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I A particle is moving along the curve with equation 16xz +9yz =144.

9=Z" s-' -d I is positive when x=.r6.&&
Find the rate of increase ofx at this instant. l4l

Mr. Li invested a total of $30000 and divided this sum into three accounts, which paid
2%, 3% and 5% annual interest respectively.

At the end of the first year, Mr. Li withdrew all the money out from the 2Yo and 5%o

accounts and gave the i.nterest eamed to his son. The amount in the 3% account, including
interest, was re-invesled in the same account for another year.

At the end ofthe second year, Mr. Li withdrew all the money out ofthe 3% account and
gave t}re interest eamed to his son.

The total interest received by the son from the tkee accounts was $1423.50

Given that the amount invested in the 2o/o ascovnt was $1000 more than the amount
invested in the 5%o accotnt, find the amounts invested in each ofthe three accounts. t4l

(ii) Hence find the general solution ofthe differential equation

(dv v\
Id,-;.,] t3l(v-") =y2+2xzforx>0

(D Sketch the curve with equation x2 + yz - 6x =7 . l2l

(ii) The region R is bouoded by the curve x'+y'- 6x=7,for x>3,andthe line x=3.

Given that J" a"-x'dx=
2

'o , frod the exact volume of the solid of revolution
4

formed when R is rotated completely about the]r-axis.
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3 (i) Prove that for x>0, the substitution y=r.s reduces the differential equation

. ( d, ,\U-r)lY-Ll=y2 +2x2 to\cx ''l 
t'.r--.r-)[gl)=,. tz]
\u2 +2 u2 +z)lax )

4

t4)
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5 (a) Find
J

x cos.r' dx. tll

i t3lO) Use integration by pa(s to find rcos 2x dx.

Hence or otherwise find t3l

The diagram below shows the curve of y = f(x) . The curve has a minimum point at

(-2,2) , a maximum point at (2,-3) and cuts the y-axis at (0,3). The lines x=l , x--4
and y = 3 are the asymptotes to the curve.

y = f(x)

l ' -rcos'x dx-

6

v

Y=l

(-2,2)

(2,-3)

4

On separate diagrams, draw sketches ofthe following graphs, stating the exact coordinates

ofany turning points and/or points of intersection with the axes, and the equations of any

asymptotes, where possible.

(a) y --f (1-x) t3l

0,r) I

x

x1JT

(b)
1

' f(,)

v=f'(x).

t3l
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It is given that f {r) = !.Show that f (r+z) -f (r) = r(r-2)'

(i) Showthat )
3r -8 z'.

3r-8 2'.
7 12)

14)

t4l

/=3 r-2 n(n -1)( )

(ii) Hence hnd i
r=l

3r -z)2'
r(r +2)

in the form lSnl!:)z'-': +c wherc A,B and c are
(n+ B\(n+1)

8

integers to be determined. t4l

Do not use a calculator in answering this question.

(a) (r) Solve the equation z2:4i-3. t3l

(ii) Solve the equation za +622 +25--O. i3l

(b) Find the modulus and argument of the complex numb 
", 

* =9:4. Hence find the
5+3i

possible values ofthe positive integer z for which y' is real. t4I

9 A curve C has parametric equations

x = tlnt,

(iii)

4
Y=-+e',

e

for t>1.
2

(i) C meets the y-axis at point P and line Z is the normal to C at P. Show that the
equation ofZ is

e 4+e2
' 4-e' e

(ii) Skerch the curve C stating the coordinates of any turning points and points of
intenection with the axes. t3l

The finite region bounded by C, Z and the li". , = +hfl) is denored by.R. Find' 2\2)
the area ofR. t3l
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10 The plane z, contains the point A(7,2,-l) and the line

-11-

= 
==, y = -1 . The plurc x, contains the pointB(-5.5,3,2)

2 3 ''
line /.

i with equation

and meets n, in the

t3l

0

(i) Find the equation of r, in scalar product form.

tll

11

(ii) Show that the vector 8I- is , where F is the foot ofperpendicular from B to /.

t3t

(iii) Find the exact vaiue offhe shortest distance from B to 2,. 12)

(iv) Hence or otherwise find the acute angle between r., atd r, giving your answer to

the nearest 0.1". t3l

Figure 1 shows an open container in the form of a trapezoidal pism ABCDEFGH with
square base IBCD alo'd, AB = AE -- BF -- EH = a crn, where a is a constant. The container

is made of plastic of negligible thickness and is placed on a horizontal surface. The faces

BCGF and ADHE are inclined at an angle d radians, O < e . + ,to the borizontal surface,
2

ard faces ABFE ard DCGH are perpendicular to base ABCD. Figure 2 shows its cross-
sectional view.

Figure I
H

Figure 2

a

d

E a

C
a e

AaB
Trapezoidal Prism

Height of the

container
Horizontal surface

Cross-Sectional View

(i) Show that the volume / cm3 of the container is given by V = a3 sin0(7 + cos 0) .f2)
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(ii) Use differentiation to find, in terms of a, the maximum value of I/ in exact form,
proving that it is a maximum. t5l
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(iii) A particular container is constructed with d = 1 and it is filled with water to half its
J

height. Find, in terms of a, the exact volume of water in this container. t3]

t2

The container is then tilted in the direction of the face BCGF u:ntil face BCGF ar,d'

base ABCD makes the same angle with the horizontal surface,

Figure 3 shows its cross-sectional view.

Figure 3

Base ABCD Fzce BCGF
d

Horizontal surface

Cross-Sectional View

Explain if it is possible to tilt the container to this position without any water flowing
out from the container. l2l

The von Bertalanffu growth model, introduced in 1938, is widely used in fisheries studies.

It is used to predict the length, I mm of a fish over a period of time, I years. If I. is the

maximum length for a species, then the model assumes that the rate of gro*'th in length of
a fish is proportio nal to L--L.

(D By setting up and solving a differential equation, show that the general solution of
this differeutial equation is given by L= L*- Ae-b , where /r is the constant of
proportionality and I is a positive constant t5l

For the species of fish known as the Atlantic croaker, it has been deterrnined that

tr- = 419mm and at one year of age, its length is 219 mm and the rate of growth in length

is 55 mm per year. Using the above model, obtain an expression forZ in terms of/- t3]

(ii)

(iii)

Find its age when the Atlantic croaker grows to a length of 300 mm.

Sketch a graph ofl, against t.

H2 MA 9758/2020 Rl Year 6 Preliminary E)Gmination Paper 't
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Section A: Pure Mathematics [40 marks]

I An arithmetic series has first terrn J and fourth temr ao.

A geometric series also has first term 1 and fourth term ua.

Given that the common ratio of the geometric series is non-negative and the sum of its
)t

first 3 terms is 1l . find the sum of the first l0 odd-numbered terms of the arithmetic2'
series. t5l

2 In a geometric series, the ratio of the sum of the first 8 terms to the sum of the fint 4 terms

is 17:16. Find the 2 possible values of the common ratio, 4, r, where 4 > rr. The sum

to infinity of the geometric series with fint term a and common ratio ri is denoted by ,1,

and the sum to infrnity of the geometric series with flrst term D and conruron ratio r, is
denotedby,Sr. find S,:S, in terms of aardb. t5l

3 The firnctions f and g are defined by

f(r) = 1a 3 s-',

g(-r)=lx-tl(r-r),
xelR,x>0,
.r e )R, x < c where c is a real constaDt.

o Given that c = 4, determine ifthe composite functions fg and gf exist, justiffing

your answers. Find the range ofthe composite function that exists. t4]

(ii) Given that g-t exists, state the largest possible value of c. Using this value of c,

frnd g-'(x). t4I

H2 MA 9758/2020 Rl Year 6 Preliminary Examination Paper 2
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4 Given rhat y = "*-'(i), show that (+* flff=zr. 12)

14)

(D

(ii)

By repeated differentiation of the above result, find the Maclaurin series for
*"f:)

e \'/ up to and including the term in .r3. t5]

-""-'(,
Hence find the Maclaurin series for i - up to and including the term in .r'?.

(t + x)'
t3l

5 Referred to the origin O, points A and B have position vectors a and b respectively,
where a and b are non-zero and non-parallel vectors. Point C lies on OA,belween O
andl, such that OC:CA=2:1 .Point D iies on OB produced such that OD:BD=3:2.

(D Find the position vectors 7d and OA , girio, ,o* answers in terms of a and b.

t21

(ii) Show that the point E where the lines BC and AD meet has position vector
t
-a-b.
3

(iii) Show that the area of triangle CDE car- be written as /claxbl, where ft is a
constant to be found. t3l

(rO It is given that the point F is on BO produced, and OE bisects th e angle AOF .

Find the ratio OA: OB . I3l
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Section B: Probability and Statistics [60 marksl

For events X ard Y,it is given that P(XnI')= l, ,(rrrl=
2

Find

(iD Use an algebraic method to calculate the range of values of o2
hypothesis would not be rejected at the 5% significance level.

I *a rrxlrr=fl

(i) Pg), l2l

(iD P(x), l2l

(iii) P(X in and state with a reason whether X and I are independent events. t3l

In a factory, machines pack sugar into bags of I kg each on average, with variance o2 kg2.

The manufacturer is concerned that the machines are putting too much sugar into the bags

and decides to carry out a hypothesis test. A random sample of 8 bags are selected and
their total mass is 8.4 kg.

(i) Stating a necessary assumption, carry out a test ofthe manufacturer's concern at

the 5% significance level if o = 0.08. t51

for which the null
t3l

In this question you should state clearly the values of the parameters ofany normal
distribution you use.

In a supennarke! the masses in grams ofapples have the distribution N(90, 13'z) and the

masses in grams ofpotatoss have the distribution N(l70,30'?).

(i) Find the probability that the mass of a randor y chosen potato is more than twice
the mass ofa randomly chosen apple. t3l

A certain salad recipe requires 5 apples and 6 potatoes.

(ii) Find the probability that the total mass of 5 randomly chosen apples and 6 randomly
chosen potatoes is between 1.2 and 1.5 kilograms. t3l

The salad recipe requires the apples and potatoes to be prepared by peeling and slicing
them. The process reduces the mass ofeach apple by 15% and the mass of each potato by
25%.

(iii) Find the probability that the total mass, after preparation, of5 randomly chosen

apples and 6 randomly chosen potatoes is not more than 1.2 kilograms. t3I
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9 The continuous random variable Xhas the distribution N(p, o'?).

It is known that P(X <k)=O.2 and P(X < 7) = 0.8.

(i)
(ii)

Show tlrat P(k < X <7) =0.6 and write down the value of P(p < X <7)
Express p in terms of&.

You may use o2 =12 for the test of the question

Show that p= 4.0845 correct to 4 decimal places.

Find P(xl< ft).

tzl
trl

t3l

I2l

t0

(iii)
(iv)

It is given that LP(X <r)=lP(/ > r) for a certain constant, r.

(v) Ten independent observations ofX are randorrly selected. Fiod the probability that
there are more observations ofXwith values greater than r than observations ofX
with values iess than r in the selection. t4l

A group of 13 people consists of 6 single men and 5 single women and a married couple.
A committee of 7 is to be selected from the group.

(i) Find the number of committees that can be formed if there is no restriction in the
selection. tll

(ii) Show that there are 658 such committees with more women than men. l2l

Given that a comm'ittee of 7 people is to be selected from the group such that the committee
contains more women ttran men,

(iii) find the probability of getting a committee that consists of 4 single women and 3

single men. L2|

(w) frnd the probability of getting a committee that contains at least one married
member. 12)

The 4 women and 3 men who were finally selected for the committee included the married

couple. The 7 members sit at random around a table with 7 chain.

(v) Find the probability that the men are all separated from each other. t2l

(vi) Given that the men are all separated from each other, find the probability that the

married couple sit next to each other. t3l
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ll In conjunction with the Crreat Singapore Sale, a certain electronics store is having a lucky
draw for their customers. In each round ofthe lucky draw, the customer draws two balls
randomly, one after another, with replacement from a box containing 20 red balls, 30 blue

balis and 50 white balls. The colour of each ball drawn is noted and points are awarded

accordingly as follows.

Colour of ball Point(s)

Red 5

Blue 4

White I

The customer's score in each round ofthe lucky draw is the total number ofpoints awarded
for the balls drawn. To illustate, a customer scores a total of 5 points if he draws a blue
ball and a white ball in a round of the lucky draw, regardless ofthe order of appearance of
the balls.
You may assume that the 100 balls are indistinguishable from each other apart from their
colour.

Let Xdenote the total number of points scored by a customer in a round ofthe lucky draw

(D Tabulate the probability distribution ofx

(ii) Find E(X) and show thatVar(n=6.02.

Mr Lim participated in 50 rounds of the lucky draw.

t3l

t2)

(iii) Using a suitable approximation, find the probability that Mr Lim's average score
is at least 6. I3l

A customer wins a cash voucher if his total score for one round of the lucky draw is more
tha" 6.

The total number ofcash vouchers won by Mr Tan in z rounds ofthe lucky draw is denoted
bv r.

(iv) Find the least value of z such that there is a probability of more than 0.7 that Mr
Tan will win more than 3 cash vouchers in total. I4l

H2 MA 9758/2020 Rl Year 6 Prelirninary Examination Paper 2

PartnerlnLeaming
635



to F
- $ o- c0

20
20

 R
I 

E
2 

M
.th

em
et

ic
a 

P
re

lim
 P

&
pe

r 
I 

S
ol

ut
io

ls

P
ar

tn
er

ln
Le

am
in

g

I
A

 p
st

ic
le

 i
6 

bo
vi

ng
 6

lo
ng

 t
he

 c
rE

ve
 w

ilh
 e

qu
s.

ti 
on

 l6
x1

 +
9y

' =
lM

dv
 

.d
x.

9=
zc

m
e-

' 
an

d 
fr

 is
 n

os
iti

ve
 w

he
n 

x=
.6

.
F

in
d 

th
o 

rE
&

 o
f 

irc
ro

al
G

 o
fr

 a
t 

th
is

 in
st

an
t.

t4
t

I4
l

l6
t1

+
9y

" 
=

14
4

W
ho

nr
=

.6
:/=

14
4 

- 
16

(5
)

9

I 3

D
iff

er
on

tia
le

 e
4u

at
io

D
 
w

ith
 r

es
pe

ct
 
to

 r
:

rz
, 
*r

a,
(9

')=
 o

 +
9 

- 
-3

2'
 -

 -r
6x

'\&
,/ 

dx
 l

8y
 

9y

d-
t 

rL
 d

v 
9v

 
9u

d,
 d

, 
dt

 
16

1 
8.

x

F
or

 $
 >

 O
. 
r 

an
d 

y 
na

vc
 d

ift
r€

ot
 8

ig
n8

, 
ar

d 
so

 t
he

 p
ar

tic
lo

 i
nc

rr
is

e€
dr

w
itt

r 
rc

sn
ec

t 
to

 x
 a

r 
(.

