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1 A function fis defined by f(x)=x'+ax’ +bx+c, where a, b and c are constants. The graph of y=f (%)

passes through the points (-2, 1) and (2, —3). The point (2,1) lies on the graph of y=f(x+1).
Find the values of @, b and c. [4]

2 The diagram below shows the graph of y=f(x). The curve passes through the x-axis at (-2,0) and (1,0),

and has a maximum point with coordinates (2,2). The lines x=~1 and y=1 are asymptotes to the graph.
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Stating the equations of any asymptotes and the coordinates of any points of interscction with the axes and

stationary points, where possible, sketch the graphs of

@
®)

()

y =3f(:c+a) , where a is a positive constant such that 1<a <2, [3]

y=f'(x). 3]

and y =ln(l —§)+%, stating the

. . . x+1

Sketch, on the same diagram, the curves with equations y=l—2
x—

equations of any asymptotes and the coordinates of any points of intersection with the axes. Label the

two curves clearly. (5]
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Hénce solve the inequality

x—




7 Referred to the origin O, let P, Q and R be distinct points with position vectors p, § and r respectively.
(a) Show that (r—p)x(r-q)=pxq+gxr+rxp. (2]
(b)  Give the geometrical meaning of —]2-| pxq+qxr+rxp I . (2]

(©) Given that pxq+qxr+rxp=0, PR=30R, and that PO> PR, expressrinterms of pand q.  [3]

2 _ 14 “
3 2 1= 31+1. (]

Veri = =
(a) enfy that (r+l)' r! (r_l)| (r+l)'

' L-ri=3r+l '
(b) Hence find S 2T T° {3
) ; (r+1) , ]
‘ 2t —r+3 "
(¢)  Use your answer to part (b) to find Z————’-T— : 31
r=3 v

(a) The first n terms of a series are given by log, 3+log,27+log, 243 +...+log, 3%, where a is a
positive constant. ‘

(i)  Show that the series is an arithmetic series. [2]
(i) Given that sum of the first 30 terms of the series is 300, find the value of a. [2]

(b) A geometric series has first term ¢ and common ratio », where ¢ and r are non-zero. An arithmetic series

" has first term b and common difference d, where b and d are non-zero. It is given that the Sth, 8th and

'10th terms of the arithmetic series are equal to the 2nd, 3rd and 4th of the geometric series respectively.
Show that r satisfies the equation 37* —5r+2=0 and hence find the sum to infinity interms of c. [4]

A function g is defined by

— if x<0

g(x) =< 1+x* s
0 if x>0.
yh

y=gx)

b3 4

1
o
(a) Give a reason why g does not have an inverse. ) (1]

(b) The function g™ exists if the domain of g is restricted to x < k . State the greatest possible value of £.

(1]



In the rest of the question, the domain of g is x <k , where £ takes the value determined in part (b).
(¢) Find g™'(x) and state the domainof g™'. (3]

(d)  Sketch, on the axes given below, the graphs of ¥ =g(x) and y =g (x). Label the two graphs clearly.
Write down the equation of the line in which the graph of y =g(x) must be reflected in order to obtain

the graph of y=g”'(x). - | ETI

The curve C has equation

2
x+y=(x-y)".
It is given that C has only one tuming point.
(a) Show that l—g}-’—:—z—. : . B f4]
dx 1+2x-2y

(b) Hence, or otherwise, show that d—zz “[1-% 3 o "

s ) e o) : 31
(c)  Hence state, with a reason, whether the turning point is a minimum or a maximum. 2]
Itis given that y=In (2 - e'z") .

dy . _,

(a) Show that ot 4e™ -2, [2]
(b)  Hence find the Maclaurin series for y, up to and including the term in x*. [3]

(¢)  Using standard serics from the List of Formulae (MF26), expand 111(2 —e‘z") as far as the term in x*,

and use this expansion as a check on the correctness of the series found in part (b). [4]
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11

(@) Find Isin 3xcosx dx. 2]

(b) Find f_z.__"_-— dv. [4]
x*+4x+13

(¢) Use the substitution x =3sind to find j Vo —x? dx. (4]

[A sphere of radius r has surface area 47r* and volume %n’ﬁ ]

A water fountain is to be constructed in the middle of Bishan East Park. It consists of a hemisphere with radius
» m joined to an open cylinder with radius r m and height 7 m (see diagram).
The thickness of the fountain is negligible. It is given that the fountain, when filled to the brim, can hold a
fixed volume k m® of water.
(a) . The interior of the fountain is to be painted with a layer of special reflecting paint. The cost of painting
is $3 per m® for the hemispherical surface and $2.50 per m? for the cylindrical wall. Show that the total
. . 8 5k
cost of painting, $C, is given by $[-§m-’ + ——) [3]
r

(b) Using differentiation, find the value of r, in terms of k, such that C is a minimum. (4]
Keeping C at a minimum, it is now given that k =50.

