Secondary 4 Additional Mathematics: Differentiation

1. Rules of Differentiation

Rule Example
drony_ ,.n-1 41— g,4-1
(@) - [x"] = nx™", =+ [x*] = 4x
where 7 is a real number. = 43
: d _ d oy _
(b) In particular, E(C) =0, = 3)=0
where ¢ is a constant.
a n = 1 4, = n-1 da 51 _ = d 1.5
(c)dx[kx]—kdx[x]—knx , dx[E’;x]—de[x]
where k is a real number. = 5(5x°"1)
= 25x*
Examples

4 (53 2 _ =4 (x3 4 (x2)y—24 a
(a) dx(x + 3x 2x+7)—dx(x)+3dx(x) de(x)+dx(7)
=3x3"1+3Qx*H -2(1x"H)+0
=3x%+ 6x — 2

d d d _
(b) a(2x3 —xiz) =22 () -32(x7?)
=2(3x371) = 3(—2x73)
= 6x2 + 6x73

= 6x% + =
X

(c) % [(x —2)(x +1)] = % (x? —x—2) - *Expand before differentiation
=2x2"1—1x171 -0

=x—1




2. Chain Rule:

If y is a function of u and u is a function of x, that is y = f(u), where u =g(x), then

dy
dx

3. Derivatives of some functions:

dy du

duxa

i ny — n—-1
™ (x™) =nx

d —_—
= (ke*) = ke*

d _k
a(klnx) ==

d . _
a(ksmx) = kcosx
d .
E(k cosx) = —ksinx

d _ 2
= (ktanx) = ksec* x

Examples of chain rule and derivatives of some functions:

@ —(Bx+2): =1+ L Bx+2) >

=16x+27:03)

3 1
=E(3x+2) 2

_ 3

2vV3x+2

(b) %(ln x)3® = 3(Inx)? %(ln x)

= 3(Inx)? G)

_ 3(Inx)?
- x

Differentiate from the outermost

function to the innermost function,

that is,

o (differentiate the square root
function, then

o (differentiate 3x + 2

Differentiate from the outermost

function to the innermost function,

that is,

e differentiate the cube function,
then

o differentiate Inx

(©) %(sin(x2 + 2x)) = cos(x? + Zx)%(x2 + 2x)

= (2x + 2) cos(x? + 2x)
= 2(x + 1) cos(x? + 2x)

4. Product Rule:

d dv du
a(uv) = uE_H]E

5. Quotient Rule:

du_ av
i(z) — Vax ~ Yax
dx \v v2




Examples of Product rule and Chain rule:
(a) %(exz cosx) = e**(—sinx) + 2xe*”(cos x)

= e’ (2x cosx — sinx) —> Always factorize common multiple!

x-1 ) _ Mu)—(x—1)(§)(1—zx)‘%(—z)

d :
(b) o ( — -> Quotient rule

1-2x

_ \/1—2x+(x—1)(1—2x)_%
- 1-2x

. (1—2x)_%[(1—2x)1+(x—1)]

1
-> Factorize common factor (1 — 2x) 2

1-2x
i . 1
B > Bring down (1 — 2x)72
(1-2x)2
. -> Simplify
(1-2x)2

6. Problems on applications of differentiation include the following:

(a) Gradients, tangents and normal.

d . .
- d—i refers to the gradient of the tangent at any point of the curve.

- The gradient of the normal is = — — —as tangent L normal
Mtangent

(b) Stationary points, increasing and decreasing functions.

. . . . .. d
- At stationary points or inflection points, d—z =0.
. . . d o .
- For increasing functions, , —z > 0 (positive gradient)

) ) d . .
- For decreasing functions, , d—z < 0 (negative gradient)

(¢) Connected rates of change.

v dv _ di :
-  Example: — = — X —
ple: = X5, (from chain rule)

(d) Maxima and minima.
- We can use the first derivative test or the second derivative test to determine the
nature of the stationary point.

- Second derivative test:

d d? . o . .
o If ﬁ = 0 and d_szl < 0, then the stationary point is a maximum point.

d d? . o . :
o If ﬁ = 0 and d_szl > 0, then the stationary point is a minimum point.




Examples of First and Second Derivative tests
Find the stationary point of the curve y = 4x? — 16x and determine the nature of the
stationary points.