6.
 - 

!)
 .

'3
'

[ 
* 

*r
o*

 
of

na
rt

ic
tc

: 
si

nc
o 

$,
* 

>
 o

, 
p.

rt
ic

lc
 m

ov
e6

in
&

 i-
cl

oc
kp

is
c 

di
rc

ct
io

!. 
H

cn
oc

 f
or

 $
 >

 o
, 

y 
sh

ou
ld

 b
o 

!.g
8t

iv
e.

l
&

@
 

fo
r 

po
ci

tio
n 

of
pa

rt
ic

l. 
r 
di

ffo
i!t

rt
ia

te
 v

,r
.t 

, 
sn

d 
go

t

:2
,$

+
rt

r$
 =

0.
 s

ia
o"

 9
,$

,r
 >

 o
,y

 "lo
ot

d 
bc

 n
os

rt
iv

e.
l

.r
 

8-
 d

r 
9 

-g
 

3 
.

A
t 

(r
/5

--
-1

.
' 

3.
, 
&

 
8 

3.
./5

 J
s

et
 {

.fs
,-

})
, 

ir"
 r

at
" 

or
bc

,e
as

o 
is

 } 
cr

os
'r

fA
tc

m
ar

iv
e 

fo
r 
4 

.
'd

,

32
'9

*1
 s

,9
 =

 o
-r

zJ
i9

*r
a[

:9
]r

zl
 =

o-
 9

=
 a

,
dr

 
'd

, 
dt

 
\3

/"
 

d!
 J

5'

A
s 

th
o 

va
lu

o 
of

/
is

 t
re

gr
dv

o 
itr

th
is

 c
as

o,
rE

je
ot

io
n 

of
 m

y
an

gw
cr

 
w

ou
ld

nc
cd

 t
o 

be
ju

lti
f,o

d 
u,

si
tr

g

th
o 

co
nd

iti
on

s
gi

vo
n 

i0
 t

ho
qu

es
tio

n.

2
M

r.
 U

 in
ve

st
ed

 a
 to

tr
l 

of
 $

30
00

0 
al

d 
di

vi
do

d 
th

i6
 s

ue
 iD

to
 t

hr
e€

 a
cr

.u
nt

s,
 

w
hi

ch
 p

ai
d

2%
,3

o/
o 

ad
 5

"/
. 

ad
m

'd
6l

 i
nt

cr
es

t 
re

sp
cc

tiv
cl

y,

A
t 

tb
e 

on
d 

of
 t

he
 f

irs
t 

ye
ar

, 
M

r.
 L

i w
irh

dr
E

w
 e

ll 
th

o 
ttl

ol
cy

 o
ut

 A
om

 t
he

 z
yo

 N
ld

 5
yo

ac
co

lm
ts

 a
.tr

d 
ga

ve
 t

he
 i

nt
er

€s
t 

ea
m

ed
 t

o 
hi

s 
so

tr
. 

T
he

 a
m

ou
nt

 i
n 

th
e 

3%
 a

cc
ou

nt
, 

in
cl

ud
itr

g
in

te
re

st
, 

w
as

 r
e-

ilv
es

to
d 

ifl
 t

he
 s

am
e 

ac
co

ul
t 

fo
r 

an
ot

he
r 

yo
or

.

A
t 

th
c 

on
d 

of
tc

 s
oc

on
d 

yc
ar

, 
M

r,
 U

 r
rit

hd
ro

w
 a

ll 
th

o 
m

on
cy

 o
ut

 o
f 

tb
c 

3%
 a

ro
ou

nt
 m

d
88

vo
 t

hc
 i 

rr
es

t 
ca

m
cd

 t
o 

bi
s 

so
n.

 T
hc

 t
ol

al
 h

le
re

st
 r

cc
ci

ve
d 

by
 t

hc
 s

on
 f

io
m

 t
h6

 t
hr

ec
sc

co
un

ts
 w

as
 $

14
23

.5
0.

G
iv

en
 t

ha
t 

th
e 

am
ou

nt
 i

nv
es

te
d 

in
 t

he
 2

ol
o 

ac
co

w
t 

w
as

 $
10

00
 m

or
o 

th
an

 t
he

 a
m

ou
nt

iD
ve

st
ed

 
i,l

 t
he

 5
ol

o 
ac

oo
un

t, 
fin

d 
th

e 
am

ol
m

ts
 i

nv
es

te
d 

i, 
ea

oh
 o

fth
e 

tlr
ee

 a
co

ou
nt

s.
 [

4]

t4
l

Ir
t 

r,
 / 

an
d 

z 
bo

 O
o 

rlt
ro

uo
ts

 h
e 

in
vc

st
od

 i
rt

o 
th

e 
2%

,3
%

 fi
d 

5o
/.

dc
co

lD
ts

 r
cs

p€
ct

iv
ol

y.

,+
/tz

=
30

00
0-

(l)
0.

02
, 

+
 (

1 
.0

3'
? 

.-
 lb

, 
+

 0
. 

O
S

z 
=

14
23

.5
0 

--
 

(2
)

r_
z=

10
00

_(
3)

F
ro

m
 G

C
, 

so
lv

in
g 

tb
e 

3 
cq

ua
tio

ns
, 

.I=
80

00
, 

y=
15

00
0,

 z
=

70
00

S
hr

de
ot

 s
ho

ul
d

rr
y 

to
 id

en
ti&

th
is

 t
),

po
 o

f
qu

es
tio

n 
as

 o
ne

tb
at

 i
o 

ea
lil

y
so

lv
ed

 w
ith

 t
he

G
C

 u
si

t8
 a

sy
st

cE
 o

f 
th

le
e

eq
ua

tio
ns

.

A
 c

oa
so

n 
hi

st
ak

c 
is

 t
ha

t 
sh

rd
er

*s
 c

oE
pu

to
d 

th
o 

iD
te

rc
B

t 
fo

r 
th

c 
3%

 a
oo

ou
nt

 o
nl

y 
fo

r 
th

o
so

oo
rd

 y
ca

r 
(0

.0
3 

x 
I 
.0

3y
 {

.0
30

9r
,)

 a
nd

 lc
rv

iD
g 

ou
t 

th
e 

in
tc

rq
t 

fo
r 

th
e 

fu
st

 y
or

r 
(0

,0
3}

).
C

om
pu

tir
g 

t[c
 i

nt
cr

.s
t 

6a
m

ed
 o

ve
r 

tw
o 

yo
0r

s 
as

 0
.0

]1
 -

 D
/ 

=
 0

.0
60

9]
, 

w
od

d 
bo

 8
 6

af
et

P
ar

ln
er

ln
Le

am
ln

g

63
7

63
8

I



l
(D

P
ro

ve
 t

ha
t 

fo
r 

x>
0,

 l
he

 s
ub

st
itu

tio
n 

.y
=

lr,
 le

du
ce

s 
th

o
di

ffe
re

nt
ia

l 
eq

ua
tio

n

r,
-,

r1
9-

z)
=

,,*
r,

, 
"

" 
'\d

, 
x)

("
--

-'-
r-

)(
*)

=
'

t2
)

(iD
H

en
co

 f
in

d 
th

e (y
_x

\ge
fle

m
l

so
lu

tio
n 

of
 

th
o 

di
ffe

,r
er

fis
l 

cq
us

tio
tr

=
 y

2 
t2

xt
 fo

r 
x>

0 
.

l1
L

dy
 -t

dt
x

(D Iz
t

dv
 

d'
,t

&
&

(d
v 

-z
\=

",
 *

z*
,

le
 

t)
 '

,(
( 
,!v

*"
\-

,\=
,,t

 t
u,

'\.
\ 

d,
 

) 
)

(v
-E

)

=
 (r

tl-
t

+
 (

tE
- 

x)
f, 

d'
) 

-,
,,,

 +
 2

,,
'l 

d,
l

*u
-r

(!
\=

u,
 +

z
' 

'\&
l

=
("

*-
)(

*)
=

'

-l-
=

1_
-l)

le
l=

,
\u

'+
2 

u'
 +

Z
)\

dx
 )

x>
0

A
lk

rd
 to

 r
cd

uc
e

th
o 

D
E

 t
o 

ot
re

., 
du ri,

ol
oo

rly
 I

r 
fu

 g

fm
ci

on
 o

f 
.r

,

sa
d 

cs
on

ot
bc

 a
co

ns
bn

t 
itr

(*
 '",

)(
#)

=
'

+
!-

\=
-4

-a
,=

la
,

*r
=

f,^
{u

'*
z)

-
-L

,-
"(

a)
*c

Jz
 

lJ
z 

.1

,=
1'

Ilz
)'*

r)
z 

l\ 
x/

 
)-I

,,"
"[

-L
)*

c
J2

 
l./

2I
./

R
em

em
be

r 
to

r€
pl

ac
c 

u 
by

a=
Z

 f
or

 t
he

fin
al

 e
xp

r€
ss

io
n.

4
(i)

S
ke

tc
h 

th
e 

cu
w

e 
w

ith
 e

qu
st

io
n 

r'z
 +

)r
2 

-6
, 

=
 ?

12
)

(ii
)

T
he

 r
cg

io
n 

R
 i

s 
bo

un
de

d 
by

 t
hc

 c
ur

ve
 .x

'+
y'

-6
x=

7,
 f

or
 r

)3
, 

an
d 

th
e 

lin
e 

.r
=

 3
-

C
rv

en
 t

ha
t 

l" 
Ja

' 
-.

t' 
&

 =
 3

a 
. 

fiD
d 

th
e 

e 
xa

ci
 v

ol
um

e 
of

 t
he

 s
ol

id
 o

f 
re

vo
lu

tio
n

J0
' 

4
fo

rm
ed

 w
he

n 
-R

 is
 r

ot
at

ed
 c

om
pl

et
el

y 
ab

ou
t 

th
e 

}a
xi

s.
 

14
1

(t
) I2
l

x'
+

yi
 -

6x
=

1
(x

-z
)'1

+
y'

-9
=

t
(x

 -
t)

'1
 +

 y
' =

 t'

v

(-
1

0)

C
irc

le
 w

ith
 c

er
tr

e 
(3

, 
0)

 a
nd

 r
ad

iu
s 

4.

U
so

 o
om

pa
ss

 
se

t
to

 d
la

w
 a

 c
irc

le
.

(u
se

 e
4u

al
 s

ca
le

)

Ir
di

ca
te

 c
le

ar
ly

"c
rit

ic
al

fc
at

ur
es

" 
lik

e
cc

|r
fe

 a
nd

ra
di

us
.

(ii
)

14
t

x=
3=

9+
 y

'z
 -

6Q
)=

7 
+

 f 
=

16
- 

y 
=

t4

I 
+

 y
' -

ex
=

l +
 {

x-
z)

' 
+

 y
' =

t' 
1 

a 
41

,tl
-/

si
ac

o 
,>

3,
 ,=

3+
G

f7
.

V
ol

um
o 

of
 c

ol
id

 g
eo

er
at

ri

=
,['

-s
q-

"1
21

' 1
qe

11

=
 o

!' 
(t

*.
{e

'4
)'a

y-
no

=
 "!

'^
 (s

 *
 e

,,[
 * 

- 
t' 

*1
e-

 f)
 d

y 
-t

zo

=
"1

',-
*L

."
"*

'tl
io

't)
-n

"

=
,(

,o
o-

ff)
,0

,s
 -

,,,
25

6

3

-R
 is

 r
ct

at
ed

co
m

pl
et

el
y

ab
ou

t 
lh

el
ax

is
so

 lh
c 

in
te

S
ra

l
in

vo
lv

ed
 s

ho
ul

d
be

 "
...

dY
'.

N
ot

e 
th

at
vo

lu
he

 o
f

re
qu

ire
d 

re
gi

on
is

 t
o 

ta
ke

 "
ou

t6

su
bt

'a
ct

 "
in

n€
r:

is
 s

 c
yl

in
de

r.

tn -o s -{ C
D

P
ar

tn
or

ln
Lo

am
ln

g
63

9

P
ar

tn
or

ln
Lg

am
ln

g
64

0

(ii
)

t3
t



F
- t- o- c0

5
(x

)
F

in
d 

J.
tc

os
r'z

&
.

tr
l

(b
)

U
se

 h
te

gr
at

io
n 

by
pa

rt
s 

to
 f

in
d 

J:
co

s2
rd

r
t3

l

H
e6

co
 o

r 
ot

he
rw

is
e 

fin
d 

fir
*"

'ra
t

t3
l

(i) Ill
[;*

,'u
=

)'*
*+

"
M

or
e 

gE
66

ra
lly

,

Jr
lg

co
s(

r1
.r

) 
ar

=
 s

in
 (

f(
:r

))
 +

 c

D
on

't 
fo

rg
et

 "
+

 c
"

(r
D

13
l

[r
*"

2,
 6

, 
=

 I6
i1

2r
-1

 [
.;o

2,
) 

2 
2)

&
u=

x 
E

=
co

9t
x

du
l-

-=
t 

v=
-E

ln
zr

dr
z

[,"
o"

2.
 a

* 
=

 Ig
io

zr
+

 !9
4{

 +
"

J2
4

I3
l

E
,

. 
ri 

/c
os

2-
r+

l\,
co

6'
rd

r=
1.

'rl
 -

 
ld

x
'i 

\ 
2 

)
t-

a
=

11
"6

'2
'd

r+
:

1)
! 

'
li,

*
1I

x.
 

*"
ur

'li
 t 

[r
']i

=
 -t

 -
*r

n2
r+

- 
| 

+
_t

 - 
|

zl
2 

4 
l, 

21
 2

l

=
 ll

fo
 -

1)
-f

z.
o)

1.
lir

["
' 

- 
"'1

1
2L

\ 
4.

