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1 2017 Specimen Paper Solutions

Question 1

6001 |O-0+0 = E-Oo-00T
[DNEREIN
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so we have proven the upper bound for a + Y + <.
z

Xy

A Ral

Next, using the AM-GM inequality, we have

(B0 0)-

so we have proven the lower bound for a + Y + <.
zZ x y

(b) (i) By definition of the scalar product, for any two vectors

aq bl
a— ap and b = b2 5
as b3

we have a-b = |a||b| cos 8, where 6 is the angle between the two vectors. Since |cos 0| < 1, then a-b < |a||b|,
which implies that

aq b] aq b]
a ||| || a by
az b3 az b3

and the result follows. For equality to hold, we must have a; = kb; for all 1 <i <3 and some k € R\ {0}.
(ii) Using the Cauchy-Schwarz inequality,

[(\/;?>2+<\/Zyﬂ>2+<\/%>2 [(\/Y+z)2+(\/z+x)2+(\/x+y)2}Z(X+Y+Z)2

(XZ+y2+Zz)(+++++)>(++)2
ITZTXTX X Z
y+z z+x x+yy Y= Y

2 2 2

X z

2( +2 4 )2x+y+z
y+z Z+x x+Yy

and equality holds if and only if x =y = z.

Question 2

(i) Using the substitution u = x?, the integral becomes

3 ¥ 3 1 7
/ al dx:/x+1+—dx:1n2+f.
2 x—1 2 x—1 2

The substitution is motivated by the presence of the square root in the denominator and the fact that 4 and 9 are
square numbers.



(i) Using the substitution y = xu, we have

dy _ du
dx " dx
Idy du u

d
so the differential equation becomes d—u =f(u).
X

(iii) Dividing both sides by x, we have

SO

y X X

)=

X y oy

As such,
1 1 u—1
=Lyl
Vi ou u
d —1
The differential equation becomes a_ Vi . From (i), we have
x u

2u/u+3u+6y/u+6In|\/u—1| N
=XTC
3 ?

14
where c is a constant. As the solution curve passes through ( 3 3), then u = 4. Substituting these into the above
equation yields ¢ = 13. Hence,

zy\ﬁ+3(y) +6\ﬁ+6ln \ﬁl‘ =3x+39.
X X X X X

When y = 9x, we have 60+ 61n2 = 3x, so x = 20+ 21n2, which is the required x-coordinate.

Question 3

(i) (a) LetS={a,2a,...(p—1)a}. Forall1 <i< p—1,none of the ia € § is divisible by p because a is not divisible
by p. Suppose ai = aj (mod p). Then, there exists A € Z such that ai = Ap+aj, so a(i— j) = Ap. However,
p does not divide a so p must divide i — j. Thatis, i = j (modp). As 1 <i,j < p—1, theni= jso all the
elements in S are distinct. In mod p, the elements in S are a permutation of 7, where T = {1,2,...,p—1}.

(b) In mod p, the product of the elements in S is congruent to the product of the elements in 7. That is,
a-2a-3a-(p—1)a=1-2-3-(p—1) (modp).
So, a?~! =1 (mod p).
(ii) By the binomial theorem,
(x+y)° =2 + 5%y + 1063 + 102%y° + 5% +y°
=x° +y° 45k
where k € Z. So, x> +y° = (x+)° — 5k. As x> +y° =0 (mod5), then (x+y)°> =0 (mod5).
We use the method of contraposition to prove that x+y = 0 (mod5). That is to say, given that x+y is not a
multiple of 5, we wish to prove that (x+ y)5 is also not a multiple of 5. We write x+y = 5k+r, where 1 <r <4.

So,
(x+y)° = (5k+r)° = 3125k +3125k*r + 1250k> 1 4 250K 1> + 25kr* + 1

s0 (x+)° = r° (mod5) but because 1 < r < 4, then ° is not a multiple of 5 and so we have proven that x +y =
0 (mod5). As such, there exists & € Z such that x4y = 5a. Then, x = 50t —y. Hence,

X4y = (5a—y)’ +y° =3125a° —3125a*y + 125003y — 25002y + 25ay*.

It follows that x> +y° is divisible by 25.



Remark for Question 3: This deals with a well-known result in number theory called Fermat’s little theorem. It states
that if ged (a, p) = 1 (i.e. a is not divisible by p), then a?~! = 1 (mod p). An alternative representation says that for any
integer a, a”? = a (mod p). Our method of proving Fermat’s little theorem was using modulo inverse.

Question 4
G 5"
(i) (a) By =5 and B, = 24; B, can be calculated easily by considering the complement of the event ‘never chooses
Scrambled eggs on consecutive days’ so By = 5% — 1.

(b) We consider two cases.

* Case 1 (Scrambled eggs on the 1st day): On the 2nd day, she has 4 choices remaining. There would be
no restrictions on what she has on the remaining n — 2 days. This contributes to 4B,_,.
e Case 2 (no Scrambled eggs on the 1st day): On the 1st day, she has 4 choices. Thereafter, she has no
restrictions on what she has on the remaining days. This contributes to 4B,,_.
Since the 2 cases are mutually exclusive, the result follows.

(c) Let P, be the proposition that Bs..; = 0 (mod35) for all k € Z>.
When k = 0, we have By = 5, which is divisible by 5. So, Py is true.
Assume P, is true for some r € Z>¢. Then, B3,+1 = 0 (mod5). We are required to show B3,14 =0 (mod5).
Using the relation in (iib), as By = 4B;_| +4Bj_», then

B34 =4B313+4B3,12
=4 (4B3r42 +4B3,41) +4B3,42
=20B3,12 + 1683,
= 16B3,+1 (mod5)
=0 (mod5) by induction hypothesis

Since P is true and P, is true implies P, is true, by mathematical induction, P is true for all k € Z>¢.



Question 5

(i) (a) Consider the following graph of y = x” for p < 0 and x > 0 (we set i = 2 here but actually, i is arbitrary):
1.5

0.5

i+1
/ xP dx denotes the area bounded by the curve, the x-axis and the ordinates x =i and x =i+ 1. We
i

construct the rectangle above which has a base of 1 unit and a height of (i +1)”. Its area is (i + 1) units?,
which is less than the given integral.
(b) It suffices to prove that

i+1 D 41 p
/ xl’ dx < #
i

Naturally, we would think of the right side of the inequality as the area of another figure other than a rectangle.
Consider the following graph:

1.5 Y

05

I
I
|
I
I
1

|
|
‘ | ;
1.5 2 2.5 3
. . . . . P4+ 1)P
We construct a trapezium bounded by the x-axis and the ordinates x =i and x =i+ 1. Its area is —————.
The integral is less than the area of the trapezium and the result follows.
(ii) Using (ia),
it
(i+1)? < / xP dx

Ji

2 3 n
2p+3p+...+np</xpdx+/ xpdx—i—...—i—/ xP dx
1 2 n—1

n n
Zk”<1+/ xP dx
k=1 1

The required sum is Z kP so as n — oo, we have
k=1

o p+1 7 p+l_1 1
ka<1+[x ] = lim <1+">=1—:”.
] p+1l], no= p+1 p+1 1+4p




(iii) In (ii), we used (ia) to show that
n
20 43P+ nf </ xP dx.
1

Considering the integral on the right side of the equation, we have

Adding 17 =1 to both sides, we establish an upper bound for 17 427 437 4 ... +n”.

Using (ib), we have

i+1 P i+ 1)°
/ xP dx<#
i

2 3 n 1P102P 2P 3P 1P app
/Xpder/ x”der...Jr/ xPdx < + + + +...+u
1 2 n—1 2 2 2

2 2

nPtl—1 1 pp ]
— < =+=+) K
p+1 2 2 k;z
1P4pP pptl—1 &
<) kP
2 + p+1 Z

n 1 g ol
/xpdx<f+f+2kp
1 k=2

so we have established a lower bound for 17 +27 +3P 4 ... +n?.

Therefore,
1+n?  nPtl -1 1P 42P 43P ... +nP 1 Pt 1
pp+1 np+1 (erl) np+1 npt+l - ppt+l (p+1)
1 1 1 1 1P 4+2P 43P 4. . +nP 1 1 1
st o 1 1 Tt - 1
2nptl S n o p+1 wPtl(p41) nb* nPtl p+1 Pl (p+1)

As p> —1,then p+1 > 0. As n — o on both sides, by the squeeze theorem, the upper and lower bounds will tend

to

1
. Therefore,
p+1
lim
n—soo

(11’+2P+3P+...+n1’) 1

lan :erl.

Remark for Question 5: There is a formula for the sum 17 + 27 + ... 4+ n” which is known as Faulhaber’s formula. It

states that )
n
Z K = 1 i Br”p7r+17
=1 prL 3\ r

where B, denotes the sequence of Bernoulli numbers.

Question 6

(i) Since f is continuous on [0,0.4], £(0) =1 > 0 and f(0.4) = —0.136 < 0, then there exists a root in (0,0.4).
Next, since f is continuous on [0.4,2], f(0.4) = —0.136 < 0 and f(2) =3 > 0, then there exists a root in (0.4,2).
Lastly, since f is continuous on [—2,0], f(—2) = —1 < 0 and f(0) = 1 > 0, then there exists a root in (—2,0).

The above shows that f has at least three distinct real roots. To show that there are only three distinct real roots,
consider f’(x) =3 (x2 - 1) so f is strictly increasing for x > 1 and strictly decreasing for x < —1.

(ii) Note that ;
_ 1\ [ 1 1 o 1=3x4x
w=1(75) = (75) = () -5




so g(a),g(P) and g(y) are the roots of f. From (i), we know that o € (—2,0), B € (0,0.4) and y € (0.4,2). We
have g(y) < 0, which implies that g(y) = a. Suppose on the contrary that g(f3) = 8. Then,

1
g P

That is, Bz — B+ 1 =0. However, the roots of this equation are not real, which is a contradiction. As such, g(8) =7,
leaving us with g(ot) = B.
(iii) Write /(x) = ax® 4+ bx + ¢, where a,b,c € R and a # 0. Then for x = «, B, 7, we have
1
1—x
ax®(1—x)+bx(1-x)4+c(1-x)—1=0
ax* —ax® +bx—bx* +c—cx—1=0

—ax +(a—b)x*+(b—c)x+c—1=0

ax* +bx+c=

Comparing the last line with f(x), we see thata = —1, b= —1 and ¢ = 2. So, h(x) = —x*> —x+2.

Remark for Question 6: For (i), to put it more rigorously, the justification of the existence of a root is due to the
intermediate value theorem. It states that given a continuous function f on an interval [a,b] such that f(a) and f(b) have
different polarities (i.e. either f(a) <0 and f(b) > 0, or f(a) > 0 and f(b) < 0), then there exists some ¢ € (a,b) such
that f(c) =0.

Question 7

(i) Consider a square board with 4" unit squares. Without a loss of generality, suppose a unit square in the 1st quadrant
is covered. Then, consider the 4 unit squares at the centre. Cover all the squares except that in the 1st quadrant. As
the board can be rotated in any direction, regardless of which unit square is originally covered, the result follows.

(ii) First, note that the area of the board is 4" unitsZ, then the length must be 2" units.
Let P, be the proposition that on a 2" x 2" square board, if one unit square is initially covered, then the remain-
ing unit squares can be covered by triominoes, and the total number of triominoes required is % (4"—1)forallneN.

When n = 1, we have a 2 x 2 square board. If one unit square is initially covered, then we have 3 unit squares
remaining. They are arranged in an L-shape. The remaining unit squares can be covered by triominoes. The total
number of triominoes is 1. Hence, P; is true.

Assume that Py is true for some k € N. That is, on a 2% x 2% square board, if one unit square is initially cov-
ered, the remaining unit squares can be covered by % (4" — 1) triominoes. We wish to prove that P is true. That
is, on a 2K+1 % 2K+1 square board, if one unit square is initially covered, the remaining unit squares can be covered
by % (441 —1) triominoes.

Consider a 21 x 2k1 square board. Divide it into four 2% x 2% square boards. Without a loss of generality,
suppose a unit square in the 1st quadrant is initially covered as shown.

m

By the induction hypothesis, that 2 x 2% board can be covered by % (4" — 1) triominoes.



For the 2 x 2% board in the 2nd quadrant, we can cover it with % (4k — 1) triominoes such that a unit square remains
in the bottom-right corner.

Repeat this process for the 2% x 2% boards in the 3rd and 4th quadrants and do not occupy the top-right and top-left
corners respectively. This can be covered with 2 X % (4" — 1) triominoes.

Finally, the 2 x 2 square board in the centre can be covered by one triomino.

We see that the total number of triominoes required is § (4 —1) +1 = 1 (41 —1). Since P; is true and P is
true implies Py | is true, by mathematical induction, P, is true for all n € N.

Question 8
(a) Let S; and S, be the following sets:
Si={x€Z:a<x<b} and S ={x€Z:c<x<d}

One can sketch a number line and come up with two cases.

 Case 1: Suppose ¢ < a < b <d. Then, S; C S,. Since |S;| < |S2], then the number of integers x is b —a + 1.
 Case 2: Suppose a < ¢ <d < b. Then, S, C S;. Since |S>| < |S;|, the number of integers x is d — ¢ + 1.

The result follows.

(b) Consider x+y=nand 0 <y <b. Then, 0 <n—x < b, son—>b < x < n. Thus, the equation x +y = n is restricted
to the conditions 0 <x <aandn—b <x<n.

Since a+b >n, thena >n—>b. Consider x+y=nand 0 <x<a. Then, 0<n—y<a,son—a<y<n.
Thus, the equation x +y = n is restricted to the conditions 0 <y < b and n —a <y < n. The result follows.



(c) Let A, B and C denote the following sets:
A={x€Zso:x>a}, B={y€Zso:y>a} and C={z€Z>p:z>a}
So,

|A'nB'NC'| =|£|—|AUBUC| by de Morgan’s law
=1E|-3|A|+3]ANB|—|ANBNC| by the principle of inclusion and exclusion

Note that |A N BN B| = 0. If the cardinality was positive, it would imply that x 4+ y+ z > 3a but this contradicts the
fact that x +y+z < 3a.

Hence,

2

f_ (nF2) S n—a+] n—2a
|AmBmc\(2> 3( ) >+3< 5 )

_ 1 —2
A| = <” at ) ANB| = (” ) “> and JANBNC| =0,

Therefore,

Remark for Question 8: Here is an interactive solution to (ii).


https://www.desmos.com/calculator/sbzbobv0o7

2 2017 Paper Solutions

Question 1

(i) Consider the graph of y = Inx. Plot the points A (a,lna) and B (b,Inb) and without loss of generality, assume
0 <a < b. Here, a and b are set to be 1.5 and 2.5 respectively but they can be arbitrarily chosen such that 0 < a < b.

y

Let M be on the graph such that its x-coordinate is the average of A and B. So, M has coordinates (%2, 1n (%52)).

Also, let C be such that its y-coordinate is the average of A and B. Then, the y-coordinate of C is % (Ina+1nb).

As y = Inx is concave down, the y-coordinate of C is less than or equal to that of M. As such, the result follows
with equality attained if and only if a = b.

