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Basic Mastery Questions

2. 2X*-3xy+y*=5.

Differentiate implicitly wrt x, we get:
4x—3y—3xd—y+2yd—y =0
dx dx

dy
—(2y—-3x)=3y—-4x
o (2Y—3x)=3y
dy _ 3y-—4x
dx 2y-3x

At (4, 3), gradient of tangent is
dy 3(3)-4(4) 7

dx 2(3)-3(4) 6

Hence equation of tangent is:

-,
-3=—(x-4
y=3=2(x-4)
y—Tx 5
6 3
Gradient of normal, —i = _E
dy 7
dx
Hence equation of normal is:
6
-3=——(x-4
y=3=--(x-4)
o 8,5
77

3. X*-8x+y’—4y+6xy+4=0.

Differentiate implicitly wrt to x, we get:

2x—8+2yd—y—4d—y+6y+6xd—y=0
dx dx dx

dy

dx

dy 8-2x-6y

dx 6x+2y—4

= —=(6x+2y—4)=6x+2y—4

For tangent to be parallel to x-axis,
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x=4-3y. (1)

Substituting (1) into
X* —8x+Yy? —4y+6xy+4=0,

(4-3y)° —8(4-3y)+y* -4y
+6(4-3y)y+4=0
(4-3y)(4-3y-8+6Y)
+y?—4y+4=0
(4-3y)(-4+3y)+(y-2)*=0

(y-2)°-(3y-4)°=0
(y-2-3y+4)(y-2+3y-4)=0
(-2y+2)(2y-3)=0

=y=1 ory—§

2

1 )
=x=1lory =§ respectively.

Hence coordinates of the points are (1,1) and (—%g)

4, x=Dbasec#, y=3atanéd where —g<0<g.

%:5asec¢9tan0, Y _sasecto.
déo deo
dy
dy _{d@} _ 3asec’® 3
dx {dx} ~ Gasecdtand 5sin@’
dé

When the normal is parallel to y=x,
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1
-
dx
&

dx
3 —
5sing

0=sin‘1(—§j.
5

Hence,

x =5asec| sin™* (—% = éa,
5 4

y =3atan {sinl(—%} = —ga.
5 4

1

The point on the curve where the normal is parallel to the line y =x is(% a, —gaj.

Practice Questions

5. xX4+xy+2y°=k.--- (1)

Differentiate implicitly wrt x, we get:

3x2+y+xg—y+6y2d—y:0

X dx
(x+6y2)% = —(Sx2 + y)

d_y__3x2+y

dx  x+6y?

Since C has a tangent which is
parallel to the y-axis, the normal at
the point of contact of the tangent
with C is parallel to the x-axis, i.e.

Substitute x =—6y®into (1), we get:

4

(-6y? )3 +(-6y?)y+2y° =k
—216y° —6y% + 2y =k
216y° +4y*® +k =0 (shown).
Hence
;e ~4:+.)(4) - 4(216)k
2(216) '

For real values of y?,
(4)"-4(216)k >0

k gi (shown).
54
When x=-6,
—6y*> =6
y' =
y=1or -1.

Hence from (1), wheny =1,

k=(-6)" +(-6)(1)+2(1)" =220,
And wheny=-1,
k=(-6) +(-6)(-1)+2(-1)’ =-212.
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(i)

(i)

x=t?, y=t>
o, Yoz,
dt dt

dy
dy [dt} A 3
&_W_z_t_?
dt

Then equation of tangent is

3t
== (x-t*
y-t'=S(x-t)
2y —2t° =3tx - 3t°
2y —3tx+t> =0 (proven). ----(1)

For tangents that pass through

(X,Y),2Y —3tX +£° =0,

Since the equation of the tangent
passing through (X,Y) is a cubic
equation in t, there are at most only
3 real roots for t, hence there cannot
be more than 3 tangents passing
through(X,Y).

[Note that each value of t results in
one  tangent
substituted into (1).]

equation  when

Equation of tangent att =2:

2y-3(2)x+(2)’ =0
2y—-6x+8=0
y—-3x+4=0.

Since the tangent meets the curve
again att=u, substitute x=u” and

y=u’intoy—-3x+4=0,
u*-3u*+4=0
(u +1)(u2—4u+4)=0
(u+1)(u-2)°"=0

Hence u=-1.

7(i)

(i)

(iii)

1
x=2t-1, y=—.
y 2t+1

& _, dy_ 2
dt ' dt (2t+1)2'

o)
d_y: al __ ! > <0.
dx {dx} (2t+1)

dt

Therefore curve shows a
decreasing function.

Att=-1, x=-3andy =-1.
Att:§, x:land yzﬂ.
8 4 9

Hence,
4
. g () 4
gradient of chord = =—.
1 9
3
For tangent to be parallel to chord,
dy_4
dx 9
- : =ﬂ:>(2t+1)2 -9
(2t+1° 9 4

Since (2t+1)" >0, t is undefined,

and hence there is no tangent to the
curve parallel to the chord.

Gradient of normal to the curve is

given by:
1 2
—d—:(2t+1)
dx
1 1
Att==, x=0, y==, ———=4
y > dy
dx

Hence equation of normal to the
1.
curve at t = > is:

1
—==4(x-0
y=5=4(x-0)

2y =8x+1.
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Since the normal meets the curve
again,
1

2(mj:8(zt_1)+1

2=8(4t” ~1)+(2t+1)

32t +2t-9=0
)
2 16
t=Lort=-2,
2 16
Attz—g, x:—zand y=-8.
16 8

Hence the normal to the curve at

t :% meets the curve again at
)
8

, 1
\Y 4x+—=0
(iv) ;

Coordinates of P are (—%,0).

Therefore area of triangle OPQ is

1 1)1 1
—X— |X—=—.
(8 2} 2 32
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