2012 MJC H2 MATH (9740) JC 2 PRELIMINARY EXAM PAPER 1 — SOLUTIONS

Solution

Inequalities

4—-6X
x> -1
X—4)(x*-1)-(4-6
(048
x -1
(x3—4x2—x+4)—4+6x
5 >
x =1
x*”—4x2+5x>
x2-1
x(x2—4x+5)
x* -1
since (x2 —4x+5):(x—2)2 +1> 0 for all real values of x,

X

(x-1)(x+1)

X—4>

X =1l

0

>0

>0

b
a7
v

S=1<x<0orx>1

Solution

SLE

Let f(x)=ax’+bx*+cx+d.

Method 1:

f(0)=0 = d=0

f(l)=a+b+c=3 - ()

f'(1)=3a+2b+c=0 ---(2)

Since the stationary point is a point of inflexion, f” (1) =6a+2b=0 ---(3)
Using GC tosolve,a=3,b=-9,c=9

- (X)=3x°—9x* +9x

Method 2:

f(0)=0 = d=0

f(l)=a+b+c=3 - ()

f'(1)=3a+2b+c=0 ---(2)

f'(x)=3ax* +2bx+c

Since there is only one stationary point, f'(x) =0 has only one solution.
Hence, Discriminant =0

(2b)* —4(3a)(c) =0
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4b*> -12ac=0 ---(3)
Solving equations (1), (2) & (3), we have a=3,b=-9,c=9
- F (%) =3%"—9x* +9x

Method 3:

f(O):O = d=0
f(l)=a+b+c=3 --- (1)

- x =11s the only stationary point
.'.f'(x):k(x—1)2:3ax2+2bx+c
~k=3a=-b=c ---(2)

Solving (1) and (2),a=3,b=-9,c=9
2 f () =3x°—9x® +9x

Qn | Solution

3 Differentiation (Implicit) + Techniques of Integration

@ | x*+xy+Iny=2

—2x+xﬂ+ y+£d—y:0
dx y dx
d—y(x+1]:2x—y
dx y
dy _2x-y_2xy-y?
dx .1 xy+l
y
(bi) | d

&(ZZX): 22x+l In?2

(bii) jzzx In 2%dx
:%J'(x)(z2X+1 In Z)dx
:%[ZZXX—IZZde}

=1[22Xx—22*i}+c
2 2In2

=22X‘1(x— : ]+C
2In2
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Qn | Solution
4 Complex 3 (include intersection of loci)
\ required region for (i)
csl \&\
z P
A(-2,0)
(ii)
> Re
sinezﬂzl
8 2
smallest value of arg(z—2+4i) SLALL
2 6 3
(iii) Method 1:

AP = 4% 1+ 4 —4=4(\/§_1)
:(_2+4(\/§_1)(%D+4(\/5_1)(%}
=2(1-+2)+2(2-2)i

Method 2:
Equation of circle: (x—2)2 +(y—4)2 =16 ------- (1)

Sub (2) into (1):

Equation of half line: y—0=tan [%j(x+ 2) = Y=X+2,X>-2--(2)
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(x—2)2+(x—2) =16

(x—2)2:

(x—2):12\/§

x=2-22/2 or x:2+2\/§(rej.-.-x<0)

y=4-22

nw=2(1-42}+2(2-2)i

Method 3 C
PN :4cos(%)=2\/§ .

CN :4sm(%):2\/§ A |
x=2-22 P N

y=4-2\2
.-.w:2(1—J§)+2(2—J§)i

Qn | Solution

5 Vectors 1 & 2 (Ratio Thm, application of dot & cross product)

(i) | Using ratio theorem,

?_4W+ﬁ
5
W:5OB—OA
4
L -1 1
==|5 3 |-]-1
4
2 2
. -3
=—| 8
2
4
(i) | [0Ax0B| o _ _
ﬁrepresents the shortest/perpendicular distance from point A to the line OB.
(iii) 1) (-1
OAxOB=|-1|x| 3
2 2
-8
=|-4
2
—4
=2| -2
1
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-4
.. Normal to the plane containing O,Aand B is | -2 |.

