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1 The complex numbers z  and w  satisfy the following equations.   

2 1z w+ =  

2 4 24iw z− = +  

Find z  and w , giving your answers in the form ia b+ where a  and b  are real numbers.  [4] 

 

2 (a)  The diagram below shows a sketch of the curve 
21

x
y

x
=

+
 for 0x  . Rectangles, each of 

width 
1

n
, where n + , are drawn under the curve for 0 1x  . 

    

  Show that the total area of all the rectangles, A , can be written as  
2

1

1
2

1 n

r

r

n n r

−

= +
 .   [3] 

 (b) Find the exact value of lim
n

A
→

.  [3] 

 

3  The points P , Q  and R  have position vectors p , q  and r  respectively. The points P  and Q  are 

fixed and R  varies.    

(a) Given that p  is non-zero and ( )−r q ×p = 0  , find a linear relationship between p , q  and r . 

Describe geometrically the set of all possible positions of the point R . [4] 

 

(b) Given that 

x

y

z

 
 

=  
 
 

r , 

2

5

3

 
 

= − 
 
 

p , 

4

1

2

− 
 

=  
 
 

q  and ( ) 0− r q p = , find a relationship between x , y  

and z . Describe geometrically the set of all possible positions of the point R .  [4] 
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4  It is given that f ( )x  is a cubic polynomial with real coefficients. The diagram shows the curve with 

equation f ( ).y x=   

   

 

 

 

 

 

 

 

 

 

 

     

  

 (a) What can be said about all the roots of the equation f ( ) 0?x =    [2] 

    

 Suppose 3 2f ( ) 2 7 16x x x x c= − + + , where c is a real number. 

(b)    Show that 15c = − ,  if the equation f ( ) 0x =  has a root 1 2i.x = −  [1] 

(c)   Without using a calculator, determine the other roots of the equation f ( ) 0.x =    [3] 

 (d)   Hence, find the roots of the equation 3 2 0.15 16 7 2w w w =− + − +           [3] 

 

5 The first four terms of a sequence of numbers are 4− , 2− , 12 and 38. The sum of the first n  terms 

of this sequence is denoted by nS .  

(a)  Explain why nS  cannot be a quadratic polynomial in n . [2] 

 

It is given that nS  is a cubic polynomial.  

(b)  Find nS  in terms of n . [3] 

(c) Show that the nth term of the sequence, nu  is 26 16 6n n− + . [2] 

(d) Hence find ( )
2

1

10

m

n n

n

u u −

=

−  in terms of m .  [3] 
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f ( )y x=  

x 
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6 A curve C  has equation  
2ax bx c

y
x d

+ +
=

−
 , where  a , b , c  and d  are constants. It is given that 

two of its asymptotes are 2y x= +  and 1x = .  

 (a) State the value of d , and show that 1a b= = . [2] 

 (b) Using differentiation, find the range of values of c  such that the graph of C  contains two 

stationary points. [4] 

 

 Use c =14 for the rest of the question. 

 (c) Sketch C , showing clearly the equations of asymptotes and the coordinates of the turning 

points. [3] 

(d)    State the maximum number of roots to the equation 

( )
2

2
22 25 3

ax bx c
k x k

x d

 + +
− + − = 

− 
, where 0k  . 

 Deduce the range of values of k  for the maximum number of roots to occur.        [2] 

 

7 It is given that  

( )
2

2 , 0 3,
f : 

3 8 , 3 4,

x x
x

x x

 −  


−  

 

(a) (i)   Sketch the graph of f ( )y x= , labelling the coordinates of any turning points and end-

points. Explain why 1f −  does not exist. [3] 

 (ii) If the domain of f  is restricted to ( 0, k , state the largest value of k  such that 1f −  

exists. Hence, for this value of k , find 1f ( )x−  and state the domain of 1f − .  [3] 

 (iii)   The function g  is such that   

g : e 3xx +  , 0x  . 

    Find the function fg , giving your answer in similar form. [3] 

 

(b)    It is given further that f ( ) f ( 4)x x= + . 

