River Valley High School, Mathematics Department

Differentiation:

(Classified to 3 key sub-topics
Tangents and Normals/ Rate of Change & Maxima Problems / Maclaurin’s series)

Solutions

Tangents & Normals

R S e
—|cos| = || =—/—| ——
dx x? 1)2 X3
1‘@
3 2
XA/ x* =1
x=In(sint) :%zﬁ
dt sint
y = cott :ﬂ:—coseczt
Therefore d_y=_ _12 xsmt =—— 2 =— _2 (proved)
dx sin“t cost 2sintcost sin 2t
Gradient of normal = %sin 2t :%
=sin2t=1
—o=Ct="
2 4
Therefore x:ln(sinzjzln ﬁ :—llnz
4 2 2
sy=1
Equation of normal: y—1:1 X— —llnz :>y:1 x+lln(2) +1
2 2 2 2
PQ=RQ
= normal at R is the reflection of the above normal in the x-axis
= equation of normal at R is = y:—(%(x+%ln(2)j+1)
1 1
=>y=—2"|x+=In(2)|-1
y 2( 5 In( )j
2 adx_ 1.1 dy 1 1
(M) dt 2 14t? and dt 2 1+t

dy_ dy dx\ _ o2

Since y = ax is an oblique asymptote, .. as x—z+o0, the gradient of the curve approaches
a.

But x>+ = t—>0 = % =2t°+1—1, .. a=1 (proved)
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(ii)

X
As t—>—w, X—)O—% and y—>0+%.
As t— o, x—>0+% and y—>0—%.

From the diagram,
For y = kx not to intersect the curve,
k>1 or k<-1

(iii)

Egn of normal att=1,
-(-5) .
x—(1+Z) 3

ofy-reg)-frig)

To find the points of intersection,

t

4 i
T 2tan l(t)—4+%:0

t

Using GC, t=-841

3L tan (1)1 2) = (Lo ()-1-%)
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3(i) v
C
2| X
(i) y=xe™*
= @ _ X(-e*)+e*=e*(1-x)
dx
At P, x=a, y=ae™, d—y:e"“(l—a)
dx
Equation of tangent to the curve at P is
y—ae*=e?(l-a)(x—a)
= y=e?@l-a)(x—a)+ae®
At Q, x=0,y=h
= h=e?l-a)(0-a)+ae™®
—e?*(a-1)(a)+ae*=a’%"?
dh_ 2ae " +a’(-e ) =ae?(2-a)
da
: dh
For stationary values of h, da_ 0
a
= a=0 (N.A.since a>0 )ora=2
2” 2 2"
dh >0 0 <0
da
Tangent e _ AN
Maximum value of h=4e
4 (i) 1 1
x=a|l+-| , y=a|t—-=| ,a>0
( tj g ( tzj
d_X:_i d_y:a(l_l_g)
dt ¢ dt t3
2
d—y=%~$=a(l+£j _t_ =_t2(]_ Ej
dx dt dx ) a t3
1 9a dy 15
. Whent=—=, x=-a,y= , — =—
Q) 2 =T dx 3
Eqgn of tangent: y+—:?(x+a)
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4y +18a=15x+15a
4y =15x-3a

(iil)

At Q, 4a(t _tlzj :15a(1+%)—3a

4t° — 4 =15t +15t — 3t?
413 —12t°> —15t-4=0

Using GC, t=4 or t=—%.

Cdts of Q: (§a,@a
4 16

(iv)
(iv)

As t >, XxX—>a, Yy x.
Asymptote: x=a

y x=a

(v)

Required area = %(

4
_1823,
640 .

4
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640
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5(1)

X = asin 2t y = acost

%=2a0052t =-asint
dt

=[S

dy _ —sint
dx 2cos?2t
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When t:%, 2c0s 2t = 0= tangent at t:% Il y-axis
When t:ﬁ, X=a.
4

Thus, the tangent to the curve at t =% IS x=a.

@ i _a o B

When t=2, x=2¥2 v -2 & _
3 2 2 dx 2

Equation of normal:

Coordinates of R: (

a3\@’OJ
4
At x=a,
2 _2(, a8

2 3 2

)

2 B

Area enclosed = l><a(§——j (3fa ]

2 5

48 2]

6(i)

When t = p, ?:Zpep,pointPis (1-e?1+p?),
X
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Equation of tangent at P is y—(1+ p?)=2pe’[x—(1-e )]
y=2pe’x—2pe’(l-e ")+ 1+ p?)
Since tangent passes through (1, 0),
0=2peP(1)-2pe® +2p+1+ p°
= p?+2p+1=0

=p=-1
(ii)
y=*f(x) y:f'(x) y 4 |
A ! |
y !
O N
o I T~__Jo 1~
EX:1 (]_e_g} ile
* e 1
7(i) y= xe~ X
dy _ e —xe ¥ =e"(1-x)
dx
. . dy
Graph is decreasing: i <0
X
e (1-x)<0
x>1
i |y
—2 =e*(-1)-e " (1-x
dX2 ( ) ( )
=e *(x-2)
d?y
Graph is concave downwards: 3 <0
X
e (x-2)<0
X<2
Therefore, for graph to be decreasing and concave downwards: 1< x<2.
(i) | gradient at (x,y) = e (1-x)

e (1—x):i;g
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dh - 2 _
—_—=2 X_ X
” Xe (X) e

=xe " (2—-x)

At max/min point: dh =0
dx

xe ¥ (2—x) =0
x=2 or x=0
X 2- 2 2+
@ + 0 -
dx
X 0- 0 0-
@ - 0 +
dx

Greatest possible h = 4e™

(i)d_X:_S_a d_y:_i
dt t* dt t?
dy_dy dt_t
dx dt dx 3
Attzl,

2

Gradient of tangent at P =

Gradient of normal at P =-12
At P, x=8a and y = 2a —(8a,2a)

Equation of tangent: y-2a= %(x —8a)

y—ix+ﬂa
12 3

Equation of normal: y—2a=-12(x-8a)

y =-12x+98a
.va 1(a) 4
i) 2= 2 |+2
()t 12(t3j+3a

12t =1+16t°
16t° —12t*+1=0
1

1
ByG.C, t=—(N.A),——
y 2( ) 2
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When t =—%, X=-64a,y=-4a

Hence the tangent cuts the curve again at (-64a,—4a)
(iii)

AtQ:y=0 0=éx+%a — x=-16a .. Q(-16a,0)

AtR: y=0 0=-12x+98a — x:%?a.'.R(%?a,O)

Area of triangle PQR = %(%a—(—lGa)j(Za) :%azunits2

¥
A

e

P(Sa,Za)

» X

Q(—]6a,0) R(ﬁa 0)
6

o@i) | d 2 02
—(Xy—2y° +4x° |=—1066
dx( Y=y ) dx

dy dy
X—+y—-4y—+8x=0
dx y ydx
dy
—(Xx—-4y)=-8x—
o 4Y) y
dy _8x+y
dx 4y-x
For tangent parallel to y-axis,
4y—-x=0
X=4y

Substitute x =4y into equation of curve,
(4y)y-2y* +4(4y)2 =66

66y> =66

y =1

y=+1.

When y=1, x=4

When y=-1, x=-4

Coordinates are (4,1), (—4,1)
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(i)

Substitute y =k into equation of the curve,
kx —2k* +4x* =66

4x* + kx+(—2k* ~66) =0
Considering the discriminant,
k? —4(4)(-2k* - 66)

=33k* +1056

>0 for all real values of k
The line y =k cuts the curve for all real values of k.

10

(i) 4x* +3x°y =y* -2
Differentiating wr.t. x::

12%? + 6xy + 3x* ay _ 3y? dy
dx dx

2 Ady oo
(3x* -3y )&_ 12x% —6xy

dy _ 4x*+2xy
dx  y*—x°
2x(2x+Y)
(y=x)(y+x)
Curve meets y = —x when:
4%° +3x* (—x)=—x> -2
2x° =2
=>x=-1andy=1
Thus, coordinates of P is (-1,1)

(ii) At (—1,1),‘;:—y is undefined.
X

Equation of tangentat P: x=-1
OQPR is a square.