(¢) Findthe numerical values of » and A. 2]

(d) When the fountain is filled to the brim, a leak develops at the joint between the cylinder and the
hemisphere. Water leaks at a constant rate of 0.002 m’® per minute. Assuming that water is neither lost
nor added to the fountain in any other way, find the rate at which the level of water is decreasing. 3]



12

Methane (CH, ) is a chemical compound with a tetrahedral structure. The 4 hydrogen (H) atoms form a
regular tetrahedron, and the carbon (C) atomn is in the centre.

Let the centre of the C-atom be the point P, and the centres of the 4 H-atoms be the points O, R, § and 7. The
coordinates of P, O, R and S are (-1,0,2), (-2,-1, 1), (-2,1,3) and (0,-1, a) respectively.

The angle 0 subtended by any two C-H bonds at the C-atom, such as angle OPR, is known as the H-C-H
bond angle (see diagram above).

(a) Find the bond angle, correct to 2 decimal places. 3] '
(b) By using the fact that OS = RS, show that a =3. , _ [2]
(¢) Find a cartesian equation for plane x, which contains the points P, 0 and R. - [3]

(d) Fisthe point on x that is closest to the point S.

(i)  State a vector equation for the line SF. ‘ n
(ii) Hence, show that the coordinates of F are (0, 0, 2) . [3]

(iif) Given that the point T'is the mirror image of the point S in 7, find the position vectorof 7. [2]
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Solution

At (-2,1),

1=(=2) +a(-2)" +b(-2)+c=>4a-2b+c=9 —(1)

At (2,-3),

3=(2) +a(2)’ +b(2)+c=>4a+2b+c=-11 —(2)

Since (2,1) lieson y= f(x +1),
Method 1: consider that (3,1) lies on y =f(x):

1=(3) +a(3)" +b(3) +c=9a+3b+c=—26 - (3)

Method 2: use y =f(x+1)=(x+1) +a(x+1)° +b(x+1)+c

1=(2+1) +a(2+1)" +b(2+1) +c=>9a+3b+c =~26 — (3)

Solving (1), (2) and (3),

a=-2,b=-5.c=7 [or f(x)=x" ~2x* ~5x+7]

Solution

(@)

»




(b)

y
x = -1 A
y=0 E \(2, 0) ox
Y v
-3 Solution
(@)
(b) From the graph, 0<x<2
4 Solution
(@)

[Consider any triplet of distinct points P, O, R with position vectors p, g and r respectively.]




LHS= (r-p)x(r-q)

(r-p)xr—(r-p)xq

rXr—pxr-rxq+pxq

rxp+gxr+pxq (~rxr=0andaxb=-bxa)
PXqQ+qXr+rxp

= RHS

~ pxq+gxr+rxp=(r-p)x(r-q) (shown)

1]

[l

(b) %|pxq+q><r+rxp|=%|(r—p)x(r—-q)|
1 —y fo—e  ——
:§|(OR ~OP)x(OR —OQ)|
i —
=5|PR>< OF|
"lilp Xq+qxr+rXxp| represents the area of APOR.
Alternative
%lp Xq+qxr+rxp| represents half the area of a parallelogram with PR and QR as adjacent sides.
(c) Given pxq+qxr+rxp=0,

= (r—p)x(r—q)=0 (from result in (a))
= PRx OR =0
<+ P,Q, R are distinct points,
= ﬁ;to, and Q}¢0 ,
= PROQR, ie. P, O, R are collinear points.

Given also that PR=30R, and PQ > PR,
~. Point R divides PQ internally in the ratio 3:1, i.e. PR:RQ=3:1.

b3 R1Q

o
By the ratio theorem, position vector r = P+3q .

Alternative (to show collinear)




Given pxq+qxr+rxp=0,
= AreaofAPQR=%|pxq+qxr+rxpt (by part (b))
I
=—{0
o
=0 i.e. APOR is a degenerate triangle

i.e. P,Q, R are collinear points.

