NANYANG JUNIOR COLLEGE

H2 Mathematics

NAME:
CLASS:
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4.5  Equation of a Plane
4.5.1 Equation of a Plane in Scalar Product Form

Let 7 denotes a plane and n is a vector perpendicular to 7.

Let 4 be a given point on 7 whose position vector is denoted by a and let P be any general point on 7
whose position vector is denoted by r as shown in Fig. 4.32 below.

Fig. 4.32 P

(0]
By the Triangular law of vector addition, we have AP=r —a.
Since AP is perpendicular to n, APen =0

(r— ajpn=0
ren—aen=>0
ren =aen

Hence the scalar product form of the equation of the plane 7 is given by

{ ren=a-n=p_

where aen =D is some real scalar.

Remarks:
1. The vector m is called a normal vector of the plane 7.
2.

If asn=D >0, thenthe angle between o4 and n is acute. On the other hand, if
the angle between OA and n is obtuse.
The sign of D “affects” whether the origin is above or below the plane.

asn=D <0, then

If asn > 0, then 04 and n are in the
“same direction”

asn >0

/I;L
Qs

(side-view of the plane)

If asn < 0, then OA and n are in the
“opposite direction”

a-n<(
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3. In Fig. 4.33 below, F'is the foot of the perpendicular from O to the plane 7. Let P be any
general point on 7 whose position vector is represented by r. Let @ be the angle between n

0

and r. A~
F
A 3 .—l side view of plane &
X

0 Fig. 4.33
Suppose that D > 0 in the equation of the plane 7 : r.n =D (i.e. 8 is acute)
Dividing throughout by |n , we obtain I o8 =ren= —D-

o |

From Fig. 4.33 above, the perpendicular distance from O to the plane 7 is given by
OF = length of projection of r onto n an

ren| (refer to Section 4.3)
P FI_‘

: side view of plane &
?\ } om

0 Fig. 4.34

Thus given the equation of a plane 7 in scalar product form ren = D, the perpendicular distance
from the origin O to 7 is given by

2]
|

For example, the perpendicular distance from the origin O to the plane ~ having equation
1

Joleos Pl 9 9 .
r22 i 1 _\/1+4+4~\/§_3
-2
2
Example 4.32

Find the equation of the plane 7 in scalar product form passing through the point 4(3,4,—1) and
perpendicular to the vector i—2j+k . Hence determine the distance of the plane from the origin O.

Solution:
Equation of plane in scalar product form is ren =a«n 0
1 3)( 1 1 E n
e -2|=| 4 {2 |=-6=r|-2|=-6 ¥6 | L
1 VAR 1 I
|-6| A

=—=4+/6 units.

Perpendicular distance from Oto 7is
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Example 4.33
1

Find the value(s) of A such that the distance of the plane re| 2 |= A from the origin is 4 units.

2
Solution: ThinkZone:
1
Given 55| 2.|=. Why are there two
5 values of 47
What s the
_Then perpendicular distance from O to the plane is geometrical
N S T AR SR RN S SR E R EE e e e e o 1| ion?
E 1A . : interpretation?
E (k)\ = A= |:
1 », 1
4.5.2 Equation of a Plane in Cartesian Form
2 n,
Letting r=| y |,n=| n, | and substituting into the scalar product form ren = D gives
& G
X\ ™

Yy n|=D=>nx+ny+nz=D
z )\ n

which is the cartesian equation of the plane .
1

For example, the cartesian equation of the plane re| -2 |=—6 is x—2y+z=-6.
1

4.5.3 Equation of a Plane in Vector (Parametric) Form

Consider the plane = which is parallel to vectors u and v (u not parallel to v) and which also contains
the point A whose position vector is a. (See Fig. 4.35)

Let P be any general point on 7 whose position vector is
represented by r. Since u and v are two non-parallel

coplanar vectors parallel to the plane 7 and AP is also a
vector parallel to 7, we can therefore write

AP =Au+ UV
for some real scalars A and y, called parameters.
a
By the Triangular law of vector addition, r
07’=52+ﬁ3r:a+1u+yv
0 Fig. 4.35
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Hence the vector (or parametric) equation of the plane 7 containing the point A with position vector
a and having two non-parallel vectors u and v both of which are parallel to itself is given by:

——

‘r=a+Au+puv where 1, ueR.
|

Remarks:
1. The vectors u and v are called direction vectors of the plane 7. Note that the pair of u and v
are not unique.

@ If we set £ =0 and allow A to vary over all real numbers, then the above equation becomes
r=a+Au, AeR which is the vector equation of a line through 4 parallel to u. So this line is
contained in the plane . Therefore a plane can be uniquely determined by a line r =a+ Au, 1 e R
it contains together with a direction vector v which is not parallel to the line.

Example 4.34

Write down the vector equation of the plane passing through the point with position vector
3i+ j—k and parallel to the vectors i+ j+k and 2i-j-3k.

Solution:
3 1 2
Vector equation of the planeis r=| 1 [+A|1[+pu|-1|, L, ueR
-1 1 =

Eample 4.35 (Plane containing a point and a line)

Find the vector equation of the plane that passes through the point (1,2,-3) and contains the line with
vector equation r =(2i+j+k)+A(3i+3j+k).

