NJC 2023 H2 Mathematics Promotional Exam

The cquations of three planes p,, p, and p, are

3 -5 17
rf21|=3 r 3 |=-5and r| 5 |=5
-5 2 a

respectively, where a and b are constants.

If @=-20.9 and b =16.6, find the coordinates of the point at which these planes meet. [2]

The planes p, and p, intersect in a line /.
(i) Find a vector cquation of /. (2]

(i) Given that all three planes meet in the line /, find the values of ¢ and b. [3]

A curve D has cquation F+2) ~(y-1) =1.

2

() Another curve E has equation x* —y° =1. Describe a sequence of transformations that
transforms the graph of £ onto D. (3]

(i) Find the cquations of thc asymptotes of D. 21

(iii) Sketch D, stating the cquations of the asymptotes and the coordinates of the vertices. [3]

c
that the ellipse does not intersect D, o [1]

(iv) Given an ellipse with equation [ ) +(y- 1)2 =1, state the possible values of ¢ such

X
It is given that f(x) = xe ¥, where k is a positive constant.

(i) Find the range of values of x for which the curve with eguation ) =f{x) is concave
upwards. [4]

Assume for the remainder of this question that k = 2.

(ii) R is the region bounded by the curve, the x-axis. the line x =4 and the line x = n, where

n>4. The solid obtained when rotating R about the x-axis through 2n radians has a
volume of ¥ units®. Find the exact value that ¥ converges to as n approaches infinity. [5]

[You may use the result that x"e™* approaches 0 as x approaches infinity for all real
values of n.]
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(@)

(b)

(@)

(b)

©

The diagram below shows the curve y = f(x); It has a maximum point at (-3, 4) énd

crosses the x-axis at (-1,0) and (2,0). The lines x=0,x=4, y=0 and y=1 are
asymptotes of the curve.
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On separate diagrams, sketch the following graphs. Label clearly, where they can be
determined, the equations of the asymptote(s), the coordinates of the stationary point(s)
and the point(s) where the curves cross the x- and y-axes.

® y=f(2-]x). (31
. _ 1 ‘
(i) y= =k _ [4]
(iii) y=f'(x), " {31

Write a possible non-constant function g such that —%—-—=g(a-—x) for all x (0, a),
X

where a is some constant to be stated. [1]

(i) Find the cxact shortest distance from the origin O to the planc p with cquation

2x+3y+6z=10. 2]
(ii) Given that point A lies on plane p and OA = 10, find the acute angle between plane
p and line OA. (2]

Two non-zero vectors a and b are such that |axb|=+/3, |a—b|=1 and the angle between

the vectors a and b is 30°, find the possible values of |a| and lbl [5]

Two fixed points C and D have position vectors ¢ and d respectively. By considering the
result exc =0, give a geometrical interpretation of the vector equation rx(d - c) =c¢xd.

(3]



A curve C has paramelric cquations
x=c'sin/, y= e’ cost, for0<¢ S%E'
(i) Sketch C, labelling the exact coordinates of the end-point(s). [2]

(i) In the same diagram as part (i), shade the region of points (X, Y) such that there are

exactly two distinct tangents to C that pass through (X, Y). [2]

(iif) Show that the tangent to C at the point (e” sin p, ¢’ cos p) can be expressed as

xe™? + ye? =cos p+sin p. [3]
(iv) Find the exact area of the region bounded by C, the y-axis and the line y = - ! == [5]
2¢*
; : 2x+3
A function f is defined by f:x— ,XeER, x#2,
x—
(i) Find the domain of . [2]

A function h is said to be self-inverse if hand h™ are the same function.

(if) Show that f is self-inverse. [2]
(ili) State the value of £7**(6). [1]
Another function g has range (£, k +10], where & is a constant.

(iv) Find the range of values of & such that the composite function fg exists. [3]
Assume for the remainder of this question that fg exists and & = 2.

