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Polar Coordinates (Solutions)

1. [04/AJC/FM/VG] |
| , 050<2n,

A curve C has equation, in polar coordinates, 7 = —
. - ’ - l+cos®

where ¢ is a positive constant,

Let the pole be denoted by O, the 'poihfs P(ry, 6)) and O(r2 , ©2) on the curve C

are such that POQ is a straight line and 0 < 6; <.

If‘ the length of the chord PQ is ~8—§- R find the coordinates of point P. 51

[Solution] _

r= a ,0S0<27Z' ?(rlrb!)

1+cosd
' l4cosf’ "’ 1+cosb, \\I\/\'(",O) _
O’i\ ? 6

v +r _S_a / 2

iThET / @Q()—pe_},)

a a 8a
+ = — &
l+cosf, 1+cos@, 3

Since POQ is a straight line, 0 < 6, < 7, then 6, =7 +6,

a a _8a

J’_
l+cosf l+cos(z+6) 3
1 1 8
+

l1+cosf, 1-cos6 3
1 4

1-cos’ 6, 3

. 3 . .
sin 6, = (Since 0< 6, <7,sing >0)

HZZ or 2—”
3 3

Coordinates of P=(2a, +7) or (2a, 27).
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2. [O4/NIC/FM/T]

The diagram shows part ofa polagw curve C with equation 7 = asin @, where
b € z*

State, with a reason, the teast possible value of b. ]

ti) ' ..Prove that » +(§3) - az(H(;b2 w-i)cosz _be?) . Usﬁxg th'e_ value of b -
found above:, show that the arc ieng,’th of one loop of C is at most . [3]
(11) A and B are two points on C fuz'thest fmm the pole. Show that ﬁw cartesian
rcoq;dir.la_tes of .A is {acps?gsm 8} Hence, find the cartesian equauon |
of the line AB in the form y = mr-+c. B

7 {}east.b =4; . y= »«(cot gg)x+:g_cot§—g~.§os%+asm-8-}_z
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[Solution]

Since beZ", and r =0 when 6 =3%, least possible b =4
drY
i +(—J =a’sin’ b0+ a’h’ cos” b = a’ (1-cos” b6+ a’b’ cos’ b
de
=q’ [1 +(b2 —l)cos2 bé’]
T a dr ’ i 2
Arc length of one loop =I r4+— d6’=aJ- V1+15cos™ 46 do
0 de 0
< afj\/1+15 do= 4a.|‘fd0 =ra

(ii) Atd4, 0= %, 7 =a. Cartesian coordinates of 4 = (a cos%, asin %)

AtB, 0= 3—7[ _r 5—7[, 7 =a . Cartesian coordinates of B = (a coss—ﬂ, a sins—”j
4 8 8 8 8
. Sx . T 3 . 2x
asin— —asin—  2¢0oS—sin — 37
Gradient of line AB = 8 8 _ 8 8 _ —cot—
5 3r . 2x 8

V4 V4 . .
acos——acos— —2sin—sin—
8 8 8 8
Thus 4B : y—asinzz—cotz(x—acosz)
8 8 8

RY/2 RV S 4 . T . N
y=—X cot? +acot—cos—+a smg [Note answer is not simplified]

Alternative
Note that triangle 4OB is right-angled at O, B

. ) T
and is also isosceles. Thus a = §

AB : y—asinzz—tanz(x—acoszj
8 8 8

Vs . T
y=—xtan—+2asin—
8 8
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3. [04/TICFM/S]
1
The curve C has polar equation r = m ,for0<d <

(i)  Show that C has the following characteristics:
(@)  r>1forthe given range of 8;
: %
(b)  thecurve C is symmetrical about the line & = 55

(c)  thecurve C has an asymptote & = 0.
[Hint: consider the x- and y- coordinates of C'as & — 0.]  [3]

(i)  Give a sketch of the curve. (1]
(iii)  Find the area of thé closed region bounded by C and the line with

1
cartesian equation y = A 151
2
[Solution]
1
@ (@) For 0<f<m, 0<sin@<1.Thus 0<+/sind <1 and r= >1.
) ) \/siné

1 _ 1
\/sin(ﬁ—H) Jsing

(b) Since sin (7 —6)=sin6,

C is symmetrical about the line 8 = % .

