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Chapter 12 - Applications of Integration 19 

Example 13 

The region R is bounded by the curve y = xi , the x-axis and the lines x = 1 and x = 2. 

Find the exact volume of the solid of revolution obtained by rotating R about the x-axis through 

four right angles. 

Solution: 

The required volume 

= 7r r y2dx 

Self-Review 7 

y 

X 

The region bounded by the graph of y = ✓ x, the line x = 2 and the x-axis is rotated completely 

about the x-axis. Show that the volume of the solid formed is 21t units3. 

12.3.2 Volume of a Solid of Revolution Formed-by Rotating Region Bounded Between Two 

Curves About the x-axis 

Volume of the solid formed when the region S bounded between the curves with equations 

y = g(x) and y = ftx) is rotated through 2n radians about the x-axis is given by 

Vx = 1r J: [f(x)]2 dx-nJ: [g(x)]2 dx 

=nf {[f(x)]2-[g(x)]2} dx 

Example 14 

y 

b 

y = g(x) 

Y = ftx) 

X 

The region R is bounded by the curve y = 4- xi and the line Y = 4-2x. Show this region clearly 

on a sketch and find the exact volume of the solid formed when this region is rotated through four 

right angles about the x-axis. 
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Solution: 

y 

y=4-x
2 

0 

y=4-2x 

To find the points of intersections of the two curves, we set 

4-2x=4-x
2 
⇒ x(x-2)=0 ⇒ x=O or 2. 

When x = 0 , y = 4- 2(0) = 4 

When x=2, y=4-2(2)=0 

Volume, V, =I i. J,' ( ~ -·ri~,1 - ~ ]'; l Q- lr)' ,I,, 

= n J:(16-8x
2 
_+x

4 
)-(16-16x+4x

2
) dx 

= n J:16x-12x
2 
+x

4 
dx 

2 3 1 5 

[ ]

2 

=n 8x -4x +sx 0 

32) 32 . 3 
=n(32-32+- =-n umts 

5 5 

Example 15 (MB N74/l/7)· (Self-Reading) 

20 

Alternatively, 

n fo\4-2x)
2 

dx 

= n[(4-2x)3]

2 

I 32 3(-2) , 

=-n 
3 

Could we use volume of 

cone to replace 

n fo2 (4-2x)2 dx? What 

would be the radius and 
height ofthis cone? 

The region R in the 1st quadrant bounded by the lines y = x, x = 2, y = 0 and the curve y = .!.. is 
X 

rotated completely about the x-axis. Compute the exact volume of the solid formed. 

Solution: 
y 

11---~ 
1 

y=
x 

X 

We divide the region R into regions A and Bas shown above. 

VA = volume ofcone with height 1 unit and radius 1 unit = ! n (I )2 ( 1) = ! n units3 

3 3 
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Vs= nJ 2

-

1 
d.x =-n[.!.]

2 

=-1r[!-1]=!1r units3 

I X
2 

X I 2 2 

' d l 1 1 5 ·3 
Requrre vo ume = 

3
1r + 

2
1r = 

6 
,r uruts . 

Self-Review 8 

The region bounded by the curve y = x
2 + 1 and the straight line y = x + 3 is denoted by R. Show 

that the volume of the solid formed whenR is rotated through 21t radians about the x-axis is 

117 't 3 -1r urns . 
5 

12.3.3 Volume of a Solid of Revolution Formed by Rotation about the y-axis through 21t 

radians · 

The region Tis bounded by the curve x = h(y), the lines y = c, y = d and the y-axis. 

Volume of the solid formed when the region Tis rotated through 21t radians about the y-axis is 

I V, = ,{ x' dy = "r [h(y)J dy I 

Scan the QR code to visualize the volume of 

solid ofrevolution about they- ax.is 

Example 16 

y 

The region R is bounded by the curve y = r where x ~ 0, the y-axis and the line y = 2. Find in 

terms of n, the volume of the solid generated whenR is rotated through4 right angles about the y

ax.is. 