Solution:
3 ThinkZone:
N —

A(1,2,-3) *

Let A=(1,2,-3) and B=(2,1,1).
( ) L Alternatively, another possible

L 2 I I vector equation is
AB=|1|-| 2 [=]| -] o 2 1 3
1} \=3 4 r=|1|+A[-1|+u|3]|, A, ueckR
Vector equation of the plane is 1 4 1
1 1 3 Is the vector equation of a plane
r=| 2 [+A|-1|+y|3|, A, uecR unique?
-3 4 1
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Example 4.36 (Plane containing three points)

Find the vector equation of the plane that passes through the points 4(0,1,1), B(2,1,-3) and C(1,3,2).

Solution:
ThinkZone:
— 2 ¢ 4 A L Can you give another
AB=| 1 |-|1|=] 0 vector equation of the
-3 1 4 B plane?
1 0 1
AC=[3|-|1|=]2
2 1 1
0 2 1
Vector equation of the planeis r=| 1 |[+A| 0 +ul2(, A, ueR
1 —4 1

Example 4.37 (Plane containing two lines)

Find a vector equation of the plane that contains the lines r = -3i+2j+#(i—2j+k) and
r=i-11j+4k +s(2i—j+2k).

Solution:
r=-3i-2j+A(i-2j+k)+ u2i-j+2k) ,A,ucR

ThinkZone:

4.5.4 Converting Equation of a Plane from Vector to Scalar Product Form and Vice Versa

Given a plane m: r=a+Ab+uc, A, p eR. The normal vector of m, n is parallel to bxc¢ and the
equation of 7 in scalar product form is therefore re(bxc)=as«(bxc)=D.

n D
Vice versa, given a plane : r-n =D . We need to find 3 non-collinear points 4, B and C on = having
position vectors a, b and c respectively. The equation of m in vector form is therefore

r=awlﬁhuﬁsr=a+l(b—a)+u(c—a), lLpeR.

Example 4.38
" 3
Find the equation of the plane passing through the point with position vector | 1 | and parallel to
-2
| 2
vectors | 1 [ and | 1 |, giving your answer in scalar product form.

1 0
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Solution:

1
0

A normal to the plane is given by
1) (2 -1
n=|1|x|1]|=| 2

1) {0 -1
Equation of the plane is
=1 3)\(-1
ref 2 [=| 1 | 2 |=1
-1 -2 /-1

Thus, we have 7:re| 2 |=1

ThinkZone:
1

Is wire -2 |=-1
1
another possible answer?

Example 4.39

——

The equation of a plane IT in scalar product formis re 2 |=3.

—]

a

Sinee (%) Wes 9n MIM-“-

ar2 =13 ML disg chion Ve.lh/'
a=l = G)_(’\): —’ s E("l

°
$ra Qg,( ) iy MJL#—F[L,V_

e (2)-(3) = (3) 54)

Convert this equation into the vector form r=|( 1 |+ Ab, + ub,, A, ueR

0

where a is an integer to be determined and b, and b, are mutually perpendicular unit vectors.

Solution:
a |

Since (a,1,0) liesinIL, {1 of 2 |=3=a+2=3=a=1.
0/(-1

So 4(1,1,0) isonII.
Take another point B(3,0,0) onII.

ThinkZone

How do you know B lies on
IT? Can you state another
point on I1?
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3) (1 2

Then 4B=|0|-|1 |=| 1| is a direction vector of I1.
0) \0 0

Let b, is a unit vector of 4B .

Consider 4Bxn .

2 1 1
ABxn = -1[x| 2 |=]2
0 -1 5

@xn is parallel to IT (and hence a direction vector of IT) since
AB L n (Why?).

Let b, be a unit vector of 4Bxn .

2 1
1 1
Thus b, =—|-1|and b, =—| 2
V5 TRl
0

5
75 |
1 V5 V30
Hence ired planeis r=|1[+4| - 1 y 1 R
required plane is r /JE + U 30 Aue
0 0 5
7o

Draw a diagram to see this

1

bzA/K.bl

]
r-(})=0
4.5.5 The Special Planes — xy-, xz-, and yz-Planes &( )l_)(g o
!
Equation of Plane 220
Plane Cartesian Scalar Vector Form
Form Product
Form
xy-plane z=0 rek=0 r=2i+uj,
A,uelR
yz-plane | x=0 ri=0 r=Aj+uk,
ApeR
xz-plane y=0 rej=0 r=Ai+puk,
A,peR
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4.5.6 Questions Involving a Plane and a Point

4.5.6.1 Determine if a given point lies on a plane

Example 4.40
=]

Given that m: re| 2 |=1. Determine if the following points lie on the plane.
-1

(@ (0,L1), (b) (-1,2,-1)

Solution:
0) (-1
Since |1 |o| 2 [=2-1=1, the point (0,1,1) lies on the plane
1){-1
-1\ (-1
Since | 2 || 2 |=6#1, the point (—1,2,—1) does not lies on the plane
4.5.6.2 Find the

¢ perpendicular (shortest) distance from a point to a plane
e foot of perpendicular from a point to a plane
o reflection of a point in a plane

Given a plane IT : ren =D and a point B (not on IT) with position vector b. We wish to compute the
perpendicular distance from B to I1. We present two ways to do this.

