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A particle is moving along the curve with equation 16x” +9y* =144

] =2cms™ and % is positive when x = J5.

Find the rate of increase of x at this instant. [4]

Mr. Li invested a total of $30000 and divided this sum into three accounts, which paid
2%, 3% and 5% annual interest respectively.

At the end of the first year, Mr. Li withdrew all the money out from the 2% and 5%
accounts and gave the interest earned to his son. The amount in the 3% account, including

interest, was re-invested in the same account for another year.

At the end of the second year, Mr. Li withdrew all the money out of the 3% account and
gave the interest earned to his son.

The total interest received by the son from the three accounts was $1423.50.

Given that the amount invested in the 2% account was $1000 more than the amount
invested in the 5% account, find the amounts invested in each of the three accounts. [4]

(i) Prove that for x>0, the substitution y=wux reduces the differential equation

(y—x)[%—z)z ¥ +2x% to

x
u 1 du
(u2+2"u2+2)(aj_1' (21

(ii) Hence find the general solution of the differential equation

(y—x)(%—;)=y2+2x2 for x>0. [3]

(i)  Sketch the curve with equation x* + 3* — 6x=7. [2]

(i) Theregion R is bounded by the curve x* + y* — 6x =7, for x >3, and the line x = 3.
2

Given that I:J a’—x*dx= % , find the exact volume of the solid of revolution

formed when R is rotated completely about the y-axis. [4]

H2 MA §758/2020 RI Year 6 Preliminary Examination Paper 1



(a) Find J xcosx” dx. (1]
(b) Use integration by parts to find Ixcos 2x dx. [3]
Hence or otherwise find J‘f xcos’ x dx. [3]

3

The diagram below shows the curve of y=f (x) The curve has a minimum point at
(-2, 2), a maximum point at (2,—3) and cuts the y-axis at (0,3). The lines x=1, x=4
and y =3 are the asymptotes to the curve.

J}

x=1 x!:4

On separate diagrams, draw sketches of the following graphs, stating the exact coordinates
of any turning points and/or points of intersection with the axes, and the equations of any
asymptotes, where possible.

(@ y=f(l-x). [3]

® y=——. 3]
f(x)

© y=f@). 3]
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It is given that f(r)= — Show that f(r+2)—f(r) :-(izr;f)zz)—. [2]
r - n+l
@) Show that 2(3’ 82 _Gn-22" o (4]
= r(r-2) n(n—1)

n+l

(ii) Hence find Z r-2) in the form M——-{-C where 4, B and C are
< r(r+2) (n+B)n+1)

integers to be determined. . [4]

Do not use a calculator in answering this question.
(a) () Solve the equation z* = 4i —3. [3]

(i) Solve the equation z* +6z* +25=0. (3]

(b)  Find the modulus and argument of the complex number w = i_ il . Hence find the
+3i

possible values of the positive integer » for which w” is real. [4]

A curve C has parametric equations

4
x=tInt, y=—+¢,

for t?.l.
2

(i) C meets the y-axis at point P and line L is the normal to C at P. Show that the
equation of L is

2
s e x+4+e_ [4]

(ii) Sketch the curve C, stating the coordinates of any turning points and points of
intersection with the axes. [3]

(iii) The finite region bounded by C, L and the line x= —;—h{%) is denoted by R. Find

the area of R. [3]
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The plane 7, contains the point A4(1,2,-1) and the line / with equation

o O

, y=—1. The plane 7, contains the point B(-5.5,3,2) and meets 7, in the

2 3
line /.
(i) Find the equation of 7, in scalar product form. [3]
4.5
(ii) Show that the vector BF is | —4 |, where F is the foot of perpendicular from B to /.
3
(3]
(iii) Find the exact value of the shortest distance from B to 7,. [2]

(iv) Hence or otherwise find the acute angle between 7, and 7,, giving your answer to
the nearest 0.1°. (3]

Figure 1 shows an open container in the form of a trapezoidal prism ABCDEFGH with
square base ABCD and 4B = AE = BF = EH = a cm, where a is a constant. The container

is made of plastic of negligible thickness and is placed on a horizontal surface. The faces
BCGF and ADHE are inclined at an angle @ radians, 0 <8 < -;E, to the horizontal surface,

and faces ABFE and DCGH are perpendicular to base ABCD. Figure 2 shows its cross-
sectional view.