(v) Find the range of fg in terms of k. [3]

(vi) Given that fg(x)=%f-j6-—%, find g(x) in terms of x. (3]
-6x




Ix+5 <
(a) Use the substitution x =2tané to find J- =dx. (5]
Ja+x3
Y4 7x =12 2x+1 D
(b) (i) Given that 28.1' Hix 12," =— ik -‘+Cx1+ , find the values of the
(¥ +2x+3)(4x'-9) x +2x+3 4x'-9
constants C and D. [2]

8x* + 7x" —=12x
. - d S 5
) Find J'(x:+2x+3)(4x2 -9) ; =

(i) A function fis such that {’(k)=0 and f"(k)<0 for some k €[p, g]. Justify with the aid
of a sketch whether this must mean that f(4) is the largest possible value of f(x) for any
x in the interval [p_. q]. [2]

A particle is travelling along a straight line from an origin O such that its displacement s(¢)
metres away from O at time 7 seconds is given by

st =0r-61"+9. 0<r<5.
(i) State the largest possible value of s(¢) for 0<r<3. 1]
The instantaneous speed V (1) ms™ of the particle at time 7 seconds is given by {7} :!‘;'(!}E.
(iii) Find s'(f) in terms of 7 and hence sketch the graph of V() against s for 0 <7 <5, (3]

The total distance D(T) metres travelled by the particle at time T seconds is the total area of
the region bounded between the graph of V' (¢) and the t-axis from r=0 10 ¢t =T.

(iv) Show that for 1<T <3, D(T)=8-T"+6T"-97. Find D(T) in a similar form for
3<T<5. (4]

The average speed V(1) ms™' of the particle over the first ¢ seconds is givenby V. (1) = A,
t

(v) Express V. (¢) as a function of ¢ by filling in the blanks below. 2]
( ., 0<r<l
MOER , __<lS__
{ v RES

(vi) Hence find the times at which the average speed of the particle is 3 ms~’. (2]



Question 1 (Systems of Linear Equations, Vectors 1I)

Rewriting the equations into cartesian form,

v + 2y - 5z = 3
=5x + 3y + 2z = -5
17x + Sy - 209z = 16.6
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Thus, the three planes meet at ( 7_4_4 )

117 117 11
(1)
s Bl+x2
x2elen
XI=H]2
I¥eimhsii= 5
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The two planes meet at the line /: r=|[0[+A]|1[. 2eR
0 1
(17 (1
(ii) S511=0=217+5+a=0=>a=-22
\a \I
(17 ) (1
5 |'|0|l=b2b=17




Question 2 (Conics and Linear Transformations)

® D:(x;f)’_(y_l)z=.=(-_;+1]2—(y—1)‘=1

Step 1: Translate in the positive y-direction by | unit.
Step 2: Translate in the negative x-direction by 1 unit.
Step 3: Scale parallel to the x-axis by factor 2.

Alternatively,

Step 1: Translate in the positive y-direction by I unit.
Step 3: Scale parallel to the x-axis by factor 2.

Step 2: Translate in the negative x-direction by 2 units.

@ ey
T—(y—l) =l

Asymptotes:
(=) =+ (x+2)

1 1
=—x+2 and y=——x
Yy 2 Yy >

(iii)

(iv)  |All possible values of ¢
2<¢c<2,¢c#0

Or

2<c<0 or 0<ec<?2




Question 3 (Concavity, Integration by Parts, Volume of Revolution)

()
For the curve to be concave upwards, the gradient must be increasing, i.e. f"(x)>0.
X

f(x)= xe K

= f(x) = .\‘(—:"I;CT]HJT = cT(l -—i;-)

e k

Next we have __k__[Zk-x

k

J>Ozx—2k>0=>x>2k.

(ii)

Volume of solid obtained
=n[ y'dx

=7 J‘:xze_%x dx

=-nf x*(-e™)dx

- {[xze** T -[ 2xe dx}
=-n[0-16¢] -2 x(-c™)dx
=16me™ —2n{[xe"‘]: ~[Te dx}
=16me™ —2n[0—4e™ |-2x[ - dx
=16me™ +8me™ —2n[e™ |7

= 24ne™ —2n[0-¢™ ]

=247~ +2ne™

= 26me™




Question 4 (Transformations of Graphs, Graph of Gradient Function)

(a)(i) )
T = -2 =2
3,0\ 00 | [(3,0)
(a)(iD) -
@i . SRR
E y = ()
y=0 T
(h) T
l
g(x)=tanx or cotx, am% or g(x) = A", where A I8 a positive constant such that A#l a s-,:-




Question § (Vectors I and 1)

(2)(i)

Shortest distance
D

10
2453 46

n

=I—0 units
7

(a)(ii)

Angle between line OA and plane p

) _.[10/7)
=sin —
10

=0.143 rads (to 3 s.f.) or 8.2° (to 1 d.p.)