11

Q) x=t+Int, y=t+1, t>0

Since t >0, t+1>0, d—y=L>0 forallt >0
dx t+1

Hence C does not have a stationary point
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(i)

(0, 1.567) _———"___f_-J_-

Whenx =0, t+Int=0 =t=05671432904 (by g.c.)
y =1+ 0.5671432904 = 1.5671432904

Whent -0, x— -0, y—>0+1=1

(ili)) Whent=1, x=1+In1=1y=1+1=2, % %

Equation of normal : y—-2=-2(x-1)
S y=-2x+4

(iv) Volume generated

1 (92
J.O 5671432904( 1) ( j dt *3 3 TC( )(1)
14.10 (2 decimal places)

12 ()

Tangent parallel to y-axis implies 2y —x=0
_X
2
( 2
x* =4
X=12
Hence equation of tangents are x=2 and x=-2

J(Jl

N | X

-bIH
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(if)
dy _ Y
dx 2y-x

Hence dy =0 implies y=0.
dx
But y* —xy=-1.
Thus y=0= LHS=0#= RHS
Hence there are no stationary points.

(iii)
22 _2x=-1
5
X=—
2
x:§, y=2 :>d—y: 2 5:£

Hence gradient of normal is —%.

3 5
—2=—"| X—=
y 4( 2)

Equation of normal: y=—— x+3—1
4 8
x=0= Y=%1:3.875
31

y=0:x=€=5.16

. 1(31)(31
Hence area of region = —(—j(_j
206 )\ 8

961

=22-10.0(3sf.
% (3sf)

13
@) 4x+(xd—y+y]—2yﬂ=0
dx dx
4x+y _dy
2y —x dx
When the tangent is parallel to the y — axis,
2y—x=0=>x=2y
Hence, 2(2y)* +(2y)y—y* =9
8y?+2y*—y* =9
Solving, y=1ory=-1.
Since x = 2y,
X=20rx=—2.
Hence, the coordinates are (2, 1) and (-2, —1).
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. dx dy
b i —=2t+], —=-1
(b)y () pm ot
dy_ -1
dx 2t+1
At the pointP, x=p“+p, y=4-p,

dx  2p+1’
Hence, equation of tangent at P:

_1 2
y—(4—p)=m(x—(p +p))

2p+)(4-p-y)=x-p°-p (shown)

(if) For the tangent to meet the curve again, there must be another value of t such that:
2p+D(@4-p-(@4-1) =" +t)-p°-p.
Qp+t-2p°—p=t’+t—p°—p

t?—2pt+p>=0
(t-p)?*=0
Since t = p is the only solution, then every tangent to the curve C does not meet the curve
again.
14(i
(1) x=tant, y=2cost, for0<t <g
IX _ gec? t, Y _ ogint =Y —25|2nt = -2sintcos?t
dt dt dx sec°t
As t—0, % — 0.
dx
The tangent becomes parallel to the x-axis/tangent is a horizontal line.
x=tan0=0, y=2cos0=2
y
T
x=tant, y=2cost, for0<t< 5
X
(if) At P (tan p, 2cos p), gradient of normal L _ 1 =— 1 —,
dy  (-2sinpcos® p) 2sin pcos® p
dx

2023 Differentiation & Applications
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Method 1

. . . . 1
Since normal passes through origin, equation of normal : y = [—zjx ..... @
2sin pcos” p

Since normal intersects curve also at P, substitute x =tan p, y =2cos p into eqgn (1)

Equation of normal is

y = X

2sin " cos? ©

4
X

y= — )

2(1J(1j

Z\z
Ly= x\/§ (shown)
Method 2
1
Equation of normal : y—2cosp=_—————(X—tanp) ... @
2sin pcos® p

Since the normal passes through origin (0,0),
substitute x =0,y =0into eqn (1)
1

0-2cosp=—————
P 2sin pcos® p

(0O—tan p)

—sinp
cos p
sin p(4cos* p-1)=0

—4sin pcos® p =

sinp=0 or cosp=+

T T
ap=Z|{ro<p<Z
P 4( <p<2j

Equation of normal which passes through origin is

T 1 T
y—2cos—=—(x—tan—j
2sin " cos? * 4
4 4

o1

V2
y—~/2 =+/2(x-1)
Ly = x~/2 (shown)

y_z(%jz( 1 jl( 1 jz(x_l) ....... )

2023 Differentiation & Applications
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(iii)
y 4
2 y=xV2
x=1,t:%
\6 { ) i x=0,t=0
@) 1 >y
Y T T
When p==,x=tan—=1y=2cos—=+/2
P 4 4 y 4
Method 1 (with respect to x-axis)
Required area
=_[:y dx—%bh or (J'leﬁ dx)
ks 1 XZ 1
—[4 2 _* X
= [#2cost (sec’t)dt 2(1)(\/5) or {2 \El
= Zfzsect dt—ﬁ
0 2
:2[In|sect+tant|]4—£
o 2
=2In[ ! +tan£j—£
cos % 4 2
:2In(\/§+1)—£ unit?
2
Method 2 (with respect to y-axis) y=21t=0
Required area1 . y=\/§,t=%
= (2 2y
Iﬁx dy+5bh UO ﬁdyj
T oin?
0 cost 2
T _ 2
0 1 1 y2 ﬁ=2J.41 cos't dt Q
=[; tant (=2sint)dt+>(v2)(2) or _{_ o cost 2
=2_|.0 (sect—cost)) dt+7
=2[In|sect+tant|—sint]4+£
0 2

2023 Differentiation & Applications
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2

1 T . T
=2In +tan——-sin— |+ —
COs % 4 4 2

=2In£ﬁ+1—%j+£

2

= 2In(x/§+1)—% unit?

Note - Generallyj sect dt = In|sect+tant|.

But in this question where the limits are 0 <t < E,

S

.[Ozsect dt =In(sect +tant) is acceptable.

g? x=t>, y=t*-4
i
o 2t, g
dt dt
dy _3t
dx 2
Tangent at P
3
(v-p*+4)="(x-?)
2y =3px—p° -8
(i) Since the tangent passes through the origin, subst. x = 0 and y = 0 into the equation of
tangent in part (i).
-p*-8=0
p=-2
Xx=4,y=-12
P(4,-12)
(iii) x=0,y=-4,t=0
YV A
O #x
-4
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(V) Area = %(4)(12)—_[142x dy
=24~ (t*)(3t?) ot
:24_[15}
5 )
_2A
5
60 [ 4 Y

(i) |dy dy 1 2a 1

—_— e X — = —

dx  dt (dxj S 2at t
dt

Gradient of normal = -t.
Equation of normal at a point P is given by

-2a
y E:_p
X—ap

=y =2ap-p(x-ap’)

(iii) If the normal at point P meets C again at point Q,

2aq = 2ap - p(aq” —ap®)
pg*+29-(2p+p°)=0
—Zi\/4+4p(2p+ p?)
q:
2p
_ —2+.,/4+8p” +4p*

2p
2+ .(2p% +2)?

2p
—2+(2p*+2) or —2-(2p*+2)

2p 2p

p (rejected as it is the point P) or — p—E
P

2023 Differentiation & Applications
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Therefore Q will meet C again with g=—p —E.
p

Coordinates of P = (ap®, 2ap)
2
Coordinates of Q = [a(p+2)2,—2a( P +2D
P p
IPQF
2
=(ap®-a( (p+ %)2 )’ + (2ap+ 2a(|DT+2))2

= (ap?—a(p’ +4+§»2 + (4ap +4—;)2
2

—16a%(1+ ) +16a2(P_t 1y

p p

— 16a2((p2 4;1)2 +( p2 +1)2)

p
=12"1‘ ((p? +1 + p(p? +1)%)
= 1632 (p*+1)°
p
W) y
R
0 x
R
&

Q

2023 Differentiation & Applications
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Note that PR and QR are perpendicular to each other (angle PRQ is 90° — angle in a semi-
circle).