The first way involved the idea of using projection. Take an arbitrary point 4 with position vector a on
IT and connect B to 4 to form the vector B4 .

noa |
Fig. 437 :

The perpendicular distance from B to I, BF, is equal to the length of projection of BA onto n
=|B4-4

(a—b)-l—Z—I

|(a —b)n

|
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aen —ben

|

=|—.$ since a=n =D (Why?)

Thus , the perpendicular distance from B (with position vector b) to IT having equation ren = D is

|D-ben f

|
L___________\
Another way to view this formula is from the perspective of distance between two planes. The idea is to
create a plane IT" containing the point B and parallel to IT. The required distance is then the difference

between the perpendicular distances from the origin O to the planes IT and IT".

The equation of IT" is given by ren =ben = D* (Note that we use the same normal vector n as I0).

From our discussion under remark 3, section 4.5.1, we have

D p| _|P-D'| |D-ben
18 0 L _ as before.
o [n]| o] n]

Therefore, another expression for finding the perpendicular distance from B to IT having equation
ren=D is

perpendicular distance from B to IT = =

- |p-o|
where D* =ben
| n]
n
nf
EFT } Ip-p*
T i n
= CH
ren=ben=pD
Qe
Fig. 4.38

To find the position vector of F, the foot of the perpendicular from B to IT, we find the vector equation

of the line BF and then intersect it with the equation of the plane, 7, to obtain the position vector of

Equation of line BF: r=b+An,A e R

Note: We use n as the direction vector for'the line BF since BF is perpendicular to the plane and
therefore parallel to n.

Substitute r =b+An into ren =D gives

s

(b+An)n=D=bn+Ainn=D= 1= since “'“=l"|2'

]

Putting A back into r =b+An gives the position vector of F.

54

The concept of vectors is one of the most useful ideas in applied mathematics.



Example 4.41

w3 0
The plane IT has equation r« 1 |=4, and point 4 has position vector | 2 |. Find
1 5
(1) the distance from 4 to I1,
(11) the position vector of the foot of the perpendicular from 4 to I,
(iii) the position vector of the point of reflection 4' of 4 in IT.
Solution:
0 -2 Think Zone:
i D=4,b=|2 dn=| 1
() g S | Alternative method:
take C(0,4,0) on the
o |D-ben| . plane. Then required
Substituting into the formula m gives distance o
o\ (2 = length of projection
B} of AC onto n
(2 1 = [4C-4
5)(1 -
required distance = -——~—— 1 = |—3—| =3 o ﬁ = ig— 0 -2
-2 6 J6 6 2 ey
1 1 Ve
| -5 1
Alternatively, = L|—3‘
-2\ (0\(-2 6
consider rof 1 |=[21 1 (=7 =i=_6
1) (s)s 6 2
_|p-D| -7 3 6
Applying = = —==——, same answer as above.
|n| -2 6 2

1
1
(ii) Let F be the foot of perpendicular from 4 to IT.

0 -2
Line AF hasequationr=|2 |[+4| 1 |, AeR.
5 1
0 -2
Since F lies on line AF, OF =| 2 |+4| 1 | forsome LeR. —- (*
5 1
-2

Since F also lies in plane 1, OF+ 1 |=4.
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0
Hence OF = 2 +(—
5

=2
1

;)

1

7+6A.=4:>&=—5

1

from (*)

RO N —

(iii) By Ratio Theorem, OF = %(a + C_)_A—’)

— @=2ﬁ-—5«i=2

N )

NS O —

Remark: The method of finding foot of perpendicular from a point to a plane is the same as finding the
point of intersection between line and a plane. (See Example 4.43)

Self-Review 4.13 (2008/Prelim/MI/I/11 modified)

2 4
Two planes m; and n2 have equations re¢ —1 {=9 and ro 3 [=8 respectively. The point P has
2 -1).

coordinates (1,-1, 3).

(i) Show that P lies on plane n; .

(i)  Find the shortest distance from P to plane m;. [10 /\/% ]
4.5.7 Problems Involving a Line and a Plane

4.5.7.1 Determine if a line is parallel or perpendicular to a plane

Given a line / with direction vector d and a plane IT with normal vector n .

(a) The line and the plane are parallel if and only if n L d, i.e. ned=0;
n
L/ Fig 439
= 1
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1 1 2
E.g. The line / with equation r=|0|+A|-1| is parallel to the plane re —1|=4 since
2 -1 3
1\(2
den=|-1|4 -1|=0.
-1) 3
(b) The line and the plane are perpendicular if n//d , i.e. n=Ad forsome A €R.
n
| d L
Fig. 4.40
I1
\,
1 -2 2
E.g The line /, with equation r=| 0 [+A| 1 | is perpendicular to the plane r¢ —1 (=4 since
2 -3 3
-2 2
d=|1 |=-|-1|=-n, e, n/d.
=3 3
4.5.7.2 Determine if a line lies on a plane
Example 4.42

Show that the line r = 2i+2j+k+A(i+3j+2k), 2 €R lies in the plane r+(4i-2j+k)=5.