(ii) We have

In <a42—b) zln\/a>b.

a+b

Since y = Inx is an injective function, then > +/ab, which is the AM-GM inequality for two variables.

d>y 1 d? , , ,
ey _Z so for all x > 0, ey > 0. This shows that y is concave up (alternatively, one can use
dx>  x dx?

a graphing calculator to verify this). Let A and B have coordinates (a,alna) and (b,bInb) respectively. So,

(iii) Let y =xInx. Then,

alna+bnb S a+b
2 - 2

a+by . .
In 5 since y = xInx is concave down

b
alna+blnb > (a+b)In (“; >

In (@*”) > In ((“;b)m>

b a+b
a“b’ > <a;— ) by injectivity of Inx

10



Question 2

(i) Let P, be the proposition that
4" 4" y . ) 1 y
dx"  dx"!

for all positive integers n.
.d —_ dy . Lo
When n = 1, the LHS is T (xy), which is equal to xd— +y. This expression is equal to the RHS.
X X

Assume that P, is true for some positive integer k. That is,

dk dky dk*ly

To show that P, is true, we need to prove that

dk+1 korly dky
W (xy) :xdxk+] + (k+ l) ﬁ
So,
k+1
d [ d*
~ dx (dxk (xy))
d dk dkfl
= (xdx{ + ndxk)‘}> by induction hypothesis
dk+1y dky dky
TG T gk Tk
dk+1y

dk
+(k+1) %2 = RHS

=X
dxk+1 dxk

Since Pj is true and Py is true implies Py is true, by mathematical induction, P, is true for all positive integers n.
() (a) yo=1 J
v = = (e_)‘z) = (—2xe"‘2> =—2x
dx

Y2 = & @ (efxz) = exzi (—erfxz) =4x% -2

dx? dx
(b)
Yus2 + 20t F2 (0t 1)y = ::HTZ () +2xe” % () +2(+1)e” 5):1 ()
=< c;i)::fz (€fo> +2¢° {xil;ll (efxz) +(n+1) dd:n (exz)]
=< ::"Z (e—x2) +2¢° % (xe—ﬂ) using (i) by setting y = e =
4 ) ]
=0

(¢) From (b), it follows that y, 2 + 2xy,+1 = —2(n+ 1) y,. Hence,

d d | o dmt! 2
dx@"“)—dx[e o ()

) dn+2 5 5 dn+1 5
= dx"+2 (e i ) +2xe’ dxnt1 <e ' )
= Yn+2 + 2XYn11
=-2 (n+ 1)yn

11



Question 3

(a) As gcd(1591,3913,9331) = 43, factorising 43 from both sides of the equation yields 37x+ 91y = 217, or rather,
37x=7(31—13y). So, 37x is a multiple of 7, which forces x to be a multiple of 7. The only prime that is a multiple

of 7is 7,butifx =7, theny = — 1—63 ¢ 7. So, we conclude that there are no integer solutions with x prime.

(b) (i) Asaand b are factors of n, there exist A, i € Z such that n = Aa = ub.
Given that ra+ sb = 1, then ran+ sbn = n. So, ab (ri + sA) = n, which asserts that ab is a factor of n.

(ii) Suppose x = u (moda). Then, there exists k € Z such that x = ka + u.
Write k = k1 b+ ¢ for some k| ,q € Z. So, x = ak; b+ aq + u, which implies that x = ag + u (modb).
As ra+sb =1, then
rv—uw)ya+s(v—u)b=v—u
r(v—u)a=v—u (modb) (x)

By choosing k = kib+r(v—u),ie. g=r(v—u), we have

x=ar(v—u)+u (modb)
=v—u+u (modb) using (x)
=v (modb)

Hence, we have constructed a number x = (b+ r(v —u))a+ u = ab+ ar(v — u) 4+ u such that x = u (moda)

and x = v (modb).

Question 4

(@

a2

iy
I,+1,_,= / tan”x + tan" " 2x dx
0
-
z
= / sec”xtan" 2 x dx
0

~ [tan"'x %_ 1
| n—1 O_n—l

Lkl

tan” 2x (1+ tanzx) dx

(ii) y = tanx is strictly increasing on [0, %n’]. Substituting the x-coordinates of the endpoints, 0 < tanx < 1.

Consider the y-coordinates of a linear function y = mx to be upper bounds for all y values of y =tanx. For 0 <x <

it must satisfy 0 < mx < 1.

4

Hence, 0 < mx < 77, implying that m = . The required linear function is y = %x. The inequality tanx <

e
is true and equality holds if and only if x = 0 or x = 7.
(iii) Since tanx > 0 on [0, %717], combining this with (ii) yields 0 < tanx < %x.

So,
n E4 4 n
Og/zttan")cdxg/4 (x> dx
0 0 T
4\ i
o<, <|— /x"dx
T 0

n n+1 %
o<n<(2) |2
T n+1],

T
o<l < ——" _
~ " T 4+ 1)

T
As ’}glolo m = 0, by the squeeze theorem, I, tends to zero as well.

12

T
40

4
-



(iv) Note that I, + Iy = %, Li+bhL= % and Ig+ 1y = %, which are the magnitudes of the first three terms of the series.
By the method of difference,

1 1 1
I_§+§+"':(12+1°)_(14_12)+(16_I4)+'“

f0f4

Remark for Question 4: This question involves proving Madhava’s formula for 7. It is an example of a Madhava series
which is a collection of infinite series believed to have been discovered by Madhava of Sangamagrama in the 1200s. James
Gregory and Gottfried Wilhelm Leibniz discovered the series much later in the 1670s. For most of the Western world, the
series is known as the Leibniz series.

Question 5
(i) Suppose there are no restrictions. For each object, it can go into either box. There are 2" ways to do this. As there
are 2 cases where either box is empty, the result follows.

(i) (a) Note that S (r,n) represents a Stirling number of the second kind.
Let the set M comprise the r objects. So, we write M = {ay,...,a,}.

* Case 1: Suppose for some 1 < j <r, a; is the only object in a box. There is 1 way as the boxes are
identical. The remaining r — 1 objects can be distributed into the remaining 2 boxes. The number of ways
is27 72— 1.
» Case 2: Suppose for some 1 < j <r, a; is mixed with other objects. We first distribute the remaining
r— 1 objects into 3 boxes. Then, a; can enter either one of the 3 boxes in 35 (r — 1,3) ways.
Since the two cases are mutually exclusive, the result follows by the addition principle.
(b) AsS(r,3)=2""2—1+38(r—1,3),then S(r+2,3) =95 (r,3)+5(2"!) — 4.
Let P. be the proposition that
§(n3) = {O (mod6) if riseven
1 (mod6) if ris odd

for all positive integers r such that » > 3.

When r = 3, there is only 1 way to distribute 1 object into 1 box, so S(3,3) =1 =1 (mod6).
When r = 4, using the recurrence relation established in (iia), we have S(4,3) =3+435(3,3) =0 (mod6).
These assert that the base cases P; and Py are true.

Assume P is true for some positive integer k such that k > 3. That is,

S(k3) = 0 (mod6) ifkiseven
"7 |1 (mod6) if kis odd

We wish to prove that Py, is true. That is,

0 (mod6) ifk+2iseven

S(k+2,3)=
1 (mod6) ifk+2isodd

Suppose k is even. Then, k+ 2 is also even, so

S(k+2,3) =9S(k,3)+5 (2k,1) 4

(2"*') —4 (mod6) by induction hypothesis

5
0 (mod6)

13



Now, suppose k is odd. Then, k+ 2 is also odd, so
S(k+2,3) =98 (k,3) +5 (2’“1) —4
=545 (2"*1) (mod6) by induction hypothesis
=5(2141)
=5(—1) (mod6)
=1 (mod6)

Since P; and Py are true and Py is true implies P, is true, by mathematical induction, P, is true for all positive
integers r such that r > 3.

Question 6

(a) (i) Label the beads ay,...,a,.

We first consider a linear permutation, which can be done in n! ways.
As the circle can be rotated, then suppose a; goes to the old position of a,, a, goes to the old position
of a3, and so on. We obtain a permutation of the same configuration as before. So, the number of
arrangements in a circle is m_ (n—1).

(ii) When there are no restrictio’rlls, there are (n — 1)! ways to arrange the beads.
If two beads are adjacent, there are 2((n — 1) — 1)! ways to arrange them.
Hence, the required number of ways is (n—1)! =2(n—2)! = (n—2)!(n—3).

(iii) First, note that the result holds if and only if n > 5.
There are (;’) ways to choose 3 beads out of n and n ways to choose 3 adjacent beads. For 2 fixed but
adjacent beads, there are n ways to choose and n — 4 ways to choose the 3rd bead so that the 3rd bead is
not adjacent to the first two beads.

Hence, the answer is

(”) S o B G Lk N Y

3 6
. (n=1)(n—2)4+6(3—n)
6
_ n(n—4)(n—>3)
6

(b) Let A and B denote the following sets:

A = {all 4-tuples denoting all collections of 4 points on the perimeter of the circle}

B = {all interior points in the circle when the maximum possible number of interior points is achieved}

Let f: A — B be a function. Suppose a € A. Then there exists b € B such that f(a) = b as we can always find
4 points that form the 2 chords on which b is the intersection of the 2 chords.

To show f is injective, suppose f(a) = f(a'). Suppose on the contrary that a # a’. Then, we can shift 2 of the
4 points in @’ such that 2 additional interior points are formed instead of 1, which is a contradiction. So, a =d’.

To show f is surjective, as every b € B is formed by the intersection of 2 chords, it corresponds to 4 dis-
tinct points on the perimeter of the circle.

Since f is injective and surjective, it is thus bijective, so by the bijection principle, |A| = [B| = (}).

Question 7

(i) Letx =4k+3 for some k € Z>p. Asx =1 (mod?2), then x is odd, so its divisors are also odd.
Suppose on the contrary that all the prime divisors of x are of the form 1 mod 4. For any two integers of the form
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1 mod 4, say 4m+ 1 and 4n + 1, where m,n € Z, their product, 16mn+4m+4n+1 is also 1 mod 4. Hence, the
product of any number of integers of the form 1 mod 4 is also of the form 1 mod 4.

Thus, there exists at least one prime factor of the form 1 mod 3, which is in Q.

(ii) Suppose on the contrary that there are finitely many primes in Q. Then, Q = {qi,...,g,} with g; = 3, etc.
From (i), N =4q;...q, + 3 is divisible by some prime in Q. However, none of the ¢;’s, for 1 <i < n, divides N.
Thus, there are infinitely many primes in Q.

Remark for Question 7: The infinitude of primes of the form 4k + 3 is a particular case of Dirichlet’s theorem on
arithmetic progressions. It states that if gcd (a,b) = 1, then there are infinitely many primes of the form an + b.

Question 8
(i) (a) By considering the sequence 1,1,2,0,2,2,1,0,1,1,2,0,2,2,1,0,..., the period is 8
(b) By considering the sequence 1,1,2,3,1,0,1,1,2,3,1,0,1,..., the period is 6

(ii) Modulo m, there are m possible values which are 0,1,2,...,m — 1. So, there are m? distinct pairs.
Asl1<j<k< m2+1, by considering m2+1 pairs of (F;, Fi+1) modulo m, where 1 <i < m? + 1, the result follows
by the pigeonhole principle.

(iii) Here, we would use the method of strong induction. Unlike the conventional method of mathematical induction,
strong induction uses more statements in the induction hypothesis.

Let P, be the proposition that there exists j,k € N, where j < k, such that Fj, = Fyy, (modm) for all n € Zx.
When n = 0, then F; = F;, (modm).

When n = 1, then Fj | = Fy (modm).

The base cases Py and P; are true because in (i), we established that (F}, Fj11) = (Fy,Fiy1) (modm).

Assume that P, and P, are true for some r € Z>¢. That is,
Fiir = Fiyy (modm) and Fjy .y = Fiypyq (modm).

To show P, is true, we need to prove Fjy,» = Fjir4o (modm).
This is true because

Fiyry2=Fjiy1+F;y, by definition of Fibonacci sequence
= Fiyri1 + Fitr (modm) by induction hypothesis

= Fy+r+2 (modm) by definition of Fibonacci sequence

Since Py and P; are true and P, and P, are true imply P, is true, then by strong induction, P, is true for all
ne Zzo.

(iv) By (iii), for any positive integer m, the Fibonacci sequence modulo m is periodic.
Hence, there exists a pair (F;, Fi1) such that F; = F; = 1 (modm) and F;y| = F, =2 (modm).
So, F;_; =0 (modm).

Remark for Question 8: I found an interesting post on StackExchange which is related to (iii).
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3 2018 Paper Solutions

Question 1

@
n 1 1
F(0) = Z r(r+1) - 1_n—i—l’

r=1

which follows by using partial fractions and the method of difference.
As n tends to infinity, F,,(0) increases and tends to 1.

(i) (a)
| 1 2 2
F,(x) = - — —
®) ,;{r r+1+(r—1)x—|—1 rx—l}
| 1 1 1
= - 2 _
rz"l{r r+1]+ ;[(rl)x+1 rxl]
\*/_/
F,(0)
1 1 .
=1- +2(1——— by the method of difference
n+1 nx—+1
1 2
:3— —_
n+1 nx+1
(b)
. 1 ifx=0;
lim F,(x) =
e 3 ifx#0
Question 2

(i) Starting with the RHS, let t = a —x. When x = 0, then t = a; when x = a, then t = 0. Also, dt = —dx.
The RHS becomes

- [Crwyar= ["rwar= [ s ax

(i) Since f is symmetrical about x = 1a, then f (x+ 3a) = f (—x+ 1a).
Replacing x with x — 1a, we have f(x) = f(a—x).
Considering the LHS,

/Oaxf(x) dx:/oa(a—x)f(afx) dx
:a/oaf(afx) dxf/oaxf(afx) dx

Using (i), the integrals become
a a
a/ f(x) dx—/ xf(x) dx.

0 0
So,

a a

2/ xf(x)dx= a/ f(x) dx.
0 0
Dividing both sides by 2 yields the result.
(iii) Let

xsinx

g(x)

Then, g is even because g(—x) = g(x), so the integrand g is symmetrical about x = 0.
Setting a = 0 in (ii), we have

T 1tcos?x’

/” xsinx T (T sinx
———dx=—- | ———dx
o 1+cos2x 2 Jo 1+cosx
For the integral on the right, let u = cosx, so du = —sinx dx. The integral becomes
A | T o T N
- —d :—/ —— du= = [tan”! =—.
2 2T 2 e ™ 2[ I 4
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Question 3
(i) Without loss of generality, it suffices to show that

a b c
+ — >
l4a 14+b 1+c—

)
where a+ b > ¢, which is a consequence of the triangle inequality.

The LHS can be written as

a_ b ¢ a(l+b)(I+c)+b(1+a)(1+c)—c(l+a)(1+Db)
l+a 14+b 1+4c (14a)(1+b)(1+c¢)

Since the denominator is always positive and the numerator can be expanded and simplified as a + b — ¢ + 2ab +
abc > 0, the result follows.

(ii) Without a loss of generality, it suffices to show that \/a 4+ v/b — \/c > 0, where a +b > c.

Think of \/a + /b — \/c as the difference of \/a + /b and \/c. By multiplying and dividing by its ‘conjugate’,

the LHS can be written as

(va+vb—ve) (va+vb+ye)
Va+vVb+./c

Va+vVb—y/c=

2
Similar to (i), we consider the numerator, which can be written as (\/5 + \/l;) —c=a+b—c+2vab>0. The
result follows.

(iii) Without a loss of generality, it suffices to show that

Va(b+c—a)++/b(c+a—b)—+/cla+b—c) >0,

where a+b > c and a, b, c are the lengths of a triangle.

Let the triangle’s perimeter be P, so P =a+b+c. So,
Vab+c—a)++/b(c+a—b)—/cla+b—c)=+/a(P—2a)+\/b(P—2b)—\/c(P—2c).
Letx=+/a(P—2a),y=+/b(P—2b) and z = \/c(P—2c).