(a) Use the first derivative test.

y = 4x% — 16x
dy .
E_Sx 16

. .. d
At stationary point, é =0

8x—-16=0
x =2
Atx =2, y=14(2)?—-16(2) = —16
At (2,—-16)
x value 1.9 2 2.1
% O~ 8(1.9) - 16 j_i’ ~0 2 -8(21) - 16
=—-0.8 =0.8
Shape
\ /

It is a minimum point.

(b) Use the second derivative test.

y = 4x% — 16x
dy .
o 8x — 16
d%y

—= = 8 > 0 for all values of x
dx?

. d? . . .. .
Thus since ﬁ > 0, the stationary point is a minimum point.




7. Differentiation of Composite Trigonometric Functions

Function

Example

(a) <[k sin £ ()] = k[cos £ (O][f'(x)]

% [2sin(3x + 1)] = (3)(2) cos(3x + 1)
=6cos(3x + 1)

(b) < [k cos f(x)] = —k[sin fCOI[f' ()]

% E cos(x? + 1)]

= () [=sin(x? + D](2%)

= —xsin(x? + 1)

(¢) <[k tan £ ()] = klsec? f (O] [f'(x)]

d 3
= [3 tan(x® + 3x)]

= 3(3x% + 3) sec?(x® + 3x)

(d) 2 [kesin® £ ()] = knlsin~ £ ()] [cos fOIf ()]

() [k cos” f ()] = —knlcos™ £ ()][sin f (]I (x))

63} d% [k tan™ f(x)] = kn[tan™"? f(x)][sec® fC)][f' (x)]

Examples of Composite Trigonometric Function

() d% E cos*(x3 + Zx)] = %(4)[cos3(x3 + 2x)][—sin(x3® + 2x)](3x% + 2)

= —2(3x% + 2) cos®(x3 + 2x) sin(x3 + 2x)

(b) d% [3 tan? ze + 2)] =3(2) [tan ze + 2)] [sec2 ze + 2)] E (Zx)]

= 6x tan ze + 2) sec? ze + 2)

8. Differentiation of Composite Exponential and Logarithmic Functions

Function Example
d 1 1
—|kef®| = k' fx) A [ 3x+2] — 5 (1) ,3x+2
(@) 5 [ke’ @] = kf'(x) e L1277 =2(Y) e
_2 e§x+2
d ') d 6x+1
(b) I fG0) =5 2 [In@3x? + 1)) = 2L




Differentiation — Practice Questions 1a

1. Differentiate the following with respect to x:

(a) 2x2+5x +7

Answer: (a)

7044 5
(b)zx +3x4+x

Answer: (b)

24 2
(c) 4x% + 3= +7

Answer: (c)




(d) 5ax? + 3bx3 +5

3x2%-4x3

(e)

x3

() VX +

Answer: (d)

Answer: (e)

Answer: (f)

Answer: (g)




5x

-4 . .
—— at the point where the curve crosses the x-axis.
X

2. Find the gradient of the curve y =

Answer: gradient =

3. The gradient of the curve at y = x% + g at the point (—1, 5) is 4.

Find the values of ¢ and b.

Answer: a =

b=




4. Differentiate the following with respect to x:

(a) (2x + 5)7

Answer: (a)

(b) 3(x + 4)°

Answer: (b)

©2(z-1)"

Answer: (c)




(d)

3x+2

12
2+3x2

(e)

(f) V5x? + 6

Answer: (d)

Answer: (e)

Answer: (f)

10



5. Find the gradient of the curve y = (3x? — 5x + 3)3 at the point where x = 1.

Answer: gradient =

6. Find the equation of the tangent to the curve y = 2 +

12
(3x—4)2

at the point (2, 5).

Answer: y =

11



7. The curvey = ﬁ passes through the point (1, 1) and the gradient at that point is S .

Calculate the values of a and b.

Answer: a =

b=

12



1.

Differentiation — Practice Questions 1b

Differentiate the following with respect to x:

(@) Bx+2)(2—x?)

Answer: (a)

(b) (x + 1)3(x + 3)°

Answer: (b)

13



() (x +5)3(x —4)°

(d) 3x — 1)V2xZ + 3

Answer: (c)

Answer: (d)

14



(€) (x* +x)(x —2)7

Answer: (e)

2. Giventhaty = (x + 3)*(x — 5)7, find j—z and the values of x for which % = 0.

Answer: x = , )

15



3. Giventhaty = (3x + 2)(2 — x)~1, find % and the values of x for which z—z = 8.

Answer: x = ,




4. Differentiate the following with respect to x:

(a)

3x+2
1-4x

x2
2x-1

(b)

Answer: (a)

Answer: (b)

17



(c)

(d)

3+x

2x—=7

Vx+1

Answer: (c)

Answer: (d)

18



xX+2

V3x+1
(a) Find the gradient of the tangent to the curve at x = 1.