Solution: 
y 

y =r 

2 1----+-- y = 2 

0 

Example 17 

A region R is bounded by the curve y = ~ and the lines y = 2x, x = 0 and y = 4. Show this region 
X 

clearly on a sketch. Find, in terms of1t, the volume of the solid formed when this region is rotated 

through 4 right angles about the y-axis. 
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Solution: 

y 

y=4 
4 

2 
y=

x 

I X 

The points of intersection of y = ~ and y = 2x: 
X 

Set ~ = 2x ⇒ x2 = I ⇒ x = ±1. 
X 

So P has coordinates (1, 2) as shown. 
By dividing the region R into regions A and B as shown, 
required volume 

\-...q i'--('-'~~ i.:nr .Li t r ~'!J (1--J 

Example 18 

The diagram shows the graph of y
2 

= x -1 . The region 

bounded by the curve, the y-axis and the lines y = -2 

and y = 2 is denoted by R. Find the volume of the solid 
generated when R is rotated through 
(i) 21r radians about the y-axis, 
(ii) 1r radians about the x-axis. 

Solution: 

22 

Rotating region A about y - axis 
results in a cone 

y 

y2=x - l 
2~-----=== y=2 

5, X 

r r 2 r Do you know where the 
(i) V =1t x2dy=21t (y

2
+1) dy =21t (y

4
+2y2+1)dy symmetrical property of the y - 2 0 0 

[ r graph is used? 5 2 3 
412 

= 21t L +L+ y =-1t units
3 

5 3 0 15 

(ii) Let B be the region in the first quadrant bounded by the 
curve, the line x = 5 and the x-axis. y .~ 

y=x-1 Required volume 
2 

A~ 

y=2 
I 

Volume of cylinder Volume generated by I 
I 

~ 

= (A+B) ofradius 2 units - B (rotated about the x-
.... 

1~5l 

r 

~ X 

and height 5 units axis). 
- ") y= -2 
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= 7C.. l '2. ) 'l- ( ,) - 7i. // 1j :z. d?< 

,. '2.Dll...- rt-f,{.,..~ 
- I K-1) (/.')( 

= 1..01l. -r1.- [{-·r· -~] S ::: 2o7L -Jn, 
I 

: I 2Jt. IA../J. t 'ts 1 

23 

Note the angles of rotation in 

this example. Can you 

explain the difference? 

12.3.4 Volume of a Solid of Revolution Formed by Rotating Region Bounded Between Two 

Curves About the y-axis 

Volume of the solid formed when the region S bounded between the curves with equations 

x = g(y) and x = fty) is rotated through 2n radians about the y-axis is given by 

Example 19 (Example 14 revisited) 

Y. 

d1----:K 

The region R is bounded by the curve y = 4- x
2 

and the line y = 4-2x . Find the exact volume 

of the solid formed whenR-is-rotated through four right angles about they-axis. 

Solution: 

Points of intersections of the two curves: 

(0, 4) and (2, 0) . 

y=4-x
2 
⇒ 

y=4-2x ⇒ 

x
2 =4-y 

4-y 
x=--

2 

voll.("'e.. V~ ~ n. f ~ ( 4-ld) d'1 - -}-rt: (1.,. )l lf) 

= 1L [ tl~-.b t - ..!Erl, 
-i,Ju 1 

= f,r_-fAc :J-
} J n.. Wu 'N 1 

y 

y=4-x
2 

0 

y =4-2x 
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12.3.5 Volume of a Solid of Revolution Formed by Rotation through 2,i radians about a line 

parallel to the x- or y-axis 

In handling problems of this nature, it is a common practice to translate the graph parallel to the 

x- or y-axis to obtain a new graph so that the line which the region is rotated about is 

correspondingly translated to coincide with the x or y-axis. The desired volume is then computed 

in the usual way. 

Example20 

The graph of y = -x
2 + 4x + 2 is rotated about the line y = 2 from x = 0 to x = 4. By performing 

an appropriate transformation or otherwise, find the exact volume of the solid thus formed. 

