River Valley High School, Mathematics Department

Solutions

Curve Sketching

dy__ 1 1
dx (2a-x)*> x
Putting QzO, %z%

dx (2a—x)° X
(2a-x)?=x*> = x=%(2a-X)
X=a

1 1 2
y= +—==

2a—a a a

d2y 2 2
2 = 3t 3
dx= (2a—x)° X

2
When x:a,d—Z=%+%>0
dx a’ a
( 2). ) )
a, — |isamin point.
a

Method 2: Non-differentiation method
1 1 2a

y = + -

2a—x x Xx(2a-x)

and multiplied by scale factor 2a in the y-direction.

1(i) | Asymptotes: y=x+7 and x=-2
(i) | 5-242<k<5+22
(iii)
X=-2 i& ,,’/
(-i3.4],2,1§;
/E{/,
(—0.58,6{§.;33) i
y=X+7- P
2(i) | Method 1: Using Differentiation

is the reciprocal graph of quadratic eqn y = x(2a — x)
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Since the graph of y = x(2a — x) is a parabola with a max point at (a , a?), the

curve C; will have a min pointat x = a, and y = 2a ( 1) =2

a? a

Thus (a , Ej is a min point.
a

x=4

x=0

From the graph,
0<x<0.330 or 3.67 <x <4 (3s.f)

(i) th .
; 1 1
b= =
i 2a-x x
L2
y=0 a a X
0 2a -
x=2£
x=0
(i) | (x—a)® y2 o .
5 +b—2 =1. The graph of C, is an ellipse with centre (a, 0), with 2 end-pts at
a
(0,0) and (2a,0).
For the ellipse to intersect C; at more than one pt, b > 2
(iv) |a=2and b=6
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(1)  Since C has a vertical asymptote at x=0, thus A+1=0,=> A =-1.

2x° +4 2 4 . . 2
= =—X+—; Oblique asymptote is y =—X
3x 3 3 q ymp Y 3
2X° +4
i =
(i) y=—"
3xy =2x*+4
2x*—3xy+4=0
The equation above has no real roots when discriminant < 0.

(-3y) -4(2)(4) <0
9y*-32<0 M1, for getting b>-4ac <0 correctly

6+ Py 32 <o

4f 4&
— <y<

(i)

6

: 2.2
v +k==x—=+k+
(iv) y= 3573

3(x+1)

3k [9k* 3k 3k |9k* 3k
—interceptsare —+,[——-——-2 and ——,[———-2
4 16 2 4 16 2
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2

(b) For the graph of y = 2x"+4
3(x+1

2
1}%—%—2 > 0, =>least integer value of k is 4

+k to cut the x-axis at 2 disti

nct points,

x =5 is an asymptote =>d =-5

2
=aX+—bX+C=ax+(b+5a)+i
X—5 X—95

a
=X+7 is an asymptote =
y ymP {b+5a=7:>b=2

x2+2x+c  dy (x—5)(2x+2)—(x2+2x+c)
y:—:)—: >
X—5 dx (x—5)

Atx=-1, L 0= (-1-5)(-2+2)~(1-2+0) 0= o1

X% +2x+1

Sketch y = =
X j—

»

bY

N

1Y

(1-2)x* +(2+454)x+1=0
= X2 —AX*+2X+51x+1=0
= X?+2X+1=Ax*> —51x
X?+2x+1
X=5
Therefore, sketch the graph of y =4x on the same diagram.

= AX

(i) y=4x, 1=1
From graph, only one pt of intersection

DL

= one real root ”g\/
A | ,»’: 1) W=
p! N\ (R MY
- \: > %
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]
Al

(i) y=4x,0<A<1
From graph, two pts of intersection
= two real roots

o

’
’

231, 04K\

N
\

(i) Y

N
\
N

N
Y[R VL S
N

N
A\
\
N
N

5 ax?
7T Xxra

0 dy (x+a)2ax—ax® ax’+2a’x

dx (x+a)2 - (x+a)2

Set %=0 = ax’+2a’x=0=ax(x+2a)=0=x=00r x=-2a
X

For all negative values of a, there will be two distinct values of x thus two stationary
pts. (shown)

Or B? —4AC =4a’ > 0 for all negative values of a.