5 Solution
1@ 3. 2 1 _3=2(r+)-1(r)(r+1)
(r+1)t 1 (=D (r+1)!
- =3r+l, .
=——(r—+l)!—(verlﬂed)
(b)

3 2 1

(c)

Method 1: change of variable




Lt —r 43 RE-(r+1) - (r+1)+3

r=3 r! r+1=3 (" + 1)'
_ el ? 341
= (+D!

sl _p? -3 41 3
2 G —[‘EJ
=|:(i+ ! ...4)}.}._3.

nl (n=1) 2

3 1 5
=| —+ ——
nt (n-11} 2

Method 2: Listing

B

Z—:‘z—r+3 -32-3+3 -’ —n+3
= e
p r! 31 n!

~ n-l _(,- +])._, —()‘+ l)+3
~ (r+l)!

6 Solution
(a)(i) d= U, —u,,

=log, 3" - log, 3D

2n-1
= loga W
=log, 9 which is a constant independent of n
Therefore, the series is an arithmetic series.

(a)(i1)

Method 1: use S, = %(a +1)

_30 2(30)-17 _
s,o_—{[loga3+1ogu3 ]=300




15(log, 3*°) =300
900log, 3 =300

1
log 3=—
2o 3

Method 2: use S, = %[2:1 + (n - l)d]

Sy = %9[2(10&, 3)+29(log, 9) | =300

15[ 2(log, 3) +29(log, 3* )]=300
900 log, 3) =300

1
log,3=—
2a 3
1
a*=3
a=27
(b) b+dd=cr (I)
b+7d=cr* (2)
b+9d=cr’ (3)
(Eliminate b):
(2)-(): cr*—cr=3d
3)-(2): cr=cr*=2d
(Eliminate d):
crt—cr _cr'—cr’
3 2
Since ¢, r # 0, we divide both sides by c and r, and rearrange to get
372 —5r +2 =0 (shown)

. . 2
Solving, r =1 (rejected ' d #0) orr =3—
5, = 5=3c

1-=
3
7 Solution

(a)

Explanation 1 (“Horizontal Line Test”)




g is not a one-to-one function as the horizontal line y =0 meets the graph of y =g(x) more than
onge.

Explanation 2 (State two inputs with same output)

g is not a one-to-one function as there are distinct inputs producing the same output under function
g e.g g(1)=g(2)=0.

(b) Greatest k=0.
(©) Let y=g(x), x<0. Then x=g"'(»).
y=gx)= > since x<0.
1+x .
I+x2=2-
y
x2=z—1, x=+ 3_1
y y
. 2 N
Since x<0, x=—|—-1=g" ()
y
. g"(x):-—,{z-—l
x
D. =R, =(O,2].
(d)
yh
2

y=g(x),x=0

y=g'(x),0<x<2

x=0 _ .
The line in which the graph of y =g(x) is reflected to obtain the graph of y =g l(x’) is y=x.

Solution




(@)

Method 1: Find % then simplify

Differentiating implicitly w.r.t. x,

Method A: Consider Chain Rule Method B: Consider product rule
1+d—y=2(x-y)(1--dl) x+y=(x-y) =2 -20+y’
dx dx

&

dy dy
1+==2x—2x=-2y+2
Vil P g

:>l+%=2x—2y~(2x—2y)%

dy

:>1—2x+2y=—(l+2x—2y)dx

dy 1-2x+2y
dx 1+2x-2y

Add 1 to both sides,

1_Sl-}i=l—2x+2y+(l+2x—2y)
dx 1+2x-2y
2
T 142x-2y

(shown)

Method 2: Consider adding 1 —% to both sides

Differentiating implicitly w.r.t. x,
dy - dy
1+==2(x-y)|1-—
o )( dx).

Add 1—9- to both sides,
dx ‘

dy . dy dy) ( dy)
1+ Y 1-Y oa(x-y)| 1-2 |+ 1-=
ol @ (x y)( dx dx

2=(2x—2y+1)(1—%x}i)

1-—d-J—}-=——2-—— (shown)
dx 2x-2y+l1

(»)

Diff implicitly w.r.t. X,




d’y aaf, dy)
(1+2x y) ( ”