2ap-2ar 2

ap®—ar> p+r
2
P +2]—2ar

—Za(
Gradient of QR = P =—
p2+2) p*+2
a( j —ar? -r
p p
I |
(p2+2j_r p+r
p

(p+0)p+ 1) =4

Gradient of PR =

p®—r? +£ =2 . (Shown).
p

DHS Prelim 9758/2018/02/Q5

17
(@)

(x+ y)2 =4e"

2(x+ y)(l+%J:4exy(xd—y+ yj
X

dx
dy _2ye¥ —y-—x
dx y+x-—2xe”

(i)

When x =0,
(0+y)" =4e”
y=2(-y>0)

When at (0, 2),

dy 2(2)-2
dx 2
Equation of the tangent to the curve at (0, 2) is
y—-2=1(x-0)

y=X+2

=1

(i)

Substitute y = x + 2 into (x+ y)2 =4e”,
(x+x+2)" = 4e?

(2x+2)" =4e"+>

(x+1)" =

Using G.C.,

x=-=2o0r x=0 (reject . it's point A)

2023 Differentiation & Applications
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- B(-2,0)

(b)

Let r and h be the radius and the height of the cylinder respectively.

Fixed vol. p=zr’h=h=—L_
r

Surface area, S

=27nr® +2mrh

=27r® +2mr (sz
nr

= 2nr? +2—p

For min. S, d—S:4nr—2—E:O = r:(ﬂT
dr r 21
d*s 4p

dr? :4E+F

>0 since r and p are positive.

1
- S is minimum when r = (ﬂja cm.
2n

18(i)

x*-2y?
x® +3xy

1
x* —2y? = x* +3xy

Differentiating implicitly wrt x:

3x? —4yd—y = 2x+(3xd—y+ y(3)j
dx dx

dy
3x* —2x -3y =(3x+4y)—=
y=(3x+4y)
dy _3x*-2x-3y

dx 3x+4y

Alternative (not advised)

Using quotient rule to differentiate:

(x? +3xy)(3x2 —4ydyj—(x3 —2y2)(2x+3xdy+ y(3)j
dx dx _0

(x*+ 3xy)2

dy dy
= (x2 +3xy)(3x2 —4y&j—(x3 —2y2)(2x+3xd—x+ y(3)j =0

(because X*+3xy#0)

2023 Differentiation & Applications
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= 3 (x2 +3xy)—(x3 —2y2)(2x+3y) = 4y(x2 +3xy)j—y+3x(x3 —2y2)?
X X

dy 3X2(X2 +3XY)—(X3 —2y2)(2X+3y) X +6Xy+4xy” +6y°
dx 4y(x2+3xy)+3x(x3—2y2) T3 Xy + 6y

Sub x=1,

LYo2y®

1? +3()y

=1-2y*=1+3y

= 2y?+3y=0

= y(2y+3)=0 ..y=0 or y=_g

. dy

Sub x=1and y=0 into —=:

Y dx

dy 3()°-2(1)-3(0) 1
dx  3M)+4(0) 3
dy

Sub x=1and y=—§ into —:
2 dx

d_y_s(l)z_z(l)_z[z) P

dx 3(1)+4(‘23j B

(i)

0, = tanl(lj
3

—
0, = tanl(l—lj
6

acute angle between tangents :

0,+6,= tan‘l(%jﬂan‘l (%) =79.8°(to 1d.p.) (or 1.39 rad)
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19. ASRJC/2022/1/Q7
A curve C has parametric equations

x=sin’t , y=cos’t, —%<t<0.

The tangent at the point P(sin® p,cos® p), —% < p <0, meets the x-axis and y-axis at Q

and R respectively.
(i) By finding the equation of the tangent at the point P, show that the area of the

triangle OQR is —ésin p (2+cos® p)°.

[6]

(if) Find a cartesian equation of the locus of the mid-point of QR as p varies. You need

not indicate its domain. [5]
Solution
(i)
x =sin’t y =cos’t
X _ 36in? tcost Y _ sintcost
dt dt

dy _—2sintcost =~ 2
dx 3sin®tcost  3sint

At the point P, x =sin® p

y =cos’ p
dy 2
dx  3sinp
Equation of the tangent at the point P:
y—Cos’ p=-— 2 (x—sin® p)
3sin p
Wheny =0, —cos® p=— 2 (x—sin® p)
3sin p

- 3. 2
X =sin p+ESIn pcos” p
x=%sin p(2sin? p+3cos? p)

X = %sin p(2+cos? p)

Q[%sin p(2 +cos? p),Oj

2023 Differentiation & Applications
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When x =0, y —cos® p:—_L(O—sin3 p)
3sin p
2., 2
y =3sin® pcos®p
y:§(23|n p +3c0s p):§(2+cos 9)

R(O, % (2+cos? p)j

Area of the triange OQR

1 1. ) 1 )
=—x| 0—=sin p(2+cos —(2+cos
Zx[ 5 p( p)}x:g( p)

_ _ésin p(2+cos’ p)2

(ii)

Lsin p(2+cos? p)+0 0+;(2+cos2 p)

. . _12
Mid point of QR = ,
p Q > 5 )

:Gsin p(2+ cos® p)%(2+cos2 p)j

X = %sin p(2+cos® p)———————————— )
y:%(2+cos2 p) ——————— 2)
%gives

isin p(2+cos’ p)

y é(2+cos2 p)

—§sin p
2

y=%(2+cos2 p)

y= %(2+(1—sin2 p))

2
y:l 3_4_)(2
6 9y
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1
54y?

y (27y2 —4x2)

54y°® =27y* —4x?
Cartesian equation of the locus of the mid-point of QR is 54y = 27y? — 4x?

Differentiation (Rate of Change and Maxima Problems)

1(i) At point P,
y=16tan*t* -4t +16 and y=4(5-n)

Atan ' t*—t+4=5-=
By observation, when t =-1,

LHS = 4(_%}(_1)“1 _5—n—RHS
ORbyG.C, t=-1.
x=3(-1)" -10(-1)-1=12

x=3t>—-10t—1  y=16tan*t>—4t+16

48t
dy _dy dt _ 14t®
dx dt dx 6t—-10

When t=-1, x=12, y=4(5-1),
d_y_ 24 — 4 )

dx -6-10 -4
Equation of tangent: y—4(5-n) = —%(x—lz)

y+ 4n-20 = —%x+15
5X+4y+16w—140=0 (shown)

1(ii) To find m, find coordinates of B. i.e solve the equations simultaneously.
Eqn of curve: x=3t?—10t—1, y=16tan"t> -4t +16

Eqgn of tangent: 5X+4y+16n—-140=0

5(3t* —10t —1)+4(16tan "t° — 4t +16)+16m—140 = 0

Using G.C, t = —0.568281 or t =—1 (reject since at P)

0.568 was used)
1(last part)
Att =-1,
Equation of normal: y—4(5-n) = g(x—lz)
4 48

y+ 4n—-20 = —x——
5° 5
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4 52

=—X+——4n
y 5 5

At pointE, y=0. ﬂx = —5—2+4n
5 5
X = 51—13

Length of EP = \/(51—13—12)’ +(0+4n—20)’

= (5n-25)" +(4n—20)
= 25(n—5)" +16(n-5)

=M(5—n)

2 AD =2y/r? - x?
N P=2x+2[2\/r2—x2}
= 2X+4r* = x?

OI—F):2—4x(r2 —xz)_;

dx
1
3—P=o - 2-4x(r’-x*)?=0
X
r’—x* =2x
AB_1
BC k
Loox 1
24r2—x* Kk
%:% — k=4

(i) From (i),J 2 dx = cos_l( 2X2)+c"
1+X 1+X

Butj _22 dx = —2tan "t x+C’
1+X

_ 2X
Hence, cos 1( 5

J: 2tan1x+C
1+x

Whenx =0, cos‘l(o):g , —2tant0=0

2X

Therefore, cos ™t — 2tan "t x+ z )
1+ x? 2

2023 Differentiation & Applications
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1 2X
= COS

)+2tan_lx=z
1+ X 2

2

= A=2 and B:%.

Alternatively :

] _ 2X
Given cos 1( 5

1+ X

Therefore 4 cos Y 214 Atantx|=0
dx 1+ X2

= _22+ A2 =0 = A_i =0 = A-2=0 = A=2
1+ X 1+x 1+x

j+Atan‘lx: B ...(1)

Next substitute A =2 and x = 0 into (1) : cos *(0)+2tan'0=B = B :% .