/ 
\8

 
)J

 2
L2

\ 
4 

t6
)l

3n
2 

| 
tt

64
 8

16

D
ou

bl
e 

an
gl

e 
fo

rm
ul

a 
fo

r
co

si
ne

 i
s 

gi
ve

tr
 i

n 
M

F
26

6
T

ho
 d

ia
S

rs
rD

 b
cl

ow
 s

ho
w

s 
th

e 
c1

rv
e 

of
 y

=
f(

x)
. 

th
c 

cu
rv

o 
tr

as
 a

 m
ili

m
ut

tr
 p

oi
ni

 a
l

(-
2,

2)
, 

a 
m

ax
im

um
 p

oi
nt

 a
t 
(2

,-
3)

 a
nd

 c
ut

s 
th

ol
ax

io
 s

t 
(0

,3
).

 T
he

 l
in

es
 x

=
|, 

x=
4

an
d 

y=
3 

ar
o 

th
e 

as
ym

pt
ot

es
 t

o 
th

e 
qr

lv
o.

v

y 
=

 r(
t)

. 
...

 ..
...

(-
0,

.3
Y

=
3

(-
2,

2)

(2
,-

3)

l
4

O
n 

se
pa

re
| 

di
og

ra
rD

s,
 

dr
6w

 s
ke

tc
he

s 
of

th
e 

fo
llo

vr
'in

g 
gr

ap
h8

, 
st

at
in

g 
th

6 
cx

ac
t 

co
or

di
ls

te
€

of
 6

ny
 t

um
in

S
 p

oi
bt

! 
rD

ay
or

 p
oi

nt
s 

of
 i 

ds
ec

tio
n 

$,
ith

 t
hc

 a
xe

3,
 a

nd
 t

hc
 o

qu
rt

io
ns

 o
f 

an
y

ar
ym

rlo
tls

. 
w

hc
r!

 D
o$

ib
lc

.
(a

)
y=

f0
-r

).
pl

(b
)

v
I

rr
-4

t3
l

(c
)

y 
=

 f
 '(

r)
 .

t3
l

La
bo

l a
xc

s 
an

d 
or

ig
itr

. 
U

s6
 a

 r
ul

er
 t

o 
al

re
w

 a
ny

 li
ne

s.

W
rit

o 
ne

at
ly

 a
nd

 u
6e

 a
 "

da
rk

 p
cn

ci
l".

P
lo

as
o 

rc
@

ov
c 

un
w

at
rt

ed
 p

oD
oi

l 
E

&
rk

ifl
gs

 c
le

sr
ly

 w
id

r 
an

 e
ra

se
r.

P
ar

tn
er

ln
Le

am
ln

g
64

'l

P
ar

tn
o 

nl
ea

m
ln

g
64

2

I



BP-478

I

---...''.-.... I

C

ll

6

I

s r*E .EI 9is- o

Bi -'1-;:E:.t€
E$ s !E€;Ii

--.--......-.-..." I

I

I

o

ti

I

I

..t

C

I

lt

-lP
lt

I

0

I



g, F
-

.r
f

o- c0

7
It 

is
 S

iv
en

 t
ha

t 
f 

(r
) 

=
 3

=
. 

S
ho

w
 t

ha
t 

f 
(,

, 
+

 2
) 
- 

f 
(r

) 
=

pt
 -

8)
2'

,(
, 

-2
)

t2
t

(D
.r

"*
*,

, 
i('

i-t
)?

'
i 

r(
r-

2)
_Q

a-
2\

T
't 

_r
u

n(
n-

l)
t4

l

( 
)

-!
-b

t 
-2

\2
'

H
cn

c.
 6

rd
 )

 +
 

in
 lh

e 
fo

rE
a 

t?
+

2)
ia

to
ce

rs
 t

o 
bo

 d
ot

en
E

irc
d.

<
3n

+
 4

2"
1

(r
+

rx
r+

1)
+

 c
 w

h.
(!

 ,
{,

 , 
m

d 
C

 a
re t4
l

Iz
t

f 
(t

 +
2\

-f
 (

t\=
!: 

- 
2'

;

2'
*'

(r
-2

)-
2'

r
/(

r 
-2

')
4r

.2
'-E

.2
 -

r.
2'

t(
t-

2)
r3

r-
8\

2'
 .

.
=

- 
ts

ho
w

n)
r(

r 
-2

)

W
he

n 
qu

cs
tio

n 
sa

ys

"s
ho

w
 t

ha
t 

. 
. 
."

, 
6l

ca
r

st
ep

-b
y-

3t
ep

 w
or

ki
ng

is
 e

xp
ec

te
d.

(i) t4
l

Io
,i#

=
#r

'+
z)

-r
(r

))
- 

f(
3) (4

)

+
 f(

8)

+
f

-2
)

+
 f

(n
 +

-1
)

+
 f(

, 
+

 2
)

=
 [f

(,
 +

 1
)+

f(
'+

 2
) 
- 

f(
3)

 -
 f

(4
)]

| 
2*

t 
2*

, 
16

l
=

 _
+

_-
X

-_
 

|

[,-
t 

" 
2)

2n
.2

" 
+

4i
.2

' -
4.

2'
-1

6
a(

a 
-l)

(2
n+

4n
-4

)2
' 

.-
(n

 -
1)

=
 (3

r 
- 

2)
2*

'
tt(

t-
l)

l6

Y
ou

 s
ho

ul
d 

no
t 

om
it

th
o 

pa
il 

of
br

ac
ke

ts
on

cl
os

in
g

f(
' +

 2
) 
- 

f(
/)

 .

F
iD

al
 a

ns
lv

er
 i

s 
gi

vo
n

so
 s

ho
w

 2
 "

fi{
1"

ca
nc

el
la

tio
ns

 
in

 f
ro

nt
an

d 
I 

'tu
[1

"
ca

oc
el

la
tio

n 
at

 t
h6

ba
ck

.

(ii
)

t4
l

g(
lr-

z)
z'

 €
(3

(r
-2

)-
2)

2-
r

*;
G

;U
-*

 o
-D

,

=
$(

3'
-E

2*
',

H
 ,(

,_
2,

)

_ 
I 
€(

3r
-8

)2
'

-ik
-;

G
4

tl 
Q

@
 +

 2
) 

-2
)2

h'
1F

t 
,.

- 
4l

 (
r.

rlr
.t)

 -
'"

(3
n+

4)
2"

1 
,

(r
+

2)
("

+
l)

;.4
=

4,
8=

2,
C

=
4

U
se

 t
he

 d
en

om
in

at
or

__
 

to
 s

us
pe

st
a

r(
r 

+
 2

\
re

pl
ac

cE
cn

t 
of

 r
w

ilh
",

 -
 2

" 
w

hi
ch

 a
pp

ea
$

in
 r

es
ul

t 
in

 (
i)

A
dj

us
t 

lo
w

er
 a

nd

up
pe

r 
lim

it
ac

co
rd

in
S

ly
.

64
5

64
6

I



8
D

o 
no

t 
ur

e 
e 

ca
lc

ul
et

or
 il

r 
sn

sw
er

in
g 

th
ir 

qu
$d

on
.

(a
)

0)
S

ol
ve

 t
he

 e
qu

at
io

n 
z'

z=
4i

-3
t3

l

(ii
)

S
ol

ve
 t

he
 e

qu
at

io
o 

zt
 +

62
' 

+
25

 =
o

I3
l

(b
)

F
iE

d 
th

e 
m

od
ul

us
 a

nd
 a

rg
um

en
t 

of
 l

he
 c

om
pl

ex
 

nu
m

b 
* 

t=
 

-9
4

5 
+

3i
po

ss
ib

le
 v

sl
ue

s 
of

th
e 

po
si

tiv
o 

ir 
eg

o 
fo

rw
hi

oh
 r

y'
 is

 r
ea

l.

H
en

c€
 f

in
d 

th
e

t4
1

(r
)

(l) 13
l

L.
i. 

z 
=

 r+
iy

,.r
,y

 e
 R

 . 
lte

o
z2

 =
4i

-3
 

:r
 (

r+
i/)

r 
=

(l-
yr

)+
 W

=
4i

-3
(,

, 
-"

, 
=

-s
=

{ l2
'Y

 =
 q

.A
+

 x
'--

-;
=

-3
x:

=
r' 

+
3.

1 
-4

=
(l 

+
4X

r' 
-l)

=
o

=
 r

=
tl

W
Le

u 
.t 

=
 l,

/ 
=

 2
. 

W
hc

a 
x=

-l.
y=

-2
T

hu
s 

th
e 

ro
ot

8 
sr

e 
1+

, 
ed

 -
l-2

i.

A
 c

al
cu

la
to

r 
is

"n
ot

 a
llo

w
ed

" 
fo

r
th

is
 q

uo
st

io
n 

so

sh
ow

 C
gE

gs
!

Ig
lE

hg
 o

ou
 c

an

us
in

g 
ca

lc
ul

at
or

tlo
ug

h)
.

(a
)

(ii
)

I3
l

z'
+

62
'+

25
=

0 
--

-0
) 

z.
 +

6z
r 
+

25
=

0 
--

-(
t)

(z
'+

:)
'+

re
 =

 o
-4

xf
6-

4<
2'

z2
 +

3=
t4

i 
2

z2
 =

4i
-3

 o
r 

-4
i-3

 
=

4x
8;

=
4x

4i
F

or
 z

'=
4i

-3
, 

z=
l+

2i
, 

-l-
2-

S
fu

ce
 (

1)
 i

s 
8r

 o
qu

&
tio

n 
w

ili
 r

cs
l 

co
of

fic
io

ot
s,

 t
he

 r
co

ts
 o

cc
ur

 i
n

co
aj

ug
at

e 
pa

iE
. 

T
hu

r 
th

e 
ro

ot
s 

of
th

o 
oq

ua
tio

tr
 
z'

 +
6z

r 
+

25
 =

O
 a

ra
z=

lta
, 

-l+
2i

.
(b

)

l4
l

T
hu

s 
l",

l=
./i

'+
l'=

O
 a

nr
r 

ar
er

+
,=

 -f
,

F
or

 / 
to

bc
ro

sr
, 
" 

=
(.

D
i[*

,(
-f

).
r,

r,
(-

f,)
] 

r 
*a

.

H
**

 "t
'(-

T
)=

o 
+

 ff
 =

ro
,t.

,*
t*

a=
4k

,k
eZ

'(s
in

ce
n>

0)

T
he

 
E

et
 o

f
'b

os
iti

va
 h

tc
ge

i'
do

os
 n

ot
 i

nc
lu

de
 0

.

A
ls

o,
 a

 g
E

uc
ra

l
st

st
er

nc
nt

 t
ha

t 
,l 

is
a 

m
ul

tip
lc

 o
f 

4 
is

in
c.

oI
rc

c'
t 
ar

 th
i-s

in
cl

ud
es

 n
cg

at
iv

e

9
A

 c
ur

v€
 C

 h
as

 p
am

m
et

ic
 c

qu
at

io
rls

x=
lln

l,
4

_l to
r 
l>

-.
(i)

C
 m

oe
ts

 t
he

 r
ax

is
 a

t 
po

in
t 

P
 a

tr
d 

lin
e 

L 
is

 t
he

 n
om

al
 t

o 
C

 a
t 
P

. 
S

ho
w

 t
ha

t 
th

e 
eq

ua
tio

n
of

, 
ig

e 
4+

e2
y=

--
-.

r+
--

t4
l

(ii
)

S
ko

tc
h 

th
e 

cu
rv

e 
C

, 
st

at
in

g 
th

e 
co

or
di

na
te

s 
of

 a
l]y

 t
um

in
g 

po
in

ts
 s

nd
 p

oi
nt

r
in

tc
m

€c
tio

D
 w

ilh
 t

he
 a

xe
6.

 
f3

l

(in
)

T
ho

 f
i,i

te
 r

eg
io

D
 b

ou
tr

de
a 

tV
 C

, 
Z

 a
na

 t
f,e

 Ii
* 

, 
=

 1
 f

o 
[l]

2 
\2

)
at

la
 o

f.R
.

is
 d

€n
ot

ed
 b

y 
-R

. 
F

in
d 

th
e

t3
l

(l) l4
l

, 
=

rl.
r 
- 

q 
=

lfl
)*

ln
r 

=
 r

 +
ln

r
dr

 l
rl

4 
dv

 
e"

-4
v=

-+
e 

+
:=

-.
{e

'+
e'

=
-.

dt
e'

'

dy d,
 e

'(1
+

 l
nr

)

N
ow

, 
r=

0:
+

rln
r=

0+
r=

l 
C

..,
 >

0)
4 

4+
e2

+
)=

-+
c=

- 
m

d
ec

dy
 -e

'-4
dr

e

E
qu

at
io

n 
of

 o
or

m
sl

 a
t 
P

 (
0,

 -l
-:

) 
:

e

4+
e1

 
e 

e
-v

=
...

...
...

...
:

e'
-4

 
' 

4-
e'

4+
 e

'

A
s 

th
is

 i
s 

a 
6i

ho
w

 .
.. 

'
qu

es
tio

n,
 d

et
ai

le
d

w
o*

ir8
 $

ho
ul

d 
be

 m
ed

e
cl

ea
r.

(ii
)

t3
l

dv
 

e'
 -

4
dr

 
e'

0+
bl

)

+
 t

=
b2

F
or

 p
sr

am
ct

si
c 

cr
uv

es
, 
it

is
 im

po
rt

al
r 

to
 n

ot
e 

th
e

ra
ng

o 
of

 I
 t

o 
sk

ot
ch

.

U
se

 t
he

 Z
O

O
M

 f
im

ct
io

n
in

 th
e 

G
C

 t
o 

ch
ec

k 
th

e
ex

ac
t 

cb
ap

df
ea

tr
e 

of
 t

hc

(D ! 5 @ o
P

ar
tn

er
ln

L€
am

ln
g

64
7

P
ar

tn
o 

nl
ea

m
in

g
64

8

8-
2i

 8
- 
2i

 5
-3

i
},

=
-=

-x
-

5+
3i

 5
+

3i
 5

-3
i

40
 -

lo
.-

 2
4i

+
 6

i'
=

 __
__

__
__

__
_:

;_
__

5-
+

{-
34

 -
34

i
34



@ s o_ c0

M
in

 o
cc

ur
s 

at
 r

 =
 lu

 2
(la

(t
n 

2)
),

v
t=

fi+
""

'=
+

[1
61

-0
""

. 
*,

,,1
\2

2 
)

4e
'+

a)
(t

n 
2l

n0
n 

2)
,

G
ra

ph
s 

sh
ou

ld
 b

e 
dl

aw
rr

r!
ffd

60
tly

 l
rr

ge
 s

o 
th

at
t[c

 k
 y

fe
at

E
ts

 (
tu

E
in

g
po

in
ts

 a
nd

 r
el

at
iv

e
po

si
lio

D
) 

ca
! 

be
 s

eo
D

cl
er

rly
.