2

=___4__-(1—d—y)
(1+2x-2y)'\ dx

d’y dy )3
=>—==|1-—| (shown
5 i ( )
c 2 ‘ : '
© d—y:O:d—J:=l>0 -~ minimum point
dx - B
9 Solution
(@) y=h(2-e™)=> e =2-e* e =2-¢
Eqn 1 Eqnz
Method 1: implicit differentiation
» . . . . . y dy - -2x
Differentiating Eqn 1 implicitly w.r.t. x, e i 2e”
dy ~2X =Y ~¥YamY -y N
Then —=2e™"e =2(2—e )e =4 ~2 (shown)
dx .
from Eqn 2
Method 2: direct differentiation
from Eqn 2
—r—
2 2(2-¢
b 2 —= ( ) =4e™ ~2 (shown)
dx 2-e™* e’
fuliov}
from Eqn 1
Method 3: make x the subject, implicit differentiation
FromEqn2, e =2-¢’ = -2x=In (2 - e")
. T 1 , dy
Differentiating implicitly w.r.t. x, -2=——| —¢¥ =
-e dx
gy -202-¢)
Then —=———~=4¢"” -2 (shown
i -y ( )
(b) Method 1: further differentiation of result in (a)

Differentiating % =4e™ -2 implicitly w.r.t. x,

2
£ o)
dx* dx dx




2
When x=0, y=0, d_y=2 ,1%=—4(2)e‘°=—8
dx dx

_ Y L 42
y—(0)+(2)x+(2!]x +..=2x—~4x" +...

Method 2: direct differentiation of 1% derivative in x

Q _ —4e7* (2 - e"z’) —-2e™ (2&'2’)

dx? (2 —e )2

2 -0
When x=0, y=0, d_y=2 ,d—i):—_se——,=—8
dx dx (2_6—0)'

y=(0)+(2)x~1-(:2—2:—jx2 .o.=2x—4xt +...

©

)2

From MF26, e =1 +(—2x)+-(——-—2—;L+... =1-2x+2x" +...
Then

y= ln(2 )

I}

_e
ln[z ~(1-2x+247 + )]

=In[ 1+ (2x-257 +.)]

2

(2x-25" +...)
2
Using the cxpansi;n for Inf1+£(x))
2
—ox-2 -y
2

=(2x-2x" +..)~ +.

=2x—4x* +...

This is the same expression as found part (b) and hence we can conclude that the expansion is
correct.

10

Solution




(@)

Isin 3xcosxdx = %J'2sin3xcosxdx

:%Jsin(s‘x +x)+sin(3x—x)dx

= l_[sinfix +sin2x dx
2 R
1

Nl= o=

Usin 4xdx + Isiandx]

1 . lea .
[zj‘4sxn4xdx+5.[25m2xdx:|

B(—cos 4x)+ %(—— cos 2x)] +c

=—lcos4x—lcos?.x+c, :
8 4

where ¢ is an arbitrary constant. .

(b) , '
[Since %(xz +4x + 13) =2x+4,were-writex as x=A(2x+4)+ B in order to split the
numerator into 2 parts. Compare coefficients to get 4 and B.]

' l(2x +4)-2
X 2
J'z_ dr= [ S5——— dx
x°+4x+13 x“ +4x+13

=lj 2x+d dx—zf L
2) x* +4x+13 x° +4x+13

=lln|x2 +4x+13 -2[-]—22(3
2 (x+2) +3

=lln(x2 +4x+ 13)—-Etan" (x+2)+c,
2 3 3

where ¢ is an arbitrary constant
(©

Let x=3sin&. Then %:?wosﬁ .

Substituting,




[Jo-x? dx=[/9-(3sin6)’ -3cos6 d6

. =j,f9(1-sin2 8)-3cos6 d6
=I«]9c0529 -3cosd d&@

= chosB-3cos«9 de
= j 9cos’ 8 d6

= % I cos20+1d8 (double angle formula)

=-9— }-sin26 +60)+c
21 2

= -9—sin fcost +29 +c
2= 2

2 2
[x—?’sine:sine:%acost?:\/l—(f) =\[9 X ]

3 3

fo_ 2
SoI 9-x2 Q:%(i)( 9,x ]+%sin"(-§-]+c

-
3 o

=XJo—x? +25in! (f +e,
2 2 3

where ¢ is an arbitrary constant.