1 sin @
(@ >0, x= cosd >, y= =+/sinf >0
vsin @ d \sin @

Thus y =0 is an asymptote to C and thus & =0 is an asymptote.

1 1
(iii) y=—==+/sinf =—==sinf =—
Y 2 \/5 2 (”) /\922
Thus sz,s—ﬂ' |
6 6
Area =2 ljz _1 1 \Eﬁ 1
292 sin@ NG 5 5 S
\/g °’7|- o

= [— In(cos ecf + cot 0)]; 5

=1n(2+ﬁ)_§
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4  The curve Ci has polar equation
r=a+acos26 for 0 < <2z, where a is a positive constant.
The curve (2 is obtained by rotating Ci through an angle of % anticlockwise about the
pole.
(i) Find a polar equation for C2 in terms of cos26. [1]
(ii) On the same diagram, sketch the curves Ci1 and (>, indicating the polar coordinates of
the points of intersections of the curves. 2]
(iii) Find the exact area of the regions that lie within both Ci and C>. [4]
(iv) A design for a necklace is made by taking the combined graphs of Ci and (2, but with
the perimeter of the regions described in part (iii) removed. Find the perimeter of the
necklace. [2]
[CIC/FM/2017/Promo/Q4]
[Solution]
4 [CJC\Promo\P\Q4]
(i)

A polar equation for C: is

r=a+acos2(9+%j=a+acos(26’+ﬂ)=a—acos(20)

(i)

(iii)

T

R N 2
Area = 83.[0 a (l—cos29) dé@ by symmetry

= 4a2_[0%(1 —2c0s26 +cos’ 29)d9

= 4a2j.o4(%— 2c0s26 + c0s240jd9

z
4

=4a’ {%9—sin29+

= [iﬂ' - 4] a® units®
2

ﬁn49}

0
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@iv)

r=a(1+cos20):>£

=—-2asin 26
o0

. 2
Perimeter = 4‘[1” P+ (EJ déo
< de

= 4a.|.i \/(1 +coSs 26’)2 + (—2 sin 29)2d¢9
4

~13.710a
~13.7a units

Polar Coordinates



1
1+cosé@

Show that the gradient of tangent of the polar curve with equation » =
0

is —cot—. 5
: 5]

[EJC/FM/2017/Promo/Q8b]

[Solution]

5 1 dr sin @

r= >—=—"—
1+cosé do (1+cos€)2

d sin @ . 1
& sin0+reosd | (11ooeqy [0 1 0 cos¢
dy (1+cos®) +cos
Note that ™ = =

dr . ;
L eos0-rsing | __sin0__ cosg_( ! jsin@
(1+cos6’) 1+cosd

0
2
sin26’+cos(9(1+cost9) 1+cosé 2cos” — t
=" . = X = =—cot—
51n000s6—s1n0(1+cosﬁ) —siné _2Singcosi 2
Alternatively:
cosd dx —sin@(1+cos@)—(—sinb)cosd —siné
x=rcosl = = = : — _
l+cos@ db (1+cosH) (1+cosH)
y=rsind= sin @ :ﬂzcost9(1+cosz9)—(—2sim9)sin6’: 1+cos€2
l+cos® do (1+cos8) (I+cos8)
dy 2cosz€

Q_@_ 1+cos6
dx dx  —sin@
dé

= —coté
-2 singcos— 2
2 2
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6  The curve C has equation 2x” —xy +2y” =150.
(a) Show that a polar equation for C can be expressed in the form

Pt = _r
O+ Rsin260’
where P, Q and R are integers to be found and -7 <@ <. [3]

(b) Hence, find the polar coordinates of the points on C which are the furthest from
the pole O. [3]
[JJC/FM/2017/Promo/Q2]

[Solution]

(a) 2x% —xy+2y° =150
2(x2 +y2)—xy =150

2r* —(rcos@)(rsin@) =150

r*(2-sinfcos@) =150

. 150
- 2_sin29
2
300
4—sin 26
S P=300,0=4,R=-1

(Shown)

(b)
> 300
4 —sin 26
For » to be maximum,
sin26 =1
T 3z

20==,-2
27 2

g% 3%
4" 4

Max. r:,/ﬂ =10
4-1

Polar coordinates are (10,%) and (10,—37”)
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7  The straight line with polar equation

1
asin@+bcosO’

is a tangent to the circle with the polar equation,

ry, =2ccosb,

where a, b and ¢ are real numbers, a’>+b%>#0 and c#0.