Let the volume of the cone by V, and area of the circular base be M.

V_—(M)(lo)_EM dv Ed—M

3 dt 3 dt

:d_V:E(Z)__ m3s.
dt
Let the radius of the circular base be r.
A:7z|’2:>d—A:27rr
dr
V=17Z'r2(10)=972'r2:>d—v=§7rr
3 dr 3

dv. _dv dA dV dr dA

dt dA dt Cdr dA dt o
= (29, 2 (2) = 2 st
3 2 r 3

4 () -2t +2a
dt (t* +a)’
X _gt
dt

dy dydt_ a- t?
dx  dt dx 4t(t +a)’

t=++a

X=4a,y=

+(2Ja)  a

=t
2a a

2023 Differentiation & Applications
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N

Turning points: (4a,£), (4a,——a)
a a

A4

Given: 4x*+xy+y’ =36 where y>0, ------- ©
At y=0, 4x*=36=x=-3, 3

ie, base length of triangle PR =6

A==(6)y=3y - @
(i)
Diff ® wrt x
8x+xﬂ+y+2yﬂ=0 ------- ®
dx dx
dy
2y)—=—=—(8
(x+2y) 3 ==(8x+Y)
dy _ 8x+y
dx  x+2y
(iii)
Diff @ wrt x
dA
dA _,dy
dx dx
A
FormaxA,d—:O:>d_y:0
dx dx
ie.  8x+y=0 or y=-8x --- @

Substitute @ into @©:
4x% + x(—8x) +(—8x)2 =36

60x2:§:>x:—\/§ : \/g (reject since y=—-8x<0)
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For 2" derivative test, diff ® wrt x
2 2 2
8+ Xd_y+d_y+d_y+2(yd_y+(d_y] j:o

dx* dx dx dx®>  \dx
A g
dx
2 2
.'.8+(x+2y)d—¥=0:>d¥:_ 8 .. 8 _8
dx dx X+2y X+2(-8x) 15x
d? d?A
Atx:—ﬁ,—¥<0 gives —-<0
5 dx dx
ie. Ais maximum at x:—\/g
Method 1
Atx=0, ®: 0+0+y+2yd—y:0:>d—y:_1
dx dx 2
Using chainruleon: A=3y
dA _,dy dx
dt dx dt

= 3[—%)(8) =—12 units®/s
i.e., the area of the triangle decreases at a rate of 12 units® /s
Method 2

Diff ® wrtt

8x%+xﬂ+y%+2yd—y:0
dt dt " dt dt

At x=0,

y%+2y%=oz>d_y=_l%
dt dt dt 2 dt
d_y:_ld_xz_é( ):_4
dt 2 dt 2

From A:3y:>d_A: dy

dt  dt
dA

— =3(-4) =-12 units®/s
dt

I.e., the area of the triangle decreases at a rate of 12 units®/s.

2023 Differentiation & Applicatio 3
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(1) Using triangles ACD and BCD,
0= £ACB =a+ﬂ=tan’1§+tan’1g
X X

(i)  Given % =-10(since x is decreasing), find (?j_f

a_ 1 (_ij+ 1 (_EJ_—_3+—_2
dx AN'S 2V xX*) x*+9 x*+4
1+ 1+

X X
4o _do d
dt dx dt
-3 2
I ~10
(x2+9 x2+4j( )
. atx:lo,d_é’zlo( 23 .\ 22 j:1325 rads!
dt 102+9 10%+4) 2834

7 | Let x be the length of each of the other 2 sides of the triangle.
Area, A = %b x height

1 b

1

.

:d—A:Eb(xz—b—J 2(2x)
dx 4 4

dt T dt 4 4
—§b2
A_2 __ Boem?ls
a3,
—b
4
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8(i) 2y+2z=48,x+22=18
Expressing z and X in terms of y,
z2=24-y,x=2y-30
V =xyz =(2y—30)y(24—y) =-2y° + 78y’ - 720y.
a0
(i) | av_,
dy
—6y* +156y-720=0
y? —26y+120=0
Using G.C, y=60ry=20
y = 6 is not a feasible solution as x will be negative.
d2\2/ =-12y +156
dy
When y =20, dz\! =-84<0
dy
Hence, when y =20,
Maximum volume = 20(2 x 20 —30)(24 —20) =800
8(iii) A Let t be the time in seconds when robot A starts to
2t 21-3t
> move.
2cm/s m=2t and n=t-1
10 Distance between A and B =1,
12 = (21-3t)" +10?
1cm Differentiating wrt t,
< dl
B t1 2Ia=2(21—3t)(—3)
Atn=4,t=5
6)(—3
ﬂ: ( )( ) =— J cm/s
dt Je?r110? 34
Method 2:
12 =(20-m—n)’ +10?
Sincem=2n+2,
12 =(18-3n)” +10?
Differentiating wrt n,
29 6(18-3n)
dn
Atn=4,12=10%+ 62
da_ 18
dn  10% +62
di_dldn  -18 -18

9
P — 1 = = —
dt dndt ./10%+6? @ J10% + 62 34 cm/s
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oG
® 17zr2h =10
3
30
h=—
zr?
Let the slanted height of the cone be | cm.
A=rrl
=zryh? +r?
A =71 (0 +1%)
2
=r’r’ +7r2r2(3—02)
r
=7z%r? +g
r
i
(i 2Ad—A =471°r® ——1880
dr r
Since dA =0,
dr
s = 1000
r
o4 1529) g
r
r?=0 or 47 _18(6)0 _0
r=0 (Reject) r
¢ 450
r=—
T
r=5/%20 <1890
T

2 2
Z(d—A] + 2Ad—f‘ =127°r% + 54?0
dr dr r

2
At r=1.890, z—'g‘ =21.7655 >0 which indicates that the curved surface area of the cone
r

is a minimum when r ~1.890.

Alternatively,

r 1.890" 1.890 1.890"
Sign of -ve 0 +ve
dA
dr
Slope \ - /

Therefore the curved surface area of the cone is a minimum when r =1.890 .
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Minimum cost of packaging =

10(i
® Base Area of Packaging = 6( x?sin 60°j S cm?,
(if) Volume = 3‘/_)( h=972=h= 1944
3.3x%
2
Area of the material, A=2 3J3x +6xh =3/3x% + 6x(1944) = 3J/3x2 + 3888
2 337 \/§x
dA—G\/_ _ 3888 _ =0 =18x°-3888=0=x*=216 =>Xx=6
dx V3x2
d?A 7776
Check, — =63+ >0
N
So area is minimum when x = 6¢cm
. 3888
Minimum Area =3+3(62)+-—— =561.1844...~561.18 (2d.p.)
(62) 76
(i) $0.05

_x(561.1844...cm? )=$0.28 (nearest cent)

11

s=2a0 > %—2 d—g
dt

dt
A:%(4a2)(9—sin¢9)

= — dA =2a? d—g—cosede
dt dt dt

=2a’ i—f(l— cos®)

dA (ajds
Given —=| — |—,
dt 2 )dt

2a’ (;—f(l—cos 0)=a’ o

cosd =

N |-

0=" ore0’
3

Let s be the length of the minor arc PQ and A be the area of the shaded segment.

12 P

S

2023 Differentiation & Appﬁoatio&_/
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In APAB, cosd="2F =X . x=rcosd
AB (¢
1 2 -
S=—Xx°sin@
2
1 2 .
:E(ﬁcose) sing
1 2 - 2 -
ey (1—sm 0)sm¢9
2

1 ; )
==(*(sin@—sin*@) (shown
L2 (sno-si0)_own)

1 . .
S = Eﬁz (sm 0 —sin® 0)

d—s=Eﬁz(cose—3sin2Hcose):lﬁzcose(l—%inze)
do 2 2
S5 1ﬁzcosﬁ(l—ssinze):o
déo 2
) ] 1 ) 1 )
cosd =0 (rejected) or sin@=— or sin@=-—— (rejected
(rej ) 7 ﬁ( ] )

since 0<9<%

2
3982 :%62 {(cos0)(~6sin@cos 0) +(1-3sin® 0)(~sin o)}
2
When sinQZ%, 00520:2, 3782:—%% <0
] ] 1
. S ismax when sinfd =—
J3

62

1.3
J3 9

max S zlzz(i_i}lm(éj
2 \J3 3/3) 2 (3

13 (i)

Let | be the slant height of the cone.