(b)

laxb|= /3 = a||b]sin 30° =

la-b|=1=|a-b[ =1
= (a-b)-(a~b) =1

=a-(a-b)-b-(a-b)=1
—a-a—a-b-b-a+b-b=1
=>|a|2 —2&3.-b+|h|2 =1

2|’/|_ )

= |af* ~2[a||b|cos 30°+[b]’ =1
= af’ =/3a|jb|+[p]" =1 ()

Substituting equation (1) into equation (2),

il ‘f”[|a|](2l;|r] !

|a| 7+—

Jaf’
|z||4 -—7]a| +12=0
(|a|2 -3)(|a]2 _4) -
|a|2 =3or |:a||2 =

ol =3 or =2

Substituting into (1), we have

|a|=J§, |b|=2 or |a] =2, |b|=\/§




(b)  Alternatively, let A and B have position vectors a and b respectively. Then 4B =|a—b|=l

and area of triangle OAB = %‘n xb| = -2—3

A

/3
Aren = }-—‘-

:

Q b} B

Area of triangle OAB = -]—|a|[b|sin 30°= l|a||b].

243

Thus, |a||bl--£=>[a|lb| 23> |b|= ||

M

By using Cosine Rule,
|a —b|2 = |al2 +|b|2 ~2/al[b]cos30°
o+l -2 =1

Jaf* =3 a][b| +[b] =1 2)

Substituting equation (1) into equation (2),

-3} (37 -

la[' = 7]a +12=0
(laf -3)(iaf -4)=0
|a|2 =3or |a|2 =4

|a|=\/§ or |a|=2

Substituting into (1), we have |a|= 3, |b|=2 or |a| =2, |b| = NE)




(c)

l'><(d—c)=cxd
rx(d-c)=cxd-cxc
rx(d-c)=cx(d-c)
rx(d—c)—cx(d-c)=0
(r-c)x(d-¢)=0

r—c is parallel to d —c.
r-c=A(d-c)

r =c+/l(d—c).

Thus, the equation represents the line CD and r represents the position vector of a variable
point on this line.




Question 6 (Parametric Curves, Tangents & Normals, Parametric Area)

(i) un
(0,1)
&
o
0 1 8= 1 _8=
_—d —

When =0, x=¢sin0=0, y=e"cos0=1.
3a kLY 3x 1 3a

3n b -= 14 =
When t=—_, x=e¢?sin—=—=e!,y=¢ ‘ cos—=——=¢ *.
4 s 807 i 2

(iii)

L~

(0,1)




(i)
bt d.\' ) F oot
xX=¢ Sll'll-‘:bg:e cosf/+c sin/

g dy . g _
y=e ’cos(:>~a-t-=e '(~sint)+(~e™)cost

dy € (—sint)+(-e” Jcost _g~* _
Therefore —% = ( - ) (, - ) =—=—
dx e cos/+e sin{ e

At point (e” sin p, e™" cos p), the equation of the tangent to C is
-e " cos -

J.)t—e” sin; =t

= y—e cos p=—e 7 (x—e’sin p)

= y=—e"*Px+e 7 cosp+e’sinp

= yef =—e"Px+cosp+sinp

= xe P + ye? = cos p +sin p (shown)




(iv) )

Area of region

=[xy

2e

o . - - .

=I. g smt(—e "cost—e 'smt) dt
<
T . 2

=L sintcost +sin” ¢ df

=JJ lsin 2r+-l—(l—00521) dt
o 2 2

K

= —lcos2t+t—lsin2t
2 2

)




Question 7 (Functions)

)

y=2

(03 —%\)\

D.=R;= (~e0, 2)U(2, co)

(i)

Lety

x=2
Y(x=2)=2x+3
xy=2y=2x+3
xy—2x=2y+3
x(y—=2)=2y+3
2y+3
y=2
2x+3
X—2
Furthermore, D, =(—oo, 2)u(2, oo) =D;.

A T
Thus, fis self-inverse (shown).

X =

fl(x)=

_2x+3

=f(x).

(iii)

£2%(6) = f(6) (- f=f")
_ 2(6)+3
T 6-2
15

4




(iv) For fg to exist, R, = Dy i.e.

(k. k+10] < (—0, 2) (2, )

(k, k+10] = (—0, 2) or (k, k+10] = (2, )
k+10<2o0rk22

k<—-8ork22.

