz MA 2 M(%-2)=0 F x-2ck,
MIELY
= S B { ‘ i '-'q
Mk M S Mi(o-a)=0 7 -2 ek,

' [5ts . 5
Fur—,‘.l-\efﬂ"lore X."X'Vz - 0([9'_) = ﬁg}l) 0\ :2?3 "= (g'
o= =1 ‘l! SARRY a-B 477X o
ol= P - L I B B
k-2p = - 7P
ld"&: ¢-—l 1 [

Chapter 13C: Matrix Spaces and Linear Transformation
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%}:ar]l.]ple 6 (9225/1995/0]/Q9)
< :
1ear transformations T : R* — R* is represented by hemANAY ol

1 2 _3‘ :'_4 I‘.
2 & L4 | = b ||
3 a’+5 2¢-7 3%;)'_,'9' .
6 a’+12 2a-14 3a-18 -
“baoTz,X 0=,% bnao | = ¥42]

!

Show that, provided a#-1 and a#2, the dimension of the range space of Tjis 3.

M

In the case where a =2, g \ /1"
()  show that the dimension of X, the null space of Tyiis 2, 1 - ..

pY{r

*w - - . - S

(i)  show that there is a basis of X, which is to be fround, o;f fhg form{ (1] Lol where p, g,

| oS v ) . S ] 3 | {5 | +arl At
r and s are integers. RHNATELTL LR ’
1 u v/ |
) - 20 & ol .
(iii) . find a solution of Ax = 3 of the/forin | | [, where u, v and w are non-Zero integers.
\ -: 6 W

Solution : | ki ] s |1 :
\(1 % a3l /-4 -7 -10

10

After doing row operations, 2| =2 . 9 = _5‘ M} ,O : : A 3
Tl W pon o3 a5 28=7713a-9 (-0 10 0124 +2a+4 -3a*+3a+6

6 a’°+12 2a-14 3a-18 0-0. .0 0

Since a#—1 and a#2, —-3a“+.lo.+4,#_;o . So- 4he ) ref -of the Matrix is

I 0 -1 -o f

o 11 g, bt e s @ 3 nonzero tows. Tl'\qs the dimension
o %1 = b

PR - af.(_-\-{qeranje quoee%TWEFSB-

1 2 -3 -4 1 0 -7 -10
@) Sincea=2,{2 > 4 218 3
3 a+5 2a-7 3a-9 00 0 O

6 a*+12 2a-14 3a-18 00 0 O
—he rankof THS 2 So +he dim og ahe nul| o of T © 4-2:2_

Chapter 13C: Matrix Spaces and Linear Transformation
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G Forhe nal space o T,
)0 1 10y i xy (o X o -TX;-10X, = 0
o ! 9 o ) 2 4
(0 9 0 %) }[:.\ ~(g) = Y #2¥; 43X =20
0 p o o X¢ 0

" L?F\ll: ! ond K+:0, =Tl and » ==
let ¥, =20 and Xq=1, %, =100nd X2 =3

e )
o/’ \

]
(iii) Notie +hod g s +he hest colomn  vedor e?ﬁ

6
cleol (%
o
| | g
The 6S of ft,@ > F) vould be (g) T -11 )+ F(‘oj) o EIR,
o I /

6 b

: 1 10 |+ 7% + 10§
s \0 PP B2 -
o 5 { E

Since 4he Sewnd wwr""e”* of Jhe !'PD\uerOP Soln ;s 0,

~1L - 3p=0 :
Choose *=1 6*;"@:’4 S Soln woidd be (?
-+

i ian C %7 2pd 4 At

Chapter 13C: Matrix Spaces and Linear Transformation
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SUMMARY

B2
Flm‘l a basts Por the row
of A3 0 3 3

o - -4
E T+ 3
6 3

50 b
Som

The rref o8 A

Spac ond P Hhe olimn Spag
3

-

3
t9

Chapter 13C: Matrix Spaces and Linear Transformation
Page 21 of 21