By first finding the Cartesian equations of the respective polar equations, find the possible
value(s) of ¢ in terms of @ and/or b. [8]
[MIC/FM/2017/Promo/Q2]

[Solution]

(i) =t
asind+bcosb
= Rasin@+nbcosd =1
=ay+bx=1
1-bx

=>y= , whena#0
a

r, =2ccosd

= r22 =2cr, cos

:>x2+y2=2cx

:>(x—c)2 +y? =c?

Case 1 (when a is non-zero)

o X . .
Substituting y = nto (x —0)2 +y2 =c? gives:

(x—c)2+(1_bxj2 _e

a

:a2(x2—2cx+c2)+1—2bx+b2x2—azcz=O
:(a +b2) ( 2c+b)x+1=0 - (%)

Since the line is a tangent to the circle, there is only one solution. Thus the
discriminant to (*) is zero.

D :[—2(a20+b)T ~4(a®+5?)(1)=0
:(a2c+b)2 —(az +b2)=0
= a*c? +2a%bc+b% —a* —b* =0

= a*c? +2a*bc—a® =0

Polar Coordinates



Since a is non-zero,
a*c? +2bc—-1=0

| 2b%4/(26) +4a®  _palp? 4

C =
2a2 a2

Case 2 (when a is zero)
The Cartesian Equation of the line reduces to

Oy+bx=1:>x=l

This implies that the line is tangential to the circle at its non-zero x-intercept

(20,0) , since equation is (x—c)2 +y2 =c?.

Thus, %=2c:>c=L

Polar Coordinates



| J)"'_‘_""-
\ 7 4
\ . B
|
a \\ \l/'O\ \_\ a
D "\
7 //
C.. "

In the above diagram, four bugs 4, B, C and D are placed at the four corners of a square
with side of length a. The bugs crawl counter clockwise towards the centre of the square,

O, along the spiral paths. Bug 4 starts from the corner (

a a

> ’E) . The line joining the bug

A to the bug B is tangent to the path of the bug 4.

®

Taking O as the origin and the coordinates of the bug 4 to be(x, y), explain why the
Cartesian coordinates of the bug B are (=, x) .

[1]

It is given that O4 = r and OA4 makes an angle € with the x-axis.

(i)
(iii)
(iv)

49

tan @ —1
tan@+1

Show that the gradient of the line AB is [2]

By expressing & and L in terms of 7, € and dr , show that dr =—r.
déo déo de déo

[4]
It is known that the polar equation of the path of the bug 4 is in the formr = ke ™,

2]

2a = . .
show that k = Te“ , assuming the pole is at the centre of the square.

(4]
[SAJC/FM/2017/Promo/Q10]

Find the exact distance travelled by the bug 4 for % <0<L2r.

Polar Coordinates



[Solution]

8

(1) When the bug 4 is at the point (x, y), it is at a horizontal distance % —x and

vertical distance %— y from the top right corner. Since the bugs are moving at

the same speed, the bug B should be at the corresponding distance from the top
left corner. Hence the Cartesian coordinates of B are (—y, x).

yVA a_ a
(o
] -
i S
+ A AxY)

i e (rcos@,rsin)

i ,’/ r

A

7= z

B(=y{») 0

(—=r$md, r\s%/ 0 >

(i) Let OA=r .

If OA makes an angle 6 with the x-axis then
x=rcos@, y=rsind

The coordinates of B(—rsin@,rcos®)
Gradient of 4B:

rsin@—rcos@ sinf—cos@
m= =

rsin@+rcos@ sinf+cosd

Dividing throughout by cos 6, m =-2"2=1 (Shown)
tan 6 +1
(iii)) x=rcosf, y=rsind
Differentiating wrt 0,
dx = ﬂcos& —rsind, dy = ﬂsin& +rcos@ by product rule
do dé do dé