12=h?+r2 ————(1)

Using similar triangles,
h-3_3
I r
rh—-3r

| = -————(2

3 (2)

Equating (1) and (2),
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2
(rh;Brj =h2+r2 ____(*)

r’h? —6r2h+9r? =9h® +9r?
r2(h? — 6h) = 9h?

= (Since r > 0)
\vh*-6h
(i) | Volume of cone, V =1zrh
2
:%7{ 3h j )
vh*—6h
_ 3zh?
h?—6h
_ 3zh?
h—6

dv  6zh(h—6)—37h’

dh (h—6)?
3 3zh? -367h
(h-6)*
d—V=0 = 37zh* -367h=0
dh
h(h-12)=0
h=12 or h=0 (reject - h>0)
h 12 12 12’
. dv
S f — -
igno ™ ve 0 +ve
Tangent ~_ _—
Thus, V is a minimum when h =12
When h =12,
o340 6 )
Ja2)? -612) 2
2
v=3UD g0 (~226.195)
12-6
(iii) | Let R be the radius of the snowball
S =47R? = as =87R dar
dt dt
VzﬂﬂR3 = d—V=47rR2d—R
3 dt dt
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When R=25, d—S=—0.75 = 872'(2.5)d—R=—0.75
at at
R__3 00375 0119366
dt 80x T
O'—V=4;z(2.5)2(—ij=—E or —0.9375
dt 80z, 16

At the instant when R=2.5 m, the rate of decrease of volume is 0.9375 m? per minute.

14(7)

Curve C 37:}

P(6cos26, 30sin20)| N\ 4

o[-3] i X

Point P has coordinates (9cos 26, 36sin26).

Let area of triangle OPQ be A.
A:l(f](sesin 26) =7 (6sin 26)
2\ 2 4

oA :3—n(29c0529+sin 20)
dé 4

dA dA do

_—= X
dt  do dt
- %(29 cos 26 +sin 20)(0.01)

When H:E,
6

:I_? =0.0327 units®/s (3s.f.)
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(if) When d—A =0,
do

%(249005 20 +sin20)=0

Since 3n #0,

4
20c0s26+sin260 =0
Using GC,

6 =1.0144 (5s.f.)
=1.01(3s.f)

2
32 = 3Tn(—wsin 20 +2¢0s 260 +2c0s 20)

When 6 =1.0144,

d’A

do?

..0=1.0144 will result in maximum A.

=-12.7<0

When 6 =1.0144,

A=3Tﬁ(1.0144)sin(2x1.0144)

=2.14 units® (3s.f.)

When ¢ =1.0144,
x=1.0144cos| 2(1.0144) | =-0.449

y =3(1.0144)sin[ 2(1.0144) | = 2.73

.. Location of the camera is at a point with coordinates(—0.449, 2.73)

(iii) For triangle OPQ to be an isosceles triangle,

V3 v

X=—"+2=—-=
2 4

~Z _gcos20

4
Using GC,
60 =1.1581

y =3(1.1581)sin (2x1.1581) = 2.55
. coordinates of P(—0.785, 2.55)
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15(i1) | Let «=«TPB and p=~/CPB
tan @ =tan(a — f)

_ tana —tan g
l+tanatan g
b_a
tan0=¢
w(3)3)
X JUX
tan @ = (bz_ a)x
X +ab
15(ii _
(i) i(tane):i[(bz a)xj
dx dx| x“+ab
x?+ab)(b—a)-(2x)(b—a)x
qoct 80 _ (¥ +2D)(b-2)-@)(b-2)
dx (x2+ab)

2
et 90 _ (ab—x*)(b-a)

dx (x2 + ab)2

OR (Not recommended)

O=tan™! (M)

x* +ab
(x2 +ab)(b—a)—2x2(b—a)
(x*+ab)

4o _ 1

oD

x% +ab

4o _, (ab—xz)(b—a)
(x2+ab)

x=+ab or x=—/ab (rej - x>0)

dx

dg_(ab—xz)(b—a)

dx (x2 +ab)2 sec?

Since (x2 +ab)2 >0,sec’@>0andb>a=>b—a>0, it suffices to check (ab—xz)
Using first derivative test:

" (Vab) | (ab)
de +ve 0 -ve
dx rab—x2>0 rab—x%<0
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. @ is a maximum when x =+/ab .

When x = «/%,
tanez—(b_a)@
2ab

15(iii) | Given a=50,b =70,

b—

tané?:(2 a)x: 220x
x“+ab x“+3500

y

80

15(iv) dx __3

When a=50,b=70, x=10,
(b—a)x

x* +ab

1

18

tan @ =

s.sec? @ = 325
324

x> —ab)(a-b
d0:( )( ) _—— or 0.0052308

dx (x*+ ab)2 sec’9 3250

do do_dx

_X_

dt dx  dt
Y

= X —
3250
L
3250
The angle @ is decreasing at a rate of ——— rad/s.
3250
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16. ASRJC/2022/2/Q4

The product engineer of a factory crafted the design of a rectangular box, using a right
pyramid, that is shown on the diagram above (not drawn to scale). The rectangular box is
contained in a right pyramid with a rectangular base such that the upper four corners of the
box A, B, C and D touch the slant faces of the pyramid, and the bottom four corners lie on
the base of the pyramid. O is the point of intersection of the two diagonals, AC and BD.

The height of the pyramid is 3v/2 units, the length of the diagonal of its rectangular base
is 12+/2 units , the height of the box is b units, where b <32, and the angle AOB is 0
radians. It is given that the box is made of material with negligible thickness.

(i) By finding the length of OA in terms of b, show that the volume V of the rectangular

box is given by V = 8b(3\/§—b)2 sing.
For the rest of the question, it is given that 0 = g

(if) Find the exact value of b which maximises V. Hence find the cost of manufacturing
one such box if the material used to make the box cost $0.03 per unit?,

When the height of the box is at half the height of the pyramid, it is reducing at a rate of 2

units per second.

(iii) Determine whether the volume of the box is expanding or shrinking and find the rate
at which this is happening.
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Solution
II
II
1
/
/
1
/
A/ D
II 6 O /"/
B \ ~C
2 I | WU _————
// R
(1) Let OA = x and V = volume of box
X 3W2-b
By similar triangles, = —x=2(3J2-b
2(3V2) N2 ( )

V =ABxBCxb

= (szin QJ(ZXCOSQJb
2 2

- 2b[2(3\/§—b)}2 sin@

\Y :8b(3x@—b)2sin 0 (shown)

(i) V = 443b(3v2 —b)2

z—\é _ 4\@[—2b(3ﬁ—b)+(3ﬁ—b)1

o —443(3v2-b)(32-3)

For stationary point,

43 (3& —b)(sﬁ —3b) -0

—b=+20r b=3/2 (rejected since b < h)
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% = 44/3| -2b(-1)+(3v2 -b)(-2) +2(3v2 -b)(-D)
= 4J3[6b-12V2 |
=2443(b-242)

d?v

W :—24\/6<0

b=v2

Thus V is maximised when b = \/5

BC =4(3x/§—x/§)cosg=4x/5
AB =4(3\/§—\/§)sin%=4ﬁ

Cost =0.03x2[4%(4ﬁ)+\/§(4\/€)+¢§(4\/§)}

—to find surface area

=$4.64

&

X
dt db dt

When bzg\/i,

dv

dt

_ 4\/5(3\/__2\@)(3\/__%\/5}(—2 units/s)

b=32

=36+/3 units®/s

Since d—V

>0, the volume of the box is expanding.
t b=3+2
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Differentiation (Maclaurin Series)

1
(1+x2)ﬂ+xy= 1+ x°
dx
d?y dy y 1 2x d?y y X
1+ X)) =2+ 2X—Z+X—+y == 1+ X)) =2 43X 2+ Y= ——
( )dx2 axax ) 2X1/1+X2 ( )dx2 ax Y NG
dy d?y
When x=0, y=1, )= —=1, 2)=>—=-1,
y=1L W= D=4

By Maclaurin’s series,

y=f(x)= f(0)+f’(0)x+wx2+~--

(2)
y:1+x+_—1x2+---:l+x—lx2+-~-
Y 2
Method 1:
0.01dy -
—dx=|y|
_l- dX [y]O
l , 0.01 1 )
=| 14X e =1+o.01—§(o.01) —1~0.00995(3s. f ) ~ 0.010(3d.p.)
0

Method 2:

0.01 dy 0.01 X2 0.01

[ =ZZdx=[1-xdx=[x-2-| ~0.00995(3s.f) ~0.010(3d.p.)