W
he

ll 
cx

ac
t 

va
lu

os
 i

s 
no

t
st

at
ed

, 
sf

ud
cn

ts
 m

ay
in

di
ca

te
 i

ho
 c

oo
rd

in
at

es
in

3s
.f.

th
c 

y 
va

hr
es

 o
fth

o
tu

m
iry

 p
oi

tr
t, 

€D
d-

po
in

t
sn

d 
/-

iD
tE

rc
ep

t 
ar

c 
4,

4.
07

 a
D

d4
.1

9,
rc

sp
cc

tiv
el

y,
 s

o 
th

c
ro

la
tiv

e 
po

si
tio

n 
sh

ou
ld

bG
 ia

di
oa

r€
d 

cl
ca

rly
 i

n
Itr

c 
di

ag
ra

m
.

(ii
i)

I4
l

A
ro

a

_t
0

e 
4+

e2
- 

yd
x

c 
4+

e'
4-

e'
 

e
a,

 -|
 (j

."
,)

o.
uo

a,
=

 0
.0

94
3 

(3
s.

f.)

F
or

 q
ue

st
io

ls
 i

tr
vo

lv
io

g
A

re
{,

 d
la

w
 t

he
 r

es
p.

rt
iv

e
cu

rv
€6

 a
rd

 i
de

nt
iry

 t
he

rc
qu

ire
d 

re
gi

oo
, 

an
d 

us
e

th
o 

id
ea

 o
f 

'A
rE

o 
un

de
r

U
pp

or
 o

ur
ve

 -
 I

r{
,e

r
C

uw
e'

(J
' 
1-

y,
 <

tx
 in

th
is

 c
as

e)

B
c 

fa
m

ili
ar

 w
ith

 h
ow

 t
o

fin
d 

ar
ea

 o
fp

am
m

et
ric

cu
rv

es
, 

by
 u

si
ng

"s
ub

st
ih

tti
oD

".

t0
T

ha
 p

la
ne

 r
r 

co
nt

ai
ns

 S
c 

po
iir

 ,
a0

,2
"-

l) 
ed

 l
he

 l
in

o 
I 

w
ith

 e
qu

rt
io

D

+
=

+
, 

y=
-I

.lh
ep

ta
nc

 i
, 

co
nt

ai
ls

 t
ho

 p
oi

nt
r(

-5
.5

,3
,2

) 
aE

d 
rn

ee
ls

 r
r 

in
 t

ho
21

'
lin

c 
a

t3
l

(iD

t3
l

sh
ow

 t
hs

t 
th

o 
ve

ct
or

 E
F

 *
 f 

Il,
 

*h
er

" 
" 

* 
*"

 fo
ot

 o
f 

pe
rp

ot
rd

ic
ul

ar
 

fto
rt

r.
a 

to
 L

I 
r.

J

(ii
D

F
in

d 
th

e 
ex

ac
t 

va
lu

e 
of

th
e 

sh
or

tc
st

 d
is

ta
D

ce
 

fto
m

 I 
to

 ,
'r

t2
l

(w
)

H
en

co
, 

or
 o

th
or

w
is

e,
 
fin

d 
th

e 
sc

ut
e 

a[
gl

e 
be

tw
€o

n 
,r

 a
tr

d 
z"

 , 
gl

vi
ng

 y
ou

r 
ar

s$
,e

r 
to

th
e 

rc
ar

os
t 
0.

1'
. 

t3
l

(i) t3
l

,,"
=

[
].,

[
J 

,.-
I -1 2

2 0 -3

(
Lt

 C
 b

c 
6 

po
in

t 
ou

 I 
su

ch
 t

ha
t 

O
C

 =
 l.

1 -l 2

A
C

=
I -1 2

I 2 -1

0 3

,,[
-

0\ ill'
[i]

 [;
]

=
fl,

l f
l=

.-
,..

=
, 
-,

ll=
,

t,l
l, 

t,
/3

\

"''
11

)

U
ae

 p
ro

pe
r

ve
ct

or
 t

ro
to

do
D

:
P

ut
 t

he
 ti

ld
.

bo
ie

lth
 t

ho
 r

.
W

ite
 "

...
,e

R
"in

th
e

eq
ru

tio
D

 o
f 

a
lin

e.

(ii
)

13
1

tr
]

O
F

2 0 -3
oF

=

B
F

=
6.

5+
21

-4]' 
'*

 '"
-"

 "
+

7 O
B

P
ar

tn
er

ln
Le

am
in

g
64

9

P
ar

tn
er

ln
Le

am
ln

g
65

0

I

(D
 I 

F
in

d 
th

c 
ce

ua
to

o 
of

 r
r 

itr
 s

ca
la

r 
pr

od
uc

t 
fo

Im

I



R
F

2 0 -3
=

0 
+

 1
3+

47
+

91
=

0

6.
s 

+
2(

-l)

-4 -3
(-

l)

4.
5

B
F

4
(s

ho
w

n)

3

A
s 

th
is

 i
s 

a

qu
cs

tio
n,

 s
ho

w
dr

c 
su

bs
tit

ut
io

tr

(ii
i)

I2
t

S
ho

rt
es

t 
di

st
sn

ce
 t

oE
 I 

to
 u

r

=
 I

en
gt

h 
of

pm
je

ct
io

n 
of

 iF
 o

nt
o 

n,

:l*
 E

I=

4,
5 4 3

3 2 2
23 ffi

un
its

7

R
.5

,3
,2

) ,tl

2

--
4-

(iv
)

t3
l

Le
t 
, 

be
 t

he
 a

ou
te

 a
ng

le
 b

et
w

ee
n 

zr
 a

nd
 z

1

23 M B
F

23

sl
ll

e
23 2,
ln

lrF
l

=
rf

i=
0

e 
=

 s
,r

,' 
--

L=
 

24
.5

" 
od

.o
)

2J
17

.1
4.

5'
|+

41
 +

3'
1

fr
rB

lA
lte

rn
at

iv
el

y,
 n

1 
=

 B
F

,x

iil
 t?

.[i
] 

[,]
l

t 
t 
, 

be
 t

he
 a

cu
te

 a
ng

le
 b

et
w

ee
o 

:r
, 

an
d 
f;

3 2

L2 19
.5 8

=
 *

.-
' -

:L
 

=
 u

4.
s"

 (
1d

.D
)I

JI
7J

58
8.

25
7

8.
25

[A
no

th
cr

 a
lte

m
at

iv
e 

m
et

ho
d 

w
as

 t
o 

fr
nd

 t
he

 a
cu

te
 a

ng
lc

 b
et

rv
oo

u 
E

F
an

d 
lrr

 u
si

ng
 t

hc
 d

ot
 p

ro
du

ct
 f

or
m

ul
r,

 r
he

n 
su

bt
rE

ct
 it

 f
to

D
 9

0"
.1

11
F

ig
ur

o 
I 

sh
ow

s 
sn

 q
)e

tr
 o

ot
lta

in
or

 
itr

 t
he

 f
or

m
 o

f 
a 

ba
pe

zo
id

al
 

pr
is

m
 ,

{S
A

E
F

G
H

 w
ilh

sq
ua

rc
 b

sB
o,

,B
C

Jt
 

sn
d 

,1
, 

=
 A

E
 =

 B
F

 =
 E

H
 =

 d
 d

\ 
w

he
r€

 a
 i

s 
a 

oo
D

lta
nt

. 
T

h€
 c

ot
rt

ai
ne

r

is
 m

ld
o 

of
pl

as
tic

 o
f 

tr
eg

lig
ib

le
 &

ic
la

es
s 

ad
 is

 p
la

ce
d 

on
 a

 h
or

iz
on

ta
l 

su
rf

ac
o.

 T
he

 f
ac

e,
g

B
C

G
F

 N
d 

,ID
H

E
 t

e 
in

cl
ia

ed
 a

t 
an

 m
gl

e 
I 

ra
di

au
, 

0 
<

 O
 <

 L
 t

o 
th

c 
ho

riz
of

ia
t, 

8r
d

'2
&

.c
r.

A
 A

B
F

E
 a

 , 
D

C
G

H
 a

rc
 p

op
et

rd
ic

ul
ar

 
to

 b
as

a 
A

B
C

D
. 

F
ig

ur
e 

2 
sh

o{
s 

its
 c

ro
ss

-
$e

ct
io

n&
l 

vi
cw

.

F
iq

ur
e 

I
tr

ig
ur

e 
2

E

0
0

A
H

ei
gh

t 
of

th
e

co
nt

ai
ne

r
H

or
iz

on
ta

l 
su

rf
ac

€

C
ro

gs
-S

€c
do

rr
l 

V
le

w
T

ra
D

ez
oi

da
l 

P
ri3

m

(D
S

ho
w

 t
tE

t 
th

e 
vo

lu
[te

 ,/
 c

m
3 

of
th

e 
co

nt
ai

ne
r 

is
 g

iv
en

 b
y 

,' 
=

 a
's

in
 d

(l 
+

c.
s 

A
) 

. 
[2

]

(ii
)

U
so

 d
iff

er
en

tia
tio

[ 
to

 f
in

4 
itr

 t
er

m
s 

of
 a

, 
th

c 
m

ax
im

um
 v

al
ue

 o
f 

,/ 
in

 e
xa

cl
 f

ol
m

,
pr

sv
in

g 
th

at
 it

 is
 a

 0
os

xi
r 
m

L 
fs

l

(ii
i)

A
 c

on
ra

in
er

 i
s 

co
os

ts
uc

le
d 

w
ith

 A
 =

 I 
an

d 
n 

is
 f

ill
ed

 w
ilh

 w
at

er
 1

o 
ha

lf 
its

 h
ei

gb
t.

fiE
d,

 it
r 

re
tE

s 
of

a,
 l

he
 e

x.
ct

 v
ol

um
e 

of
w

at
s 

in
 t

he
 c

on
ta

ill
6r

. 
t3

]

T
ho

 c
oo

ta
in

cl
 i

s 
lh

cD
 t

il&
d 

in
 t

he
 d

ire
ct

io
n 

of
 t

he
 f

ac
s 

B
C

G
F

 l
m

til
 f

ac
e 

B
C

G
F

 rd
b8

s!
,lr

C
D

 e
rle

s 
6c

 a
aa

c 
sg

le
 p

 ra
di

am
, 

w
he

re
 p

 is
 a

 c
oD

rt
an

t, 
w

ift
 th

e
ho

riz
on

t8
l. 

F
ig

B
e 

3 
sh

ov
s 

its
 c

ro
ss

-s
ec

tio
na

l 
vi

ew
.

tr
lg

rr
e 

3

B
as

e 
A

B
C

D
F

ac
e 

B
C

G
F

H
or

iz
on

hl
 s

ur
fa

oo

C
ro

!&
S

ec
do

rd
 V

lc
w

E
ip

la
ia

 if
it 

is
 p

$s
ib

lc
 t

o 
til

t 
lh

c 
co

nt
si

E
€r

 t
o 

th
ir 

po
si

tio
tr

 w
ith

ou
t 

aD
y 

w
at

€r
 f

lo
\i'

iD
g

ou
t 

fto
rE

 l
he

 c
.d

ta
itr

er
. 

t2
l

ul -U s @ r\
)

P
ar

tn
€r

ln
Le

am
in

g
P

ar
tn

er
ln

Le
ar

ni
ng

65
1

65
2



c7
)

@ $ o_ c0

(r
) I2
l

B
y 

tr
ig

o 
ra

tio
, 

E
X

 =
as

in
a,

 A
X

 =
ac

as
a

E

=
 a

r 
si

o 
d(

l 
+

 c
os

 d
) 
l

{r
l}t

. 
-' 

rx
,'.

 r
l] 

+
 d

G
si

a 
4}

=
 c

r 
si

n 
r(

1+
 c

og
 4

[A
ltc

m
xi

vc
ly

, 
by

 a
rc

a 
of

tr
ap

ez
iu

o

v 
=

 a
$@

ab
 o

)la
 +

 (a
+

za
co

s4
l)

X
A

A
 "

sh
ov

/' 
qu

es
tio

u
so

 t
h6

e 
sh

ou
ld

 b
e

cl
ca

r 
ex

pl
an

at
io

n 
ia

w
or

ki
ag

 
or

iU
us

ha
tio

n 
oD

 th
e

di
ag

E
rr

 i
nd

io
st

in
g

th
c 

m
ot

ho
d 

us
cd

.

(iD Is
t

d0
=

 a
' [c

os
 d

(l 
+

 c
os

 d
) 

+
 s

u 
A

(-
 s

ia
 d

)]

=
 a

'[c
os

 d
 +

 c
os

 2
d]

 
@

ou
bl

ea
ng

lc
 f

or
m

ul
ae

)

2o
t 
o*

j,o
o"

9 
(F

ao
to

r 
F

or
nu

la
o)

a"
 l2

cc
x'

 0 
r 

co
a 

0 
-l)

(D
ou

bl
es

ng
lc

fo
rm

ul
a€

)

=
 a

'(2
c.

s,
-l)

(c
.s

 a
 +

 1
)

dY
- 

30
- 

0-
- 

=
()

=
 c

oR
- 

=
o 

.r
r 

cr
ln

- 
=

 ll
d0

22
3e

 
0z

+
_ 

or
_=

_
2 

22
+

d=
I 

or
 r

fN
A

)
3

fd
r 

=
o=

-u
a=

1 
m

 c
os

d 
=

 -l
ld

e 
2

I 
-e

=
 I

 o
r 

rN
A

)
L3 X

 
=

 a
'[c

os
 d

+
 c

os
2d

]

4 
g 

=
 t 

- 
{!