Solution: 

Perform a translation in the direction of y-axis by -2 units. Then the line y = 2 will be mapped to 

the x-axis; the graph of y = -x
2 + 4x + 2 will be mapped to the graph of y = -x

2 + 4x . Thus the 

volume required= volume of the solid formed by rotating the graph of y = -x2 + 4x in the x-axis. 

y 

~y =-X
2 +4x 

Volume of solid formed 1(., j
0
'1 (- ·r·+4~)~ c(')(:: £]~( --K.~ .f -f-J1 ~ (C:itl~ Jo{'>o 

~ ft,,(j-'f~ -2l ~ -t ~1]; :::- fft-,c.u.llt7'/1 

Example 21 

X 

The region R is bounded by the curve y = :x?-, the x-axis and the line x = 2. Find the volume of the 
solid generated when R is rotated completely about the line x = 2. 

Solution: 
y 

y 
y=x2 

~ 
0 X -2 0 X 

x=2 

~l'icl 1 f('(~1;) 
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Example 22 

The diagram shows the region R bounded by the curve with equation x = (y - 3 )
2 

- 9 , the x-axis 

and the line x = -9. Y 

0 

Fmd x=~ 

(i) theareaoftheregionR, 

(ii) the volume of the solid ofrevolution formed when the region R is rotated through 360° about 

the y-axis, leavmg your answer m terms of 1t, leavmg your answers exact. 

Solution: 

I ..4(tQ of-~ =Jo 3--~ d_?( :: [ 'J?<-J::.( ?{-ft/ //2.Jo -;: r IU/f,'1 
-q ') -'f 

?D -= U1, 1 l ~ -q -::: > 3-i ( ?f l 1 ) 'i 

~5l#IU '1=->.·. o/,; 3 -OCl·?)l 

Alternatively, 

Area of R = Area of rectangle - Area of S 

-9(3)-( {[(y-3)' -9 }ty) 

[ 
I 

3 
]

3 

= 27 + 3(y-3) -9y 0 

= 27 - 18 = 9 units
2 as above 

(ii) Volume generated 

:: 1l('fJ~(1) -rt;:Jz.t!J 

:= 2."1 tt.-- ,ch-'[ C "}- JJ-1. _ q ],, d.'j 

Vol generated 

= volume of cylmder with 

r= 9, h = 3 

- volume S (rotated about 

the y -axis) 
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= 2431t-1t f (y
2 
-6y )2 dy 

= 2431t-1t f (y
4 
-12y

3 + 36y
2

) dy 

[ 
1 5 4 3] 3 567 . 3 =2431t-1t 
5

y -3y +12y 
O 

=-
5
-1turuts 

12.3.6 Motion problems - displacement function, velocity function & acceleration function 

Recall that, for a particle moving in a straight line, if s(t) is the displacement function, v(t) is the 

velocity function, then v(t) = t . 
Thus, the displacement function of the particle is given by: s(t) = J v(t) dt. 

Also the displacement in a time interval a~ t ~bis given by: s(t) = J: v(t) dt = s(b)-s(a) . 

If a(t) if the acceleration function of the particle, then a(t) = ~~ . Thus v(t) = J a(t) dt. 

Example 23 (Independent learning) 

A particle P moves in a straight line with velocity function v(t) = t2 
- 3t + 2 ms·1

• Given that at 
time t = 0, P is 3 metres away from a given point O on the line. 
(i) What is the initial velocity and acceleration of P? 
(ii) Find the displacement function of P. 
(iii) Find the times when Pis at instantaneous rest. 
(iv) How far does P travel in the first 4 seconds of motion? 
(v) Find the displacement of Pat the end of 4 seconds. 