8. A curve has the equation y =

(b) Find the equation of the same tangent.

Answer: (a) gradient =

b)y=

19



9. The line 2x 4+ 9y = 3 meets the curve xy + y + 2 = 0 at the points P and Q.
(a) Find the coordinates of points P and Q.
(b) Find the gradient of the tangent to the curve at point P and point Q.

Answer: (a) P = ( , ), 0 =( ;

(b) gradient = and

20



1.

Applications of Differentiation — Practice Questions 2

Find the equation of the tangent and of the normal to the curve y = V1 — 2x at y = 3.

Answer: Equation of tangent —y =

Equation of normal — y =

21



2. Find the equation of the normal to the curve y = %, for x # 1, at the point where the

curve crosses the x-axis.

Answer: Equation of normal —y =

22



3. (a) Find the equation of the tangent to the curve x*y = 1 atx = 1.
(b) This tangent meets the axes at 4 and B. Find the midpoint of 4B.

Answer: (a) Equation of tangent —y =

(b) Midpoint of AB = (

23



4. Find the point where tangent to the curve y = 4x3 — 3x at the point (— %, 1) meets the

curve again.

Answer: ( , )

24



3(x%-1)

5. Acurveis givenby y = T

(a) Find 3—z and the values of x for which 3—1 = 2.

(b) Find the equation and that of the normal to the curve at the point where x = 1.

Answer: (a) x = or

(b) Equation of tangent —y =

Equation of normal — y =

25



3
6. Given that the curve y = %, x # 1, find

(a) the gradient of the curve when x = —3,

(b) find the coordinates of the points where the tangent to the curve is horizontal.

Answer: (a) gradient =

(b) ( ; ) & ( ;

26



7. Find the equation of the tangent to the curve (y — 2)? = x, which is parallel to the line

x—2y =4.

Answer: Equation of tangent —y =

27



Further Differentiation — Practice Questions 3

1. For each of the following functions, find an expression for j—z and determine if y is

increasing or decreasing.

(@) y=4x—-1

d
Answer: (a) é =

yis

b y=-9-x

Answer: (b) j—i =

yis

()y=—-(*+1)

d
Answer: (¢) é =

yis

28



(d)y =x2+ 2x forx>0

Answer: (d) j—i =

yis

X

x241 °

2. A function is defined by the equation y = Show that y is decreasing for x > 1 or

x<-1.

29



3. The percentage of a drug being absorbed into the bloodstream is x hours after the drug is

taken is given by

5x

f) = 16

Find the time interval in which the absorption level is increasing.

30



4. Find the stationary points of each of the following curves and determine the nature of the
stationary points. *Use the first derivative test.

(@) y = x% + 4x

Answer: (a) ( , )

Nature of stationary point

(b) y = —x? + 6x

Answer: (b) ( , )

Nature of stationary point

31



(c) y=3x*—4x3+5

Answer: (c) (

Nature of stationary point

3

) & (

32



dy

. (x—3)2

Answer: (d) (

Nature of stationary point

3

) & (

33



5. Find the stationary points of each of the following curves and determine the nature of the
stationary points. *Use the second derivative test (or the first derivative test).

(@) y =x%+3x

Answer: (a) ( , )

Nature of stationary point

(b) y = 2x — x?

Answer: (b) ( , )

Nature of stationary point

34



(c)y=x3—-3x2+3x-7

Answer: (¢) (

Nature of stationary point

35



(d) y = 4x3 — 48x

Answer: (d) (

Nature of stationary point

3

) & (

36



6. A rectangular box has a square base of side x cm.
(a) If the sum of one side of the square and the height is 15 cm, express the volume of the
box in terms of x.

(b) Use this expression to determine the maximum volume of the box.

Answer: (a) V =

(b) Maximum volume = cm

37



7. A sector of a circle with radius » cm contains an angle 6 radians between the bounding
radii.
(a) Given that the perimeter of the sector is 7 cm, express 6 in terms of 7 and show that the

area of the sector is %r(7 — 2r) cm?,

(b) Hence, or otherwise, find the maximum area of this sector as r varies.

Answer: (b) Maximum area = cm?

38



8. An open rectangular tank of length 2x metres, width x metres and height 4 metres is to be

constructed from 3.2 m? of thin metal.