Using the cosine rule, say we have a triangle XYZ with XY =z, YZ =x, ZX =y and ZXYZ = 6. Then,

ﬁ+f—f
2xy
a(P—2a)+b(P—2b)—c(P—2c)
2\/ab (P —2a) (P —2b)

B \/(Caer) (c+a—>b)
B 4ab

cosfh =

As |cos 6] < 1, it follows that

(c—a+b)(c+a—b)
4ab

<1

2 §a2+2ab+b2
c<a+b

and the result follows.

Question 4

7+4—1
(i) (a) Number of ways is ( : | > =120
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(b)

(a)
(b)

(V]

The question is equivalent to asking the number of integer solutions to the equation
X1 +x2 +x3+x4 =7, where all the x;’s > 1.
Letting x; = 1 —y;, we have

Y1 +y2+y3+ys =3, where all the y;’s > 0.

So, the number of ways is <3 +j B 1) =20.

Number of ways is 47 = 16384

Fix any T-shirt in the st slot, then the 2nd slot can contain either of the remaining 3 types of T-shirts. Repeat-
ing this process up to the 7th slot, we see there are 4 (37~!) = 2916 ways.

Let A; denote the event that the T-shirt of the i colour is not used, where 1 <i < 4.

So,
ad 4
yal=(7)5
i=1
4
L aina=(3)7

i<j

Y JAinA;nA = (g) 17

i<j<k

4 4 4
By the principle of inclusion and exclusion, the answer is 47 — <1) 374 < 2) 27— ( 3) 17 = 8400.

Question 5

» @

(b)

(c)

(i) (a)

(b)

An a x b rectangle and a p x g rectangle have ab and pq squares respectively. Since some number of rectangles
are used to tessellate the large board, the result follows.

Suppose the base and height of the rectangle are denoted by a and b respectively. If the large board is tes-
sellated from left to right with a vertical and 8 horizontal rectangles, then the bottom row of the board has
aa+ Bb squares. As each row has ¢ squares, then ¢ = ota + Bb. Similarly, if we tessellate the board from the
bottom to the top, we have p = ya+ 8b. Since ., 3,7, € Z>o, the result follows.

In each a x b tile, along each row, there is only one shaded square. Since there are b rows, there will be b
shaded squares in each tile. If k tiles are used in the tessellation, there will be kb shaded squares on the large
board. From (a), as ab is a factor of pg, then there exists k € N such that kab = pg. Hence, kb refers to the
number of shaded squares on the board.

Given that

r(moda), 0<r<a

p
g=s(moda), 0<s<a

then there exists m,n € N such that

p=ma+rand g=na+s.
Consider a large p x g rectangle. So, pg = a*mn + ams + anr + rs. We remove an r x s rectangle from the
bottom-right corner so the remaining figure has

pq—rs
a

= mna -+ ms + nr

—rs

non-overlapping rows or columns of a x 1 rectangles. So, this figure comprises Pa shaded blocks.

a
Ast = min{r,s} and there are ¢ shaded blocks in the r x s rectangle, the result follows.
pa=rs

From (iia), the number of shaded squares in the p x g rectangle is

From (ic), the number of shaded squares in the tessellated p x g rectangle is pq.

Equating the two, we have at = rs. “

If t = r, then r (a — s) = 0. However, if r # 0, then s = a, which is a contradiction as s < a. So, r =0 and a|p.
If t = 5, then s (a — r) = 0, which implies that s = 0 and so alg.
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Question 6

(@) Let A ={ay,...,a,} be a group of n students, and for each i, the number of students a; knows is f(i). Also, let
B={1,...,n}. Then, forall 1 <i<n,wehave 0 < f(i) <n—1.

* Case 1: Suppose there exist i, j € B, where i # j, such that f(i) = f(j) = 0. Then, a; and a; both have no

friends, so the result is trivial.
* Case 2: Suppose there is precisely one i € [1,n] such that f(i) = 0. Then, for all j € [1,n]\ {i}, we have
1 < f(j) < n—2. By the pigeonhole principle, we have j,k € [1,n]\ {i}, where j # k, such that f(j) = f(k).
* Case 3: Suppose f(i) > 0 forall 1 <i<n. Then, we have 1 < f(i) <n— 1. By the pigeonhole principle, for
1 <i,j<n,wherei# j, wehave f(i) = f(}).
We assume that friendship is a symmetric relation, meaning if a; is a friend of a,, then a; is also a friend of a;.

(b) Define the fractional part of x, {x}, to be x — | x].
Consider {kx}, where 1 < k < n, and subintervals of [0, 1) each of length % These are

1 12 —1
Il_|:0a)a12_|:a)a"'7ln_|:n 71>
n nn n

* Case 1: Suppose some {kx} fallsin I;. As {kx} < % then

1

kx — |k —
X ij<n
L kx| 1

F k| kn

so by setting a = | kx| and b = k, we establish the desired inequality.

* Case 2: Suppose none of the {kx} falls in ;. By the pigeonhole principle, at least two {kx} fall in the same
I;, where 2 <i<n. Let

ig{px}<£amdgg{qx}<£.
n n n n

Then,

(e} —{axt <

1
Im—wﬂ—w+mm<;

(=) (Lpx] ~ lax))l <

P_@ﬂ—&ﬂ
P—q

1
(p—q)n

so by setting a = | px| — |gx] and b = p — g, we establish the desired inequality.

Remark for Question 6: For (b), a faster method without considering the pigeonhole principle is as such. We start off
by noting that nx — |nx| = {nx}, so

!
| () 1

Asa,beZand 1 <b <n,wecanseta= |nx| and b =1 and the result follows.

The interested can look up Diophantine approximation.
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Question 7

(@

(i)

. o dy dt  d%
Using the substitution ¢ = T we have T = ok

Differentiating (1) with respect to x, we have

Py (dy\®  dP (dy dy
ydx2+<dx> = \ax) T\
dy
:27
Y xdx

Solving the differential equation yields § In|x| = In|y|+c.
So y2 = Ax, where A = e=%¢. Thus, ¢ and A are constants.

Differentiating y> = Ax with respect to x, we have

dy
2 —_— =
ydx

and substituting this into the original differential equation, we have A = 4.

A,

Hence, the equation of S is y2 =4x.

First, we show that if a straight line is tangent to S, then it is a solution to equation @
Note that

dy 1

dx  /x

Suppose the line is tangent to the curve at P (%az, a). Then, the equation of the tangent at P is

2 +a
= —X —_
Y a 2

Substituting this into the original differential equation, the result follows.

Next, we show that if a straight line is a solution to @, then it is tangent to S.

Note that any line satisfies y = mx + ¢. Substituting this into the original differential equation yields m (mx + ¢)
1

xm? + 1. Since this holds for any x € R, then ¢ =

ol
The equation of the line becomes
y=mx+ —.
m
d d 2
Note that Zy—y =4 and as Y_ m, then y = —. As such, x = —.
dx dx m m?
Since y2 = 4x, then
1\2
<mx + > =4x
m
2.2 1
mx- —2x+ — = 0
m

The discriminant of the above quadratic equation is 0, implying that y = mx + — is tangent to the curve.
m

In particular, the line is tangential at the point (m%’ %) .

Question 8

(@

(3)(3) () (3)

=24+3+5=10
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Line | Lattice points underneath y = %x + % Number of lattice points
x=1 (1,1) 1
x=2 (2,1) 1
x=3 (3,1) and (3,2) 2
x=4 (4,1), (4,2) and (4,3) 3
x=5 (5,1), (5,2) and (5,3) 3

5
7
(ii) We have E n(llr> =1+14+2434+3=10.
r=1

From the table, we see that there are also 10 points underneath the line y = %)H— %

(i) Suppose (0,1) is mapped to (a, b) by the rotation. Since (3,2) is the midpoint of (0, 1) and (a,b), by the midpoint
formula,a =6 and b = 5
Hence, (6, %) lies on the rotated line.
Suppose ( 1411,0) is mapped to (c,d) by the rotation. In a similar fashion, ¢ = % and d = 4.
Hence, ( 12,4) lies on the rotated line.

The equation of the line joining (6,7) and (2,4) isx= y+

=

=N

As a rotation by 180° about (3,2) leaves all the lattice points unchanged, then by symmetry,
5 /11 o . 11
Z n 7;’ = total number of lattice points to the left of the line x = - y+ 5 fory=1,2,3
=1

7 1
= total number of lattice points underneath the line y = ﬁx + 3 forx=1,2,3,4,5

(iv) Note that
p—1 qg—1
2 2
denotes the number of integer points in the rectangle bounded by 1 < x < % (p—1),1<y< % (g—1).
Also, n (%r) denotes the number of integer points underneath the line y = X+ % forx=r.
Then,

p—1

> -1
Z n (qr> = total number of integer points underneath the line y = —x—i— for 1 <x< pT
p p

r=1
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and

g—1

= 1 -1
Z n (pr> = total number of integer points to the left of the line x = By + 3 for1 <y < 4

r=1 q

Let A and B be the set of integer points underneath the line y = X+ % and to the left of x = o+ % respectively.
Thus,

p—

g—1
2 =z

|A| = Z n <qr> and |B| = Zn (pr> .
r=1 p q

r=1

As such,

N=|ANB|
= |A[+[B| —|AUB]|

= 2JA| - p—1\(a-1
2 2
p—1\ [ g-1
and therefore, N + )5 )= 0 (mod2).

Remark for Question 8: For (iii), those who have background knowledge of linear algebra would find the use of the

rotation matrix extremely helpful in the early part of this question. Overall, this question deals with a geometric proof of
the law of quadratic reciprocity, which was established by Gotthold Eisenstein.
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4 2019 Paper Solutions

Question 1

(i) By the Cauchy-Schwarz inequality,

(P42 +22) (22432 46%) > (2x+3y+62)>
(2x+3y+62)* <49 (> +y* +2)
2x4+3y+62<7 sincex’+y*+z2=1

2 3

(i) From (i), by setting up the inequality and noting that 22 + 3%+ 62 =7, we havex= 2,y =2 and z = §.

(iii) By the Cauchy-Schwarz inequality,

2
n
Zx,-) so the required maximum value is /7.

n
Since Zx,z =1, we have n > (
i—1 i=1

1

(iv) Let the length of each square be /;, where i > 1 and suppose there are n squares.
n n

9
Since ) 41;= 18, then ) I; = 5.
i=1 i=1

Also, the area of the large unit square is 1 so Z l,»2 =1

i=1
By the Cauchy-Schwarz inequality, n > % so there are more than 20 such squares.

Question 2

4
(b) The question is equivalent to asking the number of integer solutions to the equation

8+4—1
(i) (a) Number of ways is ( +71 ) =165

x1 +xp +x3+x4 = 8, where all the x;’s > 1.
Letting x; = 1 —y;, we have

y1+Yy2+y3+ys =4, where all the y;’s > 0.

3
(i) (a) Number of ways is 4% = 65536
(b) Number of ways is 4 x 37 = 8748

(c) We assign each base to an arbitrary index i, where 1 <i < 4. Let A; denote the event that base i is not used.
So,

So, the number of ways is <4 +4- 1) =35

4 4 4
By the principle of inclusion and exclusion, the answer is 48 — (1) 384 < 2) 28— ( 3) 13 = 40824.

Remark for Question 2: This question is very similar to Question 4 of the 2018 A-Level paper.
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Question 3

(i) (a) Let P, be the proposition that x; > % for all i € N.
By definition, x; = 1 so P is true.
Assume Py is true for some k € N. That is, x; > l
To prove Py is true, we need to show that x; > +l

So,
k+a ... .
Xjy1 = mxk by definition of the recurrence relation
k
> K k—:-al) by induction hypothesis
~ei ()
Ck+1 k
1
>
T k+1
Since P; is true and P is true implies Py is true, then P, is true for all i € N.

(b)

Z x> Z by ()

i=n+1 i= n+l

1 .
> Z — sincei<2n
i=n+1 n

(c) Suppose on the contrary that in is bounded.
i=1

n
Note that Zx,- is strictly increasing and bounded above. By the monotone convergence theorem, it converges
i=1
to some finite number, say N.

From (b), we established that

% 1
X2 5
i=n+1 2

SO

As n — oo, we have

which is a contradiction.
(i) (a) The recurrence relation can be written as (i + 1)x;+1 = (i +a)x; so

(i—|— l)xH] —ix; = ax;

n

Z [(i4 1)xip1 —ixg] Z ax;

i=m i=m

a Z x; = (n+ 1)x,41 — mx,, by the method of difference

(b) Let b = —a > 0. Note that
i—b

i+1

<0 ifi<b;

>0 ifi>b
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Hence, the non-zero terms of the sequence x; alternates in signs for 1 <i < |b].

Ifxw < 0, then X|p|+1 2 0, X|p|42 = 0, and so on. Hence, forall k > 1, X(p|+k = 0.

Similarly, for all k > 1, if X|p| > 0, then X|b|+k <0.

IfbeN,forall k > 1, then xp . = 0.

Hence, for sufficiently large m,n € N, in particular n > m > |b], x,, and x, will have the same sign and the
result follows.

Question 4

(i) (a) Consider the n-digit number having 1st digit 2. There are Y,, such numbers.
Then, consider the (n — 1)-digit number from the 2nd to the last digit. The 2nd digit has to be 1 or 3.

Define Z, to be the number of n-digit numbers with first digit 3. By symmetry, ¥, = Z,.

o Case 1: If the 2nd digit is 1, there are X,,_; (n — 1)-digit numbers.
» Case 2: If the 2nd digit is 3, there are Z,_; (n— 1)-digit numbers. As Y, = Z,_, there are ¥,
(n—1)-digit numbers.
Since the two cases are mutually exclusive, then Y,, = X,,_1 + Y,,—1.

(b) Consider the n-digit number having 1st digit 1. There are X,, such numbers.
Consider the (n — 1)-digit number from the 2nd to the last digit. There is no restriction on the 2nd digit.

¢ Case 1: If the 2nd digit is 1, there are X,,_; (n— 1)-digit numbers.

* Case 2: If the 2nd digit is 2, there are ¥, (n— 1)-digit numbers.

* Case 3: If the 2nd digit is 3, there are Z,_; (n — 1)-digit numbers. As Y,_| = Z,_1, then there are ¥,
(n — 1)-digit numbers.

Since the three cases are mutually exclusive, then X,, = X,,_| +2Y,_;.
(¢) We have

Xnt1 =X, +2Y, by (b)
=X, +2(X,—1+Y,—1) by(a)
=Xy +2Xy 1+ X, —Xy—1 by (b)
=2X, +X,1

(ii) Let P, be the proposition that X, = n> —n+ 1 (mod4) for all n € N.
When n = 1, we have X; = 1 = 1 (mod4) so P, is true.
When n =2, we have X, =3 =3 (mod4) so P, is true.

Assume P,_; and P, are true for some k € N, where k > 2. That is,
X1 = (k—1)>— (k—1)+1 (mod4) and X;=k*>—k+1 (mod4)

respectively.

To show that Py is true, we need to prove that X_; = (k4 1)> — (k-+ 1) + 1 (mod4).
Note that (k+1)* — (k+1)+1=k*+k+1.

Using the recurrence relation,

Xir1 = 2X; + Xi—1
=2 (k2 —k+1)+(k—1)> = (k—1)+1 (mod4)
= 2% 2k 424Kk —2k+1—k+2
=3k —5k+5
=k +k+1+2(k—1)(k—2) (mod4)

25



As k— 1 and k — 2 are of opposite parities, it implies that (k— 1)(k — 2) is even so X;, | = k> +k+ 1 (mod4).