 (i)    Evaluate f (25)  and f ( 8)− .        [2] 

  (ii)   Sketch the graph of 
1

f 1
2

y x
 

= − 
 

 for 8 10x−   .        [2] 
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8 (a) Use the substitution 15 sinx =  to show that  

                                               2 2 11
1

1 5
15 sin

2 2
d

5
5

1

x
x x Cx x − −


= − + + 

 
 .                                [5] 

 

 The diagram below shows a sketch of the curves 1C  and 2C . 

 
 The curve 1C  has parametric equations  

6cosx = ,                2 2 siny =  

 for 0 2π  . 

 The curve 2C  has equation  

2 2 15x y+ = . 

 Given that P is a point of intersection between 1C  and 2C , 

(b) determine the exact coordinates of P.  [4] 

 

The region R is bounded by curves 1C  and 2C  and the y-axis in the first quadrant.  

(c) Show that the area of R is given by   

                                                 ( )1sin 15 2πm n− −   

where m  and  n  are constants to be determined.   [6] 

 

 

 
 

y 

x 
O 

C1 

C
2
 

P 
 R 



6 

 

9758/01/J2PRELIM/2023 

9 The following diagram shows a plot of land formed by two semicircles joined to a rectangle ABDE . 

 

 

 

 

 

 

 

Point C  lies on the arc BD , with CBD  = , where 
π

0
2

  , and point F  lies on the arc AE , 

with FAE  = .  

 

As part of a training regime, Nigel runs along the perimeter of the shaded portion ABCDEF  as 

shown in the diagram. 

  

 

 

 

 

 

 

It is given that AE  is fixed at 2r  metres, and AB  is twice the length of AE .  

 

(a) Show that the perimeter,  metresP , of ABCDEF  is  

 ( )4 2 cos sinP r  = + + . [2] 

(b) Find the exact value of   which maximises P  and hence find the exact maximum distance 

that Nigel can run in one round of ABCDEF , giving your answer in terms of r .  [5] 

(c) Nigel plans to run one round with maximum distance at a constant speed of 6 metres per 

second within 3 minutes. Find the maximum value of r, giving your answer in the form 

2a b+ , where a  and b  are constants to be determined. [2] 

(d) To clearly mark out the shape ABCDEF , the management wishes to plant grass within the 

shape ABCDEF . It costs $0.15 to plant 21 m  of grass and the management has a budget of 

$10000. Using the value of   found in part (b) and the value of r found in part (c), determine, 

with justifications, if the management is able to afford to cover the entire shape ABCDEF with 

grass. [3]  
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10 A marketing manager of a company wishes to advertise a new product. He has tasked his team to 

create an engaging video and upload it on InstaFame social platform. He hopes the video would go 

viral on the internet so that the product will sell well.  

 

 According to some analysts, a video is considered to have gone viral when it gets at least a total of 5 

million views at the end of the seventh day after its initial posting.  

 

 The video is uploaded at the start of a particular day and the number of daily views at the end of the 

first day is 1196. On each subsequent day, the number of daily views at the end of the day will be 

three times that of the previous day.  

 

 (a) Find the number of daily views at the end of the third day.  [2] 

 (b)  Determine if the video will go viral.  [2] 

 

 The marketing manager also looks at the number of comments being posted on the InstaFame social 

platform. On each subsequent day, the number of daily comments at the end of the day will be 780  

more than that of the previous day. It is given that the number of daily comments posted at the end 

of the first day is 576 .   

 (c) Find the least number of days for the total number of comments to exceed 100 000.  [3] 

 

 When the total number of comments reaches 100 000, a software in InstaFame social platform will 

be activated to remove the oldest comments at the start of the following day, helping to save 

storage space. Upon the activation of the software, w  comments will be removed at the start of 

each day and the number of comments at the end of the day is 3% more than the number of 

comments at the start of the day. The software will remain activated even when the number of 

comments drops below 100 000 at any one time.   

 

 (d) By taking Day 1 as the day which the software starts removing comments, show that the 

number of comments at the end of Day n is  

   ( ) ( )
103

1.03 1.03 1
3

n nw
M  − −

 
 

  where M is a constant to be determined.  [3] 

 (e) Hence find the range of values of w  such that all comments are removed by the end of Day 

31. Give your answer correct to the nearest integer.   [2] 

 

 

 

– END – 

 