(ii) . !
| ax’ 3
i y= =ax—a’+
: X+a X+a
4 >
\I~d x

N

S

f\k\y =192

Max pt is (-2a, -4a2)
Min pt is (0,0)

(i) x* =(k —x*)(x-1)" 2> a=-1 \

2
j =k-x*=y*=k-x*
x—1

= insert a circle, centre (0,0), radius Jk
to cut curve twice .
=0<k<20
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6. Suggested solution

2 J—
(i) y= 33X —2X+3 _ 3y
-1 A
y
/1',,/'(2.15,10.9)
|
|
|
|
; >
| X
0,+3)
i
|
|
|
y=3x+1 X=1
(ii)

C,is a horizontal hyperbola with center (1,4).

Asymptotes: y=xh(x-1)+4

For no point of intersection between C,and C,, the asymptote of hyperbola must be as steep or less
steep than the oblique asymptote of C,. Note that the gradient of oblique asymptote of C, is 3.
-.0<b<3

For b=3,

Asymptotes: y=+3(x—1)+4=3x+1-3x+7

Y (215109)

N
N
————— e
N
N

’v:3x+1
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7(i) 2x% —a’x +4a’

x* —a?

By long division,
6a’ —a’x
=2+——r
y X2 — g2
Vertical asymptotes: x=—a or x=a

Horizontal asymptote: y=2

(ii) 2 _ 2
From y:2+M
X“-a

d_y_0+(—a2)(x2 —-a’)-(6a’ —a’x)(2x)

dx (Xz_az)z
~ (az)(—x2 +a’—12x+ 2x2)
(x*-a?)
B (az)(sz —12x+a2)
(e
d_yzoj(az)(xz—lzx+a2) _
dx (Xz_az>2

= x*-12x+a*=0

Given C has two turning points,
-.b*—4ac>0=(-12)"-4(1)(a*)>0
144—-4a* >0

a’—-36<0

(a—6)(a+6)<0

—-6<a<6

Since a is a positive constant, 0 <a < 6. (Shown)
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(i)

| Ay !
___________ o =2
i ' (6+245, 1.236)
| 0 (6—2\6.—52.326) X
L (0,-4) :
X=-4 i : X=4
(iv)

hz(x—6+2\/§)2 +(y+1)2 =h®

2 (y+1)°
:>(x—6+2\@)+ " =1

It is an ellipse centred at (6— 2.5, —1) .

Ay

¢6—2\f§,—1)

(642\6.—3.236

X=—4

Maximum turning point of C occurs at (6— 2./5, —3.236) .

For the ellipse to intersect the curve C more than once, h > 2.236..
Since h is a positive integer, h> 3.
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8(i) X
=3+———
y x> —2x—8
2 1
=3+ +
3(x—4) 3(x+2)
dy 2 1
dx  3(x-4)" 3(x+2)
<0
Therefore, C1 has no stationary points.
(il y
-2.12|;
x=-2 x=4
(iii) 2 1

Required area = j023+ 3 dx

(x—4) 3(x+2)

2

={3x+gln|x—4|+lln|x+2|}
3 3

0

= 6+2In2+lln4 - 2In4+lln2
3 3 3 3

:6+1In2—lln4 units® or 6—1In2 units®
3 3 3
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(iv)
2.12|,
x==2 x=4
Using G.C., the coordinates of the points of intersection are (3.50,1.73) and (3.86, —
1.85).
9(i) _ax’+bx+c
- x-1
2
Since C passes through the point [3, %} % = w =9a+3b+c=23
2
C passes through the point (2, 10) too, so 1O=M =4a+2b+c=10
Since (2, 10) is a minimum point, %:0 when x=2.
X
dy (2ax+b)(x—1)—(ax2+bx+c)(1)
dx (x—1)2
_ ax’ —2ax—-b—-c
(x-1)°
S0 0=4a-4a-b-c=b+c=0.
Solving the three equations using the GC, a=3,b=-2,¢c=2.
(i) 3% -2x+2
T ox-1
Performing long division,
3x+1
x—1)3x% —2x+ 2
3x* —3x
X+2
x=1
3

Hence, y=3x +1+i
x—1
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3% -2x+2
x-1

@ [ ¢ 0 oo _ _ m
Pl =1 describes a hyperbola that has asymptotes with equations y :H?X'
From the graph, comparing asymptotes, we can observe that the gradient of the
asymptote with positive gradient of the hyperbola must be at most 3 if the two
graphs are not to intersect. Hence, the set of values of 2 is {PeR:0<2<3}.