Solution:

LHS =

—_— NN

2l

2 1

Substitute r =| 2 [+A| 3 | into the equation of the plane gives

1 2
1] 4
+A|3
2] 1

4 1\( 4
2 |+A[3 ]2

0
|
[39]

L 1 2/ 1
=(8-4+1)+A(4-6+2)
=5
= RHS.

Thus, the line lies in the plane.

Alternative Solution:

ThinkZone:
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2 1
Leta=| 2| be the position vector of a point on the line, d=| 3| the

1 2
4
direction vector of the line, and n=| -2 |the normal vector of the plane.
1
Step I:  First show that the line is parallel to the plane.
1\( 4
dn=|3f 2 |=4-6+2=0
2)\ 1

Hence the line is parallel to the plane.

Step 2:  Show that there is a point on the line which also lies on the plane.
2\( 4

asn=| 2 o =2 |=8+(-4)+1=5
1 1
The point (2,2,1) on the line also lies in the plane.

Steps 1 and 2 together imply that a/l points on the line lie in the
plane. Hence the line lies in the plane.

4.5.73 Determine the point of intersection of a line and a plane

If a line is not parallel to a plane, then they will intersect at

a point. To find the point of intersection
we substitute the equation of line into the equation of the pl

ane and then solve for the parameter.

el

Example 4.43
1 1 1

Find the point of intersection of the line /: r=|2 |+ 2 ~1|, 2€R and the plane IT: r. 2|=6.
3 3 2

Solution:

Let X be the point of intersection of the line / and the plane IT.
1 1

Since Xlieson 7, OX ={ 2 |+ 4| =1 for some 1eR.
3 3
1

Since X lies on I1, OX+ 2 =6,

2
1 1 1
Thus [|2|+A] -1} 2|=6 = 1+54=6 =) =—1,
3 3 2
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1 1) (0
Hence OX =| 2 |+(-1)[-1|=|3|.
3 3 0
. the point of intersection is (0, 3, 0).

Example 4.44
2 1
Find the position vector of the point of intersection of the line r=| 2 |+ 4| —1|, AR and the plane
0 3
1 4 1
r=|-1|{+s|3|+¢[ 1], s,reR.
-1 0 2
Solution:
Let the point of intersection be X.
2 1
Then OX =|2 |+A|-1| forsome AeR - *)
0 3
1 4 1
and OX =|-1|+s|3|+¢| 1| for some s,teR.
-1 0 2
2 1 1 4 1
Therefore 2|+A|-1|=-1|+s5]|3 [+ ]
0 3 -1 0 2

24+ A=1+4s+t A-4s—t=-1
= 2-A=-143s+t = -A-35—-t=-3
3A=-1+2t 30 -2t=-1
Solving the above system of linear equations, we | ThinkZone:
get A=1,5=0,1r=2 Can you make use of
2 1 3 s=0, t=2 to get
Sub A=1in(*¥): OX=|2 [+ -1|=]|1 ¢
0 3 3

Self-Review 4.14
Find the point of intersection of the line x—2=2y+1=3-zand the plane x+2y+2z=3.[(],-1,4)]

4.5.7.4 Find the acute angle between a line and a plane
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n
B
0

Let @ be the acute angle between the line andthe plane and ¢ be the acute angle between the line / and

the normal n. Since ¢ is acute, cos¢ > 0. So

w /' u
d

n+d| =|n||d|cos ¢
=|1]||d|cos (E—ej Flg. 441 %.-
2 y
=|n||d|sin@
[ The acute angle 6 between a line with direction vector d and a plane with normal vector n is given by
| [ned|=n||d|sin6, ie.
-d
! sinf = In-d]
| ]
L
Example 4.45
Find the acute angle between the plane re(3i-5k)=5 and the line r = 2i-12j+11k+A(i+j+k),
AeR.
Solution:

3\(1 31

Let O be the acute angle between the plane and the line.

0 1f=|l 01 sinB:sin9=—2—:> 6=114° (1dp) |1 ¢ is acute, then

Alternatively, find angle ¢
between n and d.

7107 = §! V3443 9=90°7¢.
Thus, the acute angle between the plane and the line is 11.4°. It ¢ is obtuse, then
0=¢—90°.
Self-Review 4.15

Find the sine of the acute angle between the line and

x-=2 y+1 z+3

plane whose equations are

»2x—y—2z =4 respectively.

5 5 3 [8/21]
4.5.7.5 Find the image of a line reflected in a plane
Example 4.46

The equation of line / is x—2 = 3-y =

z+1
3

1

(i) Find the coordinates of the point of intersection Nof ! and the plane IT: r. -1|=15.