Open ~ |
(a) Express 4 in terms of x.
E . (b) Find the value of x which will make the volume
: of the tank a maximum.
SR . (c) Hence, find this volume, giving your answer
./_/:_. e X correct to 2 decimal places.
X

Answer: (a) h =

(b)x = cm

(¢) Maximum volume = cm

39



Differentiation (Rate of Change) — Practice Questions 4

1. The radius of a circle increases at a rate of 0.2 cm/s. Calculate the rate of the increase of

the area when the radius is 5 cm. Leave your answer in the form of .

Answer: Rate of increase of area = cm?/s

2. A cube is expanding in such a way that its sides are changing at a rate of 2 cm/s. Find the

rate of change of the total surface area when its volume is 125 cm’.

Answer: Rate of increase of surface area = cm?/s

40



3. A spherical ball is being inflated at a rate of 20 cm?/s. Find the rate of increase of its radius

when its surface area is 100 cm?.

Answer: Rate of the increase of radius = cm/s

41



4. The base of a closed rectangular box is a square of side x cm and its height is 8 cm. Given
that the side of the square base increases at a constant rate of 0.05 cm/s. Find (a) the rate of
increase of the surface total area and (b) the rate of the volume when the total surface area

of the box is 210 cm?.

Answer: (a) Rate of the increase of total surface area = cm?/s

(b) Rate of the increase of volume = cm3/s

42



5. The formula for the volume of a sphere of radius » and its surface area are V = %m’3 and

A = 47r? respectively. When r = 8 cm, the volume, V, is increasing at a rate of 10 m3s™1.

Find the rate of increase of the surface area, 4, at this instant.

Answer: Rate of the increase of surface area = m?/s

43



6. The radius of a circular disc increases at a constant rate of 0.005 cm/s. Find the rate at

which the area is increasing when the radius is 15 cm, correct to 3 significant figures.

Answer: Rate of the increase of surface area = cm? /s

2_
7. Variables x and y are related by the equation y = xx_s . Given that x and y are functions of

¢ and that 3—}; = 0.3, find the corresponding rate of change of x when x = 2.

dx
Answer: —=
dt

44



1.

Differentiation (Triconometric, Exponential & L.ogarithmic Functions) —

Practice Questions 5

Differentiate the following with respect to x:

(a) 4sin7x —x

Answer: (a)
(b) cos 7x + sin 3x
Answer: (b)
T 3
(c) cos (E - Ex)
Answer: (c)

45



2. Differentiate the following with respect to x:

(a) secx

(b) cosec 2x

(c) sec?3x

Answer: (a)

Answer: (b)

Answer: (c)

46



3. Differentiate the following with respect to x:

(a) xtan 2x

(b) 5sin 3x cos 2x

(c) 3tanx cos? 4x

Answer: (a)

Answer: (b)

Answer: (c)

47



4. Differentiate the following with respect to x:

(a) In(4 — x?)

5x-3
3x+7

(b) In

2x+3
3x—4

(¢) In

Answer: (a)

Answer: (b)

Answer: (c)

48



1
(3x-5)3

(d) In

(e) Inv6x2 —3

Answer: (d)

Answer: (e)

49



5. Find % for the following.

(a) y = logs sinx

(b) y = logs 4x2

d
Answer: (a) ﬁ =

Answer: (b) j—z =

50



(c) ey =2x3+7

(d) e¥ =secx

d
Answer: (¢) ﬁ =

Answer: (d) j—z =

51



6. Differentiate the following with respect to x:

(a) e~ 4%

(b) e* +

(C) esin 2x

Answer: (a)

Answer: (b)

Answer: (c)

52



(d) etan X

l 2 ASinx
(e) Sx“e

Answer: (d)

Answer: (e)

53



®

X COSX

eX

Answer: (f)

54



1.

Differentiation — Exam Questions

2x+3
x=3"

The equation of a curveisy=2 — x —

. dy d?y
a) Find — —,
(a) ddx and e

(b) Find the x-coordinate(s) of the stationary point(s) of the curve.

55



(c) Determine the nature of each stationary point.

A cylindrical ice block of base radius » cm is melting in such a way that the total surface
area, A cm?, is decreasing at a constant rate of 72 cm?/s. Given that the height is twice the
radius and assuming that the ice block retain its shape, calculate the rate of change of r

when =5 cm.

Answer:

56



3. The diagram shows a solid cylinder of radius » cm and height # cm inscribed in a hollow
cone of height 45 cm and base radius 20 cm. The cylinder rests on the base of the cone and

the circumference of the top surface of the cylinder touches the curved surface of the cone.