)

14}

ITORR 111 Y 1 PP

We see from the graph of y =f(x) that regardiess of whether £ <=8 or & > 2, restricting
the domain of f to the range of g i.e., (k, k¥ +10] will yield the range [F(k+10), f(X)) as f
is a decreasing on (—<0,2) as well as on (2,).

| 25k+23 2k+3
Thus, the range of fg |s|: P )




(vi)

[Method 1: Applying £-' to both sides.
f2(x) =

[fg(x)=1"

i

2x+2
| -6x

,[2x+2)
l-6x

g(x)=r(2x+2) ('.'f:f")

1-6x

5 2x+2)+3
_ \l=6x

2x+2)__2
|-6x

_4x+4+3-18x

Method 2: Using g(x) as an input for f.

_2x+2—2+12x
7—-14x

14x

1-2x ( i )
= or ——11.
2x 2x

2x+2
fo(x) =
g(x) -
2g(x)+3  2x+2
g(x)-2 1-6x
Let 2 =g(x). Then,
2u+3_2x+2
u—-2 1-6x
(2u+3)(1-6x) =(u-2)(2x+2)
2u+3—-12ux—18x =2ux—4x+2u—4
7—=14x =14ux
_7-14x
14
1-2x 1
xX)= or ——1|{.
s == (r2x )






Question 8 (Integration Techniques)

()

X= 2mn():>%=25cc‘0

J 3x+5 s
Va4 x!

Gtan@+5

B Ja+4tanio

= jM(Zsecz 9) do

2sec? 0) do

2secl
= IGtanGsecG+Sscc0 do

=63ec€+5ln[tan9+sec0|+c

x+d+x?
—2 ¢

=3Jd4+x +5In

(b)
)

J 8x* +7x% —12x

(.\'3 +2x+3)(4x2 —9)

=J 2x+1 " 3
x}+2x+3 4x* -9

(i)

J22x+l P

x*+2x+3

_J' 2x+2 _ 1
x242x+3 x*+2x+3

=_[ 22x+2 dt_I 1 &
x*+2x+3 (x+1)2 +2

= Inlx2 +2x+3|—-1— tan™ [£+—IJ+C

NG V2
j4x3-9dx=%sz _l(%f i

A

X—3
x+3
1. [2x-3
=—In
4 |2x+3

Thus 8x* +7x* —12x
’ (.\'2 + 2x+3)(4x2 —9)

+D

+D

l af x+1 l
=In|x? +2x+3|-—= tan '(———)+—ln
| | V2 J2 ) 4

2x=3
2x+3

+c






Question 9 (Contextual Problem)

(i)
¥
(0. ()
(k f(RD)
v = f(z)
(. () o g
f'(k)=0 and f"(k) <0 implies that the point (k, f(k)) is a maximum turning point of the
curve. However, as seen from the sketch above, the maximum value of f(x) can be attained
at one of the endpoints of y =f(x) instead. Thus the condition '(k)=0 and f"(k) <0 is not
sufficient to prove that f(k) is the largest possible value of [(x) for any x in the interval [p,
q).
(ii) , ‘ e e et et e o _
sihinka D [T O R R B2 O IR 0 O SR M e iRy o b e Y |
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From the sketch, we see that the largest possible value is 20.




(i)

S(O=3*=121+9
v

V() = |3 - 12t + 9|

~Y

(iv)

For 1<T <3,
D(T)=j;3:2 ~12649 d:—jl""3z’ ~120+9dt
=[t3 -6 +9t]:) —[t’ -61’ +9r]:
=1° -6(1)* +9(1) - (T* —6T* +9T)
+[ 1P -601)? +9()]
=8—(T° -6T* +97T)
=8§-T° +6T2 9T
For 3<T <5,
D(T)=L:3t2—12t+9dt—f312-12t+9 dr
+f 3 12 49dt
= [t’ —-61* + 9:]'0 —[r’ —-61% + 9t]l3
+|:t3 -612 +9t]:
=1 =6(1)* +9(I) -[33 -6(3) +9(3)]
+[|3 -6(1)? +9(1)]
+(7* =677 +9T)-[ 3 -6(3)* +9(3) ]
=8+T°—6T>+9T




(v)

[
1 -6r+9, 0<r<I
V.. =M=<-ﬂ+6:—9+%, 1<1<3
1P -6t+9+—, 3<t1<5

(vi)

Plall  Pletl?  Flots 5

INY =K -6X4% '

BNY200¥1) 2 ((B2X)Y and (il » b
INY3B(B8%-Y1)/((1CX) and O P\
AINY4O(B/X+1)/((3CX) and O Do,

1\Y533 S L, N, —
_:\Y;: .

INY 7= PR (A N ————
I\Yj3=
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i 14 i\
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From the GC, V.

ave

(t)=3whenr=2ort=4.