1
Method 1:
shortest distance = [
Jﬁ
2 Nz
V1 Jat
= 221 units
21
Method 2:
Let N be the foot of perpendicular from C to the plane.
1 —4
Equation of lineCNisr=|3 [+ 4| -2 |,Ael]
8 1
—4
Equation of plane: r-| -2 =0
1-42
3-24
Since N lies on the plane, | 8+ 4
=> A= 3
21
1—4(3j 3
21 21
oN =|3-2[ 2 ||| 2
21 21
2 170
13 8
21 1 21
So CN=ON-0C=| 2 |-|3|=| -2
21 8 21
170 2
21 21
2 2 2
21 21 21 21
= 221 units
21
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Qn | Solution

6 Maclaurin + Binomial Series (include concept of approximation)

£(x) = In(ex+2) £(0)=In2

f'(x)= exe+ - £(0) =§

P00 =- (exe: 7 =%

£0(0) = (exzfz)s £9(0) :%
() X

(1) =1(0)+x 7/(0) + 5:°(0)+ % 19 (0) ..

3!

-z ) £-2). 2(2).

2.,2 3,3
f(x):lnz &X_&X EX ..

2 8 24
“ 2.2 3.3
(i In(ex+2):ln2+e—x—ex € X
2 8 24

Differentiate both sides wrt x :
e e ex e

ex+2 2 4 8
2

2 ex e°x
=1-—+
ex+2 2 4
12 _yexs2)
ex+2
=]
-2(2)*[1 %j
2y (1+5
2
sl
2 2! 2
2,2
_q &, X
2

Qn | Solution

7 MI + Summation

i 1 1 3
() 32254‘%:2:1——:
i"22)(3) 6 6
‘6 2(3)(4) 8 8
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(i)

Let P, be the statement a :1—2i forallnell”.
n
When n=1,

LHS = aizg

1 1
RHS=1-——==
2(1) 2

- P is true

. . 1
Assume P, is true forsome kell",i.e. a =1-—

2k
1
2(k +1)

To prove P, istrue.i.e. a,, =1—

LHSof P _,:a,,,=a +———
k+1 k+1 k 2k(k+l)

1 1 .
=1-—+——— (from assumption
2 k(D) ¢ ption)

3 k+1 1
N {Zk(k +1) 2k(k +1)}
k
- 2k(k+1)
1
2(k+1)

:1—

=RHS

-.P istrue =P, istrue

Since P, istrue and P, is true = P, , is true, by Mathematical Induction, P, is true for all
nell”.

(i)

+N
1 |
(1)() (2)(3) NEICH +'\'('\'+1)_;'“('“+1)
1
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=1-
(N +1)
Qn | Solution
8 | Application of Differentiation (Max/Min, Rate of Change)
(i) | Method 1:

Area of triangle PQR = %(QR)(PQ) since ZPQR =90" (angle inscribed in a semicircle is
a right angle).
Let ZQPR=4.
Then QR =2rsin® and PQ =2rcosé
Area of PQR = % (2rsin 8)(2r cos )
=2r’sin@cos@=r’sin26 .
For maximum area of triangle PQR,
i(rzsin 20)=0
do

2r2cos260=0
= 0520 =0

20="

N

Ay N

i(Zr2 Ccos 249) — _4r®sin20=—4r? <0 wheng =2
do 4

= Area is maximum.

PQ=2rcos%=J§r QR =2rsin%:¢§r

Method 2:

Let LPOQ=8.

Area of PQR = Area of POQ + Area of ROQ
= %rzsin 0+%rzsin(7r—9) note:sin (7 —6)=siné
=r2sing.

For maximum area of triangle PQR,
d 2 -

E(r S|n0):0

r2cosé =0

=c0sd=0

o="
2

i(rzcos@):—rzsinez—r2 <0 wheng==
do 4

= Area is maximum.

PQ=Ar2+r2=J2r QR=+r’+r?=2r
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Method 3:
Let the length of PQ be x units.
Let A be the area of triangle PQR

= (PQYQR) = x/ar =X
dA 1 (1 2 L2\s Li,o o\
&ZEX(EJ(M —X ) (—2x)+§(4r —X )

= —%xz (4r2 - xz)_; +%(4r2 - x2)5

=(4r*-x* )_; [—%xz +%(4r2 - xz)}

1
= (4r2 —~ x2) 2 (—x*+2r?)
For maximum area of triangle PQR,
dA
-0
dx

(4r® —x? )_; (—x®+2r?)=0

1
(4r2—x2)_E -0 or x> +2r2=0
(No solution) X = J_r\/§r
x=\/§r

Using 1 derivative test,
[ ) | (&) | ()