1 2
) | Whenc =2, y=="=**2 pecomes, y=—x-2 x=1 and has no stationary point.
2
From our working in part (i), when a=b=-1, @ _ thl—c
dx (x-1)
Stationary points of ¢ occur when g_y =0, l.e. -x*+2x+1-c=0.
X

For there to be no stationary points, the equation —x? +2x+1—c¢ =0 must have no real
solutions for x. Hence, the discriminant 2* -4(-1)(1-c)<0.
4+4(1-c)<0
=Cc>2
So the set of values of cis {ce R:c>2}.

10(i) | x=-2 is a vertical asymptote, ¢ =-2

C passes through (—4,2) and (0,-6)
(~4)* +a(-4)+b

2~
—4a+b=-12 Eqgn1l

2=
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(0 +a(0)+b
- =2-(0)

b=12 Egn 2

FromEgn1l, a=6
(ii)

B X7 +6x+12 y
- 2-x i

(iii)

2
2
(X+4)2+(x +ax+bJ .
C—X

2 2

[x=(=4)] +(y)" =K*

The appropriate graph to draw is a circle with radius k units, centred at (—4,0) .
For the equation to have no real roots, 0 <k <2

(iv) | Translate C by -3 in the direction of y-axis, hence p=-3
Or
Translate C by more than 5 units in the direction of y-axis, p>5
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11(3i)

Since there is an asymptote at x=2, 2°+r=0=r=-4
PX+q
x> —4

Therefore equation of C: y =

(4%} is a point on C:

1_4p+q
4 12

—q=3-4p .0

dy _ p(x*-4)-2x(px+q) _—px’—4p-2gx
N ]

1). . .
(4’Zj Is a turning point on C:

-16p-4p-8g=0
5p=-2q...(2)
Solving (1) and (2), p=2,9=-5

(i)

2X-5

X -4

Therefore equation of C: y =

b

—F|u
g

i

[

=3
L
-
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(iii) ,}
12 Z 0 ¥
-4 -
) i
T s h =|
(r!L} H’TF) j
~i, )b ! .
3;0 o Lftf:: 1-L:L g >x
o T
Lo P!
E - y=-I
.TI=—2 1';_'2
x=—416 or x=1 or xz=216
Alternatively,
/ \_ i \
\ T | ~ I =
\3:0 — - ' 4LI e > X
e AL Bl
r=-2 x=2
x=—416 or x=1 or xz2216
12(i) | In the empty region of the graph, the horizontal line y = p does not intersect the

curve at any points.
8k?

p(x—2) = (2X)(x — 2) + 8k?
Xp—2p =2x* —4x +8k*
2x* —(4+ p)x+8k*+2p=0

Consider p =2x+
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Discriminant, b® —4ac = (4 + p)* — 4(2)(8k* + 2p)
= p?+8p+16—-64k> —16p
= p® —8p+16—64k°

When p® —-8p +16 —64k* =0,

8+ /87 — 4(16 — 64k?)
b= 2

=448k

In empty region, curve does not intersect the line y = p, i.e. the equation
2

k : : N .
p=2X+ 8 has no real solutions. This occurs when the discriminant is less than

0, i.e.

p’ —8p+16-64k* <0

4-8k < p<4+8k

Therefore, y cannot lie between 4 — 8k and 4 + 8Kk.

(i)

e R e S P B B L,
S

N

8
)= 2x+——
y x=2

_________ﬁ___ - - -
N—r
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(iil)

Sooccoomooocco oo

B et e =~k

232 and b>0

. 0<b<4

This is a hyperbola with x-intercepts (-2, 0) and (2, 0) and asymptotes Y = +

For the hyperbola curve not to intersect curve C, the absolute value of the gradient
of the asymptote of the hyperbola must not be greater than 2.

b
—X
2.