 =
 o

, 
1 
- 

"n
o 

- 
2s

in
2o

l
1 

d0
'

l-€
-r

;
l2

=
 -l

E
o'

 .
 o

2

A
er

rc
e 
e=

i g
iv

es
 m

8x
id

rr
ur

 v
8l

uc
 o

f 
F

at
rd

-*
'=

'[f
)(

'.;
)=

*'
""

"

F
or

 s
fu

do
nt

s 
w

ho
 u

6e
fiI

st
 d

er
iv

at
iv

c 
t!s

t,
do

ar
ly

 s
ta

ta
 w

ha
l

ar
c 

th
c 

si
gl

s 
of

th
e 

2
dV

ta
ct

or
s 

oi
 - 

w
ho

n
d0

a=
I 

.1
'*

6 
,1

,,"
l'3

th
o 

fn
al

 $
ig

G
 t

o
co

nc
lu

de
 if

 
th

e
gr

ed
ie

D
t 

is
 p

os
iti

ve
 o

r
te

ga
tiv

e.

N
ot

e 
lh

at
 

th
e

co
[c

lu
si

on
 i

s 
fo

r 
th

c
rn

qx
im

um
 v

al
uc

 o
f

V
, 

st
rd

 D
ot

 o
f 
,

(it
i)

I3
+

2
I

H
ar

its
 h

ei
sh

t 
=

 i(,
 "

^t
) 

=
 *

E

''*
,i=

t-
-'1

-'
rG

al
f 

its
 h

ei
gh

t)

.fi
" 

o

4x
4

.ll
o 4

A

=
.[[

@
. 
)"

.(
r[

+
)]

 =
 (+

. 
*)

o,
 =

4;
 "

 ,
t6

F
ig

ur
e 

3
E

A

B
zs

e 
A

B
C

D

F F
ac

e 
B

C
G

F

D
C

ro
ss

-S
ec

tio
na

l 
V

io
lv

N
ot

c 
th

at
 w

e 
ce

 o
o 

id
ct

r 
fa

cc
 lr

F
, 

as
 s

 p
os

lib
lc

 c
lo

ss
-

sc
rt

io
na

l 
vi

ew
 ir

1 
F

rg
ur

c 
3.

"I
:D

ar
 Z

-a
D

F
 =

! 
m

d 
A

B
 =

 8
F

 =
 a

,

ao
d 
so

 
3

A
rc

a 
of

 t
ria

ng
le

 
/r

F
 =

 l,
' "

*l
 =

f-
,"

 .
H

ao
ce

 t
be

 v
ol

um
€ 

of
 w

at
cr

 t
ha

t 
th

c 
co

nt
gi

qo
r 

c6
n 

ho
ld

 a
t 
tii

r
.E

po
si

tio
D

 
is

 a
t 
E

os
r 

:a
 4

1 
<

 ,/
(h

df
 th

c 
hc

ig
ht

) 
, 

an
d 

so
 w

at
er

 \
r,

ill

dc
fin

ito
ly

 f
lo

w
 o

ut
 o

f 
th

o 
co

nt
ai

&
r 

bo
fo

r€
 i

t 
re

sc
hc

s 
th

is
 p

os
iti

on
.

S
o 

no
, 

it 
is

 r
ot

 p
os

si
bl

c.

[A
lh

rD
st

iv
o 

cr
pl

ed
io

n 
(f

ot
 t

hc
 o

.s
c 

$,
he

rE
 A

 r
D

 y
 n

ot
 b

6 
6(

€d
):

N
ot

c 
t[8

t 
ar

t5
 o

fti
8l

gl
o 

itr
cI

E
 r

cs
 w

itb
 A

 a
nd

 , 
is

 a
cu

to
. 

H
cr

cc
. 

at
 

,t 
o'

 
5J

i,
rD

6x
 v

ol
uE

o 
<

 _
B

rn
_ 

=
 T

. 
1;

 o.
, 
l

tr
ia

ng
le

S
tu

de
nt

s 
sb

ou
ld

ex
pl

ai
n 

th
ei

r 
w

or
ki

ng
cl

ca
rly

, 
su

ch
 a

s 
u6

i[g
si

m
ila

r 
td

an
gl

os
 a

tc
.

P
lc

as
e 

re
oo

ve
 a

ll
un

w
ad

ed
 o

r 
re

pl
ao

€d
w

or
ki

ug
 a

nd
 o

t
le

av
e 

m
ul

tip
lo

m
et

ho
cl

s.

P
ar

tn
er

ln
Le

am
in

g
65

3

P
ar

tn
er

ln
Ls

am
in

g
65

4



12
T

h6
 v

on
 B

er
ta

la
!ff

y 
gl

ow
th

 m
od

el
, 

itr
ao

du
ce

-d
 b

y 
vo

tr
 B

ed
ah

nr
y 

h 
19

38
,
ir 

a 
w

id
el

y
us

ed
 g

ro
w

th
 o

ur
vo

 a
nd

 is
 c

sp
oo

i.l
ly

 i
m

po
rt

an
t 

in
 f

is
ho

i€
s 

st
ud

ie
s.

 
It 

ir 
us

cd
 t

o 
pr

E
di

cl
 t

he

le
ng

th
, 
, 

m
B

 o
f 

a 
fis

h 
ov

E
r 

s 
pc

rio
d 

of
 t

im
e,

 ,
 y

c6
rs

. 
If 

tr
" 

ir 
ttc

 m
ox

io
uo

 l
cn

gt
h 

fo
r 

a

sp
€c

io
s,

 
th

co
 l

irc
 m

od
el

 a
ls

um
c8

 t
hr

t 
ih

o 
ra

to
 o

f 
gr

ow
th

 i!
 lc

E
gd

l 
of

 a
 f

is
h 

is
 p

ro
po

rt
io

D
al

tb
 L

.-
L,

(D
B

y 
se

tti
ng

 u
p 

an
d 

so
lv

in
g 

a 
di

ffe
re

nt
ia

l 
eq

ua
tio

n,
 s

ho
w

th
at

 t
he

 g
er

cr
al

 s
ol

ut
io

n 
of

th
is

 d
iff

er
m

tia
t 

oq
ua

tio
n 

is
 g

iv
en

 b
y 

L=
L-

-A
e-

h,
 w

hc
re

 I 
is

 t
ho

 c
on

st
a 

of
pr

op
or

tio
na

liw
 

ar
d 
I 

is
 a

 p
os

iti
ve

 c
on

st
af

,t

F
or

 l
hc

 s
p€

ai
es

 o
f 

fis
h 

lc
lo

$r
n 

as
 t

he
 A

da
[ti

c 
cr

ot
kc

r,
 it

 h
a!

 b
ee

n 
de

te
rm

in
ed

 lh
al

4 
=

4l
9m

m
 a

nd
 x

 o
uc

 y
ca

r 
of

s8
o,

 it
s 

le
ng

th
 i

5 
21

9 
E

lm
 a

nd
 t

he
 r

at
e 

of
gr

ow
lh

 i
n 

lc
ug

dr

is
 5

5 
m

m
 p

er
 y

ea
r.

 U
si

ng
 t

hc
 a

bo
ve

 m
od

el
, 

ob
ta

in
 a

n
fo

!, 
in

tc
rm

s 
of

, 
t3

l

(ii
)

F
in

d 
its

 a
ge

 w
he

D
 t

he
 A

da
rt

ic
 c

ro
ak

er
 g

ro
w

s 
to

 a
of

30
0 

m
m

.

(ii
i)

L2
)

(, ts
1

* 
=

 o
r,

 -
 tt

 , 
w

he
re

 t
 is

 t
hc

 c
on

st
ad

 o
fp

ro
po

rt
io

na
lit

y

*=
oo

--
rt

dt
ld

L
L.

-L
 d

t

l7
!1

*=
1r

"
-W

L.
- 

L)
=

 b
 +

c
.'L

--
L>

0

L-
-L

=
e-

tu
nl

L-
-L

=
 A

e 
b,

 I
 is

 a
 p

os
iti

ve
 c

on
st

sr

L 
=

 L
.' 

A
e-

b,
,1

 i8
 s

po
si

th
'e

co
os

ta
nt

N
ot

e 
th

at
 , 

* 
l- 

in
 t

hi
s 

co
nt

ex
t. 

A
ls

o,
 ,

{ 
>

 0

qu
cs

tio
n 

so
 a

ll
st

ep
s 

m
us

t 
bo

cl
oa

rly
 o

xp
la

iu
od

in
cl

ud
itr

g 
w

hy
'7

" 
m

us
t 

be

po
si

tiv
e

13
l

S
in

cc
 r

-=
4l

9m
q 

L=
41

9-
 A

e-
k

W
ho

n 
r=

1,
 ,

=
21

9 
ar

d 
th

us

2t
9 

=
 4

19
- 

A
e 

| 
+

 A
e'

 =
 2

00
 -

 (1
)

,{
ro

, 
r=

t,4
=

55
 2

 A
te

't 
=

5s
 -

- 
(2

)

su
b 

(r
) 

in
to

 (
2)

, 
t=

ffi
=

fr
 O

, 
o.

zt
sl

(a
lte

m
at

iv
el

y,
 u

si
ry

 $ 
=

 k
U

. 
- 

L)
 ,

55
 =

 t(
41

9 
- 

21
9)

 )

T
hu

s 
I 

=
 2

00
(e

a 
) 

=
 2

63
.3

1=
 2

63

Lo
41

9.
26

3e
-6

'

0r
)

t2
)

W
ho

n 
.L

 =
 3

00
, 

3O
O

 =
 4

1 
9 

- 
26

3.
3 

le
- 
*'

 +
, 

=
 2

.8
9 

)a
5r

s

(ii
i)

l2
l

L

4 15
6

t
o

D
ra

w
 h

or
iz

ot
rt

rl
rt

)m
pt

ot
e.

@ -E 5 6 s
P

ar
tn

er
ln

L6
am

in
g

65
5

P
ar

tn
or

ln
L€

am
ln

g
65

6

S
kc

tc
h 

a 
gr

sp
h 

of
z 

aS
ai

ns
t 

r.

I I



rr
,

@ $ o- m

20
20

 R
I 

E
2 

M
rt

ho
m

rt
ic

s 
P

re
lim

 P
sp

er
 2

 S
ol

ud
oD

.

S
ec

tio
D

 A
r 

P
ur

e 
M

at
te

m
r6

6 
[4

0 
m

rr
kr

]

P
ar

tn
€r

ln
Le

am
in

g

I
A

n 
ar

ith
D

et
ic

 s
er

ie
s 

ha
6 

fo
rt

 t"
.-

 J 
an

d 
fo

ur
th

 t
or

m
 t.

A
 g

oo
fie

tr
ic

 s
er

io
s 

al
6o

 h
as

 f
irs

t 
te

rm
 1

 a
nd

 f
ou

rt
h 

te
rm

 a
r.

G
iv

et
r 

th
at

 t
he

 c
oB

lm
ol

l 
ra

tio
 o

fth
e 

ge
ol

rc
tr

ic
 6

6i
os

 i
6 

tr
oh

-n
eg

at
iv

c 
an

d 
th

o 
su

m
 o

fit
s 

fir
st

-l 
te

rm
s 

is
 4

. 
fin

d 
th

e 
su

m
 o

flh
e 

fir
st

 1
0 

od
d-

nu
m

be
rc

d 
to

rm
s 

of
th

e 
ar

irh
m

et
ic

 
se

rie
s.

2'
ts

l

I Is
t

C
iv

co
 U

at
 z

 =
l-l

a 
th

c 
co

nt
&

o!
 d

rf
iE

fto
ca

 o
f 

th
c 

at
ith

ot
ic

 s
.r

iG
s

'2
'

b6
 d

.n
d 

c 
oo

E
m

ot
r 

B
tio

 o
f6

c 
ge

oa
ro

tic
 a

cn
ic

c 
bo

 r
.

_3
 3

 
3"

 
2l

r.
d 

- 
* 

-r
 +

-r
- 

=
 - 

--
 -

--
--

lll
22

 
2 

2

r'+
r-

6=
0

(/
+

3)
(r

-2
)=

0
.'.

 r
 =

 2
, 

si
nc

o 
r 

is
 0

oa
 n

€g
at

iv
!.

14
7 

=
1,

' -
--

--
--

--
-r

rt
,1

1
S

ub
*i

tu
to

 r
 =

 2
 ia

to
 (

2)
, 

d 
=

 -.
S

um
 o

ffr
gt

 l0
 o

dd
 n

um
bc

to
d 

t 
rE

s 
of

A
P

s 
=

!9
lz

(1
)*

sr
n'

l=
:r

o
2L

 \2
/ 

"l

F
irs

t 
lo

! 
od

d-

lu
m

be
rE

d 
te

ra
rs

rc
fo

r 
to

 t
he

 ld
,

3d
, 

56
, 

...
 ,

 l9
n

tr
rE

s 
no

t 
"o

dd
uu

ra
be

as
".

T
he

 ld
 t

er
m

 i
s 
: 2

aa
d 

co
t 

tr
on

di
fr

er
en

co
 
2d

 =
7

2
h 

a 
ge

om
et

ric
 s

ar
ie

s,
 t

he
 r

at
io

 o
fth

c 
su

m
 o

flh
c 

fiI
st

 8
 t

er
rD

s 
to

 t
he

 s
uD

l 
of

th
a 

lir
st

 4
lo

lm
s

is
 lT

:1
6.

F
hd

th
c 

2 
po

ss
ib

le
 E

lu
cs

 o
ftb

e 
co

m
m

ot
r 

ra
tio

, 
ri,

 t 
vt

hc
r!

 r
i >

 /
2.

 T
hc

 s
um

 t
o

i!f
in

ity
 o

ftb
o 

go
om

et
ric

 s
.r

ic
s 

w
ith

 f
irs

t 
to

rm
 a

 a
ad

 c
oE

E
on

 r
6t

io
 4

 is
 d

G
oo

te
d 

by
 S

r 
al

rd

th
e 

su
m

 t
o 

iD
fin

ity
 o

fth
e 

ge
om

et
ic

 s
or

ic
e 

w
ith

 f
irs

t 
te

lm
 D

 s
tr

d 
co

m
rn

on
 l

at
io

 D
 is

 d
gn

oG
d

by
 S

, 
. 
F

hd
 S

r 
: 
S

, 
in

 t
er

E
ts

 o
f 

a 
an

d 
b.

 
t5

l

1, Is
l

.s
. 