L S Tl BN
dx

Area is maximised when x = ﬁr

-~ PQ=+2r
QR =+/4r2—2r? = /2r

(i) |Forr=2, QR=4sing

d(QR)

—— 2 =4cosd
do

d¢  do d(QR)

dt  d(QR)" dt
111
4cos® 5 20cosd
When 9:5,
3
do 1

"l
2

_1 radians per second.
10
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Qn | Solution

9 Arithmetic and Geometric Progressions

(l) 15
2400 (11) -
S 10
15 =
o)

10
=76253.96
= 76254 m (to the nearest metre)

(ii) | (4000)+(n-1)800> 42000
n>485

least n =49
Or
By GC,
When n =48, (4000) +(n —1)800 =41600 < 42000
When n = 49, (4000)+(n—1)800 = 42400 > 42000

s leastn =49

(iii) | Total distance covered by runner B in 3 days
= g[z(4ooo)+(2)(8oo)]
=14400

2400 r® ~1]
r-1
6(r-1)=r’-1
r*—6r+5=0
By GC,
r=-2.7913 (rej. .- distance covered cannot be negative)
orr=1(rej. r=1)
orr=1.7913
X% = (1.7913-1)x100%
=79.13%
~79.1%
x=79.1

14400 =
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Qn | Solution

10 | Differential Equations

@ |y=xx-——-()

dy dz

dx  dx

Sub (1) and (2) into D.E..

2

(e"+l)(x%+¥—%j:x—(e"—l)

Xz
e +1 [d—j
d
% -1
dx ex+1

J.z dzﬂiiii dx

Method 1:

E =)

e:_e—:]
_[z dz =j— dx

2

Z—:2In
2

X X

e2 +e 2|+C, where C is an arbitrary constant.

2 X X
(lj :4In[e2+e 2}LD, where D =2C
X

y* =4x? In(e2 +e_2]+ Dx?
Method 2:
X —X
Iz dz =I € _ 1 & dx
e +1 e*+1e7¥

2 . —X
Z _nle*+1+c— L e dx
2 Jlef+1e™*

2 . —X
2 _infer+qsc— || £ dx
2 Jl1+e7*

2 of _aX
Z—:Ine’(+1+C'+ € dx
2 Jl1+e7*¥
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=In

e* +1‘+ In‘1+e‘x

é +C , where C is an arbitrary constant
72 :2In(ex +1)+2In(1+e_x)+ D, D=2C

GJZ =2In(e* +1)+2In(1+e™)+D

y? = 2x° In(eX +1)+ 2x%1n (1+ e‘X)+ Dx?

Method 3:

IZ 0= .[(1_ eX2+1j &

2 .
Z?=X+C'—2 1 )dx

Jle¥+1

2 - —X
Z?=X+C'—2 L e de

2 . —X
2 _x1C'-2 ¢ dx
2 J{1+e7*

2 of _aX
Z—:x+C'+2 ¢ dx
2 Jl1+e7*

:x+2ln‘1+e‘x

2
Z? +C , where C is an arbitrary constant
2? =2x+4In(1+e*)+D, D=2C

[%)2 :2x+4ln(1+e‘x)+D

y2 =2x3 +4x%In (1+ e‘X)+ Dx?

Method 4:

N o aX

zdz= ex idx Let u =e*
J Je*¥+

.zdz— [ u—_li]du d—u—ex
J Jlu+1lu dx

o ] u_l
dz = d
.Z : J u(u+1)J .

.z dz = [ i—lj dx
J Jlu+l u
2

z . .
5= 2Infu+1-Inju|+C , where C is an arbitrary constant
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:2In(ex+1)—ln(ex)+c
22:4In( 1) 2|n( )+D,D:2C

(%)2 :4In(ex+1)—2ln(ex)+ D

y? = 4x° In(eX +1)—2x2 In(ex)+ Dx?