(i)  Find equation of the line of reflection /'

Solution:

The concept of vectors is one of the most useful ideas j

2
of the line / in the plane 1.
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2 1

(1) " =_2= 3 =>r=|3 [+4|-2|, AeR
-1 -3
(1
Substitute into IT: rs| -1 |=15
2
2 1 1
3 |+A| 2|4 -1]|=15
-1 -3 2
-3-31=15
A=—6
2 1 —4
Therefore ON =| 3 +(—6)| =2 [=| 15 |. So coordinates of N = (—4,15,17).
-1 =3 17

(i) To find the equation of /' (reflection of / in plane / ), we
e Take an arbitrary point 4 on / and find F, the foot of the perpendicular from A
to the plane /
e Find 4’ , which is the reflected image of 4 in the plane / , using ratio theorem
e Find N, which is the point of intersection of / and /
e The line /' is formed using point 4’ and N

n
-
I1
/ A
[’
Let A= (2,3,—1) and F be the foot of the perpendicular from 4 to plane IT.

2 1
F lies on the line AF = OF =| 3 +,u[—l for some peR.
2

=
1

F also lies in plane IT = OF+ —1|=15.
2
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3 |+p|-1
-1 2
-3+6u=15
u=3
OF =

1

5

/
Let 4' be the reflection of 4 in the plane IT. By Ratio Theorem, / 1
T A

OF =1(04+0f).

04'=20F-04
5) (2) (8

04'=2|0|-| 3 |=| -3

The reflection /' of the line / in the plane IT passes through points 4’ and N r

-4\ (8) (-12
AN=ON-04'=|15 |-| -3 |=| 18
17) {11 6

8 <12

Therefore equationof /' is r=|-3 [+s| 18 |, seR

o -1|=15

2
2 1) (s JAE)OA” 3 151 oA
3 1+3]-1|=|0 _#: A ;4//::)
1 2] s 0f /Ar

-1 11

4.5.7.6 Determine the distance between a parallel line and a plane

To find the distance between a parallel line and a plane, the method
from a point 4 on the line to the plane.

Example 4.47

is similar to finding the distance

4 4 /
Fig. 4.42 / 1:
N
B I1
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Show that the line / whose vector equation is r = 2i—2j+ 3k +A(i-j+4Kk) is parallel to the plane I

whose equation is r-(i +5j+ k) =5 and find the distance between them.
Solution:

Let the direction vector of the line be d and the normal of the plane be n. | Think Zone

1Y( 1
ned=|5p -1|=1-544=0.
1)\ 4

Since tl}e normal of the plane IT is perpendicular to the direction vector
of the line /, line / is parallel to the plane II.
Let Bbe (2,-2,3). Since B lies on /, the perpendicular distance between

I and I is the perpendicular distance between the point B and II. Thus, .
Alternatively,

n take 4(0,1,0) on IT.
A Required distance

O / IT _ |A—B-.ll
: 2 1
B

SR (SR Y
Distance between / and IT 3 V21 1 V21
2\(1
5—| 2145
_|D-ben| 3)\) 5-(-5) 10
W RN

1
5
1

Self-Review 4.16

=3 ; .
Show that the line x+1=y = 52— is parallel to the plane ro(i+ j—k) =3 and find the distance between

them. [7\/3 /3]
4.5.1.7 Find the length of projection of a vector onto a plane
b 1
—_— . e
| Length of projection of b onto plane IT =|bxn| Fig. 4.43 | ' Tn
| : : n

63 bxn
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Example 4.48

The plane IT has equation 2x+ y—2z =8. Find the length of projection of the vector j+4k onto the

plane.
Solution:
0 Think Zone:
length of projection of the vector | 1 | onto plane IT What does lb°n represent in
4 this case?
( ~
0 1 4 ./b/" } lb'nl
=g 74
4) 72 L r
1 ! I
TINE bxn
n
=—| 8 [==V26.
3 3
-2
4.5.8 Problems Involving Two Planes
4.5.8.1 Determine if two planes are parallel or perpendicular

Given two planes IT;, II, with normal vectors n, and n, respectively,

(@)  the planes are parallel if m /n,, i.e. n, = An, for some AR

ll2 lll
A
Fig. 4.44

I,
Il

1

-

(b)  the planes are perpendicular if n, Ln,, i.e. n,on, =0.

Fig. 4.45 -

2

E.g. Let n;be the normal vector to the plane IT.,i =1,2,3,4
1 3 3
Planes I, : r¢{ 1 (=0 and IT,: re 3 |=

1
—2 are parallel since n, =| 3 [=3| | =3n,.
2 6 6 2
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1 2 1\( 2
Planes I1;: rq 2 |=3 and I1,: r¢ -1 |=4 are perpendicular since n,+n,| 2 [Jf -1 [=0.
2 0 2){ 0

4.5.8.2 Determine the distance between two parallel planes and find the reflection of a plane

in another parallel plane

Given two parallel planes with equations in scalar product form
II;: ren=D, and I1,: ren=0D,.

Then perpendicular distance from O to I, and II,

lnl and I—DT respectively. Fig. 4.46

Sl = o -

The distance between IT; and IT, is given by

Note: The normal vector n must be the same in both equations.

Example 4.49
The equations of three parallel planes are as follows:
4 4 —4
Il,: r4 3 (=10, II,:re¢3|=5 and II;: rq -3 =15
0 0 0

Find the perpendicular distance between
(a) TI; and I, (b) IT) and IIs.