0 dX 0 2 0

NOTE - Integration done by GC - accepted

2

T
=cot| 2x+—
y (Wj

dy 2 T 2
— =—CO0Sec| 2X+— .2 =-2(1+
- (e J -2l

dx
d’y dy
— gy
dx? yd
3 2 2
=>d—3=—4 yd—¥+(ﬂj . Therefore, k =4
dx dx dx
2 3
Whenx=0, y=1, Y -4, 8V 15 &Y _ 1o
dx dx dx

Therefore, cot(2x+%j ~1—4X +8x? —6—;'x3
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Differentiating the expansion above, —2cosec® (2x+%) ~ 4 +16X —64x°

Therefore, cosec? (Zx + %j ~2-8x+32x?

Let 2x+ z 13” . Then x—i
4 50 200

2
Hence, cosec® 137[ =221 \where a=2,b=—i,c=L
50 25 1250 25

3 y=sin[ In(1-3x) |

%:cos[ In(1-3x) ]( 1:§x j

(1—3x)3—§:—3cos[ln(1—3x)]
Diff. wrt x
d’y _dy . -3
(1-3x )d?—B&:?,sm[ In(l—3x)]( T3y j
d2
1-3x ) =2 31-3x
( ) g ) -9y
(1-3x )23——3(1 3x) +9y:0 (shown)
X
Diff. wrt x
2 d° d? d
(1-3x) d—)g’—9(1—3x)d—x32’+18d—§=0
dy _ d’y d’y
Whenx=0, y=0, g=-3, S 3= -9, " F= 27
2
.'.y:—3x—(9)x2 ijx?..
9 X2 9 3
—3x—2 —5X
dy -3
From = _cos[ In(l—3x)](mj,
(1—3x)3—§:—3c03[ln 1—3x)]
1 dy
cos[ln(l ]_—§ (1-3x) d
1 27 >
cos[ln(l 3x ) ]~—§ (1- 3x)(—3—9x—7x j

~1-2x?

N|©
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h

4 BC=BD + DC
h

+

n
1
J3

(
1

ps +
tan— tan (” + xj
6 4

tan = +tan x

4

1-tan ztan X
4

_ h\@Jrh(l—tan X)
1+tan x

~hy3+ Na=X)

= hv3+hl-x)(1+x)™*

= hv3+h@—X)[1+(-D)x+ (‘1)(‘2))x2 +..]
= hy/3+hl—X)[1—x+X*+...]

= hy/3+h(l-2x+2x%+..]]
~h(1++/3 - 2x+2x?)

2!

Differentiate (2) wrt x:

dy
X

Atx=0: f(0)=
£(0)
f(0)=

o

5 X
tan y[d—yj =In [e +1J .......
dx 2

2 2
Differentiate (1) wrt x: sec? y(g—i) +tan y[d—y] = ... (2)

3 2 2 3 X 2x
2sec’ y tan y(d—yj +2sec’y [QJ d—g +sec’y (d_yj d—¥ +tany d—)sl __S _e_z_
dx dx /\ dx dx /\ dx dx e +1 (ex i 1)

3
2sec? y tan y[—j +3sec? y(

X 2 3 2
) ) e" +1 d X X
Maclaurin’s series of (Cot y) In L - ] [n +—+ J =4 x

dx?

2 3 X 2X
%j—dzﬂanydg:e R e 3)
dx )\ dx dx eX 41 (ex+1)

x? X3
Hence, Maclaurin’s series: y =—+—+—+
4 24

N | <
00

2 | dxl4a 4 24
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tany| — |=In| —— | ....... 1
()% o
2 2 X
Differentiate (1) wrt x: sec? y(d—yj +tany d%y = f ....... (2)
dx dx? ) e*+1
Differentiate (2) wrt x:
dy Y dy \( d? dy \( d? 2 e* e
2sec’ y tan y(d_ij +2sec’ y (%j[d—xg)ﬁecz y (&j(d—g}ttan y(%}: = +1_(ex +1)
3 X 2X
2sec? ytan y| - dy +3sec? y dyYd’y +tany ay | & (3)
2 3 2
d dX dX dX e” +1 (ex +1)
Atx =0 f(O):g
f(0)=0
- 1 x> X3
f (0):— Hence, Maclaurin’s series: y =—+—+—+
2 4 4 24
1
f'''(0)==
0)=1
X 2 3 2
Maclaurin’s series of (Cot y)In e+l =i E+X— XX, X
2 dx\4 4 24 2 8
6 y =In(1+2x)
dy 2
dx 1+2x
:>(1+2x)d—y:2
dx
Differentiate w.r.t x :
2
(1+2x)d—;'+2d—y=o
dx dx
(i) Differentiate w.r.t X, we have
3 2
(1+2x)d—g+4u:0
dx dx?
dy .d%
1+2x)—5+6—5=0
( )dx"' dx®
5 4
(1+2x)d—Z+8d—y:O
dx dx?
When x=0, y=0, d_y:2
dx
2 3 4 5
d—Z:—4 d g—16d—y —96:9Y _ 768
dx dx dx? dx°

2023 Differentiation & Applications
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y=0+2x+_—4x2+Ex3+_—96x4+@x5 ......
2! 3! 41 5!
:2x—2x2+§x3—4x4+gx5+ ......
3 5
) 8o 40 32
(i) In(1-2x)=In(1+(-2x))=-2x-2x* -~ x* = 4x* - —=x
1+2x
In =In(1+2x)—In(1-2x
(22 -m+20-m@-20
=2(2x+§x3+2x5+~}
3 5
(iii) When x—1
4’
|n(§j—2 14_#4_#4_...
2 2 3(2°) 5(2°)
¥~ _Zn3
=(2re1)2 " 2
7 Iny =sin~ 2x
dy 2 dy\/iz
= —+/1-4x° =2y (shown) ------- 1
o =i -2 o —0)
d y dy —4x dy d?y ) (dyj
—2/1-4x? =22 = 1-4x° )-4x —= | =4y - (2
d[1/1 4XJ dx de( -4 )= @
3 2 2
IV (1 ax2)+ 9Y (L) (dy) a4V |4 Y
dx dx? dx dx dx
d’y ,\ d? (dy}
—\1-4x 12x 0 --m-mmmmmee- 3
dx3( ) dx® > (-12%)- dx ®)
2 3
Whenx=0,y=1, ¥ =2 9V _4 9V _s4
dx dx dx
2 3 3
x| 16x .'.yz1+2x+2x2+8L
3 3
Let e§: sint2x
T _sintox = x:ﬁ
3 4
ju 2
e3z1+2££]+2£§j +§(£J (11+543)
a=11 b=5
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1 dy  —-2cos2x )
—— > =————— =-2y*Cc0s2X
(2+sin2x)  dx (2+sin2x)

Differentiating wrt x:

d’y dy 2 :
—= =-4y—=Cc0S2X—2y“(—2sIn 2X
= v ( )
2
d_¥:2(—2yc052x)d—y+4yzsin2x
dx dx

d2

— = Zi(ﬂj(%j+4y2 sin 2x
dx y Ldx J{ dx
d2

2
d_zl E(%J +4y?sin 2x (shown)
x> y\ldx

3 3 2
(i) % = —%(%) +f(%j(3—2/}+8y[%jsin 2X +8y’ cos 2x
X y Ldx y Ldx J\ dx X

Atx=0,y=—, -~ ,—==1,—=-1

By Maclaurin’s theorem , y

2

1 1 )
—Zx+=x*-=x* (uptotermin x®

5 5 (up )

1

(i) QTTan) = (2+sin2x) "= 2(1+%(2x-%+..)]_l
%Ly%(zx_%}@zm._ﬂz_(%(zx+...)j3+..}

- 1[1_1(2x_8_§j+%(2x+..)2-%(zx+...)3+...]