Since P; and P, are true and P,_; and P, are true imply that P, is true, by strong induction, P, is true for all

neN.
(iii)
T, =Xy +Y.+2Z,

=X, +2Y,

=Xn+1 by (ib)

=n’+n+1 (mod4)

Question 5
(i) Using the substitution, we have

dr_d
dx — dx?’

dt
The differential equation becomes i t.
x
1
So, /? dt = /dx, which implies In |¢| = x4 ¢, where ¢ is a constant. So, t = Ae*, where A = ¢°.
d
Since d—u = Ae*, then /du = /Aex dx, implying that u = Ae* + k, where k is a constant too.
x

(ii) Letu=e J/(ydx,

Then,
du
8 [ f)ydx
o= T )y
= —uyf (x)
Differentiating one more time yields
d? , dy d
T = f W+ 1) (s >
d d
— s (9= 70) (435
, d d
= —uyf (v) —uf () 52~ 3f ()
Rearranging,
d , du &
uf (x) cT;yc = —uyf" (x) = yf (x) cTZ - dTZ'
As % = f(x)y* +g(x)y, then
d d?
[ () + S ()8 () + unf (0)+3f (6) o+ 55 =0
d2
wy? [f (0)]2 + uyf (x) g (x) +upf’ (x) +yf (x) [—uyf ()] + ch'; =0
d2
T2 Tl () s (1) =0
d? d
d—xl; —g(x)d—z—i—uyf/(x) =0
d’u du ) = 0
&) o7 = fx)g ) ——+uyf(x) f(x) =
d? , d
F0) G = [ 0+ @ ()] 72 =0
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(iii)

d
As d—y = ¢ 2y? 4 3y, then f(x) = ¢ > and g(x) = 3.
x
Using (ii),
d’u , du
f(x)ﬁ — @) +f(0)gx)] I =0
—ZX@ . 6—2)(@ -0
dx? dx
2
As e~ is non-zero for all x € R, then M = @
dx?  dx

From (i), the solution is of the form u = ¢*7¢ + k for constants ¢ and k. So,

— [e 2%y
e Je ydx:ex+c+k

- /e_zxy dx=1n (ex” + k)

ex+c

_672,\' —

y eXte+k

e3x+c

YT T etk
. e3x
When x =0, y = —3, so k = 3¢°. Therefore, y = — .
* Y 4 ¢ Y e*+3

Question 6

@

(ii)

Let x1,x2,...,%, denote the positions of the (+1)’s and (—1)’s and each +1 precedes a corresponding —1. Denote

x;, where 1 <i < 2n to be the starting point.

There exists i € [1,2n] such that (x;,x;+1) = (+1,—1) or (—1,+1), meaning there are two adjacent points of oppo-
site polarity. Delete x; and x;; 1, so we would have 2n — 2 positions remaining. Repeat this process until we have 2

points remaining, say x; and xz. As such, (xj,x;) = (+1,—1).

Suppose x; is the final position of the +1. Restoring all the positions and moving in a clockwise manner, the
next position must be either +1 or —1. If we proceed with the former, then 7; = 2. For the latter, 7; = 0. Subse-
quently, the next position must be either —1 or 41 respectively and repeating this process, we conclude that there

does not exist i € [1,2n] such that 7; < 0.

Regardless of the polarity of the first position, 7} = 1 (mod2). As i increases by 1, then the polarity of 7; changes.

If n is odd, then T; + T;4 1 is odd so

2n
n+ Y T;=2A+1+2u+1=0 (mod2).
i=1

If n is even, then 7; + T;1 is even so

2n
n+) T;=2A+2u =0 (mod2).

i=1

Question 7

()
(ii)

ccos0 +dsinO < aand csinO@ +dcosO < b

We first prove the forward direction by contraposition. Suppose d > b. Then, a > ¢ > d > b and

csin@ +dcosO > b(sinf +cos )

= bV2cos (9 - g)

1
As0< O < g, then cos (6 — E) > —, 50 bv/2cos (6 — g) > b, which completes the proof.

477 V2

Next, we prove the backward direction. Choose 6 sufficiently small such that

csinf < e =min{a—c,b—d}.
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(iii)

(iv)

(@

(i)
(iii)

Then,
ccosO+dsinh < ccosO+csinf <c+e<a and dcosO+csind <d+¢€<b,

which completes the proof.

Let 6y be the angle for which the ¢ x d rectangle is strictly contained in the a x b rectangle.
By (i), we must have
ccosBy+dsinfy <a and csinBy+dcosBy < b.

From (ii), by considering ccos 8 +dsin6 < ccos 0 +¢sin 0 < ¢+ € < a and substituting it into the above inequali-
ties, we have
. Y T
csin <§ — 60) +dcos (5 — 90) <b<a.

Let f(0) =ccos6 +dsinf, where 0 < 0 < 5, 6; =min {6, 5 — 6y} and 6, = max {69,5 — 6o }.
Then, f(61), f(62) <aand 6; < 7 < 6.
Since f(0) >0 and f”(0) = —(ccos0 +dsinf) < 0for 0 < 6 < 7, then f attains a maximum at 6,,,,, Where

£’ (Bmax) = —Cin Opyax +d €08 Opyax = 0.

This implies that

Since f(0) = ¢ > a and f is increasing on [0, Oyax], then Omax < 6;. Moreover, as f is decreasing on [Gmax, %} ,itis
also increasing on [0y, 63].

The condition is that a > ¢ or av/2 > ¢ +d.

First, we will prove the necessary statement. Suppose a ¢ X d rectangle can be strictly contained in an a X a
square. If a > ¢, we are done. Otherwise, if a < ¢, then by (iii), we have V2> c+d.

Next, we will prove the sufficiency statement. If a > ¢, by (ii), a ¢ x d rectangle can be strictly contained in an
a x a square if and only if @ > d. However, as a > ¢ > d, then the rectangle can always be contained in the square.

If v/2 > ¢+ d, by considering the inequalities in (i) which are

ccosO+dsinf <a and c¢sinB+dcos < b,

T d
setting 0 = 1 into each both yield ctd <a.

V2

For any x € N, we have (12 —x)? = x*> (mod 12) so we only consider the first 6 non-negative square numbers.
02 =0 (mod 12)
12=1 (mod 12)
22 =4 (mod 12)
32 =9 (mod12)
4% =4 (mod 12)
52 =1 (mod 12)

and the result follows.
Let N = 9. We have 52 =7 (mod9) and 7 € S(9) but 7 is non-square.

For all N € N, n[S(N)] is greater than or equal to the number of distinct non-negative integers m satisfying m> < N.

* Case 1: Suppose N is non-square. Here, v/N < |V/N] & N so m < +/N. This implies 0 < m < |/N| so there
are 1 + L\/Nj distinct non-negative integers m satisfying m < v/N. Thus, there are at least 1 + L\/NJ distinct
elements of S(N) and the result follows.
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» Case 2: Suppose N is square. Here, L\/NJ =+/N € N. This implies that m < VN, s00<m<+/N—1. There
are | /N | distinct non-negative integers m satisfying m < v/N. Thus, there are at least [ /N | distinct elements
of S(N).

(iv) We consider 2 cases — when A is even and when A is odd.

e Case 1: If A is even, then % would still be an integer. Thus,
A
¥ = 17421 (2)

and in modulo 2!, we have x> = 17 (mod2"*!) and the result follows.

» Case 2: If A is odd, let u € Z such that
 A+x4202
o 2
and the above equation is valid since A and x are odd, so their sum would be even.

Hence, 2"y +17 = (x +2" )2 and so (x+2"’1)2 =17 (mod2"*+1).

(v) From (iii), S(2") has at least /2" elements.
From (iv), there exist x,A € Z such that X2 =17+2"forn >5.
Note that all squares pz, where 0 < p2 < 2" are elements of $(2") and there are at least V2" of these elements.
Moreover, from (iv), 17 € §(2") and 17 is non-square, and the result follows.
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5 2020 Paper Solutions

Question 1

(@

(ii)

Observe that on the LHS of the inequality, there are n — 1 copies of x and 1 copy of y. It is most plausible to apply
the AM-GM inequality.
Hence,

(n—1x+y > \n/m

n
Multiplying both sides by 7 and raising them to the n'" power yields the desired result.
Equality holds if and only if x = y.
For the term (1 +a)?, it hints that a = y.
Comparing with (i), we have

[(n—1)x+a]" >n"x"a.

Observe that the power on the LHS must be 2, so n = 2. Consequently, x = 1.
Thus,
(1+a)* > 4a.
Next, for the term (1+5)3, it hints that b = y.
Comparing it with (i), we have
[(n—1)x+b]" > n"x""'b.
Observe that the power on the LHS is 3, so n = 3. Consequently, x = %
Thus,
27
(1+b)° > 7

Lastly, in a similar fashion, one can show that
256
1+e)*>=—¢.
(I+¢)" = ——c

In each scenario, for equality to be obtained, we must havea =1, b = % and c = % by the AM-GM inequality.
Multiplying the inequalities

27 256
(14a)* > 4a, (1+b)*> Zb and (1+c¢)* > o7 ¢

yields
27 256

(1+a)*(1+b)*(1+¢)* > (4a) (4b) (27C> = 256.

However, the original inequality in (ii) is strict and abc = 1 by the constraint in the question. Previously, we
mentioned that abc = 1 by the AM-GM inequality. This contradiction implies that the inequality is strict.

Question 2

(@
(i)

1 1/1-b 1/1-b
Lety= ——. Then, x = — (y)’ which implies that f~!(x) = - <x)’ where x # 0.
ax+b a y a by

Let p € R be arbitrary.
Clearly, p, f(p) and f2(p) are all not equal to —2 so f3(p) exists.
Moreover,
p=r(p)
= f(f*(p))
_ 1
~af?(p)+b
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which is non-zero.
Thus,

="/
1 _1-bp

1 =
a< >+b ap
ap+b

ap(ap+b) = (1—bp) (a+abp+b*)
(a+b2) (l—bp—apz) =0

‘We now consider two cases.

* Case 1: Suppose a = —b?. Then,

9= 505
f2<x>=f[b(11_bx)]
bx—1
=
Pw=r(%at)

Since x was arbitrary, then f> fixes all x for which f3 exists.

1
* Case 2: Suppose 1 —bp —ap* = 0. Then, b p, which implies that f(p) = p. As such, p is a fixed

ap +
point of f.
(iii) Note that
1
Xn+l = m

We have

1 B

fl) = eyt where x,, # 1

Setting A = 1 and B = 0 yields
1
Xpp1=— and x,#0 foralln>1.
X

n
Hence,
Xpi2 =X, foralln>1.

The required recurrence relation which generates a periodic sequence of period 2 is
XpXpy1 =1, where x; #0.

Next, from (ii), as A = —B2, then
1
f3(x,,) =Xx,, where x,# B

Setting A = —1 and B = 1 yields the recurrence relation

—XpXpi1+Xxpe1 =1, where x| # 1.
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Hence,

1 —Xp—-2

= Xn-2

which shows that the recurrence relation generates a periodic sequence of period 3.

Question 3

(i) Let Q,, denote the proposition
t
/ e dx=n!(1—e'P, (1))
0

for all non-negative integers n.

When n = 0, we have

t
LHS:/ e dx=1—e¢'=RHS
0

so Qo is true.
Assume that Qy is true for some non-negative integer k. That is,

/Oitxkefx dx=k!(1—e'P(1)).

To prove that Q. is true, we need to show

1
/ e dx = (k4 1)! (1—e"Peyi (1))
0

Consider Q.. Then,
!
LHS = / e dx
0
t t
= [xk“ (—e”‘)}o—!—(k—k 1)/ xke™ dx
0

=—""1e 4+ (k+1) [k! (1—e'Px(t))] by induction hypothesis

k4
gkt = - !
=—t"le "+ (k+1)!—e t(kH)i;’)ﬁ
k4
_ —t | k1 !
=k+1)—e" |t +(k+1);)i!]
1=
k+1ti
=(k+1)!—e " | (k+1)! o
=0 "

= (k+ 1)' (1 —e_tP]H_] (l))
Since Qy is true and Qy is true implies Oy is true, then by induction, Q, is true for all non-negative integers n.

n 1
. r. . . .
(ii) Note that Z = 1s the partial sum of the Maclaurin series of ¢’ so
=0t



Hence,

/Omx"e_x dx=1lim [n!(1—e'P,(1))]

(iii) By the binomial theorem,

Il
=

/N
—_
+
S|
N——
Il
'M=
S
~ 3

f—oo
n o4
. _ t
=n!—lime ’Zf'
imeo &)

=n!

|
™=

Il
=}

I
=}

IN |
™= It7-
THC

7\

Il IN

) T\'M T
= s |l
— < <
~ =~
~— —-

Now, we ascertain the upper bound for P, (r).

(175)7'1: 1+ (—n) (7%) +M(75)2+ (=n) (=

n

=l+i+ =,

12 1

=141+ (1+= ]+
2! n
2 3

t t
>1+I+5+§+

n ti
Ly
=0l

=P, (1)

3
3!

2!

(

n

n<n+1>(5)z+w<z)3+

3! n

1 2
l—l-) (l—l-)—l—...
n n

k
since 1+ - > 1forallke Z*
n
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Question 4

(i) We have 23y = 13(144 — 3x — 5z), which implies 23y is a multiple of 13. However, as ged(23,13) =1, then y is a
multiple of 13. Since y is prime, then y = 13.

(ii)) (a) We have 3x+ 5z = 121. In modulo 5, this equation becomes 3x = 1 (mod35). Consider the following table:

x (mod5) | 3x (mod5)
0 0
1 3
2 1
3 4
4 2

It follows that x =2 (mod5).

In modulo 3, 3x+ 5z = 121 can be written as 2z = 1 (mod 3). Consider the following table:

z (mod3) | 2z (mod3)
0 0
1 2
2 1

It follows that z =2 (mod3).
(b) From (a), there exists s, € Z such that x = 55+ 2 and z = 3¢ + 2.
Since 3x+ 5z = 121, then 3(5542) +5(3¢ +2) = 121. As such, s+7=7.
So, |z—x| =3t —5s| = |3(7 —s) — 55| = |21 — 8s].
The minimum value of |z — x| is obtained when s = 3, so x = 17. Consequently, z = 14. Therefore, (x,y,z) =

(17,13,14).
(iii) From (i), since y is prime, then y = 13. We now find solutions to 3x+ 5z = 121 such that x and z are prime.
121 -5 1
As x = Z, then x < 405. We consider the primes of the form 2 modulo 5 and are less than 40, which are 2,
7,17, and 37.

If x = 2, then z = 23 which is prime. If x = 7, then z = 20 which is not prime. If x = 17, then z = 14 which is not
prime. Lastly, if x = 37, then z = 2 which is prime.
We conclude that (x,y,z) = (2,13,23),(37,13,2) are the only solutions.

Question 5

(a) (i) Replace x with % and the result follows.
(ii) We have

fx)+2f (i) ~3 (D
f(1)+2f(x)= > ®

X X

1 6 6 2
2 x (2) yields 2f () +4f(x) =—. So, 3f(x) = — — 3x. It follows that f(x) = — —x.
x x X x
(b) As mentioned in the question,
1
s +e-n+e(1) = @,

Replacing x with —x in @ yields

don e (1) = @
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Adding @ and @ yields

1
Replacing x with — in @ yields
X

g (l) +g (—i) +8(x) =

—g(x) —28(—x) =

M— s —

by ®

1
Denote —g(x) — 2g(—x) = — by (6). Replacing x with —x in (6) yields —g(—x) — 2g(x)
x

3 1
be (7). So, (7)—2 x (6) yields 3g(—x) = —=. It follows that g(x) = —.
x x
Question 6
(i) Note that

2 2
Xprl —XnXn4+2 = X1 —Xn (dxn-H _xn)

2 2
= Xn+1 +x,— dxnanrl

1 . .
——. Let this equation
X

Now, we prove by induction that xﬁ 1 — *nXnt+2 = D for all positive integers n. Let B, denote this proposition.