Solution: 

(i) a(i) = t = 2t-3 t = O This means that P starts to 
_k...._?~_--~~;:~~~::::::~------+-m_ove away from point 0 When t = 0, we have 

v(0) = 02 
- 3(0) + 2 = 2 ms- 1

, 

a(0) = 2(0)-3 = -3 ms-2
• 

o ; ~ with velocity 2 ms-1
, and the 

v = 2 ms·' velocity is initially 

decreasing at the rate of 
3ms-2• 

(ii) The displacement function is: 

J J
2 1 3 3 2 s(t)= v(t)dt =-- t - 3t+2dt=

3
t -

2
t +2t+ c 

At t = 0, s(O) = 3 , we have 

3 = .!. (0)3 -I (0)
2 + 2(0) + C 

3 2 

⇒ c =3 

1 3 3 2 2 3 Therefore s(t) =- t - - t + t + 
' 3 2 

At time t 

Can s(t) be negative? 
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(iii) When P is at instantaneous rest, then v(t) = o 

t
2
-3t+2=0 ⇒ (t-l)(t-2)=0 ⇒ t=l,2 

• 
0 

t= 0 t=2 t= 1 t=4 

(iv) We have s(O) = 3 

s(l) = .!_(1)3 _i (1)2 + 2(1) + 3 = 23 
3 2 6 

s(2) = .!. (2)3 
_ i (2)2 + 2(2) + 3 = !..! 

3 2 3 

s(4) = .!_(4)3 _i(4)2 +2(4)+3 = 
25 

3 2 3 

Distance travelled from t = O to t = 1 is : 

di= It v(t) dtl = ls(l)-s(O)I = 1
2
:-31 =l¾I =¾ 

Distance travelled from t = 1 to t = 2 is : 

d2= If v(t) dtl = is(2)-s(l)I = 1
1

3

1
-

2
:1 = 1-¼I =¼ 

Distance travelled from t = 2 to t = 4 is : 

d3= If v(t)dtl= is(4)-s(2)1=12; _ 1;1=11:1= 1; 

27 

The velocity function, v(t) , 

changes sign at t = 1 s and 

t = 2 s . 

From the diagram, we can 

see that at t = 0 s, the particle 

P starts to move away from 

point 0 . At t= 1 s, it 

reverses its direction to move 

towards O and then at t = 2 s, 

it reverses its direction again 

and moves away from 0. 

Total distance travelled in the first 4 s =~+.!..+ 14 = 5~ (m) Note that distance is not a 
6 6 3 3 vector 

Alternatively, 

Total distance travelled in the first 4 s 

,,; fo4 
lv(t)I dt = f Jt2 

- 3t + 2j dt = -5.67 (m) (By GC ) 

(v) Displacement after 4 s 

= final position - original position 

25 1 
= s(4)-s(0)=--3=5-(m) 

3 3 

Alternatively, displacement after 4 s 

1
4 25 1 

= v(t) dt = s(4)-s(O) =--3 = 5-(m) 
0 3 3 

That is after 4 s P has a displacement of 5 .!.. m in the direction 
, ' 3 

away from the fixed point 0. 

Note that displacement is a 

vector 
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12.3.7 Miscellaneous Examples 

Example 24 [ACJC Prelim 2017/2/2] 

A Ch 
. . 1 h 1t 31t 

curve as parametnc equat10ns x = cost, y = 
2 

sin 2t , w ere 
2 

~ t ~ 
2 

• 

28 

(i) Find the equation of the normal to Cat the point P with parameter p. [2] 

The normal to Cat the point when t = 
2

1t cuts the curve again. Find the coordinates of the point 
3 

of intersection. [2] 

(ii) Sketch C, clearly labelling the coordinates of the points where the curve crosses the x- and 
y-axes. [l] 

(iii) Find the Cartesian equation of C. [2] 

The region bounded by C is rotated through 1t radians about the x-axis. Find the exact volume 
of the solid formed. [3] 

Solution: 

(i) x=cost ⇒ 

1 . 2 y=-sm t ⇒ 
2 

dx . 
-=-smt 
dt 

dy 1 
- = -(2cos2t) = cos2t 
dt 2 

⇒ gradient of normal = sin P 
cos2p 

Equation of normal at the point ( cos p ,½sin2p} 

1 . 2 sinp ( ) y--sm p=-- x-cosp 
2 cos2p 

⇒ 
1 . 