2 2
3
= 1(1—x+2%+x2—x3+..)

which is the same as the series obtained by using Maclaurin’s theorem.
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tany =2tan™" x+%

Differentiate with respect to x,
1 dy_ 2
1+y>dx  1+x°

= (142 )gy 2(1+y?)

Differentiate with respect to x,

dy dy dy
2
:(1+X )W+2X&:4y&

d?y dy

1+ X ) =2+ (2x—4y) = =

= (14X )dx2 ( y) dx

Differentiate with respect to x,
d’y , d% d’y dy, dy

2 —

:(1+x )W+ZXW+(ZX—4y)—2+(2—4—)&_0

d’y d*y , ,dy (dyj
1+ X2 ) =2 + (4x—4y)— -4 =0
:>( i )dx3 + y) e dx dx
When x =0, y=tan%=1

ldy_ 2 dy
1+1dx 1+0 dx

d?y d?y
10—+O44 0=—=16
(+)d (0-4)(4) = = 3

(1+ 0)3 Y 1 (0—4)(4) +2(4) - 4(16) =0 = “jjxy ~120

y =tan {Ztan‘l x+%}

16

=1+4x+ o x2 4320

3!

=1+ 4x+8x? +20x°
Sketch y=|f(x)—g(x)) and y=05

y4 y=|f(x)-g(x)|
\: // y =0.5

-0.376 o 0252 X

For | f (x)—g(x)|<0.5, —0.376<x<0.252
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10 . . 1(_3]
3 3\ 3 2
e(1+5x) l+§(5x)+ 5 (5x)"+
12y,
=e 9
§x—§x2+
=exe® °
2
5 25 (2 Xj
=ell [—x——x2j+ +o
3 9 2!
_ef142x- Dy
3 18
ie.a=1, b:§, c:—§
3 18
. i . 1 1
The expansion is valid for [5x|<1 i.e. —£< X < c
Method 1

Let f(x)=cos(ax—p)
f'(X) = —asin(ax - )
f"(x) = —a’ cos(ax - f)

When x =0,

f(0)=cos B, f"(0)=—-a’cosp
Comparing coefficients,
cosf=1= =0 &

f'(0)_ 25

2! 18

a? 25 5
—_—_— = =

2 18 3
Method 2

Let f(x)=cos(ax—p)
=C0SaX Cos S +sinaxsin g

{1_ a;xz +---jcosﬂ+(aX—-~)Sinﬂ
a’(cos ) 2t

=cos B+a(sinf)x— >
Comparing coefficients,
a’ 25 5
cos =1 =0 & 2 =-"2 5 g==2
pet=7 2 18 773
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11 . AC V4
@) B tan (— — xj

tan z_ tan x
3

1+tan%tan X

AB 1++/3tanx

AC  J3-tanx

i )AB 1++/3x
AC  3-x

:(1+\/§x)(\/§—x)fl
LI
(1+\/_x)(1+\/§j
l+—3+\/_x+ ]

when x is small

-1

(b)) (1+ xz)%+ Xy =1+ X

2
(1+x )d y+2xd—y+xd—y+y: X

dx’ dx  dx J1+ X2

d’y dy X
1+ X2 )—- +3x—=
( )dx dx Y= N
2
When x = Oyld—ylOly -1
dx dx’

X2
SYy=1+X——+...
y 2

(e’ ~e 2 = e[ex_zj

I x*) 1 X2 Y
re|l+| X—— |+=| X——
2 2 2

e 1+[x—§j+%(x2)}

~e(1+Xx)
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12 dy 6-2y
dx  cos 2x

cos 2x0|—y =6-2y
dx

Differentiate w.r.t. x

2
CosS 2x0|—y +ﬂ(—25in 2X)= —Zﬂ
dx?  dx dx

2

cos 2xd—Z +ﬂ(2—25in 2x)=0
dx= dx

Differentiate w.r.t. X again

ddy d?y, . . dy . d?y
COS 2X—= +—=(-2sin2X) +—(—-4c0s2X)+(2—-2sin2x)—-=0
o 0|X2( )+, ¢ )+( ) >

2
When x=0, y=1, dy _, 9y g dY 4

dx dx? dx®
Using Maclaurin’s theorem:

f(x)= 1+4x+_—8x2+gx3+ .......
21 3l

=1+4x—4x2+%x3+ ......

-1
i 3 2
1-sinx _ 1—x+X— 1_x_
COS X 6 2

1-sinx x> X3
=secx—-tanx=1-X+———+....
COS X 2 3

s tan 2x—sech=—[1—2x+£—8—X3j

2 3
Substitute power series into f(x) =a(tan2x—sec2x)+b
and compare coefficients of constant term and term in x
b-a=1, 2a=4 = a=2 and b=3
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13(a) | e¥** = cosx
i
® y =In(cosx)—x
Differentiate wrt x
d_y =—tanx-1
dx
Differentiate wrt x
2
d_;/ = —secx
dx
x=0
2
y=o, ¥__g 9Y__o
d dx
y= —x—ﬁ+
5,
@) | [h(x)-y|<0.2
lh(x)-y]-0.2<0
Flakl Flakz Flakz
HE
s TV T
sMeslntoosOEd r—H * iy
=HrEIY1 =Yz -8.2
nNy=
wHe= ik ZeFD
W=-1.11p117 I¥=0 W=i.1161165 V=0
From GC,
-1.12 < x<1.12 (to 3s.f)
(b) n n
vl
3 3a
2
a1 X0 =X
3a 2 3a
—a1- My n(n-1) X2 +..j
3a  18a?
n _4n(n-1)
3a  18a°
_q,. 32
2
an =1
4
Sub n =1—3—a
2
3a
a 2.1
4
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FromGC,a=2 or 0.16086 (rejected)
when a =2, n=-2

14

2
| TRV N S (1—bx2+...) ~3+ x4l -2 3 |x
6 216

By comparing coefficients, a=6and b =-2

V9 +ax

The valid range for expansion of — s |X <
1+bx

ek

15

2
(1+3x)"

=2(1+3x)"

Consider (1+3x)™ =1+(—n)(3x)+_n(%(3x)2 +...

:1—3nx+M(9x2)+...
2
2 =2[1—3nx+m(9x2)+...j

2

(1+3x)"

=...+z[@gxzj+

Given: coefficient of x? =108
= 9n(n+1)=108

n+n-12=0
(n+4)(n-3)=0
n=-4 (rejected since neZ") orn=3

Thus, value of n =3

16

(i)
X—4 A B
et () (x+1)(3x+2) x+1+3x+2

=Xx-4= A(3x+2)+ B(x+1)

Using cover up rule,
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For x=-1, -1-4=A(-1) = A=5

F(x)=— 4
X+1 3x+2
5 14 =) 1
f(X)=——-— =5(1+x) —14(3x+2
(X) X+1 3x+2 (+) ( +)
-1
:5(1”)1_14{2(“3%)}
-1
:5(1+x)_1—E(1 §j
2 2
:5(1—x+x2—x3+...)
2 3
-7 1+(—1)(%j+(_1)(_2)(%J LD 3)(3—)() +J
2 2! 2 3! 2
2 3
:5(1—x+x2—x3+...)—7(1—3—X+9i—27x ]
2 4 8
o By B e
2
(i)

Expansion of (1+ x) " is valid for —1<x<1

-1
Expansion of (1+ B—ZXJ is valid for —% <X <§

(iii) Coefficient of x" =(-1)" 5+(—1)n+17(

Therefore, the range of values of x for the expansion of f(x) to be valid is —% <X <§ .