P is true as x% —x1x3 = D as mentioned in the question.
Assume P is true for some positive integer k. That is, x,% 11— XXk2 = D.
To show Py is true, we need to show x%“ — Xpt1Xk+3 = D.

x,% 0~ X1 X3 = x,% 42 — X1 (dxg2 — X341) by definition of recurrence relation

2 2
=X F X — dX 1 X2

2 2
= Xy T X1 — XXk 2 T XXk 2 — dXpp 1 X2

= x,% 1o+ D+ XX — dXpy1 X2 by induction hypothesis

P
=D +Xp 0 + XXk 2 — dXpy 1012
=D+ x4 (g2 +xx — dxpp)
=D

Since P is true and Py is true implies Py, 1 is true, then P, is true for all positive integers .

(ii) Setx, = 0 and we obtain x,x,., = 0. Hence, D = ﬁ +1» Which is a perfect square.
(iii) » Case 1: Suppose the sequence contains a zero term. By (ii), D is a perfect square.

» Case 2: Suppose the sequence does not contain any zero terms. So, it contains both positive and negative

terms. Then, there exists a positive integer n such that x,, and x,,4| have different signs.

To justify this, we prove by contradiction. Suppose on the contrary that xi,xp,x3,... all have the same

sign. Then, the sequence contains either only positive or negative terms, which is a contradiction
XpXnt+1 < —1, implying that —dx,x,+; > d since d > 0.

Since x,,,x,+1 € Z, then the sum of their squares is at least 2. Hence,

D :xi—l—xﬁH —dxpXp+1
>2+d

@iv) Asxpxpp) < —1,setx, =1and x| = 1.
It is easy to show that the five successive terms, by substitution, are 1,—1,—4,—11,—29.
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Question 7

(i) Take some element in X. It can be mapped to Y via n ways. Repeat this for the remaining m — 1 elements in X.
It follows that the number of functions that map X to Y is n™.

(ii) Take some element in X, which can be mapped to Y via n ways.
Take another element in X, which can be mapped to one of the remaining n — 1 elements in Y.

Repeating this process, the last element in X can be mapped to either of the remaining n —m + 1 elements in Y.
n!

It follows that the number of one-to-one functions from X to Y isn(n—1)(n—2)...(n—m+1) = ( Ik
n—m)!

(iii) Let A; be the event that y; € Y does not get mapped from any element in X, where 1 <i < n. Note that {y;,...,y,}
is a permutation of {1,...,n}.

We wish to find |A| N...NA}|, for which by de Morgan’s law, is

From (i), n(S) = n™.
Also,

n
Y |l
i=1

(e

Y N4, = () (n—2)"
i<j 2

Y ANA; A = () (n—3)"
i<j<k 3

By the principle of inclusion and exclusion,

| =nm— (T)(n—l)’"—i— <;)(n—2)’"— (§>(n—3)m+...+(—1)"—1(nfl)lm

SF (o

(iv) Since m = n =5, the number of one-to-one functions is 5!.
5
First, we subtract all functions where each element is mapped to itself, for which there are (1> (5—1)! of them.

Then, add all functions consisting of two elements that are mapped to themselves due to overcounting previously.

We thus add (;) (5-2).

It follows by the principle of inclusion and exclusion that the required number of one-to-one functions mapping
X to Y which map no element to itself is

51— (T>(51)!+ G)(sz)! (2)(53)!+ (i>(54)! @)(55)!—44.

Remark for Question 7: For (iv), this can be also thought of as the number of derangements of a set with 5 elements. It is
n 71 r

a known result that the number of derangements of an n-element set is given by Z ( ’)

=0 T

which follows by the principle

of inclusion and exclusion. Substituting n = 5, the result follows.
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Question 8

(a) An ellipse has two lines of symmetry which are along its major axis and along its minor axis. So, if we rotate the
point with position vector x (which lies in F) about the origin by 180°, we obtain the point with position vector —x
which also lies in F.

As

<a> _¥Y-X_ y+(=x)
b 2 2

it implies that the point with position vector (b) is the midpoint of the points with position vectors —x and y.

In fact, the line segment connecting the points with position vectors —x and y lies entirely in F' as F' is convex.

(b) (i) We first prove that any coordinate on E which undergoes a transformation can lie on any lattice point con-
tained within the 2 x 2 square centred on the origin.

Define a transformation 7 : R — R? as follows:

()= ().

Suppose on the contrary that the ellipse has an area larger than 4. Then, there exist some lattice points other
than the origin contained in the 2 x 2 square.

As (2 {%J ,2 {%J) is a lattice point on the 2 x 2 square, then (—2 {%J ,—2 {%D is also a lattice point.
Suppose they have position vectors x; and x; respectively.

Using (a), we establish that the point with position vector % (x1 +x7) must also lie in E. That is,

)

(ii) Note that C has an area of 4p units?. Since p € Z*, then the area of C must be at least 4 units?. Consider the
position vector of the required coordinate. That is,

(72") = (0) ()

This changes the basis from the standard basis vectors
1 0
e, = <0> and e, = <1>
0 1

So, the vector space R? is now tiled by parallelograms instead of unit squares. Since every lattice point

to

respectively.

must be a vertex of one of these parallelograms, we conclude that a parallelogram lies completely inside C
and the result follows.

(¢) Since u*+ 1 is an integer multiple of p, there exists A € Z such that u> +1 = Ap.
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Consider x = mp — nu and y = n. Then,

x> +y? = m?p? — 2mnpu+n*u® +n®
= m2p2 —2mnpu +n? (u2 + 1)
= m*p* — 2mnpu+n*Ap
=p (mzp +n*A— 2mnu)
=0 (mod p)

By considering the radius of the circle,

4
As x> +y? >0, then0<x2—&-y2 < ?p

4
Lastly, since p < ;p < 2p, we have x> +y% = p.

Remark for Question 8: For (a), I created an interactive simulation on Desmos. Here, we consider the general Cartesian
form of a conic section which is
Ax* 4 Bxy+Cy* +Dx+Ey+F =0,

and all the coefficients are real and A, B, C are all non-zero. Since the ellipse is centred on the origin, then C =D = 0.
An ellipse is an example of a conic section. Since the conic is non-degenerate, we have
1

ACF + 7 (BDE —AE* — B*F —CD?) #0.
Also, since the conic is an ellipse, we have 4AC — B2 >0.
I found a post on StackExchange which is related to (bii) and (¢). This question has some semblance to Minkowski’s
theorem. The convex body theorem for lattices in R? is as follows. Suppose L is a lattice in R? defined as L =
{mv| +nvy : m,n € Z}, where v and v, are linearly independent vectors. That is, we cannot express v; as a scalar mul-
tiple of v, and vice versa. Let d be the area of a fundamental parallelogram of L. If S is a convex and origin-symmetric

region with Area(S) > 4d, then S contains some point ¢, other than the origin, such that g € L.

The reader can check out Blichfeldt’s Theorem too.
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6 2021 Paper Solutions

Question 1

Inx
(@) (i) Suppose —— nx =0. Then, Inx =0, sox = 1.
1+x2

-1 1 o]
The area of R is — / _nx dx, whereas the area of S is / nx dx.
0o 1+x2 Ji 1442
1 1
By considering the area of S, letting x = o we have d—f = —a So,

*° Inx 0 ln 1
_/ = dt
1142 ¢
/1ln1—1nt
-, 1412
' nx
= 4
/0 1+x2 o

(ii) Using the substitution x = at, we have dx = a dt.

In (at)
/o 2+x _/ +a2t2 adi
77/""lna+lnt dr
alo 1412
<1 a/ +/ In >
14122 1422
Ina
-~ (3)

The integral becomes

_ wlna
T 2a
(b)
/1 (“ _zx)dx:[xln(a “:x )} +2d [
0 X 0 0 +x
-9, 2/00
4 0o a’+x2
=2a [tan*1 (f)}
a’lo
=an
Question 2

(a) Without loss of generality, let a > b > ¢ > 0. Then,
d(a=b)la—c)+b (b—c)(b—a)+c (c—a)(c—=b)=(a—b)[a" (a—c)—b"(b—c)]|+c"(c—a)(c—b)

Note that c—a <0and ¢ —b < 05so0 ¢’ (c —a)(c—b) > 0. It suffices to show that

In other words,

a\’r . b—c . o .
<Z) > 1 is merely a consequence of a > b and r > 0. To see why 1 > ——, we see that the inequality is equivalent
a—-c

to a — ¢ > b — ¢, which is true because a > b.
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(b) (i) Note that 3abc can be written as abc + abc + abc. Suppose a® + abc — a*(b+c¢) = a"(a — b)(a —c). Then,
a(a®+bc—ab—ac) = a"(a—b)(a—c). Observe that a® 4+ bc — ab — ac factorises as (a —b)(a—c), so we can
setr=1.

Thus, the inequality follows by setting » = 1 in (a). In particular,

ala—Db)(a—c)+bb—c)(b—a)+c(c—a)(c—b) >0
a(a® — ab — ac + be) + b(b? — ab — be + ac) + ¢(c® — ac — be +ab) > 0
@+ b+ +3abe > a*(b+c¢) + b (c+a) +c*(a+b)
P+c? d?—b -

. ., _a+b+c a
(i) (Sjons1der TR Note that 2022 B2 Bh2
o,

1 a b2—|—c2_ 1 1 a®—p*=¢2

as + 222 P2 B \a? + b2c?
(@t o)(a—d)(a+b)(a—b)
- a’b?c?

Note that a +c,a+ b,a’b*c* > 0, so it suffices to prove that
(a=b)(a—c)+(b—c)(b—a)+ (c—a)(c—b) >0.
This is clear by setting » = 1 in (a).

Remark for Question 2: The inequality in (a) is known as Schur’s inequality.

Question 3

(a) Let P, be the proposition that

dnt? dv d"t! n+2\ dvd"
v 2y (ny2)EE 2 22 _
dx+2 dx dx"+1 2 ) dx? dx"

for all positive integers n, given that y = {.
., du ,  dv
We use the notation ' = —, as well as v/ = —. Note that u = vy. When n = 1, we have
X

u = vy’ + \/y
ull — Vy” JF 2vlyl + V//y

" /M /M s I /)

W =w" VY Y 20 Yy 0y

=vy"” +3v'y" + 3"y since v is quadratic = V"' =0

Since u is quadratic, then u" = 0, so it follows that

3 2 2
VQ+3dvdy dvdy

WEY 38V
dx3 dxdx? " dx?dx

As such, Pj is true.

Suppose F; is true. That is to say,

dk+2y
dxk+2

1%

dv d*1 k+2\ d?v d*
k) <+) vdy

dx dxk+1 2 )dx?dxk
To prove Py is true, we need to show that

dk+3y
v dxk+3

d dk+2 k+3 d2 dk+l
kY (*) ey

dx dxk+2 2 ) dx? dxkt1
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From P, we first differentiate both sides to obtain

w3 /362 L g 2)y ) 4 (kg 2y kD) (k;2> YA <k;2> Wy —

k+2
Vy(k+3)+(k+3)vly(k+2) + |:k+2+< er )} v//y(k+1) —0 sincev” =0

Observe that

k+2 24k+1
k+2+<—£):k+2 +2+)

(k+3)(k+2)
2

()

and the result follows.

(b) We first prove that z,, is an arithmetic progression.
2

d d
Since v = (& — x)?, then d—v =2x—2a,so —; = 2. From (a),
X

dx
dn+2y dn+1y dny
(Ot—x)zdxwr2 —i—Z(n—l—Z)()c—Ot)danrl —I—(n—l—Z)(n—l—l)dxn =0.
So,
2 (n+2)1zp42 (n+2)zp1 | (n+2)!z,
o0—x) ———+2x—« =
( ) (a_x)n+4 ( )(a_x)n+3 (a_x)n+2

(n+2)1zp42 —2(n+2)zp41 + (n+2)12, =0

Zn+2 — Zn+1 = Zn — Zn+1

It follows that the difference of consecutive terms is a constant.

Now, write
_ u A B
Y= (¢—x)2 a—x (a—x)?
Then,
dy A 2B y 24 6B
dx  (a—x)?  (o—x)3 A (a—x)3  (a—x)*
As such,
_(a—x)tdy 3dy
a-a= e ey
4
o— 2A 6B A 2B
G T+ |- (@] S+ ;
2 (a—x)" (a—x) (a—x)" (a—x)

=A(e—x)+3B—A(ac—x)—2B
=B

Recall that u = A(o — x)? + B. Setting u = B, we have x = « so it follows that the common difference is u(a).
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Question 4

. d
(a) Giveny = X3, we have d—y =32,
X
Note that the curve passes through (xo,xg) , where xq is arbitrary. So, m = 3x(2).
The equation of the tangent is y —xg = 3x% (x —x0). Comparing this with y = mx+ ¢, we have m = 3x% andc= —2x8.

As such,
(5)=(-5)
3

m’ 2
27 4
The result follows.
(b) Consider the following sketch:
y
%
P W
3
y=mx+c

y=mx—c

y =mx+c and y = x> intersect at three points. So, |c| < 2x3.
Squaring both sides, then multiplying by 27 yields 27¢> < 27 (2x(3))2 = 108x5.
From (a), since m = 3x3, then 108x§ = 108 (m/3)® = 4m?. It follows that 27¢* < 4m>.

(¢) The standard equation of a circle centred at (a,b) with radius r is (x —a)* + (y — b)> = r%.

Since the circle passes through the origin, then a® + b* = 2.

We consider the parabola y = x?. Substituting this into the equation of the circle, we have

(x—a)2+ ()cz—b)2 =7’
2 =2ax+a*+x* =202+ —r* =0

x4+ (1-2b)x* —2ax=0 since a> +b> =1?

So either x = 0 or x> + (1 —2b)x —2a = 0. From (b), x> = (2b— 1)x+ 2a has three distinct roots if 27 (2a)* <
4(2b— 1)3, so the coordinates of the centre of the circle (a,b) satisfy inequality

27a* < (2b—1), where a #0.

The possible positions can be described by the following set:

{(a,b) eR\{0} xR:b > % (3a2/3+1)}
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Question 5

(a)

(b)

Note that ged(a+b,c+d) = z. So, z divides a + b and z also divides ¢ +d. Since z also divides any linear
combination of a + b and ¢ + d, by observing that

—c(a+b)+a(c+d)=ad—bc,

we infer that z also divides ad — bc. As such, there exist A, € N such that a+b = Az and ¢ +d = uz, where
ged(A,u) = 1. Note that if ged(A,u) > 1, it would contradict the fact that z = ged (a+b,c+d). We write
ad — be = wz for some w € N. It follows that w? = A .

We consider two cases.

+ Case 1: Suppose w divides A. Then, A = w? and u = 1. So, a+b = w?z and ¢ +d = z. Setting x = w and
y = 1, the result follows. If w divides p instead, we can argue similarly and the result follows.

 Case 2: Suppose w does not divide A and p. Then A and g must be perfect squares. So, there exist x,y € N
such that A = x? and u = y2. The result follows.

Consider )
a(3) +8(3)+r=o

where «, 3,7 are constants and o # 0. Multiplying both sides by x?, we have oy® + Bxy+ x> = 0. From (a), since

a(c—;d) _i_ﬁ\/(a—;—b) (cl—d) H(ajb) o

So, a(c+d)+y(a+b)+ B (ad —bc) = 0. As mentioned at the start of (a), we canset & =a, § = —1 and y= —c.
So, the required quadratic equation is
a (X>2 —2_c=0

X

we have

As such,

Since x,y € N, then Y is rational. So,
X
2 2
4ac+1= (ay_1> ,
X

2a . . .
where ~2 1 s rational, so 4ac + 1 is a perfect square.
X
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Question 6

(a) Consider 2 x 3 x 5 = 30. There are 5 ways to write express 2 x 3 x 5 as a product of 3 positive integers where the
order of these integers does not matter as seen below.