() | dx A x

dt 9-x 20
When x = 4,
dx
a_ )

A 4

5 20
A=1
dx X 1
dt 200 9-x
dx  —x(9-x)+20
dt 20(9-x)
dx  x*—9x+20
dt 20(9-x)
d_ (=45 own)
dt 20(9-x)
dx  (x—4)(x-5)
dt 20(9-x)

9-x 1
I(x_4)(x_5)dxzIz_odt
t

—+—dx_—+C
X—4 x-5 20

—5In|x—4|+4|n|x—5|:%+C'

t=-100In|x—4|+80In|x-5/+C  where C =20C"

Whent =0, x=0,

0=-100In4+80In5+C

C=100In4-80In5
t=-100In|x—4|+80In|x—-5/+100In4—-80In5

X—4 x5

t=-100In|——[+80In

When x = 2,
t =28.449
t = 28.4 months (3s.f.)
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Qn | Solution
11 | Complex no. 1-3 (Roots + Loci)
() | z°=32
_ 32ei(2k;r)
1 izkr
z=32% °> ,wherek=-2,-1,0,1,2
—izzi —gzzi g;ri i7zi
nz=2e% ,2e° ,2,2e% ,2e°
(iii)
»Re
2
Locus of
_4 I |Z| = 2
Z,=
—Eﬂ'i
/// m=2e
There are 4 points within the region given.
(iii)

Im
A

Locus of

|z—zl|:|z—m>
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Method 1:

Since the argument of z =%(2—7[j+27r 37 or 27

5 5 5 5
§,[i —=7i
7= 295 or L= Ze 5
=-0.62+1.90i =0.62-1.90i
Method 2:

Equation of circle centred 0+0i and radius 2: x* +y* = 2°
Gradient of the perpendicular bisector = tan 3?” =-3.077683

Equation of perpendicular bisector that passes through the Origin:
y =-3.077683x

X2 +(-3.077683x)" = 4

x* =0.381966

x =—0.618034 or x = 0.618034

y =1.9021127 or y =-1.9021127
©.2=-0.62+1.90i or z=0.62—1.90i

(iv) | Method 1:
(W—2)4 +2(w—2)3 +4(W—2)2 +8(w—-2)+16=0

(47|

1_W—2 =0
2
5
1—(—W_2j =0 ,w=4
2
(W-2) =2°=32
.. replace z by w—2 in previous answer (excluding z = 2 since w # 4)
4 . 2 . 2 . 4 .

w-2=2e 5 25 205" 25"
_i,[i —Ezzi g;ri ﬂ7ri
w=2+2e° ,2+2e° ,2+2e° ,2+2e°
Method 2:
2°-32=(z-2)(z" +22° +42° +82+16)
For (w-2)" +2(w—2)"+4(w-2)" +8(w-2)+16 =0

.. replace z by w-2 in previous answer (excluding z = 2),

4 . 2 . 2 . 4 .
——7l ——7l —l —7l
w—2=2e5 ,2e 5> ,2e° ,h2e°

_é,[i _Eﬂi E;[i é7ri
wW=2+2e° ,2+2e° ,2+2e° ,2+2€°
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pri

—w= 2(1+ e5j Wwhere p =—-4,-2,2,4

pri _ pri pri
w=2e! e 10 +e0

pri
=2e10 {2 cos }

p pri
[—OJem \Where p=-4,-2,2,4

oQn

Solution

12

Curve Sketching + Transformations + Integration

a(i)

Method 1
1. Translation of 1 unit in the direction of x—axis.

2. Scaling parallel to the x—axis by factor %

3. Scaling parallel to the y-axis by factor % :

Method 2

1. Scaling parallel to the y-axis by factor % .
2. Scaling parallel to the x-axis by factor %

3. Translation of % unit in the direction of x—axis.

(i)

-0.5
Area = J' N

-0.5
=— In‘x +4‘ —tan~ (Xﬂ
2 -1

= —Im G+4j+%tan‘1(%ﬂ{ln (1+ 4)+%tan‘1(_?1jﬂ
= —|n(%j+%tan‘l(%j+ In (5)—%tan‘1(%j
o) (-
()2 )
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(b)

() \
\N A /i
y=5x+b+2 : : - Yy=X+b+2
N : :
. ! ! .
SO L
L Y85
2,05 BT
( ) e AN (2,0.5)
' Of .
,” ' ' e
»/ | 1 J~
> \ ! N
! ! ™
1
x=-a ! lx=a
dy
- 2
(") y = A '
dx y .
:
1
1
1
:
1
A
_1\Q !
:
1
:
1
|
X=a

MJC/2012 JC2 Preliminary Exam Suggested Solutions/H2 Math (9740)/Paper 1/Math Dept

Page 17 of 17