11 Solution

(2)

14 =7zrr2h+§7¢fr3 =k

2 4
k—'-3*7ﬁ' k 2
=>h=—2—-=——2——r
nr art 3

C =3(2zr*)+2.5(27rh)
=671’ + Snr(—k; —-2-r)
art 3

N L3 (shown)
3 r

(b) dC _16zr Sk

dr 3 r’

dcC 16zr 5k
—=0=> —-——=
dr 3 z

0




Check min using second derivative method

2
d°C _167 1%k 0 (ohr>0)
dr? 3 r

e 15k
So C is minimum when r = 3}—— .
167

Check min using first derivative method

dC _16zr 5k _ 167+ —15k

dr 3 r? 3r?
r 15k JJ 15k f1sk"
33— 33—
' 167 167 167
Signof | 1677 ~15k<0 |0 167r* —15k >0
dc 32 >0 3r250
dr 3 3 _
167r° —15k <0 1677 - 1547.‘:_> 0
3r? : . 3r :
Slope \ - /
So C is minimum when r = # I5k .
167
(c) When k=50,
r= #M =2.4619=2.46 (3s.f) and
167
50 2
h=————--(2.4619)=0.985 (3 5.f.)
7(2.4619)’ 3 )
(d)

[Since the leak is at the joint between cylinder and hemisphere, we need to consider only the
volume in the cylindrical part.)

Let ¥, be volume of water in the cylindrical part and / be level of water in the cylindrical part.

Note that 7 =2.4619 is a constant, so ¥, = (2.4619)’ z/

Method 1 — differentiate w.r.t. ¢

LA (2.4619) 7L
dt dr




a_ 1 4

dt 7(24619) dt
1

" 7(24619) (-0002)

=-1.05x10~ m per minute

So the water level decreases at 1.05x10™ m/min.

Method 2 —~ connected rate of change

av,
dl

= 7(2.4619)"

d_a v,
dr dv, dr
1
=——————(~0.002
7r(2.4619)2( 2)

=-1.05x10"* m per minute

So the water level decreases at 1.05x10™ m/min.

Method 3 — consider proportionality

Since surface area is a constant,

i
ds dt
a1

=————(-0.002)
dt  7(2.4619) \

=-1.05x10"" m per minute

12 Solution
(a) ?@ = @ - O_P. ﬁ = 57!9 et ﬁ
=2) (-1\ (-1 -2) (-1} (-1
=[-1i—-| 0 |=|-1], = -1 0 |=|1
1 2 -1) 3 2 1

5. R
Angle QPR = cos”( PO — J




‘ ( (-1 (-1
IR EERE
Angle OPR =cos™ RWYACYS

L )

(14(-D+(=D))
L B3 )

‘.
=cos™ —-l)
3

=109.47° (2dp)

=cos™!

(b) , 08? = RS (- QS=RS) -
(0-2)) +(-1- (D))" +(a-1)" =(0-(-2))" +(-1-1)* +(a=3)" .
R0 @l = R 4@

(R —2a+1) = 4+ (R —6a+9)
4a=12 o
a=3 (shown)

© (-1 -1 o
E= -1| and PR=| 1 | from (a)
‘ -1 1

A vector normal to plane z is

-1\ (-1 G OEICIVY 0Yy (0
—1|x} 1 |=] (D)= =] 2 |=2| 1
1) L1) lenm--nen) (=2) (=

(d)(@@) F is the foot of perpendicular from S to plane z, and
SF is parallel to a normal vector used for plane 7.

0 0
. LineSF:r=|-1{+A4| 1 |, AcO.
3 -1




(d)(i) 0 0 0

-+ Fliesonline SF, OF =| -1 |+ 1 [=|-1+2 , for some A 0.

3 -1 3-4
0
» Flieson 7, OF 1 |=-2.
-1
0 0
= |[-1+A]| 1 |=-2,
3-4 /(-1
= (-1+A)-(3-A)=-2,
—4+24=-2
A=1
0 0
L OF=|-1+4|] =|0
3-2 )1, \2
F(, 0, 2) (shown)
Alternative;
-1 -1 -1 0 0
0 |+u|-1|+a| 1 |={-1[+A4] 1
2 -1 1 3 -1
-l-p—a=0
—p+roa==1+4
2—u+a=3-1

1 1
L Y
H="3 2

-+ T'is the mirror image of S'in 7,
the foot of perpendicular from Sto 7, i.e. point F, is the midpoint of S and T.

(d)(iii)

By the midpoint theorem (special case of ratio theorem),

O—F=OS+0T (:pT
OT = 20F - 08 -
0 0 0 O,R ® {F planes
=2 0 - —1 = 1 -E.
2} 13 1 os

Alternatively, -~ T is the mirror image of S in plane =,




— T
OF +FT _ 49
- Fris
OF +SF 'L_]
OF +OF 0§ %@

I ' F planer