=
 r(

r'-
l) 

_ 
__

_ 
__

__
n)

^ 
d(

rr
 -

l)

(2
\ 

t'-
l 

11

0)
 -

 /
'- 

l 
16

t. 
_0

t.+
,)

_ 
r?

r'-
7 

16

=
 l -,

 =
1 

,-
=

_1
16

 
'2

' 
2

w
b*

,i 
=

1,
 s

,=
-L

=
2o

2

w
h.

!',
=

-1
, 
t,=

*=
i,

t+
- 2

nx
io

 i
s 

a,
 ]6

 or
3a

:D

N
ot

e 
su

o 
to

 n
te

m
s 

fo
t 
I 

G
!

fo
rm

ul
a.

P
ar

tn
er

ln
Le

am
in

g

65
7

65
8

I



3
T

he
fim

ct
io

ns
 f 

ar
d 

8 
ar

e 
de

fin
ed

by

f 
(.

r)
 =

1.
'3

""
, 

.te
)R

"x
>

0,

8(
r)

 =
 lr

-1
(r

-3
),

 
x 

€ 
lR

,, 
<

 c
 w

ho
r6

 c
 i

s 
s 

re
sl

 c
on

st
an

t.

C
)

G
iv

ea
 t

ba
t 

c 
=

 4
 d

et
er

m
ift

 i
fth

e 
co

E
rp

os
ite

 f
ua

ct
io

ns
 f

g 
8t

rd
 g

f 
ex

is
t, 

ju
st

i&
in

g

yo
ur

 a
ns

w
cr

8.
 F

bd
 th

e 
ra

[g
c 

of
th

c 
co

D
op

os
ite

 f
irn

ct
io

o 
th

a,
 e

xi
at

s.

(iD
G

iv
oa

 f
tr

t 
g-

t 
od

6t
s,

 s
tu

tc
 t

hc
 lE

rg
c{

t 
po

ss
ib

lo
 v

el
u.

 o
f 

c.
 U

si
4t

hi
s 

va
lu

c 
of

 c
,

fm
d 

g-
'(.

t)
. 

t4
1

3(
i)

14
l

R
s 

=
 (

--
o,

 3
)

o1
 =

(0
, 

,o
)

S
in

ce
 R

, 
e 

D
1,

 f8
 d

oc
s 

rc
t 

ex
is

t.

rr
 =

0,
 a

)

D
r 

=
 (

--
<

o,
 4

)

S
i0

ce
 R

f 
gD

r,
 g

f 
ei

is
ts

.

n6
 =

 [e
(z

),
 e

(+
))

=
[-

1,
,

S
ta

to
 l

ho
 d

on
D

in
ar

d 
rs

D
S

c 
fo

t
ea

ch
 f

iD
ct

io
n

ol
ca

rly
.

U
se

 p
ro

pe
r

no
ts

tio
n.

N
ot

c 
th

.t 
I

at
ta

in
s 

a

m
in

im
um

 o
t

(iD t4
l

Lr
S

os
t 

po
sB

ib
lo

 v
al

uo
 o

f 
c 

is
 l.

F
or

.r
<

1,
 l

r-
ll=

 l-
y

g 
(.

x)
 =

 (
r 
-.

r)
 (

: 
-:

)
(t

-x
)(

r-
:)

 =
 y

t_
(x

_2
)2

 =
t

*=
2_

.[n
s-

t(
,)

=
2-

Ji
-,

x<
l

4
' 

-I
l',

\
G

ve
o 

ttu
t 
y-

.*
 

tr
J,

 s
ho

* 
th

at
 (l

+
-r

')9
=

zy
l2

l

(D
B

y 
re

pe
at

ed
 
di

ffB
€D

tia
tio

n 
of

 th
e 

ab
ov

e 
re

sd
l 

fin
d 

th
e 

M
ac

la
ud

n 
se

rie
s 

fo
r

e
*'

{,
up

 t
o 

an
d

in
cl

ud
in

g 
th

e 
te

nn
 i

n 
,:

t5
t

(t
t)

H
cD

ce
 f

rt
rd

 t
he

 M
ac

la
ur

in
 s

er
ie

s 
fo

r
ff 

* 
" 

-u
 *

,*
tr

 rh
c 

tc
ra

 i
a 

r' 1,
31

tz
t

.._
-'-

{,
d,

 -
-'r

;)
 I

 
I

3=
e 

\'/
-x

-
* 

'.(
;)

' 
'

,"
*'

(i
4+

 x
'

(a
*,

'1
fl=

2"
--

{i)

(a
+

,')
$=

 z
y 

ls
ro

w
"t

(l) ts
t

(t
+

s)
fl=

2,
 -.

k*
tlJ

,*
2,

9=
2.

9
w

dr
' 

dr
 

dr

( 
q,

 "\
!! 

*2
,!!

 * 
z,

{!
w

d/
 

dx
' 

dx
'(l)

(2
)

-.
b 

-.
,d

'v
dr

 
dx

'

( 
q*

 ,'
\{

Z
 *

 q
,{

! 
* 
r9

 =
 r{

!
w

d,
a 

dx
' 

dx
 

dr
'

(3
)

W
he

o 
.r

=
 0

, 
/=

1.
P

rc
m

 e
qu

at
io

E
s 

(l)
, 

(2
),

 (
3)

 w
c 

gc
t

dy
 =

L 
d'

t
dx

 
2'

 
dx

l

B
y 

M
ac

la
ur

in
'

I 
d'

v 
I

4'
 d

rt
8

s 
T

he
or

em
,

@ .E s 6 o,
66

0

I

P
a.

tn
ed

nL
6a

m
ln

g
65

9



t.- € <
-

o_ c0

*"
(i)

=
r*

!,* 2
i(*

) 
t(

*)
=

 1
*l

r*
1r

, 
-1

; 
*.

..
24

48
(ii

)
I3

l
*"

|,:
) 

r 
r 

I
e 

\"
/ 
=

I+
-r

+
-r

'--
r'+

28
48

--
{;

l

0*
,)

'
I 

1"
L+

- 
x+

- 
x'

 -
28

) l(t
+

x

1
l.

+
-x

-
E ,)
,* )

(
)

1
+

(

2 (I
1-

t*
r

8
2

^.
i,:

)
c\

')3
17

...
...

-=
=

l--
t+

-r
'+

...
(t

+
.')

' 
2 

I

5
R

ef
er

ed
 t

o 
th

e 
or

ig
itr

 o
, 

po
ir$

s 
I 

an
d 

, 
ha

ve
 p

os
iti

on
 v

ec
to

rs
 .

 a
nd

 b
 r

es
po

ct
iv

el
y,

w
he

re
 c

 a
nd

 b
 a

re
 n

on
-z

er
o 

aE
d 

no
nr

ar
al

lc
l v

ec
to

fi.
 P

oi
nt

 C
 li

os
 o

l1
 O

l, 
be

tw
ee

n 
O

ao
d,

l, 
su

ch
 t

ha
t 

oC
 : 

C
A

=
2:

l.P
oi

rn
 D

 li
es

 o
D

 o
, 

pr
od

uc
ed

 s
uc

ht
ha

l o
D

: 
B

D
 =

3:
2 

.

(D
...

..,
F

in
d 

th
o 

po
si

tio
D

 v
cc

to
rs

 O
C

 r
ltd

 O
D

 ,
 g

iv
in

gy
ou

tr
 

a!
sw

e!
8 

itr
 t

or
m

s 
of

 r
 a

nd
 b

 .

t2
1

(ii
)

S
ho

w
 t

ha
t 

th
e 

po
irt

 E
 w

he
rc

 t
hc

 li
na

s 
B

c 
ed

 A
D

 m
cc

t 
h6

s 
po

si
tio

n 
ve

cl
or

-le
-b

.
3

t4
l

(ii
i)

S
ho

w
 r

lE
t 

ih
e 

ar
oa

 o
f 

tr
ia

ng
le

 C
D

E
 c

e 
be

 *
"it

t€
tt 

as
 }

lrx
bl

, 
w

hu
e 

* 
is

 a

cl
D

rt
an

r 
b 

bc
 fo

un
d.

 
t3

l

(w
)

It 
is

 g
iv

en
 t

ha
t 

th
o 

po
itr

t 
I' 

is
 o

tr
 ,

B
o 

pr
od

uo
od

, 
8D

d 
ot

r 
bi

B
cc

ts
 t

he
 a

lg
le

 ,
{o

F
F

in
dt

he
 r

6t
io

 o
,l:

 o
r.

 
t3

l

(D t2
l

O
tC

 =
:^

. 
O

D
 =

3b
3

(n
)

(4
1

B
C

: 
r=

b+
.r
(3

"-
,

,lD
: 

r 
=

 r+
r(

3b
-r

)

",
 r,

 o
*,

(J
"-

o)
=

 e
+

r(
:u

 -
a)

S
in

co
 r

 rn
d 

h 
ar

o 
no

n-
za

ro
 
sr

ld
tr

on
-p

da
llo

l,

?"
=

t-
t 

fl)
3" 1-

r=
3,

 
(2

)

P
ut

 (
l) 

in
ro

 (
2)

:

r-
,=

r(
,-

J,
)=

:-
x

O
E

=
b+

2
(?

,-
ol

 =
 1

.-
o

1.
3 

) 
3

U
se

 p
rc

pe
r

no
ta

tio
n.

D
o 

no
t 

q.
rit

e

Ia
c=

b+
7'

(iu
)

I3
t

A
re

a 
of

 C
D

.E
 is

P
ar

tn
er

ln
Le

am
in

g
P

ar
tn

er
ln

Le
am

ln
g

66
1

66
2



si
nc

er
xr

=
bx

b=
0

)
(

)

22

l1 t:

!l"
",

nl
=

!l(
,l 

I 
,)

ll

rl=
 ?

r"
,r

| 
3'

,

-le
xb

+
ar

x3
b?^

t
3

?r
 _

:r
3

(1
,

I3
t

r-
b 

ir 
fie

 d
ia

go
na

l 
of

th
e 

rh
om

bu
s 

w
ith

 s
id

ce
 Ja

 an
d 

-b
hl

 r
=

1-
t1

 =
 j;

i=
i' 

i.e
. 
oA

"o
E

=
3 

4

11
"1

' -
14

1t
1*

'a
 -

f 
14

p1
-'a

*1
r1

'
--

-lC
_-

 
=

l-;
- 

w
hc

rc
 0

 =
 L

to
B

JH
-F

l*
.a

=
-f

 8
""

'a
*l

U

f 
lC

(r
+

-"
a)

 =
 lt

l0
+

*s
a)

, 
l+

co
sr

r0
 o

th
er

w
is

. 
rll

b

-ld
=

f 
i.c

. 
oA

to
B

=
31

4
lb

l 4
m ai

r,
 Z

IO
E

 =
si

&
 4

O
Elb

lx
oE

la
lx

 o
E

, 
so

 O
A

:O
B

=
31

4

M

(

J-
r 

xb
l

l"l

b
rb

3

l-1
0"

.1
t3

 
|

co
s 

,1
,4

O
E

 =
 c

os
 Z

F
O

E

lrl
xo

r

,l,
1"

 -
o

1.
3

lb
l

l-a
xb

l 3
1l

-t
 '"1

 a
l4

=
lb

l

1"
 -t

3

_A oE
 =

: 3

.. 
ltJ t3

 I :E
i

N
ot

e 
rlt

er
nr

dv
€

ro
lu

do
tr

m
et

ho
d6

.

6
F

or
 o

ve
nr

s 
X

ar
d 

f, 
it 

is
 g

iv
e,

 t
hs

t 
n1

X
nf

1=
f 

, 
p(

X
vy

)-
1 

an
d 

p(
X

ly
)=

+
.

'2
 

' 
4 

'',
 

6i
F

itr
d

(D
P

(/
),

L2
)

(ir
)

P
(X

),
t2

l

(ir
i)

P
(X

.l 
I0

 s
nd

 s
ta

re
 w

ith
 a

 r
es

so
d 

st
ct

h€
rX

 a
od

 y
 a

rl 
in

dr
p€

od
€o

t 
ei

,E
o|

s.
 [

3]

pr
xl

vt
 =

 P
(/

^/
1

P
(r

)
pr

yt
=

P
(x

 lY
)

P
(x

lY
)

(Y
,l

=
,,F

4

63 10
0

(ii
)

t2
t

P
(x

ur
) 

=
 P

(x
) 
+

P
(r

)-
P

(x
.1

r)
P

(x
) 

=
 P

(x
ur

) 
+

P
(x

 ^r
)-

 P
(r

)
31

63
42

t0
0

p(
x)

=
so

a

(ii
i)

I3
l

P
(x

) 
=

P
(x

nY
)+

P
(x

^r
)

P
(x

^D
 =

 P
(8

-P
(x

^ 
Y

)

=
 31

-1
50

2
3 25

si
ac

c 
P

(x
nl

=
 -l 

a 
{r

{=
r1

4r
r1

4,
 

*a
1d

 y
 a

re
 n

ot
 m

d6
pe

,r
de

ir
' 

25
 5

0 
10

0"
'

ev
ct

rt
t

O
R st
* 

r<
rt

=
,o

l1
* 

fl=
P

(x
lr)

,x
ud

 rr
 a

re
 D

ot
 i

nd
€p

ea
de

't 
ov

.o
a

S
o 

X
at

rd
 y

or
c 

no
t 

ird
cp

et
rd

eD
t 

ev
.n

ts

S
ec

do
tr

 B
: 

P
ro

bc
bl

lit
y 

sn
d 

S
tr

ds
dc

a 
[6

0 
m

fik
ll

ID -o 5 6 6
P

a(
ne

rln
Le

am
ln

g
66

3

P
ar

tn
er

ln
L6

am
ln

O
66

4

(r
) t2
t



ct oo s o- o

7
In

 a
 fa

ct
or

y,
 

m
ac

hi
tr

cs
 p

aa
&

 s
uS

ar
 i

lto
 b

ag
s 

of
 I

 k
g 

oo
ch

 o
D

 a
va

ca
gp

, 
w

io
 v

rr
ia

na
e 

dt
 k

e.
T

hc
 m

an
uf

ac
tu

re
r 

ia
 c

or
ce

m
cd

 t
ha

t 
th

c 
m

ao
hh

es
 

ar
e 

pu
tti

lg
 t

oo
 m

uc
h 

su
gs

a 
in

to
 t

ho
 b

ag
s

an
d 

de
ci

de
s 

to
 c

ar
ry

 o
ut

 a
 h

yp
ot

hc
si

s 
tr

st
. 