& dsin@+rcosf  tanf+r

dr _ . _l_
Geos@—rsing G —rtan6

Polar Coordinates




Since m= d_y

& tan @+ r _tanf-1
& —rtand tan6+1

—tan 9+%@+}&nﬁ+r—&{0———rtan 0 +rtan®

d—;(tan2 ¢9+1) = —r(tan2 0+1)

dr
dg

=—r

(iv) Given that the polar equation of the path is » = ke™®

2a

.
Bug 4 starts from the corner (‘2’ ‘2’), so when ng, r=asin—=——

V2a _z V2a z
= k=——-8

Therefore —— = ke k=
2 2

So the equation of the polar curve is r =

J2a 2o
5 .
(v) Distance travelled by the 4 for —<@<L2r is

L= ,/r + dr do = J Jr?
&l

- ﬁrde

o2
- \E( */3“ eHJde

ESEY

Polar Coordinates



9 A curve C has polar equation given by

7% = acos® @ +bsin> , where a and b are non-zero constants.
(a) State the condition(s) on @ and b so that C has tangent(s) through the pole. [1]
(b) State the condition(s) on a and b so that C will never come back to the pole. [1]

(¢) Sketch C, where 0< @ <27, for the following cases:

@ Va>b, 2]

(ii) a>0andb<0. [2]

(d) Given that a =4 and b = 2, find the exact area of the region enclosed by C. [3]
(e) Write down the polar equation of the curve if C is

(i) rotated 90° anti-clockwise about the pole, [1]

(ii) reflected about the line y = x. [1]

[TJC/FM/2017/Promo/Q8]

[Solution]

9 [TJC\Promo\P\Q8]

(a) Forr=0, acos’ @+bsin? =0 = tanzé’z—%

For real solutions,% < 0 which means a and b must be of opposite signs.

(b) Forr>0 forall 6, acos’@+bsin?0>0 = a>0andb >0

© (@) va>+b

(53]
0=mn / \ 6=0
(\/;’ n)\ “ /(\/;’ 0)
53
3n
(i) a>0and b<0 =7

Polar Coordinates



r2d0 =2 [ (4cos” 0+2sin’0) dO

o —nla

N | —
O —N 3

(d) Area =4x

Il
[\

o —Nla o—a

1+c0529j+2(1—c0s29j 46
2 2

AN
7\

2 | (3+cos20) do

n
siHZG}z
2 Jo

=37 units2

=2[39+

(e) (i) Replace 8 with (9—%) , the new polar curve is
% = acos? (9—%)+bsin2 (0—%) =asin? @ +bcos> 0

(i) Replace € with (% - 49) , the new polar curve is

P2 =asin26’+bcos2 0

10 Sketch the curve » =sin26, forr>0,0<0 < 2r. [2]

Describe the curves r =sin2n8, where » >0, n are positive integers and show that the
area enclosed by such a curve is independent of ».

[6]
[VIC/FM/2018/P1/4]

[Solution]

T
r=sin20,r>0 Area enclosed = 2nx2 X%J. 4n5in® 2n0d 0
0

/4

=njﬂ(l—cos4n0)d9
0

0] K
=n[t9— Sil’l4l’l€:‘4n

4n |,

=z 8. units
;7 5¢
Hence, the area enclosed by such a curve

Curves r=sin2r6 has 2n identical loops. 1S independent of 7. (shown)
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11  The curve D has polar equation

r=6sin%6’,where 0<0<2m.

(i) Sketch D, indicating clearly all key features and symmetries of the curve. [2]

(ii) Find the arc length of D. [2]

The locus of points (r, §) satisfying 6sin%6’ <r <3 forms a region R.

(iii) Find the exact area of R. [5]
[NJC/FM/2018/P2/4]

[Solution]
(@)
(6.7) 0o =0

(ii) | Arc length of C

2n d )
- r2+(—r) do
do
0
2n 1 ) 1 )
= \/(6sin—t9j +(3cos—¢9] déo
. 2 2

~29.065
~29.1
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(iii)

R is one of the regions bounded by C and the circle with
polar equation » =3, as shown in the diagram.
To find the point of intersection

6sinl¢9=3
2
sinl¢9=l
2 2
lgzﬁ or lgzs_n
2 6 2 6
0="or 9=5—n
3 3

Area of R

. T 31 AN
= 2| area of sector with angle 3 5 6 smE dé

0

=7 l(ﬁjsz —j318sin2gd9
23 . 2

3n z
=2 7—9_[03 (1-cos®) dﬁ}

= 3n-18[0—sinO];

=3n—18(£—sin£j
3 3

—9J3-3n

Polar Coordinates




12 The curve 7 has polar equation

r=1+cosfd, 0<60<L2r.