20 cm

a) Show that the volume, V cm3, of the cylinder is given by V = 45712 — 273,
y given by S

57



(b) Given that r can vary, find the maximum volume of the cylinder, leaving your answer

in terms of 7.

(c) Hence, show that the cylinder occupies at most g of the volume of the cone.

58



4. Differentiate In(2x? + 1) with respect to x.

5. The diagram shows the side view PORST of a tent. The tent rests with RS on horizontal
ground. PORST is symmetrical about the vertical PU, where U is the midpoint of RS. Angle
QPU = Angle QRU = 0 radians and the lengths of PQ and QR are 91 cm and 150 cm
respectively. The vertical height of P from the ground is 4 cm.

(a) Explain clearly why h = 90 cos 8 + 150 sin 6.

59



(b) Express h in the form of R cos(6 — a), where R > 0 and « is an acute angle.

(c) Find the greatest possible value of h and the value of 8 at which this occurs.

60



(d) Find the values of & when h = 160.

6. Show that % (tan3 5x) = 15sec* 5x — 15 sec? 5x.

61



7. Answer the following parts:

. 3x dy . ax+b
a \% = — = =
( ) Given that y Joax ’ CXpress q in the form G5_an)n , where a, b and n are real

constants.

3x

V5—-4x

(b) Hence find the equation of the normal to the curve y = at the point on the curve

where x = 1.

62



8. Given that y = cosecx tan x,

d .
(a) show that ﬁ = sin x sec? x, and

(b) determine where y is decreasing for 0 < x < 2m.

63



9. A piece of wire has a fixed length of £ cm long is bent to form a rectangle. Show that the

area of the rectangle is a maximum when it is a square.

64



10. A curve has the equation y = lnl_—zx ,x<landx # 0.
X

nd &
(a) Find ot

(b) A particle moves along the curve in such a way that the y-coordinate of the particle is

changing at a constant rate of 9 units per second.

Find the rate at which the x-coordinate of the particle is increasing at the instant when

y =In2.

65



11. The equation of a curve is y = 3(3x° — 1).

(a) Find the coordinates of the stationary point on the curve.

(b) Determine the nature of the stationary point.

66



er

. . d +a .
12. The curve has a gradient function d—z = where a is a constant.

e2x
The gradient of the normal to the curve at the point (0, —1) is %

(a) Find the value of a.

(b) Explain why the curve has no stationary point.

67



13. Given that y = sin 4x + cos* x, find the value of% when x = % :

14. Show that 4 [4 sin? (f + n)] = k sin x where k is a constant.
dx 2

68



15. Tt is given that f(x) = In ’ ’E .

(a) Find f'(x) and f""(x).

69



(b) Hence determine the range of values of x for which both f'(x) and f "' (x) are positive.

16. The equation of a curve is y = kxv2x + 3 where k is a constant

ak(x+b

. . dy .
(a) Obtain an expression for d—z in the form m) where a and b are real constants.

70



(b) A point moves along the same curve in such a way that when x = 3, the rate of increase
of y with respect to time is thrice the rate of increase of x with respect to the time. Find

the value of %.

3
17. The function f'is defined by f(x) = xe™ + kes”", where k is a constant.

Given that f'(0) = 5, find the value of £.

71



18. The surface area of an object, A cm?, is given by A = 300x — (HTH) x2. Given that x cm

can vary, find the stationary value of A and determine whether it is a maximum or

minimum.

72



2
19. A curve has the equation y = —2 (1 — ix) +p.

(a) Find % . Hence, find the equation of the line that is parallel to the tangent of the curve

at x = 1 and passes through the origin.

(b) The normal to the curve at x = 1 passes through the point (—1, 1 %) Find the value of

the constant p.

73



20.D

/—_\ .
A - D N
L Red wax
8 cm 4 cm
<«———}— White wax
Vo e
Diagram 4 Diagram B (cross-sectional view)

Diagram A shows a cylindrical candle stick of height 8 cm and radius 4 cm. The candle
stick is made of white wax and red wax as shown in diagram B. The red wax forms an

inverted cone of radius » cm and height 4 cm.

(a) Given that the sum of the radius and height of the cone is to remain

constant at 5 cm, express 4 in terms of 7.

(b) Show that the volume, V, of the white wax is given by

V =128n —gnrz +§nr3.

74



(c) Find the value of r for which V is stationary.

75