30=1x1x30
=1x2x15
=1x3x10
=1x6x5
=2x3x5

(b) To obtain F(n), there are n cases to consider.

* Case 1: Suppose we have a product of n — 1 distinct primes, so the product is given by pips ... p,—1. Multiply
this by some other prime p,,. There are

ways to do this.

* Case 2: Choose some prime p;, where 1 <i <n— 1, to be multiplied by p, to obtain p1p; ... pi—1pi+1---Pn—1(PiPn)-

(”11>F(n2)

* Case 3: Choose two distinct primes p;, p;, where 1 <i < j <n— 1 to be multiplied by p, to obtain

There are

ways to do this.

PID2 - Pic1Pi41---Pj=1Pjt1---Pn—1 (DiDjPn) -

<n51>F(n—3)

Repeat this till the last case, where pp; ... p,—1 is multiplied by p,. This contributes to the F (0) term in the sum.

There are

ways to do this.

Therefore,

where we used the symmetry of binomial coefficients.

(¢) LetA =1 X 0p X ... X Qu—3, which is a product of n — 2 positive integers.
There is no duplication if the product is of the form A X p,_; X p,_; (contributes to F (n — 2) ways) or A X pﬁ_l x 1
(contributes to F (n — 1) ways). The result follows.

(d) (i) Note that 210 =2 x 3 x 5 x 7 which factors into four distinct primes.
Hence, the answer is F (4) = 15 (formula given in (b).
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(ii) We see that

150=1x1x1x150
=1x1x2x75
=1x1x5x30
=1x1x6x25
=1x1x10x15
=1x2x3x%x25
=1x2x5x15
=1x3x5x10
=1x5x5x%x6
=2x3x5x5

so there are 10 ways.

Remark for Question 6: F (1) can also be thought of as the n'" Bell number. The Bell numbers are used to count the
number of partitions of a set.

Question 7

(a) Suppose we fix x. Then, xy; is unique and there are p — 1 possible products for a given x. Also, xyy is not congruent
to 0 (mod p) as x,y; € Q. Suppose on the contrary that none of the products xyy is congruent to 1 (mod p). Then,
each product is congruent to either

2 (modp) or 3(modp) or ... or p—1(modp).

There are p — 1 possible products and p — 2 numbers in [2, p — 1].
By the pigeonhole principle, there exists y;,y; € Q such that xy; = xy; = k (mod p) for some 2 <k < p—1. So,
xy; = xyj, implying that y; = y;. Thus, there exists at least one y € Q such that xy; = 1 (mod p).

In fact, y is unique. Suppose there exists y;,y; € Q such that xy; = xy; = 1 (modp). So, x(y;—y;) (modp).
Either x is a multiple of p or y; —y; is a multiple of p. Since x € Q, then x cannot be a multiple of p, so it forces
yi —y; = 0, implying that y; = y;. This establishes the uniqueness of y such that xy = 1 (mod p).

(b) There are p — 1 choices for x and p — 1 choices for y, so there are (p — l)2 choices for xy.

« Case 1: Suppose xy € Q. Then, by (a), because xyz = (xy)z, it follows that there are (p — 1)* choices for x, y, z
such that xyz = 1 (mod p).

» Case 2: Suppose xy € Q. Then, we can always reduce the equation modulo p. That is, there exists A € Q
such that xy — Ap € Q. From (a), there exists precisely one z € Q such that (xy —np)z =1 (modp). Since
npz =0 (mod p), it follows that xyz = 1 (mod p).

* We consider three cases.

— Case 1: Suppose x,y,z are all identical. Then, it reduces to finding all x € Q such that x> = 1 (mod p).
Based on the preamble, it is clear that the number of choices is N.

— Case 2: Suppose 2 of the x,, z are identical. Then, we wish to find all x,y € Q such that x?y = 1 (mod p).
The number of choices is 3(p — 1 —N).

— Case 3: Suppose none of the x,y,z are identical. In other words, all three of them are distinct. We wish
to find an expression for the number of ways, say W, such that xyz = 1 (mod p).

From (b), the number of choices of integers x,y,z € Q such that xyz = 1 (mod p) is (p — 1)2. By the principle
of inclusion and exclusion,

W=(p—1?°-3(p—1-N)-N
=(p-1)(p—4)+2N
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* From (c), the number of ways to choose distinct x,y,z € Q such that xyz = 1 (mod p) is divisible by 3 due to
symmetry. As such,
(p—1)(p—4)+2N =0 (mod3)
(p—1)(p—1)—N=0 (mod3)
(p—1)*=N (mod3)
N=(p—1)* (mod3) by symmetry of congruence

* From (d), N =0 (mod3), so N is a multiple of 3. What is more important is that N > 3. So, there exists at

least three distinct x € Q such that x> = 1 (mod p). Choose x € Q, where x # 1, such that x> = 1 (mod p).

So, x* — 1 =0 (mod p). By the difference of cubes formula, (x—1) (x> +x+1) =0 (modp). So, p divides

(x—1) (x2 +x+ 1). By Euclid’s lemma, p divides x — 1 or p divides x> +x+ 1. But, we have chosen x such
that x — 1 # 0. Since p is prime, we have p divides x> +x + 1 and the result follows.

Question 8
(a) Without loss of generality, suppose ¢ = e. By the triangle inequality, (e1,ez,...,ey) € P if and only if ep + ...+
en > e. Adding e; = e to both sides, the result follows.

(b) For each Q;, set e; = e, so all the Q;’s are disjoint.
As the total number of m-tuples is N™, the result follows.

(¢) We consider three cases.

* Case 1: Suppose 1 <i<m—1. Since e¢; > 1 (the preamble states that ¢; € Z and it denotes length), then
14+x;>1,s0x; > 0.
» Case 2: Suppose i = m. Then,

Xm=—€n—€1—€2— ... €pn-1

Since (eq,e2,...,em) € Om, then e; +e3 + ...+ e,,—1 < ey, Where we chose e = e,,. The result follows.

* Case 3: For x,, 11, from (b), we deduced that N > e,,, s0 x;,-1 > 0.

(d)
m+1 m—1
Z X = X+ X1 + Z X

i=1 i=1
m—1 m—1
=em— Z ei+N—ey,+ Z (ei—1)
i=1 i=1
m—1
=ey—en+N+ Z (—eit+ei—1)
i=1
=N-—-m+1
Next, we deduce the formula for |Q,,|. Consider the equation

X1+x+...+xpp1 =N—m+1.

The number of non-negative solutions (xi,...,X,+1) is the number of ways to distribute N —m + 1 identical balls
into m + 1 distinct boxes, thus establishing a bijection.

As such,
N+1
o= ("11).
m

(e) The total number of triangles that can be formed, including degenerate ones, is 10% = 1000.
Setting N = 10, the number of 3-tuples that satisfy the triangle inequality is

11
10° — 01| — 02| — 03] = 10° =3 ( 3 ) by symmetry as we can choose either e, e;,e3 to be e

=505
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7 2022 Paper Solutions

Question 1

(a) (i) Number of ways is 410 = 1048576
(ii) Let E1, Ey, E3, E4 denote the following events:

E denotes the event when no one obtained the A grade
E, denotes the event when no one obtained the B grade
E5 denotes the event when no one obtained the C grade

E,4 denotes the event when no one obtained the D grade

We wish to find

=410 _ by de Morgan’s law,

4 4
Ne|=a0- Uz
i=1 i=1

so by the principle of inclusion and exclusion, we have

4 4 4
UE|=YIEI- ), [EnE|+ Y [|ENENE|[-|E
i=1 i=1 1<i<j<4 1<i<j<k<4 i=1

_ (a0 (H\A10, (410

()= ()2 () rre-o

= 230056

Hence, the answer is 419 — 230056 = 818520.

(iii) The Stirling numbers of the second kind account for the distribution of distinct objects into identical boxes.
So we divide (ii)’s answer by 4!, so S (10,4) = 230056/4! = 34105.

(b) (i) We consider two cases.

* Case 1: First, consider n = k + 1. There exists a partition of X such that kK — 1 subsets each contain one
object and the remaining subset, say ', contains two objects. S’ can be partitioned into two subsets with
one element each. So, X is the ancestor of k+ 1 partitions into k£ + 1 non-empty subsets.

¢ Case 2: Next, consider n > k+ 1. There exists a partition of X such that k — 1 subsets each contain one
object and the remaining subset, say S”, contains n — (k — 1) = n—k+ 1 objects. S” can be split into two
such that one subset contains one object and the other contains n — k objects. There are n — k+ 1 ways to
choose that one object. So, X is the ancestor of at least n — k partitions into k£ + 1 non-empty subsets.

The result follows.

(i) We denote the partitions of the form X and the form Y to be
X1,X2,. . Xgnp) and  Y1,Y2,... Yy(uiq1) TESpectively.
Also, let d(X;) and a(Y;) denote the following sets:
d(X;) = {form Y descendants that X; has} and a(Y;) = {form X ancestors that ¥; has }

For any Y}, its ancestors are the product of merging any 2 of its K+ 1 subsets. That is to say, for all j,

|la(Y;)| = (szrl).

47



We now prove the inequality.

= | {number of tuples (X;,Y;) where X; is an ancestor of ¥; } |
S(n.k

)
Z d(X;)]

A
3
o=

S(nk)
= (n—k)
i=1
= (n—k)S(n,k)
=LHS

so the inequality holds.

Next, we prove that equality holds if and only if n = k+ 1.
Suppose n = k+ 1. Then, for any X;, there will only be 1 subset with 2 elements and the rest will all have 1
element. So, X; only has 1 descendant, implying that |d(X;)| =n— (n—1) =1 forall 1 <i < g(n,k).

Remark for Question 1: For (bii), suppose n = k+ 1, one can deduce that the inequality becomes an inequality very
easily by using the same argument as given to deduce that S (k+ 1,k) = (kzl). However, if we are given the inequality
and wish to prove that equality implies n = k4 1, it is impossible to use the known recurrence relation for the Stirling
numbers of the second kind.

Question 2

(a) Consider showing x* +y* +z> — 3xyz = 0. Using the given substitutions, we have

X% +y% + 72 —3xyz = a* + (3ab — ¢)? + b* — 3ab(3ab — ¢)
= a® +9a*b> — 6abc + ¢* + b* — 9a*b* + 3abc
=a2+h2+c2 —3abc

=0 since (x,y,z) = (a,b,c) satisfies the equation

(b) Settinga=1,b=1and ¢ =1, we see that 3ab— ¢ =2, so (x,y,z) = (1,2,1) is another solution.
Next, setx=1,z=2and y=3(1)(2) — 1 =5, so (x,y,z) = (1,5,2) is another solution.
Lastly, set x =1, z=>5and y =3(1)(5) —2 = 13, so (x,y,z) = (1,13,5) is another solution.

(c) Let P, be the proposition that
Lt Foppy 4 Fayy = 3P0 Fan

for all positive integers n.

When n = 1, the LHS evaluates to 1 + F32 + F12 =144+ 1 = 6, whereas the RHS evaluates to 3F3F] = 6.
Hence, P is true.

Suppose P is true for some positive integer k. That is, 1+ Fzzk gt F22,€71 =31 Fok—1.

To prove Py is true, we need to show that 1+ F22k+3 + F22kJrl =3F13Fky1-

We apply (a) to the induction hypothesis to obtain

1+ (3Fauy1 — Fa1)* + Fiypy = 3 (3Far1 — Faet) Pt (1),
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Thus,

14 Fios + Foy — 3PyaFasn = 1+ (Bisa + 1) + Fay — 3 (Poa + Poii1) Py
=1+ (2Fos1 +Fou)* + F iy — 3 (2Fos1 + Far) Poir
=1+ (3Fos1 +Fou1)” + Fipy — 3 3Fois 1 + Fo1) Pyt
=0by (1)

Since Pj is true and Py is true implies Py | is true, then P, is true for all positive integers n by induction.

Remark for Question 2: The Diophantine equation in (a) is known as Markov’s equation.

Question 3

(a) Writet =an+ p, where n € Z and a > p > 0. Then,
t a
/ {” J dx _/ {Hpjth dx
0 a a
a
G
0
a—p a
:an+/ Lx—’_pJ dx+ Lx—’_pJ dx
0 a a—p a

a—p a
:an+/ deJr/ 1dx
0 a—p

=an—+p=t

J) dx sincen€Z

(b) (i) Motivated by (a), consider the substitution x = abn’ + p’, where n’ € Z and ab > p > 0.

The LHS becomes
I P / P
\‘Lbn +”JJ = Vm JrL“JJ since n’ € Z

We now justify that the RHS is also n’. The RHS can be written as

! / /
abn AP P GnceneZ
ab ab

(i) Using the substitution for x in (i), we have

[ e -es /0{ J w de

x+u +b x+a+b2

/ dx
IS

2
_ {x—i—a +b B {x—l—a—&—b J dx by ()
ab
= (a*+b) — (a+b*) by (a)
=a*—b*—a+b

49



Question 4

(a) We consider a sketch of the graph of y = Inx. Without loss of generality, assume u < v.

1Y

0.9

0.8 +

0.7 +

0.6 |

0.5+

0.4

0.3+

14 15 16 17 18 19 2 21 22 23 24 25 26

Since a+b = 1, where a,b > 0, au+ bv € (u,v). This is because y = Inx is concave down for x > 0.
We first find the gradient of the line segment joining A and B. Consider the fact that msc = mcg, so

y—Ilnu  y—Inv

au+bv—u au+bv—v
auy +bvy —vy —aulnu —bvlnu+vinu = auy+ bvy —uy —aulnv — bvlnv+ulnv
y(au+bv—v—au—bv+u) =ulnv—aulnv—bvinv+aulnu+bvinu —vinu

~ (au+bv—v)Inu+ (u—au—>bv)lny

u—v
=alnu+blny sincea+b=1

So the y-coordinate of C is alnu + blnv, which is less than In(au + bv).

Asalnu+blnv=In (u“vb ) and Inx is an increasing function, the result follows. Equality holds if and only if u = v.

(b) () Letx, =n(G,—Ay,). We shall prove that x,; < x,. In other words, we can show that x,, | —x, <O0.
First, note that —(n+ 1)A,41 +nA, = —a,+1.

Xnpl —Xn = (n4+1)Gpy1 — (n+1)Apy1 —nG, +nA,

=

1 .
=m+1)(ajaz...anan )™ —n(a1ay...ay)" —apy  since — (n+1)A,41 +nA, = —ayt
T A 1
=(n+1) [(alaz...an)"} 'Hl ayly —n(aiaz...ay)" —any
1

1
(a1az...ay)" + ——apy1 | —n(aray...ay)

n+1

S=

—apy1 by (a)

<(n+1) {nil

=0
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(ii) We can define a,, = ajas . ..a,—; for all n > 4. Since a,_1 = ajaz ...a,—», we have a,, = aﬁ_l.

Remark for Question 4: In (bii), the sequence grows very rapidly. a3 has 925 digits, whereas a4 has 1850 digits.

Question 5

(@) (i) The number of ways to arrange the m married couples and s single people in a line is (m+s)!. We then
multiply this by 2™ because within each of the m married couples, the husband and wife can swap positions.
(ii) For arrangements in a line, if the first and last persons form a married couple, then they must be seated together
in the dining hall. However, this scenario is not accounted for when working with line arrangements.