Figure 1 Figure 2

/\ ‘

E - a a
] o)\ fo
/=~ Height of the

:’ N
A a B container Horizontal surface
Trapezoidal Prism Cross-Sectional View

(i) Show that the volume ¥ cm® of the container is given by ¥ = a’ sin(1+cos8) . [2]

(ii) Use differentiation to find, in terms of @, the maximum value of ¥ in exact form,
proving that it is a maximum. [5]
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(iii) A particular container is constructed with & = % and it is filled with water to half its

height. Find, in terms of a, the exact volume of water in this container. [3]

The container is then tilted in the direction of the face BCGF until face BCGF and
base ABCD makes the same angle with the horizontal surface.

Figure 3 shows its cross-sectional view.
Figure 3

Base ABCD —» 4«— Face BCGF
a

Horizontal surface
Cross-Sectional View

Explain if it is possible to tilt the container to this position without any water flowing
out from the container. [2]

The von Bertalanffy growth model, introduced in 1938, is widely used in fisheries studies.
It is used to predict the length, L mm of a fish over a period of time, ¢ years. If L, is the
maximum length for a species, then the model assumes that the rate of growth in length of
a fish is proportional to L, —L.

(i) By setting up and solving a differential equation, show that the general solution of
this differential equation is given by L=L_—Ae ™, where k is the constant of
proportionality and 4 is a positive constant. [5]

For the species of fish known as the Atlantic croaker, it has been determined that
L_ =419 mm and at one year of age, its length is 219 mm and the rate of growth in length

is 55 mm per year. Using the above model, obtain an expression for L in terms of #. [3]
(ii) Find its age when the Atlantic croaker grows to a length of 300 mm. [2]
(iii) Sketch a graph of L against 7. [2]
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Section A: Pure Mathematics [40 marks]

. . . 3
An arithmetic series has first term 2 and fourth term u,.

; ; 3
A geometric series also has first term 2 and fourth term u,.

Given that the common ratio of the geometric series is non-negative and the sum of its
.21 . .
first 3 terms is EX find the sum of the first 10 odd-numbered terms of the arithmetic

series. [5]

In a geometric series, the ratio of the sum of the first 8 terms to the sum of the first 4 terms
is 17:16. Find the 2 possible values of the common ratio, 7, , where # >r,. The sum

to infinity of the geometric series with first term @ and common ratio 7, is denoted by §,
and the sum to infinity of the geometric series with first term » and common ratior, is
denoted by S, . Find S, : S, in terms of a and b. [5]

The functions f and g are defined by

f(x)=1+3e™, xeR, x>0,

g(x)=|x-1|(x-3), xe€R,x<c wherec is a real constant.

(i) Given that ¢ = 4, determine if the composite functions fg and gf exist, justifying
your answers. Find the range of the composite function that exists. [4]

(i)  Giventhat g~ exists, state the largest possible value of c. Using this value of c,
find g (x). [4]
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- f
Given that y=¢ [ZJ, show that (4+x2)%=2y. [2]
(i) By repeated differentiation of the above result, find the Maclaurin series for
wr(3)
¢ up to and including the term in x°. [5]
. (5]
(i)  Hence find the Maclaurin series for ~ up to and including the term in x°.

(1+x)

(3]

Referred to the origin O, points 4 and B have position vectors a and b respectively,
where a and b are non-zero and non-parallel vectors. Point C lies on 04, between O
and A4, such that OC:CA=2:1. Point D lies on OB produced such that OD:BD =3:2.

— —
i Find the position vectors OC and OD , giving your answers in terms of a and b.
(2]
(ii)  Show that the point E where the lines BC and AD meet has position vector
4
—a—b; 4
3 [4]

(iii) Show that the area of triangle CDE can be written as k|axb , where k£ is a
constant to be found. [3]

(iv)  Itis given that the point F is on BO produced, and OF bisects the angle 4OF .
Find the ratio OA4:OB. [3]
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Section B: Probability and Statistics [60 marks]

For events X and ¥, it is given that P(X N Y") = % P(XUY") =% and P(X|Y")= %.
Find

(i) PLY"); (2]
@) P(X), _ [2]

(iii) P(X NY) and state with a reason whether X and Y are independent events.  [3]

In a factory, machines pack sugar into bags of 1 kg each on average, with variance o kg’.
The manufacturer is concerned that the machines are putting too much sugar into the bags
and decides to carry out a hypothesis test. A random sample of 8 bags are selected and
their total mass is 8.4 kg.