Solution:
4 4 -4
IM,: re3|=10, I,: r3|=5 and II;: re -3 |=15
0 0 0

4
Re-write IT,: re 3 [=-15
0

(a) Perpendicular distance between IT; and Il =
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)

[2-1|=1
| [nl

10 5
Alternatively, distance between IT; and IT,= ‘ (

|D1 "DJI _ '10_(—15)l =5

(b) Perpendicular distance between IT; and II; =

il 5
-15
Alternatively, distance between I1; and IT;= i L = = ( ) :|2—(—3)| =5
o | |5 S
Example 4.50
Show that the planes

Ty r=6i—j+k+A(4i-j+3k)+p(j+k) and 7,: r= 2i+k+s(i-j)+#(3i+j+4k) are parallel.
Find

(a) the distance between the planes;

(b)  anequation of the mirror image of 7, in 7,.

Solution:

4 0 -4 1 1 3 -4 1 ThinkZone
n=-1(x|1|=|-4|=-4] 1 and m,=(-1|x|1|=|-4|=-4]| 1

3 1 4 -1 0 4 4 -1

Since the normal vectors to both planes are parallel (in fact equal), the planes
are parallel.

1
Taking the common normal vector to be | 1
-1

1 6)\(1
oo 1= =1 1 |=4 t]
' 74
-1) {1 )= |
' 4
1) (2)(1 b [(—
1 Vo
zyrord 1 |=|0W 1 |=1 AR
1) L1)l=1 ¢ 3

(a)Distance between 7, and T, is

3 units.
e

Inl Inl

[am—

|

Q
Dl A = Hiniat = o ¥
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o b_f_;}_;h", """"""""""""""""""""" i | Why do we have a
Equation of ,'; | = i | negative sign on
i , ' | the RHS of the
L h,: _‘_’_?- ____________________ i | equation?
Hence the mirror image of 7, in 7,is =/ | Ve EY 2 :
N { i
4.5.8.3 Find the line of intersection of two non-parallel planes
m, line of

Two non-parallel planes must intersect along a straight line. . ’
/ Intersection
— IT;
Fig. 4.47 / ! /

Method 1 (GC): Use GC to solve the Cartesian equations of the planes simultaneously

E Example 4.51
Find a vector equation of the line of intersection of the planes 7,: re(i+j-k)=6 and
m,: reo(2i-3j+2k)=2.

Solution:
Express the equations of 7, and 7, in Cartesian form:

mx+y—z=6;m,: 2x-3y+2z=2
Solve the above system of linear equations using GC:

Screen Displa

Keystrokes
Prs
APPS @ PE APPL1CAT I0NS

1:Finance.. ¢
2:Conics

3: Inequalz
ERP1ySmlt2
S5:Transfrm
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NORMAL FLOAT AUTD REAL RADIAN MP
PLYSHLT2 APP

[

MAIN MENU
1:POLYNOMIAL ROOT FINDER
PESIMULTANEOUS EQN SOLVER
. 3:ABOUT

press [ 2 ~ 4:PQLY ROOT FINDER HELP
S:SIMULT EQGN SOLVER HELP
6:QUIT APP

select

2 EQUATIONS NORAL FLORY AUTO REAL DEGREE HP [

3 UNKNOWNS SIMULT EQN SOLVER MODE

) EQUATIONS 134567 8 g %g
and press =) to select NEXT ONBJESC 2@45678

SCI ENG

ARl 0123456789
RADIAN N
MAIN] [HELPTNEXT)

NORHAL FLOAT AUTO REAL DEGREE HP ]
PLYSMLT2 APP
SYSTEM MATRIX (2 X 4)
8 [ ]
] 0 0 0

LSYSMKL,1)=0

[MATNTMODE ICLERRI LOAD ISOLVE!

NORHAL FLOAT AUTO REAL DEGREE MP n
PLYSMLT2 APP

SYSTEM MATRIX (2 x 4)
1 1 1
2 -3 2

LSYSMI2, =2

[MATNTMODE ICLEAR LOAD [SOLVE)

H to select SOLVE

NORMAL FLOAT AUTO REAL DEGREE MP n
PLYSHLT2 APP

xt!4+%xa
xz=2+%x3
X3=x3

[MATNTHODE Y SYSM ISTOREIRREF |
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Let x=x,y=x,Z=x, and letting x; =4, we obtain x:4+él, y=2+f5!1, z=4

x| (4 1 x
Hence | y |=|2|+A| % | and writing r=| y |,
z 0 1 z
e
equation of the line of intersection of 7, and 7, is r=|2 [+A| %[, AeR
0 1
Method 2 (Non-GC): Find a direction vector of the line of intersection and a point on the line
Let 7, :rem; =D, and 7_:ren,=D_ be two non-parallel A
3 1
planes and /: r=a+Ad, A€R the line of intersection of Fig. 4.48 T ﬁ

7, and 7,. Yy A,
Since / is parallel to both planes, its direction vector d is / M /

perpendicular to both n, and n,. Hence the direction vector Vnz

of the line of intersection of 7, and =,, d, is given by

d=n, xn,

X

Finally, a point P on / is a common point of 7, and 7, and this can be found by letting r —OP= y

¥4

and substituting into the equations of 7, and 7, to give two equations in three unknowns. This means

the system of linear equations has one degree of freedom and we can let any of the variables x, y or z
be any number we like, usually the number 0. The other two variables can then be found by solving the
two simultaneous equations. The point P is now determined and the equation of / can now be written

down.