(b) Define a k-vertex to be a vertex that is chosen to form our k-gon; a k*-vertex is defined otherwise. This setup is
now equivalent to distributing n vertices into k k-vertices and n — k k*-vertices, where the k-vertices are not adjacent.

‘We consider two cases.

» Case 1: Without loss of generality, suppose vertex 1 is a k-vertex, then the other two vertices are k*-vertices.
Subsequently, insert the n — k — 2 k*-vertices. There are now n—k—2+1=n—k— 1 slots between the n —k —2

. . . . . . (n—k—1
k*-vertices. We can insert the k — 1 k*-vertices such that no two k*-vertices are adjacent in ( f—1 ) ways.

* Case 2: Again without loss of generality, suppose vertex 1 is a k*-vertex. Then, insert the n —k — 1 k*-vertices
so that we have n —k — 1 4+ 1 = n — k slots within the k*-vertices. We then insert the k k*-vertices such that no

two k*-vertices are adjacent in k ways.

The total number of k-gons is (" ; k; 1) N (n ; k) .
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Question 6

(a) We have f(x) = A(x—o0y)(x— o) (x — a3), where A # 0 is a constant. The sight of f'(x)/f(x) prompts us to
consider the derivative of In(f(x)).

3
In(f(x)) =InA+ Z In(x — ;)

i=1

/
1
G = Z by differentiating both sides with respect to x
fx) Sx—o
: I o :
(b) Consider the graph of y = ) Without loss of generality, assume that 0 < o < 0 < 3.
X
y |
y=0 x=o

For the equation f(x) — rf’(x) = 0, we have to consider two cases.

* Case 1: Suppose r = 0, then f(x) = 0. Based on the preamble, f(x) = 0 has three distinct roots, ;, ¢, 03,
so the result follows.

[l 1

1
= —. Any horizontal line y = — intersects
fo)r r

* Case 2: Suppose r # 0. We can then rewrite the equation as

the graph at three distinct points, and the result follows.

(¢) By (b), f(x) — a1 f'(x) = 0 is a cubic equation with 3 distinct real roots.
Applying the result in (b) again, we have
[f(x) = au f'(x)] = e[ f (x) — e f"(x)] = O
f(x) = (on+o)f (x) +aronf"(x) =0
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which is a cubic equation with 3 distinct real roots.
We apply (b) again to obtain

[f(x) = (ou + o) f/(x) + awon f" (x)] — s [ f(x) — (1 + 02) £ (x) + ctof” (x)]
flx) = (a+a+os)f (x)+ (o + o +oz0n) f (x) — o os f” (x)
F) +af'(x)+bf"(x) +cf” (x)

0
0
0 by hint (Vieta’s formula)

which is a cubic equation with 3 distinct real roots.

Question 7

(a) (i) Consider the following array which has 13 edges that link a shaded and an unshaded circle:

(i) We first consider the case when n = 4 as shown in the second diagram. There are 4 — 1 square blocks and
32 — 3 arrowhead shapes. For some arbitrary 7, there would be 7 — 1 square blocks and (n—1)* — (n—1) =
n* —3n+ 2 arrowhead shapes.

(iii) An arrowhead shape has 4 edges. Suppose on the contrary that 4 edges can link a shaded and an unshaded

circle. Label the vertices as P,Q, R, S.

OAC

We consider two cases — when S is unshaded, and when S is shaded.

» Case 1: Suppose S is unshaded. Since S and Q share a common edge, then Q is shaded. So, P and R must
be unshaded, which is a contradiction.

e Case 2: Suppose S is shaded. Similarly, Q is unshaded, implying that P and R are shaded, which is a
contradiction as well.

As for a square block, at most 4 edges can link a shaded and an unshaded circle.

(b) (i) The 3 x 3 grid can be divided into three components which are the 4 corner squares, the 4 edge squares (but
not including the corners), and the centre square. Denote the original sum by S and the final sum by S’. By
symmetry, we only need to consider the cases when we shade either a corner square, an edge square or the
centre square. We perform some casework.

* Case 1: Suppose we shade a corner square with a value of a. Then, S decreases by a, but the values of
the centre square and two edge squares surrounding the corner square will increase by a total of a. So,
S'=8S—a+a=S.

» Case 2: Suppose we shade an edge square with a value of b, where b is the sum of the values of all the
other squares. Then, S decreases by b. However, the total values in the two corner squares adjacent to it,
as well as the centre squares, will increase by b, s0 S’ =S—b+b=3S.

» Case 3: Suppose we shade we shade the centre square with a value of c. Then, S decreases by c. However,
S will increase by ¢ concurrently too because each unshaded square other than the centre square will
increment by some value and the total is c.

(i) For an n x n grid,

* from (aii), there are n — 1 square blocks and from (aiii), at most 4 edges in a square block can link a
shaded and an unshaded circle;
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* from (aii), there are n? — 3n + 2 arrowhead shapes and from (aiii), at most 3 edges in an arrowhead shape
can link a shaded and an unshaded circle.

Thus, the maximum score is 4 (n — 1) +3 (n* —3n+2) = 3n*> — 5n+2.

To achieve the maximum score, every square within a column must be consistently either shaded or unshaded,
with adjacent columns alternating between these two states.

Question 8
(a) We see that
(r2 + sz) (t2 + uz) — (rt+su)? = P2+ 212+ 2% + s2u? — P12 = 2rstu— sPu?
= r*u® — 2rstu+ s*?
= (ru—st)*
which is the square of ru — st.

(b) a? and b*> must have opposite parities. That is to say, if a® is odd, then b? is even and vice versa.
Suppose a” is odd and b? is even. By contraposition, a is odd and b is even. So, there exists A, i € Z such that
a=2A+1and b =2u. To conclude,

n=02A+1)>+(2u)* since n =a>+b>
=427+ 42 +4u’ +1

Choosing k = A2+ 4 + , the result follows.

(¢) There exists a, 8,7, 8 € Z such that m = o> + B2 and n = y* 4 §2. Without loss of generality, suppose ¢ and ¥ are
odd, and B and § are even. So,

2mn =2 (o + B*) (V¥ + &%)
= [(@+ B+ (@ BY| (F+96?)
— [(a+B) 8+ (= B) o+ [(a+B)y—(@—B)S]* by (@

which is the sum of two squares. We now show that

(¢+B)d+(ax—B)y and (a+B)y—(x—pB)é
are odd. o+ 8 and @ — 3 are odd, so (¢ + f3) 0 and (& — ) § are even, whereas (& — 8) v and (o + ) v are odd.
In each of the cases above, the sum of an odd integer and an even integer, so the resulting integer is even.
(d) Since the coefficients of f(x) are real, by the conjugate root theorem, if A € C is a root of f(x) =0, then A* is also
aroot of f(x) =0, where A* is the complex conjugate of A. We write
f(x) =product of all (x—2)(x—A%)
= [product of all (x — A)] [product of all (x —A%)]
= [p(x) +ig(x)][p(x) —ig(x)] where p(x) and g(x) are polynomials with real coefficients

= (p(x))* + (q(x))*

so f(x) is the sum of squares of two polynomials with real coefficients
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8 2023 Paper Solutions

Question 1

(a) Recall the Cauchy-Schwarz inequality, which states that for any real numbers x1,...,x, and yi,...,y,, the inequality

(£4) () (o)

holds. Setx; =a; and y; = 1 forall 1 <i <n so the inequality becomes n (a +a3+...+a2) > (a1 +az +...+ an)’.
The result follows.

(b) It suffices to show that

VIFY Vvt Vitr < Veyxtytz

Using the Cauchy-Schwarz inequality mentioned in (i), setting x; = \/x+y, xp = /y+2z, x3 =+vz+xand y; = 1
forall 1 <i <3, we have

2
(VxFy+Vy+z+ve+x) <3(x+y+y+z+z+x).

Asx+y+y+z+z+x=2(x+y+z), the result follows.

x+3 x+3 6
\/x+6+\/x+6+\/x+6 = V6.

As such, consider x+6 =x+y+z,x+y=x+3,x+z=x+3 and y+ z = 6, for which this implies y = z = 3. So,

(¢) Think of the equation as

this deals with the equality case of (ii), i.e. when

xty _ V6
x+y+z 3
So, 9 (x+3) = 6 (x+6), which implies x = 3.
Question 2
(a) Usingu = {, we have
y
dy

du Y7V 1 xdy

dx  y? y ¥ dx
So,

du 1 x [y y? 1
dx 'y y2\x ) 2
This implies that u = —— + ¢, where x is a constant. So, o +c. It is easy to show that
X y X
M —
. . . 2 a+b
This is the equation of the curve C. Since C passes through (a,b), then b = .So,c= Y
ac— a
(b) Using long division, the equation of the curve C can be written as
e n 1 n 1
Y= 2 A(ex—1)
2 : 2 . . 1 ab
For C to have two asymptotes, we must have ¢* # 0, i.e. a® # —b. The vertical asymptote is x = —— = ~Z24h
c a

. . x 1 abx ab \*
and the oblique asymptote is y = - + 2= 240 + 255
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Question 3

@ (1+2'=Y (Z)xk

k=0
(b) Starting with the RHS,

M-

E(()E0)-E()2 wmw

n
Note that the binomial expansion of (2+x)" is Z (n> 2/x"J . Setting x = 1, the result follows.
j=0\J

(¢) (i) If the divisor can be factorised into » primes (which are necessarily distinct) for 1 < r < k, then the number of

k
such divisors is ( >
r

k
k
So, the total number of divisors is Z ( > =2k,
=0 \"

(i) u(2)=-LuB)=-Lu4)=0u(6)=1u(12)=0
(iii) We consider two cases.

» Case 1: If m is prime, then its only factors are 1 and m, so

Y u(d) = p(1)+u(m)=1+(-1)=0.

dlm
e Case 2: If m is composite, then m = pf‘l ...p,?", where pi,..., py are primes and @, ..., 04 € Z>¢. So,
k
Yud=1+Y ulp)+Y ulpip))+ Y, wpipjpr)+...+u(pip2-..pr)
din r=1 i<j i<j<r

=1+k-(—1)+ (’;) (=1 +...+ (';) (—=1)*

k

k

Consider (1 +x)k = Z ( ) (—1)". When we set x = —1, the RHS becomes the sum we wish to evaluate,
=0\

while the LHS simplifies to zero.

Remark for Question 3: For (c), u is called the Mobius function.

Question 4

(a) r; =1 as there is only one stone and that stone is coloured red; r, = 0 because if either stone is painted red, then
the other cannot be painted red, otherwise, it will go against the condition that no two adjacent stones can be of the

same colour.

s1 = 0 as the stone cannot be painted red and not painted red concurrently; s, = 3 as there are three ways to
paint the second stone, which are namely using white, yellow, or blue.

(b) Note that 3 = 3 and s3 = 6. So, r| +s1 = 1, r2+s2 = 3 and r3 + s3 = 9. So, we infer that r,, + s, = 3" .

rnt1 counts the number of ways to paint the stones such that the first stone is red and the (n+ 1)th stone is also

red. As such, there are three choices to paint the n" stone. So, the first n stones can be painted using s, ways.

(c) Let P, be the proposition that for all positive integers n,

3}’171 +3 (—1)1171
n =
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When n = 1, we have r; = 1 as obtained in (a). The RHS also evaluates to 1, so P; is true.
Assume that P is true for some positive integer k. That is,

33!

143 4

We wish to prove that P, is true. That is,

3=k
Tk+1 :f.

From (b), since r; +s¢ = 3! and 7| = s, then ry +r; = 3571, As such,

k—1
Fev1 =3 =1

33!

=3k-1 1 by induction hypothesis
33 =3(=n 33—k
4 o 4

Since P is true and Py is true implies Py | is true, then P, is true for all positive integers n.

(d) Suppose we colour the first stone red, then there are s, ways to colour the remaining stones. By symmetry, the
required answer is

343 (=) !

4s, =4 |31 - 1

—3"_3 (_1)x—1

Remark for Question 4: For (b), to justify that r, +s, = 3"~ note that r, + s, counts the number of ways to place n
stones on a line such that the first stone is red (and consequently, no restrictions on the last stone). Since there are n — 1
positions to fill and there are 3 choices for each position, the result follows.

Question 5

(a) Possible remainders are 1 and 3.

(b) By Fermat’s little theorem, as z”~! = 1 (mod p), then (z2)<p71)/2 =1 (modp). So, (—1)<”71)/2 =1 (modp). As
such, (p —1)/2 must be even, so p =4k+ 1, where k € Z. So, p = 1 (mod4). Equivalently, p is not congruent to 3
(mod 4).

(¢) Possible remainders are 0, 1 and 4.

(d) (i) Suppose on the contrary that x is even. Then, there exists m € Z such that x = 2m, so y> = 8m> + 7. A perfect

square is 0 or 1 mod 4, so 8ml+7=3 (mod4), which is a contradiction.

(i) Wehave y> +1=x>+8 = (x+2)(x> —2x+4) = (x+2)[(x— 1)2+3]. It is clear that (x — 1)> +3 = 3 (mod 4)
and in fact, (x — 1)?4-3 is of the form 4 + 3, where o € Z. This is because x is odd implies x — 1 is even, so
we can write x — 1 = 23, where B € Z. Hence, (x — 1)? +3 = 42 + 3 (consequently, a = ).

We claim that there exists a prime p such that p = 3 (mod4) such that p divides y> + 1. Note that 4 + 3
divides y> 4 1 so there must exist some prime p of the form 4y + 3 that divides 4o + 3, where y € Z. Suppose
there does not exist such a prime. Then, the prime factors are of the form 4y+ 1. Then, the product of the
prime factors will be of the form 1 mod 4, which is not 3 mod 4. Thus, we reached a contradiction.

(iii) By (ii), y* = —1 (mod p), where p =3 (mod4). By (b), p is not congruent to 3 mod 4, which is a contradiction.

Remark for Question 5: The equation y*> = x> + 7 represents an elliptic curve, which has the general formula y? =
x° +ax + b, where 4a® 4+ 27b% # 0. In particular, the equation in the question belongs to a class of elliptic curves known
as Mordell curves, which has the general equation y*> = x> 4 7, where n is a non-zero integer.

Elliptic curves play an important role in abstract algebra, particularly in tackling Fermat’s last theorem.
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Question 6

(a)
/f(x) dx:/emxsin( )dx—f cos(mx)Jr/e “cos (mx) dx
1 X 1 X
=——e"cos (mx) + " sin ( /e sin (
so it is clear that /f(x) dx= % [— cos(mx) + sin(mx)] + c.

(b) Let k = ¢~™%/2_ Then,

/f(x)f(x— g) dx:k/ezmxsin(mx)sin (m (x— g)) dx

= k/ez’"x sin (mx) (sin (mx) cos (%ﬂ) — cos (mx) sin (%ﬂ)) dx

= gcos (an) /ezmx dx— gcos (%ﬂ)/ ¥ cos (2mx) dx — gsin (%)/ ¥ sin (2mx) dx
kfmmx cos (mﬂ) — gcos (mTE) /ezm"cos (2mx) dx— gsin (%) /ezmx sin (2mx) dx

2

Note that
- 1 g
/ ™ cos (mx) dx = ™ — sin (mx) — / €™ sin (mx) dx
m .