(i) Stating a necessary assumption, carry out a test of the manufacturer’s concern at
the 5% significance level if o =0.08. [5]

(i)  Use an algebraic method to calculate the range of values of o for which the null
hypothesis would not be rejected at the 5% significance level. [3]

In this question you should state clearly the values of the parameters of any normal
distribution you use.

In a supermarket, the masses in grams of apples have the distribution N(90, 13%) and the
masses in grams of potatoes have the distribution N(170,30%).

(i) Find the probability that the mass of a randomly chosen potato is more than twice
the mass of a randomly chosen apple. [3]

A certain salad recipe requires 5 apples and 6 potatoes.

(ii)  Find the probability that the total mass of 5 randomly chosen apples and 6 randomly
chosen potatoes is between 1.2 and 1.5 kilograms. [3]

The salad recipe requires the apples and potatoes to be prepared by peeling and slicing
them. The process reduces the mass of each apple by 15% and the mass of each potato by
25%.

(iii)  Find the probability that the total mass, after preparation, of 5 randomly chosen
apples and 6 randomly chosen potatoes is not more than 1.2 kilograms. [3]
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The continuous random variable X has the distribution N(u,c?).
It is known that P(X <k)=0.2 and P(X <7)=0.8.

(i) Show that P(k < X <7) = 0.6 and write down the value of P(u < X < 7). [2]
(ii) Express u interms of k. [1]

You may use o =12 for the rest of the question.

(iii)  Show that x=4.0845 correct to 4 decimal places. [3]
(iv)  Find P(X]|<k). [2]

It is given that 2P(X <r)=3P(X > r) for a certain constant, r.

(v)  Ten independent observations of X are randomly selected. Find the probability that
there are more observations of X with values greater than r than observations of X
with values less than 7 in the selection. [4]

A group of 13 people consists of 6 single men and 5 single women and a married couple.
A committee of 7 is to be selected from the group.

(i) Find the number of committees that can be formed if there is no restriction in the
selection. [1]
(ii)  Show that there are 658 such committees with more women than men. [2]

Given that a committee of 7 people is to be selected from the group such that the committee
contains more women than men,

(iii)  find the probability of getting a committee that consists of 4 single women and 3
single men. [2]

(iv) find the probability of getting a committee that contains at least one married
member. [2]

The 4 women and 3 men who were finally selected for the committee included the married
couple. The 7 members sit at random around a table with 7 chairs.

(v)  Find the probability that the men are all separated from each other. [2]

(vi)  Given that the men are all separated from each other, find the probability that the
married couple sit next to each other. [3]
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In conjunction with the Great Singapore Sale, a certain electronics store is having a lucky
draw for their customers. In each round of the lucky draw, the customer draws two balls
randomly, one after another, with replacement from a box containing 20 red balls, 30 blue
balls and 50 white balls. The colour of each ball drawn is noted and points are awarded
accordingly as follows.

Colour of ball Point(s)

Red 5
Blue 4
White 1

The customer’s score in each round of the lucky draw is the total number of points awarded
for the balls drawn. To illustrate, a customer scores a total of 5 points if he draws a blue
ball and a white ball in a round of the lucky draw, regardless of the order of appearance of
the balls.

You may assume that the 100 balls are indistinguishable from each other apart from their
colour.

Let X denote the total number of points scored by a customer in a round of the lucky draw.
(i) Tabulate the probability distribution of X. [3]
(i) Find E(X) and show that Var(X) =6.02. [2]
Mr Lim participated in 50 rounds of the lucky draw.
(iii)  Using a suitable approximation, find the probability that Mr Lim’s average score
is at least 6. [3]
A customer wins a cash voucher if his total score for one round of the lucky draw is more
than 6.

The total number of cash vouchers won by Mr Tan in » rounds of the lucky draw is denoted
by Y.

(iv)  Find the least value of n such that there is a probability of more than 0.7 that Mr
Tan will win more than 3 cash vouchers in total. [4]
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