VJC Prelim 9758/2018/01/Q9
1

13 X==21 Y4
(‘4’ ‘) (11

X =2
E _ 2X+5
. 4-x?
1

> X

5

Dk

|
4
y=0(

0.82288
Area formed = 2—
-1.8229

=1.95 unit?

Wheny =2, x =0.82288 or -1.8229

2X+5

1 dx
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_|2x+5
4-x°

N

[~ < 0

Al

v

Y=0( ,o o

From graph, {ke]R O<k<= or1<k<j} .

NlO‘I

TTTTTTTITTRTOoT T T

14(i)

\ (-4.90,226) y

20

10
0,4

(-0.102,3.41) (0,3)

Hence solutions to inequality is
X <—4.90 or x > —-0.102 (3sf)

W) 1 [ (3-ax-| 2 +6x+ 4] dx

3

IZ(S 4% —2X* —6X— 4dx+I 3 Ax + 2X* +6x+4)d
]

2
S —2x% —10x— 1dx+j 2x +2x+7)dx

) 1
gx3—5x2—x} +Fx3+x2+7x}
3 3

-3 -2
= (E—20+2)—(18—45+3)+(—§+1—7)—(—%+4—14)
=20.
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15(i) | Consider y =k, k is a constant
X(x+a) _
X—a
x> +ax = xk —ak
x*+(a—k)x+ak=0
For the range of y can take, the line y =k and the curve C should have point(s) of
intersection.
b*-4ac>0
(a—k)*—4ak >0
a’—2ak +k*—4ak >0
a’—6ak +k*>0
Considerk® —6ak +a* =0
+ 2 pa2
k:6a_x/362a 4a _ 3i2\/§)a
~kz(3+242)a or k<(3-242)a
Hence, y > 3+2f)a or y< ( )
i 4
(ii) vA
29 .
,’/ (—a. Q)1 X
// 1> : X =d
(iii) Yyt v
l y=f(x) A
V= |3x| : a
: 77y x+2a
| e
| s
I 7/
i/,
7,
\l/ 1
Pl Ql .
7/ ] -
S (~a,0)\ ! X
,// ! xX=d
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X(x+a)
Xx—a
x? + ax = 3x* — 3ax

2x* —4ax=0
X(x—2a)=0
x=0 or x=2a
Hence, y =[3x| and (—a, O) intersect at x=0and x=2a.
From the graph, x<0 or O<x<a or x>2a.

Consider 3X

Checking:

Consider X(x+2) _

X—a

x® +ax = —3x° + 3ax
4x* —2ax=0
Xx(2x—a)=0

-3X

x=0 or x:% (N.A. since a>0)

16. ECJC/2022/1/Q5
The curve C has equation

_ 2x-6
X2 +2x-3°
(a) State the equations of the asymptotes of C. [2]
(b) Without using a calculator, find the range of values that y can take. [4]
(c) Sketch the graph of C, stating the equations of any asymptotes, the coordinates of the points
where the curve crosses the axes and the stationary point(s). [4]
(d) Describe one transformation that will transform the curve C onto the curve y = iz( _j . [1]

5(a) Horizontal Asymptote:
y=0
Vertical Asymptote:
X2 +2x-3=(x+3)(x-1)

Vertical asymptotes are x=-3, x=1.
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(b) yx> +2yx—3y =2Xx—6
yx* +(2y - 2)x+(6-3y) =0
Since xeR,
Discriminant (2y -2)>-4y(6-3y)>0

16y° —32y+4>0
4y* -8y +1>0

As roots of 4y> -8y +1=0 are:

yo 8+ /82 —4(4)(1) :Hﬁ

2(4) 2
ysl—ﬁ OR y21+£ .
2 2
(c)
y
A
| 2x-06
| y=—
\M‘J: x +2x-3
|
y=40

i (3.0)

|
|
:
| |
-0.4q4, 1.87
( 611 )!(6 6, 0.134) oy
|
|
|
|
|
|
|

x==-3 x=1

(d) Translation of C by 1 unit in the positive x-direction.
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