The circle with equation (x—2)* + y* =4 intersects /” at O, A and B, where O is the
pole.

Determine the perimeter of the sector OAB, where OA and OB are straight line segments
and 4B is an arc on /" that lies within the circle.

Leave your answer in an exact surd form. [8]

[VIC/EM/2019/MCT/6]
[Solution]

To find 4, B: (convert both equations to the same kind, either polar or Cartesian)
r=1+cosf, 0<6<L2rx.
(x=2) +)* =4
=x —4x+)’ =0

=’ —4rcosf=0

=r=4cosf

At A and B, 4cos@=1+cosl. .. cosH:%.

L O04=0B=1+

a 2
Arc length of AB = 2‘[ r? +(£j d@, where cosa :l.
0 dé 3

a 2 . 2
:2I \/(1+2cosl9+cos 0)+(—sind) dé
0
:2\/§J‘a\/1+cosl9 de
0
=2\/§J.a\/zcos§ dé
0

:4|:2sing}
2]

. a
=8sin—

U.)l»—
OSSR N

l-cosa
2

=8

8
NE

. . . 8 8 8
. the required perimeter is — +— | equivalently —(1++/3
quired p NG ( q y5( )}
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13 The curve 7, has polar equation » =3+2cos30, 0<6<2rx.
(i)  Sketch 7}, indicating all the key features and equations of lines of symmetry of the

curve. [3]

(i) A piece of wire of length 32 units long is used to bend into the shape of 7.
State, with a reason, whether the wire is long enough to do so. [2]

Another curve 7, has polar equation » =2+cos36, 0<0<2r.

(iii)  Use calculus to evaluate the exact area enclosed in between 7; and 7, . [3]
[RI/FM/2019/MCT/3]
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[Solution]

. 0=— y =—
) 3. =3
\ /
\ /
)\‘;/\ 7 /
'\ N/
\ N\ /T :r=3+2cos360
r=>5 N\ /
\ \ \ V.
NG
N WY g = 0
/\‘\ 1N / /
/ F~ -1\ /
/ NS—
VARV ART AN
/ // \\\
\ /N
\17{\_/ \\\
/ \
/ \
(i)

Length of 7] _6j r+d do jz”r+dr do
deo 0 deo

~32.19578989 =32.2 (3 sf) >32.

So the wire is not long enough to be bent into the shape of 7;.

(iii)

y

r=3+ zcos(se(-f-\\x
=,

\ x
ér 2 + cos(30),

:6><%J.0§(3+2(:0s36’)2 —(2+cos3t9)2 de

Required area

:3I§5+800530+3cos2 360 dH:3I§5+8cos39+§(cos66’+1) de
0 0 B
=3J’52+8cos39+3cos69 do

0 2 2

=3 ﬁ+8$1n36’+ism6t9 =3 13—” :13—7[ units>.
2 3 12 0 6 2
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14  [Itis given that cos30=4cos’ @—3cosf ]

A polar curve C has equation r =sin26 where 0<6 < % . O is the pole and the tangent

at a point P(7,0) on the curve is parallel to the line § = —.

(i) Sketch C. [2]

(ii) Show that cosé = \/% at P. [3]

(iii) Find the area bounded by C, the line & = 0 and the tangent at P. [5]

[TJC/FM/2018/P1/6]
[Solution] o ju
() Letr=0 where 0<9<” 2 (1 gj
2 o 4
sin20=0 = 6=0, % (tangents) NP
r is maximum when sin26 =1 = 6 =% 7 !
//:’/ S\ ]I\/'
0 6=0

(ii) x=rcosd=sin20cosd =%(sin36+sin 0)

(;—‘); =%(3cos39+cos:9) =%(3(4cos3 9—3cosﬁ)+cos<9)= QCOSH(Scos2 (9—2)

At P, Q is undefined = E:O = cosd=0 or cos6’=ir\/2
dx do 3

Since O<¢9<% at P, COSQ:\/%

(iii) Area of triangle OPN = %(r sin 6)(r cos &)
= %rz sin@cosf = %(2sin 0 cos 0)’ sin & cos &
3
1Y 2) 42
-2 — el
NE) 3 27
4 1

Ny
Required area = ﬁ— I - \E —r’de
27 Yo 2

12
:-4\/E a %J.oc05 \E sin?26 d& =0.0949 using GC

27
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15 (a) The Archimedean spiral, S, which was first studied by the Greek mathematician
Archimedes in the 3™ century BC, has polar equation given by
r=a+bo
where a and b are non-negative real constants and 6>0.