3

=(-1)" {5—7@

]
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17

(1+ X2+

(1+1x+ix2+x2

8 128
( 1 131

R N

2
1

2

28
j+...
+=X+—=X
8 12

(i)

1 2]+
8
‘2x2‘<1 and ‘ <1

X
4

1
——<X<—and 4<x<4
V2 W

Taking intersection, the set of values is {

XERZ—L<X<

V2

%
V2

(ii)
1

_j+

4

131
128

1

8 4

(-50)

12288
2243

[0 20243
30 4096

4096

30 ~3
V30 (2243

Alternatively,

9 2243
30

)

4096
30 2243
V100 ~ 4096
11215

30 ~
V30 2048

[ 18 [()
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(iii)

19 PR? :32+(\/§)2—2(3)(\/§)COS(6+%)

=11—6\/§(cosecos%—sin gsin %j

J2

=11-6cos@+6sind
92
z11—6(1—?]+649

=5+60+36°

1 1 .
:11—6\5 —Cc0sf@——=siné@
( J2 j

1
PR = (5+66+36°)2 (shown)

PR:(5+60+302)%
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1
_ 5(1+§9+§92j i
5 5

1 2
=52 1+1(99+§92)—1(§9+§az] +...
2\5° 5 8\5 5

3\/_ 3\/§ 2
~/5+ 0+= 0

= , C=
5 25
20 By sine rule,
AB B
sinZ  sin(*£-6)
1
AB =— V3 -
sin % cos @ —cos % sin
i
1cos@+LBsing
~ 23 since @ is small
2(1-16%)+243(0)
:L (shown)
2+2/30 - 6*
Applying binomial expansion,
r -1
AB~+f3 1+(\Ee—§92ﬂ
~3 1—(\/59—%92)+(J§9—%92)1
~3[1-130+10°+36° |
=/3-30+ 7\/_ [a:\/é, b=-3, c:éJ

21 x3+1:(x+1)(x2 —x+l)
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X2 +2 _ 1 N 1
(x+1)(x2 —x+1) X+1 x2—-x+1

B 2
:>(1—x+x2) . X3+2—i
X*+1 x+1

X 4+2) (1= X0+ X° =X ot (1) )
—(1— X+ %=X +..+(-1)" X" +)

Hence Coefficient of x*" is

2(-1)" - (-1 = (-1

OR 2(-1)"+(-1)"" OR 2(-1)"—(-1)" OR {-lifnisodd;1ifn iseven}
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JJC Prelim 9758/2018/02/Q1

22 f(X) = esin X

=e 3!
. X—— X
3! 3!
=l+(x——j+ + +o
! 2! 3!
3 X2 X3
=l+X——+—+—+
2 6
2
=1+ X+—+....

2!
~1-2X+2x%°
() dy 2
4—=(y+1
dx (y+1)
Differentiating with respect to x,
d’y dy
4= Y _o(y+1)2
dx® (y+)dx
d’y d?y (dyjz
4—=2(y+1)| — [+2| —
dx’® by )(dxz dx
dy d?y dy 3
SUb :0, :1, _:1, :1,—:—
X y dx dx® XX 2
2 3 X3
Using Maclaurin’s formula, g (x) =1+Xx+—+ (Ej FTR
2 X3 :
g(x)=1+X+—=+—+....
2 X3
g(x)—f(x):(1+x+—+z+ ..... j—(l+x+—x2+ ..... j
X3
i
(i)

As x>0, g(x)—f(x)z%x3—>0.

Therefore, f(X) is a good approximation to g(x) for values of x close to zero.
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B0 [ yode™ — (1)

y =e
Differentiate with respect to x,

2yd—y = (—sin x)e***
dx

y(zd—y+ ysin xj =0
dx
o Y

y =0 (rejectedy >0) or d—+ ysinx=0
X

2%4‘ ysinx=0 (Shown) --- (1)

X

(i) Differentiate with respect to x,
2

2d—¥+ (sin x)(d—yj+ (cosx)y=0
dx dx

x =0,

1

y = e2 from (1)

dy =0 from (2)

dx

dx’ 2
1
L 1
= eZ
y=e2—-—x"+
4
") 1-cosx 1
esm <) 2 _¢’ (ecosx) 2

.[o 2 eSinz{;)dX = Ioﬁ[l+§JdX

=1.649915
=1.650

(understand that the Maclaurin’s series is a good estimation of the original function.)

(iii)
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24(a) n n
b—fj —p"1- 2
2 2b
2
b1 xn n(n=-1)( x
2b 2! 2b
o (1= NO0=D) o +..j
2b 2
Since the coefficient of X is four times the coefficient of x?,
~n_4n(n-1)
2b  gh?
_qn-d
b
—-b=n-1
n=1-b
Since the constant term in the expansion is %
pr =2
2
Subn=1-b
b _ 1
2
Using GC, b =0.346 (rejected because b is an integer) orb=2
s b=2andn=-1
() | Let f(x)=1In (2x2). As f(0) is undefined, it is not possible to obtain a Maclaurin series for
In(2x2).
(bii) f(x)=|n(2x2)
4x 2
f'(x)=—=—
" 2
F'(x)=-2

When x=2, f(2)=Ing, f'(2)=1 f"(2)=_%

2

2!

VR

.'.In(2x2)=ln8+1(x—2)+ (x—2)2+...

= In8+(x—2)—%(x—2)2+...
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25. ACJC/2022/1/Q7
It is given that y =In(2+sin 2x).

()  Show that e’ 3272’ re (3_02 _ _4sin2x. 2]
(i) By further differentiation of the above results, find the Maclaurin series for y, up to and
including the term in x°. [3]
(iii)  Verify that the series for In(2+sin2x) is the same as the result obtained in part (ii), if the
standard series from the List of Formulae (MF26) are used. [3]
(iv)  Hence deduce the series expansion for M, up to and including the term in x2.

ix
[2]

ACJC Prelim 9758/2022/01/Q7

(1) y =1In(2+sin 2x)

d’y
dx?

e’ ;i_y =2C0S2X

2
+e’ (g—i) =—4sin2x (shown)

(i)

3 2 2 3
d_Z+eyd_z/d_y+2eyd_)2/d_y+ey(d_yj =—2C0S2X
dx dx° dx dx“ dx

3 2 $
e’ d_y+3ey Hd_y+ey (d_)/j =—-2C0S2X

dx

dx® dx? dx dx
dy , d’y d’y
Whenx=0,y=In2,Y=1=Y-1°Y__»
dx dx dx
-1 -2
Ly = In2+x+gx2 +Qx3+...
21 3!
= In2+x—%x2—lx3+...
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(i) | y=In(2+sin2x)
2x3
zln(2+2x—uJ
6
:In(2(1+x—§x3D
:In2+ln(1+x—zx3)
3
2 3
5 (x—éxﬂ (x—gng
:In2+(x——x3j— + +...
3 2 3
zln2+x—gx3—lx2+1x3
3 3
1, 1., o
=IN2+x—-=x"—=x"+...  (verified)
2 3
(iv) | In(2+sin2x)
1-x
In2+x—£x2—}x3
. 2" 3
1-x
1
= In2+x—1x2—1x3j(1—x)2
2 3
23
~ In2+x—lx2 l+lx+#(—x)2
2 2 21
= In2+x—1x2 1+lx+§x2
2 2 8
zln2+x—lx2+(£In2]x+1x2+(§ln2jx2
2 2 2 8
:In2+(1+lln2jx+[§ln2jx2
2 8
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26. ASRJC/2022/1/Q4
(i) Show that the first two non-zero terms of the Maclaurin series for tané is given by

9+%93. You may use the standard results given in the List of Formulae (MF26).

[2]

IC
|

A B

1—»
X

1

B A

A

In the right-angle triangle OBC shown above, point A lies on OB such that OA=1, OB
=X, where x >1and OC=1. It is given that angle COB is % radians and that angle ACB

is @ radians (see diagram).

(ii) Show that AB= 2189
1-tan@

(iii) Given that @ is a sufficently small angle, show that

AB ~ afd +b0* +c6®
for exact real constants a, b and c to be determined. [3]

[2]

ASRJC Prelim 9758/2022/01/Q4

Solutions

M
tan @ = ﬂ
cosd

=sin@(cosd) "

rO+———
21 3!
Y
3
tanﬁ+tan¢9

(ii) tan (% + 9) -

1-tan ztane
4
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_1+tano
1-tané@

_1+tan@

AB = -
1-tan@

_ 2tand

AB =
1-tan@

(i) AB=2tang(1-tand)"

Q

B

Q

)

Q

(29+2—93](1+9+92)
3

3
z20+262+%

a=2 b=2, c=§
3
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