Example 4.52 (Independent Learning)

Without the use of GC, find the vector equation of the line of intersection of the pair of planes

1 -1 1 2 -1 0
mer={0|+A| 1 |[+p|-1| m:r=[1|+s] O |+u|-3
2 0 -1 0 2 -3
Solution:
1 -1 1 -1) {0) (2 ThinkZone:
n=|-1(x| 1 [=[1} m,=[0 |x|1]|=[1
-1 {0 0 2 1 -1
1 -2 -1
n,xn,=|1|x[ 1 =1
0 -1 3
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X

To find a point common to 7y and m, let r=| y |.

z
7i remp=asn, Tyt ren,=aen,
1 1) (1 =2\ (2)(-2
re l|=({0f1[=1 rd 1 |=/1 1 F4+1==3
0/ (2)(0 -1} {0/ -1
x+y=1l..... 1)) -2x+y-z=-3=22x—y+z=3...... (2)
Put x =0 into equations (1) and (2), we have
M: y=1
2): -y+z=3=-14z=3=>:z=4

» @ point commonto 7, and 7, is (0,1,4)

Hence the vector equation of the line of intersection of the planes is
0 -1

r=[1[+4| 1|, A1€R
4 3

Canwesety =0
or
z=0 instead?

Sometimes
putting x =0
may not work.
Try finding the
line of
intersection of
planes given by

1
r{0=2 &

r{ 2 |=3.

Example 4.53

The two planes 7, :r+(2i+ j+ak) =6 where a e R and 7, :re(4i—j+ 3k)=2 intersect along a line

l.

(i) Find a vector equation of /in terms of « .

(ii) Given that / is parallel to the vector 2i— j—3k . Hence or otherwise, find the value of a.
Solution:

()  Let m; be the normal to the plane 7,,i=1,2

2 4 3+a J+a
n xn,=1|x|-1|=|—~(6-4a) |=|-6+4a
a 3 -2-4 -6

To find a point common to ) and m:
m: 2x+y+az=6

7T, dx—y+3z=2

ThinkZone:
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2x+y=6
Set z=0. Then B
4x-y=2 Canwe sety =

4 0or

Equation of the line of intersection is

3+a
+A 6+4a |, 1eR.
-6

Ou|5 Wl

Y,
(b) “Hence” Method:

3+a 2
—6+4a |=k| -1
—6 -3
=3+a=2k
-6+4a=-k
-6=-3k=>k=2
La=1

“Otherwise” Method:
2\(2

dln, =|-191|=0=4-1-3c=0=>a=1
=3)\a

4.5.8.4 Find the angle between two non-parallel planes

Let 7, and 7, be two planes with normals n, and n, respectively.

The acute angle 8 between two planes is given by |n,n,|=|n||n,|cos® where n, and n, are normal

vectors of the planes.
Note: The modulus is applied to the LHS to ensure that cos@ > 0 so that 6 is acute.
The acute angle 6 between two planes is therefore

|“1‘“2|

cosd =

n, |

Fig. 4.49
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n ThinkZone:
1

Fig. 4.50 % 0 2 Can you observe that the angle
(side-view) between 2 planes is also the same
as the angle between the normal of
the 2 planes?
o 7

Example 4.54
Find the acute angle between the planes ro(i+j+k)=3 and r+(2i -2j-k)=1.
Solution:
1\( 2 L[|l 2
Tl =2 =[1]]l =2 llcos®
1)\-1 i\ -1
= cos@ = —1—
33
Thus @ =78.9° (1d.p.)

Self-Review 4.17:
A tetrahedron has vertices at the points 4(2,-1,0), B(3,0,1), C(1,-1,2), D(~1,3, 0) . Find the cosine of

the angle between the faces ABC and ABD. 4

4.6  Miscellaneous Examples

Example 4.55 (2014/ACJC Prelim/I/8)

-1 -7
The planes p, and p, have equations 1+ —2 [=—1 and re 4 |=1 respectively,
2 4
() Find the acute angle between p, and |28 [2]
(i) The point 4 (2 ,a, 3) is equidistant from the planes p and p,. Calculate the two possible values of
- [5]

(iii) Find the position vector of the foot of perpendicular from B (0,1, 2) to the plane P, - Hence find

the cartesian equation of the plane P; such that p, is parallel to p, and point B is equidistant from
planes p and p,. [4]
(iv) Find a vector equation of the line of intersection between p; and ps. [1]