The Archimedean spiral has the property that any ray from the pole intersects
successive turnings of the spiral at points with a constant separation distance d,
hence also the name ““arithmetic spiral”.

(i)  Prove the above property and state the value of d. [2]

(ii)  For the case when a = b, prove that the angle which the tangent to S at
the point (r, 9) makes with the initial line is given by
tan™ (1+60)+6

and hence write down the cartesian equation of the tangent to S at the
point where 8=0. [5]

(b) Let 4 and B be two points on a polar curve corresponding to @ =« and 6 = S

respectively. The area of the curved surface generated when the arc 4B is rotated
completely about the initial line is given by the integral

g drY %
2n| rsin@ r2+(—j dé.
) do

Use the above integral to derive the formula for the surface area of a sphere of
radius a, explaining your working clearly. [3]

[NYJC/FM/2017/P2/4]
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[Solution]

15

(a)@i) d=a+ b(@ + 27:) - [a + b9] =2bm which is a constant.

(ii)) Parametric equations of S are
x=rcos@=a(l+0)cosd and  y=rsin@=a(1+6)sind.

dy _dy dx  sin@+(1+6)cosd
dx d@/ d@ cos@—(1+6)sind
_ tan@+(1+0)
1-(1+6)tan@
=tan(60+¢) where ¢=tan" (1+6)

So angle which the tangent to S at the point (r, 9) makes with the initial line
is 0+¢=0+tan" (1+6).

Gradient of the tangent to S at the point where 8 =0 is tan (‘[an’1 1) =1. Also,
when 6=0,r=a.
Thus the cartesian equation of the tangentis y=x—a.

(b)  Consider the circle » = a.
Surface area of sphere

=2n| rsind r“{gj deo
0 do

= 2nj asinf{a*}>do (ﬂ =0)
. do

=2na’ [cos 9]2

=4na’
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16  The curve T has polar equation r = J2 —sing, 0<6<2x.

(i) Sketch 7. Show on your diagram, the exact polar coordinates of the point of

intersection of 7 with the initial line. 2]

(i) The tangent to T at the point 4 where d=a, 0<a < % is parallel to the initial line.

Show that :% (do not merely verify) and find the exact distance from 4 to the

pole. [4]
(iii) Find the exact area of the region bounded by 7, the tangent in part (ii) and the half-

V2
line =—. 5
ine 6 [5]

[HCI et al/FM/2018/P1/6]
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[Solution]

16(i)

(i)

y:rsinH:(ﬁ—sinﬁ)sinﬁzﬁsinﬁ—sinz0

%:ﬁcose—zsinecose

dy
d_do_,
de  dx
do
.'.:—)(;=0:>\/§cos0—2sin000s0=0
cos@(\/i—2sin0)=0
cos@ =0 or sinﬁzg
¢9=£,3—”or sz,s—ﬂ
22 4 4

At4, a= % since 0 = % is the only value in the first quadrant.

Distance from A4 to the pole = V2 - sin% =2 !

1 .
——— =—=units
22
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(i1i)

A (}4 7 ”] 6’3

T T 1
Cartesian equation for half-line § =—:y=|tan— |x =—=Xx
1 6 ( 6) Ng

\6

The tangent and the half-line 8 = 3 7 intersect at x =——

Exact area required
= Area of triangle O4B — %J.,f r’de
6

:%G)(?%}—%j}(ﬁ—sme)ﬁa

6

:E—%.[E(2—2x/§sin0+sinz e)de
6

8
ERER ;(2—2\/5sin9+—1_°0329jd9
g 207 2
:_\/5—1_1 §9+2\/Ecos9—8m26 )
8§ 2|2 4 s
6
_V3-1 Af(sz L) (57, ps N3
g 2|8 4) 12 8
f 3 S
— ——1——u its’
2 16 48
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17  The rotating blades of a fan can be modelled by the curve C with polar equation
r=a |cos 26’|

where —7 < @ <z and a is a positive constant.
(i)  The region R not containing the pole is bounded between the part of C for which

3 (_Z _9<7). Find,
4cosbt 2 2

in terms of a, the exact area of R. [4]

T<o S% and the line with polar equation » =

(ii) The fan is rotated through an acute angle « radians about its centre. The rotated
fan can be modelled by the curve with polar equation » =a |sin 29| .