A
 r

aD
do

m
 s

al
rp

lo
 o

f 
8 

ba
gE

 a
ro

 s
el

€c
tc

d 
at

rd

th
ei

r 
to

ta
l 

m
as

s 
is

 8
.4

 k
c.

(D
S

ta
tiD

g 
a 

nc
ce

ss
sr

y 
as

su
ep

tio
B

, 
ca

ry
 o

ut
 a

 t
os

t 
of

 lh
o 

E
sn

uf
ac

h.
re

t's
 

co
nc

em
 a

t

lh
e 

5%
 s

im
fic

sn
ce

 l
ev

el
 if

 o
 =

 0
.0

8 
. 

t5
l

(ir
)

U
se

 a
o 

at
ge

br
ai

c 
lie

th
od

 t
o 

ca
ld

ta
te

 t
he

 r
al

lg
! 

of
va

lu
es

 o
f 
I 

fo
r 

w
hi

ch
 t

he
 n

ul
l

hl
T

ot
he

si
s 

w
ou

ld
 t

lo
t 

bo
 r

ej
ec

te
d 

at
 t

he
 5

%
 s

ig
ni

fic
an

cc
 l

ev
ol

-
t3

l

7(
D

ts
l

Ir
t 

X
 b

e 
th

e 
m

as
s 

of
 a

 b
ag

 o
f 

su
8a

r 
in

 k
8.

T
he

 n
ec

e*
ar

y 
os

su
np

tio
n 

i6
 .

Y
 f

ol
lo

w
s 

a 
[o

rm
al

 d
is

ki
bu

tio
a.

H
9:

 P
=

1
H

1:
 l>

l
P

er
fo

rm
 a

 l-
ta

il 
te

st
 a

t 
5%

 s
ig

ai
fic

an
oo

 
le

vc
l.

u'
d*

Ir
o,

 t-
N

(L
 g!

q-
l

i=
Y

=
l.0

5,
U

si
ng

az
-t

es
t,p

va
lu

e 
=

 p
(7

 >
 t.

os
)=

 o
.o

rt
s.

 o
.o

s
8

W
o 

rc
je

ct
 H

g 
. 
T

ho
re

 i
s 

B
uf

rc
io

tr
t 

cv
id

so
oc

, 
st

 t
h€

 5
oZ

 s
ig

ni
fic

aa
cc

le
vo

l, 
to

 d
up

po
rt

 t
hc

 r
D

au
u&

ct
ur

or
's

 
co

oc
om

.

U
so

 p
ro

pe
r

no
ta

tio
d.

P
re

se
nt

 
so

lu
tio

n
ar

gu
,Ie

tr
t

ct
oa

rly
.

(ii
)

13
l

U
nd

or
 H

o,
 *

-N

p-
va

lu
e 

>
 0

.0
5

P
(t

 >
 l.

o5
)>

 o
.o

5

rlf
z>

pl
'o

.o
s

\ 
V

a'
lt 

l
tR

0.
05

{-
 <

 1
.6

44
85

" 
-l'

 0
.0

5 
)'

d.
. 
>

at
 - 

|

U
.6

,t4
8s

,
o'

>
o.

oo
73

y2

on
 d

'z
 6

 (
0.

00
73

9,
.o

)

1,
d 8

E
Io

 r
hi

s 
qu

es
tio

n 
yo

u 
sh

ou
ld

 s
ts

tc
 o

lc
ad

y 
th

c 
va

lu
es

 o
f 

th
a 

pa
r:

ae
et

er
s 

of
 a

ny
 u

or
m

al

di
st

ib
ut

io
n 

yo
u 

us
e.

In
 a

 s
up

cr
m

ar
kc

t, 
th

e 
m

a$
cs

 i
n 

gr
sJ

ls
 o

f 
ap

pl
es

 b
av

6 
th

c 
di

st
ib

ut
io

n 
N

(9
0,

 1
3'

2)
 a

rd
 t

he

m
as

so
s 

in
 g

ra
m

s 
of

po
ta

to
es

 h
av

e 
th

€ 
di

ot
ib

ut
io

n 
N

0?
0,

30
').

(i)
F

in
d 

th
o 

pr
ob

ab
ili

ty
 

th
at

 t
h€

 m
as

s 
of

a 
re

do
E

ly
 o

ho
se

D
 
po

ta
to

 i
s 

fio
re

 t
ha

n 
tw

ic
e

th
e 

m
as

s 
of

 a
 r

sn
do

n 
yc

ho
se

n 
ap

,p
le

.
t3

1

A
 c

er
ta

i! 
sa

la
d 

rc
ci

pe
 r

eq
ui

r€
s 

5 
ap

pl
es

 a
tr

d 
6 

po
ta

to
es

.

(ii
)

F
ln

d 
th

c 
pr

ot
ra

bi
tit

y 
tta

t 
ttr

e 
ot

at
 m

as
s 

of
 S

 r
aa

do
m

ly
 

oh
os

cn
 a

pp
le

s 
an

d 
6 

ra
nd

om
ly

ch
os

oD
 p

ot
al

oe
s 

is
 b

€t
w

B
en

 1
.2

 a
nd

 1
.5

 k
ilo

gr
ar

D
r.

 
pL

1'
he

 s
al

ad
 r

oc
ip

e 
re

qu
rr

es
 t

ho
 a

pp
le

s 
E

D
d 

po
ta

to
es

 t
o 

be
 p

re
pa

re
d 

by
 p

ee
lin

g 
ar

ld
 s

lic
in

g
th

em
. 

T
be

 p
ro

ce
ss

 r
ed

uc
cs

 t
ho

 m
as

s 
of

 e
ac

h 
ap

pl
e 

by
 I 

5%
 6

D
d 

th
e 

m
as

s 
of

 e
ac

h 
P

ot
at

o 
by

25
0/

o.

(ii
D

F
iD

d 
th

c 
pr

ob
ab

ili
ty

 
th

at
 t

ho
 t

o&
.I 

m
ss

s,
 a

fte
r 

pr
op

am
tio

n,
 o

f 
5 

ra
nd

om
ly

 c
ho

so
n

ao
D

le
s 

an
d 

6 
ra

ld
om

ly
 c

ho
sc

n 
D

ot
at

oe
s 

is
 D

ot
 m

or
e 

th
an

 1
.2

 k
ilo

ga
$s

. 
t3

l

(i) I3
l

Lo
tX

 a
nd

 y
b€

 t
ho

 a
as

so
s 

ir 
gr

am
s 

of
 a

 r
an

do
m

ly
 c

ho
8o

n 
ap

,p
lo

an
d 

a 
ra

tr
do

E
ly

 c
ho

sc
n 

po
ts

to
 h

 g
ra

m
s 

re
sp

eo
tiv

el
y.

i.c
. 
1-

 N
(9

0,
13

'z
),

 r
 -

 N
07

0,
30

1)
.

E
(Y

 -
 z

x)
 =

 t
1o

 -
2(

eo
) 

=
 -

to
Y

g(
(Y

 -
?x

)=
3C

 +
21

03
') 

=
 t5

z6

v-
2x

 N
(-

lo
,l5

?6
)

R
eq

ui
re

d 
F

ob
ab

ili
ty

 =
 P

(r
 >

 2
x)

=
P

(Y
 -

2x
 >

0)
=

 0
.4

01
 (

3 
s.

t)

D
ei

ne
 r

rt
rd

oE
vr

rir
bl

es
 c

le
at

ly
.

(ii
)

t3
l

Lo
t 

7 
=

 X
t+

 X
z+

..,
+

xs
+

yt
+

yz
+

...
+

y6
.

E
(r

) 
=

 s
(9

0)
 +

 6
(r

?0
) 

=
 l4

zo

va
r 

(?
) 

=
 s

0 
3'

1)
 +

 6
(3

01
) 

=
 6

24
5

r 
N

04
70

,6
24

5)
R

eq
ui

rs
d 

pr
ob

ab
ili

ty
 =

P
02

00
 <

7 
<

15
00

)

=
0.

64
8 

G
 s

.f)

N
ot

e 
lh

ot
,Y

r 
+

...
+

&
 +

{ 
+

...
+

f5

*5
X

 +
6Y

S
ta

te
 t

h6
 d

is
tr

ib
ut

io
n

of
T

(ii
D

I3
t

L.
/..

 w
 =

0.
85

(\
+

 x
1+

...
+

x,
)+

0.
?s

({
 +

rr
 +

...
+

v6
)

P
ar

tn
er

ln
Lg

ar
nl

ng
66

5

P
ar

tn
G

rln
Le

am
in

g
66

6

I



E
(n

/)
 =

 (
0.

E
5X

sX
e0

)+
(0

,7
5X

6)
07

0)
 

=
 1

 1
47

.5

v8
(u

) 
=

 (
0.

85
'1

x5
x1

3'
)+

(0
,7

s'
x6

x3
0.

) 
=

 3
64

8.
01

2s

w
 -

 N
 (

t 
t4

7.
5,

 3
64

8.
01

2s
)

R
cq

ui
rc

d 
pr

ob
ab

ili
ty

 =
 P

(W
 <

12
00

)
=

0.
E

08
 (

3 
B

.f.
)

@ -o 5 (o o

9
T

he
 c

on
tin

uo
us

 r
ar

do
m

 v
ar

ia
bl

e 
X

ha
s 

lh
e 

di
st

rib
ut

io
n 

N
(A

 o
z)

.
It 

is
 k

no
w

n 
tlu

t 
P

(-
tr

<
t)

=
0.

2 
aa

d 
P

(X
<

7)
=

0.
8.

(i)
S

ho
w

 t
ha

t 
P

(f
 <

,Y
<

7)
=

0.
6 

8n
d 

w
iit

e 
do

w
tr

 t
he

 v
al

ue
 o

f 
P

(,
ir<

X
<

 7
).

 
[2

]

(iD
E

xp
rs

s 
ll 

iE
 t

er
m

s 
of

t
tll

Y
ou

 o
ay

us
o 

a'
 =

12
 f

or
 t

be
 r

es
t 

of
 t

he
 q

ue
st

io
n.

(ii
i)

S
ho

w
 t

ha
t 

,/t
 =

 4
.0

E
45

 c
ot

re
ct

 t
o 

4 
de

ci
m

al
 p

la
ce

s.
t3

l

(iv
)

F
in

d 
P

(x
l<

 [
).

l2
t

It 
i8

 g
iv

en
 t

lla
t 

2P
(X

 <
 r

) 
=

3P
(X

 >
 r)

 fo
r 

a 
ce

rt
sh

 c
on

st
ar

t, 
r.

(v
)

T
en

 il
rd

ep
ed

df
it 

ob
sc

rv
at

io
ns

 
of

x 
ar

e 
ra

ld
om

ly
 s

et
ec

t€
d.

 F
in

d 
th

e 
pr

ob
ab

ili
ty

 t
ba

t
th

cr
€ 

ar
€ 

m
or

e 
ob

sd
va

tio
nr

 
of

 X
w

ith
 v

al
ue

s 
gr

ca
te

r 
th

rn
 /

 th
an

 o
bs

er
va

tio
ns

 o
fx

*'
ith

 v
al

ud
 l

es
s 

th
itr

 /
 it

r 
th

e 
se

le
ct

io
n.

t4
l

(D lz
t

P
(k

 <
 x

 <
1)

=
P

(X
 <

7)
 -

P
(X

 <
r)

 =
 0

.8
-0

.2
 =

 0
.6

 (
ah

ow
n)

P
(t

t<
X

 <
7)

=
O

.3
(ii

) ul
S

in
c€

 P
(t

 <
X

 <
F

)=
P

(p
 <

 X
 <

'l)
 =

O
.3

,

av
 o

ya
ac

tty
 p

=
L)

1.
D

ra
w

 a
di

ag
ra

m
!

(ii
D

l2
l

P
(x

 <
 7

) 
=

 o
.t 
- 

P
(z

 <
ff1

 =
 0

.,

T
he

ef
or

e 
# 

=
 0

.t4
16

(4
 d

.p
)

ff 
=

0.
ur

c-
 o

=
u.

or
ot

(iv
)

t3
1

k=
2p

-1
=

1.
16

9
P

(x
l<

 r
) 

=
0.

13
5(

3 
s.

0

(v
)

t4
l

2P
(X

<
r)

=
1P

(X
>

r)
2(

1-
P

(x
>

r)
)=

3P
(x

>
')

5P
(X

 >
 t)

=
)

=
 P

(.
Y

 >
 r

) 
=

 [.
{

L€
t 

F
be

 t
he

 t
ru

rr
lb

er
 o

f 
ob

0o
rv

at
io

ts
 o

ut
 o

f 
l0

 w
irh

 y
al

u6
! 

gr
ea

tc
r 

th
lo

 /
r_

 8
00

,0
.4

)
P

(I
 >

 6
) 

=
 I

 -P
(r

r,
 =

 0
.1

65
(3

s.
D

P
ar

tn
gr

ln
Le

am
ln

g
66

7

P
ar

tn
er

ln
Le

ar
nl

ng
66

8



cr
,

$ o_ c0

t0
A

 g
ro

up
 o

f 
13

 p
eo

pl
e 

co
ns

is
ts

 o
f6

 s
in

gl
e 

lrt
ot

r 
sr

d 
5 

si
ng

le
 w

om
en

 a
ad

 a
 m

ar
rie

d 
co

up
le

A
 c

on
ut

rit
te

e 
of

 7
 is

 t
o 

be
 s

el
ec

te
d 

fr
ou

l 
th

e 
gl

ou
p

(r
)

F
itr

d 
th

o 
uu

sb
er

 o
f 

co
m

m
itt

€e
s 

th
at

 o
rn

 b
e 

fo
m

ed
 i

f 
th

er
e 

ie
 u

o 
rc

st
ric

tio
n 

itr
 t

ho

le
le

ct
io

u.
 