Solution:
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@ ( 7Y (-1 )
4 [[-2
) 4 {2
Acute angle between p and p, , 6 =cos L r =74.97° =T75.0°
VP48 48P+ 22 +2
. J
(ii) | Equation of plane containing 4 and parallel to p, .
(-1) (2)(-1)
P 2= a2 |=4-2a
2 3)12
Equation of plane containing 4 and parallel to p, .
=71\ (2)(-7
p; rd 4 |=la 4 |=-2+4a
\ 4 3/ 4
-1-(4-2a -
Distance between p, and p, *=, ( )l = l |2a —5| :|2a_5|
—1 VP +22 422 3
-2
2
1-(2+4a 3-4
Distance between p, and p, *=| ( )l = ' a| =l|3—4a|
-7 VP +42+42 9
4
4
|28 =|3_4“|:3|2a—5| = 3-4a]
IERREN
Squaring, 3*(-5+2a)’ = (3-4a) = [3(-5+2a)+3-4a][3(-5+2a)-(3-4a)]=0
which simplifies to (¢ -6)(5a -9)=0=>a =6 or %
(iii) | Let M be the position vector of the foot of perpendicular from B to p, .
Equation of line segment BM
0 -1
r=|1|[+A| -2
2 2
When line segment BM intersects p, .
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-4 ) (-1

1-24 || 2 |=-1
2+24\ 2
A=2+4A+4+4)=—1

P

8 equdiiant fompand By qeag 1 ahe
widpant ok MM’

Lex poink M! e apwrt W plant P Sude fhed My Hhe M’
fook ot ) tron g Iu‘% ;B
T - Lo 4 o) ;
on - 5o 4
M

( <
o =al8) (57 4(})
Equation of planep, is

r (3)=4 G

I
1
1
1
1
!
I
1
1
1
I
1
1
I
}
1
]
1
[}
1
— |
J— — i
1
[}
1
1
1
1
1
1
1
]
]
1
1
1

2

S

_______________ 2 S e e e e}

(iv) % 8
By GC, equation of line of intersection is r = %1+A5,1eR

0 9
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Example 4.56 (2017/NYJC JC1 Block Test/I/8)(Application Question)

The diagram (not drawn to scale) shows three vertical flagpoles, OF, 4G,
BH, with bases O, 4, B respectively on an open and flat field, where 04 =4
metres and OB = 8 metres. The flagpoles have heights 10 metres, 14 metres
and 18 metres respectively. The point O is taken as the origin, with unit

vectors i along O4, j along OB and k along OF.

The chairman of a neighbourhood committee wants to hold a songbird

competition in the open field. He needs to erect a triangular flat shade sail

using the flagpoles as supports and with fixing points at F, G and H.

(i) Show that the cartesian equation of this shade sail is x+y—-z=-10 .
B3]

To strengthen the structure, he has to erect another vertical pole MN where the

base M is at position vector 2i + 3j.

(i) Calculate the height of the pole if N is just touching the shade sail.
[4]

In order to hang some bird cages, he needs to tie a taut rope from the midpoint

of FH to a point P on GH.

(iii) Find the coordinates of P if the length of the rope used is to be minimum.
[4]

(iv) To help the residents find the location of the competition easily, the

chairman ties a red helium balloon at H using another rope such that the

balloon is vertically above H. Assuming that there is no wind, find the

H,
F B
']
[
1
[ ]
!
1’
’
’
[
'
1
’
1
’
\’
fJ
e === =

angle between this rope and the shade sail. 2]
Solution:

0 4 0

(i) OF=| 0 [,0G=| 0 |,OH =| 8

10 14 18
4 4
FG=|0|,HG=|-8
4 —4
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4 4 32 |
n=|0|x|-8|=| 32 [=32] 1

4/ (4 -32 -1
1 0 1
r{ 1 (=|0 1 |=-10
-1 10) { -1
x+y-z=-10
(1)
2 Why the
Let ON = 3 coordinates of N
o is (2,3,2) ,

Since N lies on the shade sail,

2 1

3 1 [=-10,
z) -1
243-z=-10
z=15

Height of the pole MN=15m

where z is to be

determined?

(iii) Let X be the midpoint of FH

0
OK =(OF +OH )= 4
2
14
4 4
Equation of line GHis r=| 0 (+u[-8|, ueR
14 -4

Since point P lies on line GH,

4 4
OP=| 0 +u| -8 |, for some peR

14 ~4)
4 4) (0) (4 4
XP=|0 [+u|-8|-| 4 |=|4|+u|-8
14 —4) l14) Lo —4

The concept of vectors is one of the most useful ideas in applied mathematics.
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[T 4 4\]( 4
4|+l -8 -8]|=0
0 4)|| -4

48+96,u:0:>,u:—%

4 4) (2
07):0—%43=4
14 “|-4) l16

Coordinates of P is (2, 4, 16)

OR
0 4
Equation of line GHis r=| 8 |+u| -8 |, ueR
18 —4
0 4
@: 8 |+u| -8 | for some ueR
18 —4
0 4 0 0 4
XP=| 8 |+u|-8|-| 4 |=|4|+ul-8
18 —4) (14) \4 —4

0 4\ ( 4 |
4lvu| 8 |||-8|=0=u=>
4) |-4)| -4

(iv) Let the angle between this rope and the shade sail be 6.
1)(0
1 (-0
-1) {1 1

sing=0 2 A
BB

Since @ is an obtuse angle, 8 =180° —35.3° =144.7°
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