Without the aid of the graphing calculator, determine the exact value of & in
terms of 7, justifying your answer with relevant working. 2]

(iii) A thin straight wire, which can be modelled by a line 7, rests horizontally on top
of two blades of the rotated fan in (ii). Find the cartesian equation of /. [4]

[NYJC/FM/2019/MYE/P1/6]
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[Solution]

e reo o e s
N
o Ba o, a n
4cosé 6 6
For P HSE,
4 4
a|cos20|: 3 = co0s26 = V3
4cosé 4cosd
By observation or GC, 0 = ig.
Let A and B be respectively the points of intersection between r = 2cosd and C
cos
(0<6< E) and between r = and the initial line.
4 4cos
OB=r= \/ga :ﬁ
4cos0 4
AB=r= \/gan sinzzla
4cos— 6 4
Area of R
=2 lJ.6az cos” 20 d9—l la ﬁa
2Jo 2\ 4 4
=lazj6(l+cos46’) dﬁ—ﬁa2
2 0 16
=la2 {0+lsin49}6 —ﬁa2
2 4 o 16
zlaz
12
ii
) r=a|sin29| =a cos(ZH—gj‘ =a cosZ(@—%j‘ . Thus o =%.
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(iii) NORMAL FLOAT DEC REAL RADIAN MP D

r= a|sin 2c9| = > =q*sin’ 20

=44’ sin” Ocos’ O

Solo]

3
= (rz) =4a*x*y?

3
= (¥ +y7) =4’y (9> 0) (1)
Differentiate w.r.t. x gives

2 dy dy
3(x*+9°) | 2x+2y—= :4a2(2x2 £ 12x 2)
(07 (200202 )= aa? (205 a2y

Put % =0 into the above and simplifying gives

5 5 2.2
6x(x2 +y2) =8a’xy’ = (x2 +y2) :4a_y ------ (2) since x#0.

3
(1) 2 2 2 2 2
—ix"+y =3x"=y =2x" - 3)
(2)
Substitute (3) into (2) gives

4a* (2x*
(x2 +2x2)2 =M:>x2 =ia2.

3 27

8 4
So 2=2(—a2j:> =——=a since y > 0,

which is the cartesian eqn of /.
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18 Jenny is holding her vocal live performance on a rectangular stage of length 13 m and
breadth 5 m. The technical crew uses a microphone with a cardioid pickup pattern so that
it minimizes the pickup of noise from the audience. The crew places the microphone at a
distance of %k, k >0, from the front of the stage as shown in the figure.
13m
r=k+ksin@
Sm
3
w
The boundary of the optimal pickup region is given by the cardioid » =k + k sin & , where
r is measured in meters and the microphone is at the pole. The optimal pickup region on
the stage is indicated by the shaded area in the figure. Find
(a) the furthest distance, in terms of k, that Jenny can be on the stage from the
microphone so that she is within the optimal pickup region, and [2]
(b) the minimum value of & if the optimal pickup region that Jenny has on stage is at
least 75% of the stage area. [6]
[ACJC/FM/2017/P2/3]
[Solution]
3 | Solution:
i)Y 0= keoso=0= =" 3"
de 2°2
2
97 ksing
dée

2
When 6 = g, % =—k <0 .. maximum =2k occurs when ¢ =%

Furthest distance, » = 2k
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(i)

r=k+ksin@

NS

When y :ék, rsin@zik
4 4

:>(k+ksint9)sin0=%k
= 4sin’ @+4sinf—-3=0

:sin@z% or —% (rejected since 0<¢9<%)

:>49:Z
6
3
o 13 2
Area = 2 —jjk2(1+sin9)2d9——(—kJ 4
27 2047 )| 7
an

SNE]

=k’ > 1+sin#)’dg - ——k’
o5

=2.54507k’
Given: Area >0.75(13x5)

= 2.54507k> > 0.75 (13x5)

= k>4.38
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