2 
sinp sinpcosp 

y=-Slil p +--x-----
2 cos2p cos2p 

sinp sin2p 2sinpcosp 
⇒ y=--x+-- - - ---

cos2p 2 2cos2p 

⇒ y = sin p x + _!_ ( sin 2 p - tan 2 p) 
cos2p 2 

Substitute p = 
2

7r into the above to find the equation of normal 
3 

at this point, 

. 21r 

sm 3 1 ( . 21r 21r ) 
y = ---='---x +- sm 2(-) - tan 2(-) 

2(
27r) 2 3 3 

cos -
3 
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✓ 3 

- 1( ✓ 3 J y=.-Lx+- --- ✓ 3 
1 2 2 

2 

⇒ y==- ✓ 3x-¾(3 ✓ 3) ...... (1) 

To find the other point of intersection of normal and C: 

Substitute x = cost and y = ½ sin 2t into (1): 

½sin2t = - ✓ 3 (cost)-¾( 3 ✓ 3) 

½sin2t + ✓ 3 ( cost)+¾( 3 ✓ 3) = O 

FromGC, 

21l' 
t = 2.094395 (corresponds tot=-) or t = 3.495928 

3 

Hence, t = 3.495928 is the parameter of the point where the 

normal cut the curve again. 

Thus x= cost= cos3.495928 =-0.938 , 

y = .!..sin 2(3.495928) = 0.325 
2 

Therefore, the coordinates of the point is (-0.938, 0.325) 

(ii) 

( ... }.O) 

(iii)To find the Cartesian equation of the curve C, we just need 

to eliminate the parameter t from the equations 

1 . 2 
X = COS t , y = - Slll t 

2 

x =cost ⇒ x
2

=COS
2
t 

1 . 2 . t 
y = - Slll t ⇒ y = Slll t COS 

2 

⇒ y2 = sin 2 t cos2 t = ( 1 - cos
2 t) cos

2 
t = ( 1 - x

2

) x
2 

. ·. Cartesian equation: y2 = ( 1- x
2 

) x
2 

At x-intercept, 

y=O 

sin2t = 0 

2t = 0, n,2n, 3n 

S
. 1t 31t 
mce - s; t s; - , 

2 2 

'Tr: 3n 
t=- 'Tr:-

2' ' 2 

'Tr: 
x=cos-=0 

2 

x=cosrr=-1 

3n 
x=cos-=0 

2 

29 
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Volume required =J0 

1r y2 dx 
-1 

=irf,(1-x'}x' dx=irf/-x' dx=ir[ ~ - ~I 
2 . 3 

=-1r umts 

Example 25 (N2009/1/4) 

It is given that 

15 

f(x)={7-x
2 

forO<x:52, 

2x-1 for 2 < x :5 4, 

and that f(x) = f(x+4) for all real values of x. 

(i) Evaluate f(27)+f(45). 

(ii) Sketch the graph of y = f(x) for -7:5:x:510. 

(iii) Find s: f (x) dx. 

Solution: 

(i) f(27) 

=f(23 +4) = f(23) = f(19 + 4) = f(19) = · · · = f(3) = 5 

(In fact, 27= 4x 6+3 ⇒ f(27) = f(3) = 5) 

Similarly, f(45)= f(llx4+l)=f(1)=6 

:. f(27)+f(45) = 5+6 = 11 

(ii) y= 7-J? 

y 
y= 2x- l 

(-7, 6) 

-6 -4 -2 2 3 4 6 

(10, 3) 

10 

f 
3 J-2 Jo f 2 J3 (iii) f(x) dx = f(x) dx+ f(x) dx+ f(x) dx+ f(x) dx 
-4 -4 -2 0 2 

From the graph, we see that 

J-2 r2 r2( 2) 34 
-4 f(x)dx= Jo f(x)dx= Jo 7-x dx= 3 , 

fo f(x)dx=f
4

f(x)dx=f\2x-1 }dx=lO, 
- 2 2 2 

J: f(x)dx= f:(2x-l )dx=4 

3 34 34 2 
Hence f f(x)dx=-+10+-+4=36-

, -4 3 3 3 

30 

X 