IfL

(ii
)

S
ho

w
 t

ha
t 

th
er

e 
ar

c 
65

8 
su

ch
 c

or
nB

itt
eo

s 
w

ith
 m

or
e 

w
om

cn
 t

ia
n 

m
eo

- 
p\

G
iv

on
 t

h&
t 

a 
co

rn
m

itt
ee

 o
f?

 p
eo

pl
e 

is
 t

o 
be

 s
ol

ec
te

d 
fr

om
 t

ho
 g

ro
up

 s
uc

h 
th

at
 t

he
 c

or
iE

itt
oo

c,
oE

ta
iD

s 
m

or
e 

ur
om

eD
 t

ha
a 

m
en

,

(ii
i)

fin
d 

th
o 

pr
ob

ab
itt

y 
of

 g
ct

tin
g 

a 
co

m
m

itt
ee

 t
h&

l 
co

ns
is

ts
 o

f4
 s

in
gl

o 
w

om
ot

r 
aa

d 
3

si
ns

lo
m

en
. 

I2
l

(i"
)

fin
d 

th
e 

pr
ob

ab
ili

ty
 o

f 
ge

tti
ng

 a
 c

or
lm

itt
ee

 t
ha

t 
co

nt
ai

ns
 a

l 
le

as
t 

oD
e 

ln
ar

lie
d

m
em

be
r.

 
l2

l

T
hc

 4
 lv

om
en

 a
rd

 3
 h

eD
 w

ho
 r

vd
o 

fin
al

ly
 s

ol
oo

te
d 

fo
r 

tb
e 

co
E

at
itt

e€
 i

nc
lu

do
d 

th
o 

m
ar

ric
d

ca
r.

pl
e.

 T
ho

 7
 E

cm
bc

rs
 s

it 
at

 r
an

do
B

 s
ro

ud
d 

a 
ta

bl
e 

c.
ith

 7
 c

ha
i$

.

(v
)

F
in

d 
th

e 
pr

ob
ab

ili
ty

 t
ho

t 
th

o 
m

en
 a

re
 a

ll 
se

pa
ra

to
d 

A
om

 e
ac

h 
ot

he
r

[2
]

(v
l)

G
iv

on
 t

ha
t 

th
e 

m
en

 a
re

 a
ll 

so
pa

B
te

d 
fr

om
 o

ac
h 

ot
he

t, 
fin

d 
th

e 
pr

ob
ab

ili
ty

 t
ha

t 
th

e

m
ar

ie
d 

co
up

le
 8

it 
nc

xt
 t

o 
ea

oh
 o

lh
er

. 
L3

l

(D t1
t

D
um

bo
r 

of
 c

oE
rn

itt
oc

s 
ift

he
re

 i
s 

no
 r

E
st

ric
tio

D
s 

io
 t

ho
 e

ol
cc

tio
n

=
,,q

=
nr

c
(r

) l2
l

T
ho

ro
 a

ro
 3

 c
aE

es
:

C
a6

o 
li 

4 
w

om
on

 3
 m

ot
N

um
bo

r 
of

 c
om

m
itt

e.
s 

=
 6c

rx
'C

r-
-5

25

C
ss

€ 
2:

 5
 w

om
ot

r 
2 

m
ot

l
N

uh
b.

r 
of

 c
oE

6i
ttc

€6
 
=

 "
C

rx
'C

r=
12

6
C

as
o 

3:
 6

 w
om

et
r 

1 
m

rn
N

uo
bc

r 
of

 c
oE

D
itt

r€
s 

=
 "

C
"x

'q
=

7
T

ot
al

 I
lu

rn
be

r 
of

 c
om

m
itt

e€
s 

=
 6

5E
 (

S
ho

w
[)

(ii
i)

Itl
P

(t
he

 c
or

D
m

itt
€e

 n
 il

l c
o[

si
st

 o
f4

 s
in

gl
e 

w
om

en
 a

tr
d 

3 
si

ng
le

 m
en

)

-t
cr

*u
Q

10
0 

50

65
8 

65
8 

32
9

(iv
)

t?
l

N
um

bc
r 

of
 c

oE
E

rit
tE

os
 w

iff
 tr

o 
E

ar
tie

d 
E

€m
bc

r

=
 tc

,x
"c

r+
tc

rx
"c

,

=
10

0+
15

=
11

5

N
um

bo
r 

of
 o

om
itt

oc
s 

w
ith

 a
t 

lc
as

t 
oa

e 
E

ar
do

d 
ac

E
bo

r
=

 5
58

-1
15

=
 5

43
54

3
P

(t
he

 c
om

m
itt

ee
 
w

ill
 c

on
ta

in
 a

t 
lc

as
t 

on
e 

m
ar

ie
d 

m
cm

bo
r)

 =
;1

6
A

lts
m

at
iv

c 
S

ol
ut

io
n

W
c 

co
ns

id
d 

3 
ca

se
s:

C
as

o 
I 

: 
H

us
ba

dd
 i

tr
, 

u,
ife

 o
ul

C
as

e 
2:

 W
if6

 in
, 

hu
bs

nd
 o

ut
N

ua
bc

r 
of

 c
a&

m
itt

oc
s

-' 
c\

x 
6q

 +
 5 

c,
x 

rc
, 
+

' c
, 

x 
6c

, 
=

 2
oo

 +
 7

s 
+

 6
 =

 2
8t

C
as

e 
3:

 B
ot

h 
h'

rs
ba

nd
 a

nd
 w

ife
 a

rc
 in

N
um

bd
 o

f 
c.

D
m

itt
ce

s

=
 "

cr
xo

cr
+

"c
rx

6c
j+

 
'c

, 
=

 1
50

+
 3

0+
l 

=
 l8

l
T

ot
al

 t
ru

ab
or

 o
f 

su
oh

 c
oE

m
itt

oo
s 

=
 5

43

P
(t

be
 c

oo
rt

rit
te

e 
w

ill
 c

on
ta

in
 a

t 
l6

.s
t 

on
e 

m
sr

io
d 

m
€r

nb
er

) 
- 

-1
9^

' 
65

8
(v

)
t2

l
N

uE
b€

t 
of

w
ay

s 
to

 8
it 

4 
w

om
.o

 .
lo

re
d 

rh
o 

ta
bl

c 
=

 3
 !

N
no

b.
r 

of
 w

ey
s 

to
 s

lo
tth

r 
3 

ao
tr

=
 4

 x
 3

 x
 2

=
24

N
un

bo
r 

of
si

tti
tr

g 
ar

ra
llg

dn
ea

ts
 w

hc
re

 t
ho

 o
ll 

th
c 

E
€6

 a
ro

 s
.p

ar
ab

d
=

31
 x

 2
4

*1
44

R
oq

ui
te

d 
F

ob
ab

ili
ty

14
4

6! I 5

(v
i)

t3
1

N
rm

bl
( 

of
 l

|..
ay

s 
to

 s
it 

4 
w

oE
eD

 s
ro

iE
d 

th
c 

tr
bl

c 
=

 3
!

N
ul

b.
r 

of
w

aF
 to

 s
it 

th
c 

er
a 

!.r
t 

to
 h

i8
 w

if.
 : 

2

N
uo

bo
r 

of
va

ys
 t

o 
si

t 
th

o 
ot

ho
r 

2 
D

G
01

 
=

 ?
N

um
bd

 o
fw

ay
s 

to
 h

av
c 

al
l t

ho
 m

6 
so

pa
B

to
d 

fio
m

 e
gc

h 
ot

h€
r 

an
d 

th
c

ra
E

rio
d 

co
up

le
 s

it 
la

xt
 t

o 
ea

lh
 o

th
a,

r

=
3l

x2
x3

t2
-7

2
R

oq
ui

rc
d 

pr
ob

ab
ili

ty
72 14

4
I

P
ar

tn
or

ln
Le

am
in

g
66

9

P
ar

tn
or

ln
Le

am
ln

g
67

0

I



1l
In

 c
on

ju
nc

tio
n 

w
ith

 t
he

 G
rg

st
 S

in
ga

po
re

 S
al

e,
 a

 o
or

ta
irl

 6
le

ch
ot

ric
8 

st
or

e 
is

 h
av

itg
 a

 lu
ck

y
ah

aw
 f

or
 t

hc
t 

cu
st

om
cr

s.
 I

n 
ea

ch
 r

ou
nd

 o
fth

e 
lu

ck
)t

 d
ra

w
, 

th
e 

cu
8t

om
er

 d
ra

w
s 

tw
o 

ba
lls

m
nd

om
ly

, 
on

e 
af

te
r 

an
ot

he
r,

 w
ilh

 r
ep

la
cg

in
en

t 
fto

m
 a

 b
ox

 c
on

ta
iE

in
g 

20
 r

ed
 b

lk
, 

30
 b

lu
e

b6
U

6 
an

d 
50

 w
hi

te
 b

al
ls

. 
T

he
 c

ol
ou

r 
of

 e
ac

h 
ba

ll 
di

aw
ll 

i6
 a

ot
ed

 a
od

 p
oi

nt
s 

ar
e 

aw
an

le
d

ac
co

rd
in

gl
y 

as
 f

ol
lo

w
s.

T
he

 c
ua

to
m

er
's

 s
co

re
 i

n 
ea

oh
 r

ou
nd

 o
flh

e 
lu

ck
y 

dl
aw

 i8
 t

ho
 t

ot
sl

 N
m

be
r 

of
po

in
ts

 a
w

sr
de

d
fo

r 
th

e 
ba

lls
 d

la
rf

l. 
T

o 
ill

us
tn

t!,
 a

 c
,u

st
om

or
 
sc

or
es

 a
 t

ot
al

 o
f 

5 
po

i[t
s 

if 
he

 d
r"

aw
s 

a 
bl

i]c
ba

ll 
an

d 
a 

w
tit

e 
ba

ll 
in

 a
 r

ou
od

 o
f 

lh
c 

lu
ck

y 
dr

ew
, 

re
ga

rd
lo

ss
 

of
th

e 
or

de
r 

of
 s

pp
ca

ra
nc

e 
of

th
e 

ba
lle

.
Y

ou
 m

ay
 a

ss
un

e 
th

at
 t

he
 1

00
 b

al
ls

 6
re

 i
od

is
tin

S
ui

lh
ab

le
 f

ro
m

 e
ac

h 
ot

he
! 

q)
ad

 A
om

 t
he

it
oo

lo
ur

.

Le
t 

X
de

tu
te

 t
he

 t
ot

sl
 n

un
be

r 
of

po
ifl

ts
 s

co
re

d 
by

 a
 c

us
to

m
er

 i[
 a

 r
ou

nd
 o

fth
e 

lu
ok

y 
dI

aw

5
R

ed

B
lu

e
4

W
hi

te
I

(i)
T

eb
ul

at
e 

th
e 

pr
ob

ab
ili

ty
 
di

sE
ib

ut
io

r 
of

x
t3

l

(iD
F

in
d 

E
(X

) 
an

d 
sh

ov
 t

ha
tV

at
(n

=
6.

02
t2

)

M
r 

Li
m

 p
ar

tic
ip

at
ed

 
in

 5
0 

ro
u[

ds
 o

f 
th

e 
lu

ck
y 

dr
aw

.

(r
iD

U
si

ag
 a

 s
ui

ta
bl

c 
ap

pr
ox

im
at

io
n,

 f
ia

d 
th

e 
pr

ob
ab

ili
ty

 
th

at
 M

r 
Li

m
's

 a
v€

ra
go

 
sc

or
c

is
 a

t 
le

as
t 
6.

 
t3

I

A
 c

u.
st

om
er

 
sr

in
s 

s 
ca

sh
 v

ou
oh

or
 i

f 
hi

s 
to

ta
l 

sc
or

e 
fo

r 
on

c 
ro

ut
rd

 o
f 

th
e 

lu
ck

y 
dr

aw
 f

u 
m

or
e

th
an

 6
.

T
he

 t
ot

al
 n

um
be

r 
of

 c
as

h 
vo

uc
he

rs
 w

ot
r 

by
 M

r 
T

an
 i

n 
a 

ro
ua

ds
 o

fth
e 

lu
ck

y 
dt

aw
 i

6 
do

no
te

d
bv

 Y
.

(iv
)

F
ia

d 
th

e 
le

€s
t 

va
lu

e 
of

 , 
su

ch
 ti

at
 th

cr
e 

is
 a

 p
ro

ba
bi

lit
y 

of
 m

or
c 

tb
ao

 0
.7

 t
ba

t 
M

r
T

en
 w

ill
 w

itr
 m

or
o 

th
ar

 3
 o

as
h 

vo
uo

ho
rs

 i
tr

 to
ta

l. 
[4

]

(t
)

t2
't

2
5

6
8

9
I0

I
3

I 5

=
o.

2

9
3

l
P

(x
 =

.x
)

4
=

0.
25

l0
=

0.
3

10
0

=
0.

0S
25

=
0.

12
25

=
0.

04

"t
rb

ul
at

e"

(ii
)

t3
l

U
si

ng
 G

C
, 

E
(,

Y
) 

=
 5

.4

B
(x

')=
35

.r
8

v&
(x

)=
E

(x
")

-[
E

(x
)]

' 
=

35
.1

s-
(5

.4
1 

=
6.

02
 G

ho
vt

r)

G
C

 i
s 

to
 b

e
us

ed
 h

er
e.

(ii
i)

I3
l

S
in

co
 ,

t 
=

 5
0 

is
 ls

rg
q 

by
 C

en
fa

l 
Li

E
it 

T
hc

or
cm

,

x-
N

ft.
a,

ff)
w

,"
--

*r
r.

R
€q

ui
re

d 
pr

ob
eb

ili
ty

 =
 P

(-
 >

 e
) 

=
 o

.o
a1

9 
13

 ".
L1

S
ta

to
di

st
ib

ut
io

u
of

7

(iv
)

t4
l

P
 (

w
io

ni
ng

 a
 c

as
h 

vo
uc

he
r)

=
P

(x
>

6)
=

 P
(x

 =
 8

,9
 o

r 
lo

)
93

ll
t0

0 
25

 2
5 

4

.r
 r(

,,i
)

W
e 

m
us

t 
ha

ve

P
(r

 >
3)

>
 0

.7

+
 l 

-P
(r

,<
 3

) 
>

 0
.7

+
 P

(r
<

3)
<

 0
.3 P

(l'
<

 3
)

18
0.

30
56

9
19

0.
26

30
9

S
ho

w
 s

uf
fic

ie
rt

w
or

ki
ag

 t
o

ju
sd

ry
 s

as
w

er
.

@ -E 5 (o t9
P

ar
tn

or
ln

Le
am

in
g

67
1

P
ar

tn
or

ln
Lo

am
ln

g
47

2

a(
, 

,'r
: 

t,t
 b

al
l 

l'o
rf

t(
\