1 1 1
= %em’“ sin (mx) + %e"’x cos (mx) — %e”“ sin (mx) using (a)
em.x

=5 [cos (mx) +sin (mx)] + ¢

so the original integral becomes

kf;:x cos (an> _ k;i:x cos (an') [sin (2mx) + cos (2mx)] — S::X sin (%ﬂ) [sin (2mx) — cos (2mx)]
_ k;j:x {cos (2F) 2= sin (2mx) — cos (2mx)] — sin (5" ) sin (2mx) — cos (2mx)] |

Recall the following as well:

mr 0 if m is odd; _/mm (=)™ D2if mis odd;
cos (—) = 1 and sin (—) =
2 (—=1)™= if mis even 2 0 if m is even
so if m is odd, then
ny (=D ggme
/f(x)f (x — E) dx = o [sin(2mx) — cos(2mx)] +c,

and if m is even, then
()" PR
/ Ff (x=3) dx= = 2 sin(2my) — cos(2m)] +,

where c is a constant.

Question 7

(a) There are 4 x 3 squares of length 1 unit, 3 X 2 squares of length 2 units and 2 x 1 squares of 1 unit. The total number
of squares is 12+ 642 = 20.

(b) First, note that the largest square has length n units. There are (m — 1) (n — 1) squares of length 1 unit, (m —2) (n —2)
squares of length 2 units and so on. So, there are (m — k) (n — k) squares of length k units, where 1 <k < n.
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The total number of squares is

zn:(m_k)(”—k)zXn:mn—(m_;_n)zn"k_'_ikz

k=1 = PRl

2 D ) n(nt 1) 2n41)
2 6

- én[6m—3(n+l)(n+m)+(n+l)(2n+1)]

= én(3mn+1—n2—3m)

1
= 6n(n—l)(3m—n—1)

(¢) Set
1
gn(nfl)(?)mfnfl) = 100.
Then, n(n—1) (3m—n—1) = 600.
We must have n (n — 1) to divide 600. The factors of 600 up to {\/ 600J are listed as follows:
1,2,3,4,5,6,8,10,12,15,20,24
We shall test for n = 2,3,4,5,6.
e Case1: If n =2, thenm = 101
* Case2: If n=3, thenm =343 ¢N
* Case3: Ifn=4,thenm =185 ¢ N

e Cased: If n=>5,thenm=12
e Case5: If n=6,thenm =9.

As such, the required pairs are (m,n) = (101,2),(12,5) and (9,6).

Question 8

(a) Note that the prime factorisation of 2400 is 25 x 3 x 52.
LetA,B,C C {1,2,...,2400} be the sets of integers divisible by 2, 3, and 5 respectively. We wish to find |A’ N B'N
C’|, for which by de Morgan’s law, is equal to 2400 — |JA UBUC].
By the principle of inclusion and exclusion,

[AUBUC| = |A|+|B|+|C|]—|ANB|—|ANC|— |BNC|+|ANBNC|
_ 2400+2400+ 2400 _ 2400 _ 2400 _ 2400 n 2400
2 3 5 2x3 2x5 3x5 2x3x5

= 1760

Hence, the required answer is 2400 — 1760 = 640.
(b) (i) We have N (a+b) =ab. So, (a—N)(b—N)=ab—N (a+b)+N>=N>.
(ii) Without loss of generality, assume that a > b. Then, we consider the following two cases:

* Case 1: Supposea—N =N and b— N = N. Then, a = b = 2N, which is a contradiction as a > b.
+ Case 2: Suppose a— N = N? and b — N = 1. This is justified since a = N> +N >N+ 1 =b.
1 1 1
So, there is only one way to express — as a sum of two distinct unit fractions, which is ——— + ——.
N N?2+N N+1
(i) Since f(r) =0, then
B++VB?—4A
> .

r =
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(i)

For r to be rational, we must have B> —4A to be a perfect square. Suppose there exists k € Z>q such that
B? —4A = k%, Hence, (B+k)(B—k) = 4A. So, 3(B+k)(B—k) = 2A. )
Observe that
Btk
L (B+k)(B—k)

1 1

= B O B

2 2

If B is even, then k is even; if B is odd, then k is odd.

B—k dB+k
2

So, the denominators of the unit fractions, =5~ an , are positive integers. The result follows.

By Vieta’s formula, as the sum of roots is 17—3, then g = 17—3, so 7A = 13B.
Since ged (7,13) = 1, there exists k € Z such that A = 13k and B = 7k.
We can rewrite the quadratic equation as 13kx*> — 7kx+ 1 =0, so

e Tk +/49k2 — 52k
a 26k '

Since 49k> — 52k is a perfect square, there exists m € Z such that 49k> — 52k = m*. By completing the square,

L 26\ _ 49m’ +26°
49 ) 492 7

which means that 49m? 4 26 is also a perfect square. Then, there exists A € Z such that 49m?> + 26 = A2
By the difference of squares formula, (A +7m)(A —7m) = 26°.

* Case 1: Suppose A +7m = 169 and A — 7m = 4. Then, 14m = 163. One checks that 49m? + 267 is not a
perfect square.
* Case 2: Suppose A +7m =338 and A — 7m = 2. Then, 14m = 336, so 499m> + 26> = 170°.

Assuch, k=4 ork= — a4

For the sake of contradiction, suppose k = —%. Then, 49k% — 52k = 576 = 242,

However,
7k—\/49k2—52k_7k—24_ 7 12
26k 26k 26 13k
which is a contradiction as ry,ry > 0.

Thus, k = 4, so 49k> — 52k = 24?. This implies that

28424
o104

Without loss of generality, set r| = % and r, = 2%, soA =52 and B = 28.
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10 2025 Specimen Paper Solutions

Question 1

d
(a) Since y = x, then d—y =1, so the LHS of the differential equation becomes x2+x% —x2 — x2, which is zero.
x

d 1 d
(b) Letting u = X, we have a_ x—y -y .
x dx  x?

The differential equation becomes
du xF(u)—y F(u)—u

A x2 x
The result follows by multiplying x on both sides of the equation.
(¢) We have
d 2 ) 2
ay _y txy—x :(X) +X—1.
dx x? x X

2
Making reference to (b), we see that F (X) = (X> +2o So, F(u) =u>+u—1.
X x

X
The differential equation becomes

du 2
e
x o=
So,
1 1
/u2,1 du:/xdx,
which implies that
! In| 2= ! In|x|+
= =lInlx|+¢
2 ju+1 ’
where x is an arbitrary constant. When x = 1 and y = 2, we have u = 2, so substituting (x,u) = (1,2) into the
equation of the above equation yields ¢ = —% In3.
Therefore,

1 |y— 1
]n‘yx =Inx| - = In3
y+x 2

2
3(y—
ln’ b= =2In|x]
y+x
3(y—
(v x):xz
y+x
_x3—|—3x
VT3 e

which is the required equation of the curve.

Question 2

(a) We use integration by parts. So,

Z
I = / tan"0 d6
0
= /§ tan" 20tan’6 dO
0

= /§ tan" 2 0sec’0 d6 — /§ tan" 20 dO since tan’0 = sec’6 — 1
0 0

S vy

= [tan"*1 6]y —(n—2) /§ tan"2@sec’0 d — I, »
0

:3% _(n_z)/o§tann9 dG_(n_z)‘/Ojtannfze do—1, -
=3"7 —(n—2)I,— (n—2)Iy2 —Ip»
(n—l)ln:3%—(n_1)ln—2
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Dividing by n — 1 yields the result.

(b) Itis clear that Ip = .
Also,

I :/jtane deo
0

B % sin6
~Jo cos6
= [In|cosB]]§

=1In2

So,

and

—I

O \O
m%m%
W W

,\f3+12
_M3  AevA—i

Question 3

(a) (i) By the AM-GM inequality, we have

(ii) Using the Cauchy-Schwarz inequality,

)+ ()] [<z>2+<i>2+<§ﬂ2>{<i> )+ O+ )]
[CREECIRC )

so we have proven the upper bound for al + Y + :
Z X

Next, using the AM-GM inequality, we have

100 -

so we have proven the lower bound for : + Y + <,
Z X

y
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(b) (i) By definition of the scalar product, for any two vectors

aq bl
a=|a | andb=| b |,
as b3

we have a-b = |a||b| cos 0, where 6 is the angle between the two vectors. Since |cos 0| < 1, then a-b <|a||b|,
which implies that

ai b ai by
as by | <||a by
as b3 as b3

and the result follows. For equality to hold, we must have a; = kb; for all 1 <i <3 and some k € R\ {0}.
(ii) Using the Cauchy-Schwarz inequality,

[(\/y+z)2+ (\/z+x)2+ (\/x—i-y)z} > (x+y+2)*

() () ()

('C y Z )( )>( )2
YyriTiTXTXTY)Z XTYTZ

2 2 2

X Z

2( + Y + ) >x+y+z
y+z z+x x+Yy

and equality holds if and only if x =y = z.

Remark for Question 3: Other than (ai), the other three parts are the same as Question 1 of the 2017 specimen paper.

Question 4

(i) Since f is continuous on [0,0.4], £(0) =1 > 0 and f(0.4) = —0.136 < 0, then there exists a root in (0,0.4).
Next, since f is continuous on [0.4,2], f(0.4) = —0.136 < 0 and f(2) = 3 > 0, then there exists a root in (0.4,2).
Lastly, since f is continuous on [—2,0], f(—2) = —1 < 0 and f(0) = 1 > 0, then there exists a root in (—2,0).

The above shows that f has at least three distinct real roots. To show that there are only three distinct real roots,
consider f’(x) =3 (x2 - 1) so f is strictly increasing for x > 1 and strictly decreasing for x < —1.

(ii) Note that \
1 1 1 1—3x+x°
fg<x>:f<1_x> - (1_x) ‘3(1_x) e

so g(a),g(P) and g(y) are the roots of f. From (i), we know that o € (—2,0), 8 € (0,0.4) and y € (0.4,2). We
have g(y) < 0, which implies that g(y) = ¢. Suppose on the contrary that g(8) = 8. Then,

1
"
That is, [52 — B+ 1 =0. However, the roots of this equation are not real, which is a contradiction. As such, g(8) =7,
leaving us with g(a) = B.
(iii) Write /(x) = ax® + bx + ¢, where a,b,c € R and a # 0. Then for x = o, 8,7, we have
1
1—x
ax* (1 —x)+bx(1—x)+c(l—x)—1=0
ax? —ax +bx—b* +c—cx—1=0

—ax +(a—b)xX*+(b—c)x+c—1=0

ax* +bx+c=

Comparing the last line with f(x), we see thata = —1, b= —1 and ¢ = 2. So, h(x) = —xr—x+2.

Remark for Question 4: This question is the same as Question 6 of the 2017 specimen paper.
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Question 5

(a) The derangements are
2143,2341,2413,3142,3412,3421,4123,4312,4321.

(b) For an ordering of the numbers 1 to n, let A,, denote the event that the number i is in position i. We wish to find

n
4
i=1

By de Morgan’s law, the above is equal to

By the principle of inclusion and exclusion,

CJA,' :ilAi|_Z‘AiﬁAj’+ Z ‘A,‘ﬁAjﬂAk‘—F...—‘r(—l)nJrl|A1ﬁA2ﬂ...ﬂAn|
i=1 i=1 i<j i<j<k
_n(n_1)z_(;>(n_z)z_(§>(n—3)z+...+(—1)"+2
So,
Dn:n'—<)(n—l)!+<;>(n—2)'+<3>(n—3)!+...+(—1)”+1
:n'(l—l!+21!+...+(—l)nnl'>
(¢) As
exzoox—k
il
then ( )k
1 & (-1
E:k);;) k!
So,
n! L(-Df & =)
‘D”_e‘:"'kzo ! _k;) k! ‘
LN G N G O
—”',§0 k! _k;) k! ‘
o (—l)k
=n!
k;—l k!
1 1 1 - 1
Tatl D012 i Dmi2)(nt3) D)2 3 nid)
1 1 1 1
:n+l{1_n+2+(n+2)(n+3)_(n+2)(n+3)(n+4)
As
Lo ! + ! +...€(0,1)
n+2 (n+2)(n+3) (n+2)(n+3)(n+4) T

it follows that
'
p,— T <
e

1
1+n

For the second part, since n > 1, then |Dn — ";'f < 1 and the result follows.
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(d) We need to show that

. Dn 1
lim — = -
n—oo ! e
This is true because
1 1
Jim :,};mZ il Myt

Remark for Question 5: For (a), one sees that there are 9 derangements for the case when n = 4. One can verify this by
using the formula given in (b).

Question 6
(a) Consider the following figure. The sum of the areas of the rectangles is

11 1
1 T = fIp—1,

whereas the area under the curve y = % fromx=1tox=nis

n
/ — dx =Inn.
1 X

As such, Inn < H,_. Adding % to both sides and recognising the H,_| + % = H,,, we obtain

1
—+1Inn < H,.
n

Next, consider the following figure. The sum of the areas of the rectangles is

! + ! +...+ L H,—1

23 g " ’
whereas the area under the curve y = )17 fromx = 1tox =nislnn. Assuch, H,—1 < Inn. Adding 1 to both sides,
it follows that

H, <1+Inn.
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(b) We have
. .1 .
lim H, > lim — + lim Inn
n—soo n—oo I n—oo
=1+ limInn
n—oo

Since Inn diverges to infinity, then the harmonic series diverges too.

Next, Hi 900 000 < 1+ 1n(1 000 000) = 14.815 < 15.
(¢) As p, =n!H,, it suffices to show that

nH,=n(n—1)\H,_1 + (n—1)!.
Starting with the RHS, we have

nn—1)Hy_1+m—1)!=n—-1)(nH,—1+1)

nH,_1+1
Y e
n
1
=n! (Hn—1+>
n

=nlH,

@ (@

k] counts the number of ways for n distinct people to sit around 1 circular table. This is equivalent to the

number of permutations of n distinct objects on a circle, which is (n — 1)!.

(ii) Consider a person out of the n, say o. We have the following two cases:

* Case 1: If « is alone, then there are [k " 1] ways to distribute the remaining n people around k — 1 tables

such that no table is empty.
e Case 2: If « is seated with other people, we first let ¢ sit around some arbitrary table in n ways. Then,

distribute the remaining n people around k tables such that the other tables are non-empty in [Z] ways.

- n
T lk—1

n+1
k

n

By the addition principle, it follows that +n ik
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(e) From (d), we have

n+1 n n
n
=(n-1)!
(1)t |
l n+1f 1 1 n
nll 2| n (m-1)|2

Let f(k) = ﬁ Ij . Then, f(k) satisfies f(k+1)— f(k) =

Summing both sides, we have
n—1

Y [flk+1)— f(k)]=

n
k=2 k
and it follows by the method of difference that f(n) — f(2) = H,—1 — 1. Since f(2) = 1, then f(n) = H,_;.
Therefore, f(n+ 1) = H, and the result follows.

(gl

1
Zk,

() We have,
2, = 20 | M) | XM ) | P 2
e 2]

* Case 1: Suppose n is odd. Then, M(n) =1-3-5-...-n.

» Case 2: Suppose 7 is even. Then, M(n) =1-3-5...-(n—1). Also, 2¥ and n have a common factor of 2,

which shows that @ is an integer.

M
In each case, since 2k [(n)} is even for all i except when i = 2k the result follows.
l

(g) Suppose on the contrary that there exists 8 € Z such that H, = 3.
Then, 2M (n)H, = 2M(n)B. From (f), the LHS is odd, but the RHS is even.
This is a contradiction so no such € Z exists.

Remark for Question 6: In (d), [Z] is related to the Stirling numbers of the first kind.

68



11 2025 Paper Solutions

12 2026 Paper Solutions

69



	2017 Specimen Paper Solutions
	2017 Paper Solutions
	2018 Paper Solutions
	2019 Paper Solutions
	2020 Paper Solutions
	2021 Paper Solutions
	2022 Paper Solutions
	2023 Paper Solutions
	2024 Paper Solutions
	2025 Specimen Paper Solutions
	2025 Paper Solutions
	2026 Paper Solutions

