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1 A matrix M has eigenvalues 1, 2 and 4, with corresponding eigen vectors | 1 |,| 2 | and | 4 |.

Determine M", giving your answer as a single matrix.
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3

2

1
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[5]

1 M = PDP™
231)(100)(231)"
—1124/ 020124
123)l004)|123
231)(100)" (231"
M"=[1241020]||124
123)\l004) 123
231)\(10 0)(231)"
—1124/02" 0124
123l004")|123
23(2") 4" (2 7 -10
=[12(2") 44" || -1-5 7
122" 34"\ 0 1 -1
4-3(2") 14-15(2")+4"
=| 2-2(2") 7-10(2") +4(4")
2-2(2") 7-10(2") +3(4")

—20+21(2") 4"
~10+14(2") — 4(4")
~10+14(2") —3(4")
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2
o . u u .
2 The sequence {un} is given by the recurrence relation u,,, =”—“+(—”J for n>1, together with
u Uy

n +:

positive initial values u, =x and u, =y.

(a) Inthe case when x=1 and y =1, the sequence {u,} exhibits alternating convergence.
o when n is even,

S whenn isodd,

for some constants a and 3 .

Thatis,as n — o, un—>{

(i)  Write down, correct to 4 decimal places, the value of « and the value of S . [2]

(if) Explain why, in the case when x=1 and y =2, the long-term behaviour of {un} is

[1]

S when n is even,
u .
" a when n is odd.

(b) You are given that, for all positive values of x and y, the sequence {u,} exhibits alternating
convergence.

(i) Suppose that, for a chosen pair of positive initial values, the alternate limits are (in either
order) p and g. Show that p and g must satisfy the relationship p*+q® = p*q®. [2]

(ii) Deduce a value for x and y such that {un} is a constant sequence. [2]

(a)(d | Using GC, a=2.2287, £ =1.8997 (to 4 dp)
(a)(ii) | Old sequence:
u =1 u,=1u,=2 u,=225 u,=19151, ...
New sequence:

u =1 u,=2, u, =225, u,=19151, ...

This is because the terms in the sequence in (ii) starts from the second term of the sequence in
(i) and in the same order.
S when n is even,

Hence, u, — .
" {a when 7 is odd.

(b)(i) | Suppose when n o0, U —>p, U ,—>q, U ,—> P

2
e
p \d
~ q3 I p3
pg’
p’9*=q*+p° (shown)

(b)(ii) | For {u,} to be constant sequence, when n—> o, U, — p, where p=g when # is even or odd.
pZ p2 — p3 + p3

p*-2p°=0

p’(p-2)=0

p =0 (rejected since p>0)or p=2
Hence x=y=2.
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3 (a) Let f(x)=px°+qgx*, where p and q are real constants and p = 0. The value of the integral

I = J.a f(x) dx is to be estimated using Simpson’s Rule with four strips.
-a

Find an expression for the error obtained when using this method. [7]

(b) Let g(x) = px® +gx* + rx* +sx* +tx+u, where p, g, r, s, tand u are real constants and p #0.

The value of the integral J = ja g(x) dx is to be estimated using Simpson’s Rule with four strips.
-a

Write down, with justification, the expression for the error obtained when using this method. [1]

@ |- jfa( px°® +gx*) dx

- pJ‘:x5 dx+qfa x* dx

5 a
= 0 +2q {X—}
5 0

2 o5
==qa

5q

x —a —g 0 % a
f(x) pa® + ga* _3_pza5+%a4 0 3—p2a5+%a4 pa® + ga’

By Simpson’s rule,

| z%[(—pas+qa4)+(pa5+qa4)+4(—3£2a5+ia4+£a5+ q a“)}

167 32 16
Lo
N
Error = [% - éj ga’ = 6—10qa5

(b)

The error is % qa5 . This is because Simpson’s Rule is exact (i.e. no error) for cubic functions.
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4 (a) Exponential growth and decay can be modelled by the differential equation o(lj_l:l = AN, where N

is the measure of some physical quantity at time t >0 and A is a parameter. Given an initial
positive value, N,, of N,

(i) solve this differential equation, [2]

(i) sketch, on one diagram, the behaviours of N according to the possible values of A . [3]

(b) Newton’s Law of Cooling states that the rate at which the temperature of an object is changing at
any instant is proportional to the difference between the temperature of the object and the
temperature of its surroundings at that instant.

A container of liquid is placed in a room which has a constant temperature E. Initially, the
temperature of the liquid is By, where B, > E. At time t later, the temperature of the liquid is B.

(i) Write down and solve the differential equation which describes this situation. [3]
(ii) Sketch the solution curve for B against t. [1]
@) (@) AN _
dt

J%szljldt

INN =At+C (- N >0)

N:e/ﬁ+c
N = Ae™
t=0,N=N,= A=N,.
N =N
N A>0
N, A=0
A<0
o) > t
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(b) @B _ —k(B - E), where k is a positive constant
R [k dt
B-E
In(B—E)=—kt+C (~-B>E)
B-E=Ae™"
B=Ae“+E

t=0,B=B,=A=B,-E
.‘.B:(BO_E)e—kt+E

Ba

B=(B,—E)e ™ +E
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5 (a) Use de Moivre’s theorem to find an expression for sin36¢ in terms of sing . [3]
(b) A curve C has cartesian equation (x* +y*)(x* +y* —6y)+8y* =0.
(i) Show that the polar equation of the curve is r =2sin36. [2]

(i) Sketch C. You may assume that the curve is defined only for those values of 8 for which

r=0. [2]
(iii) Determine an integral that gives the exact value of the total length of one loop of C. Use your
calculator to evaluate this integral, giving your answer correct to 3 decimal places. [3]

(a) By de Moivre’s theorem,

(cosé +ising)’ = cos30 +isin36
(cosd +ising)’ = (cosd)’ +3(cosd)’ (ising )+ 3(cosd )(isind)” + (ising )’
=cos® # + 3icos® #sin @ —3cosHsin® O —isin®
=(cos® 0 —3cos@sin’ ) +i(3cos* fsin 6 —sin’ 0)
Comparing imaginary part:
sin30 = 3cos® Asing —sin® o

=3(1—sin2 H)SiHH —sin6
=3sind —4sin*6
b)D) | (x*+y*)(x*+y* -6y)+8y° =0

Since X’ +y*=r?, x=rcos@, y=rsinf

r*(r? —6rsin 9)+8(rsim9)3 =0

r‘ —6résingd+8r°sin*0=0

r*(r-6sing +8sin’0)=0

r=0 or r—6sing+8sin*6 =0

(rej - r=0)

r—6sind +8sin*g =0
r=6sind —8sin®0

:2(35in0—4sin30)
=2sin36 (shown)

(b)(ii)
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(b)(iii)

r=2sin360

K =6Cc0s30
do

3 2
Total length of I loop of C :J r’ +(£j do
0

dr

(3 ) 2
= [3\/4sin? 30 + (6c0s39)” o
— 4.455 (3dp)
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6 Complex numbers z=x+iy are represented by points P(x, y) in the complex plane.
(a) On separate Argand diagrams, sketch the loci L, and L, given by

‘z—2—2i\/§‘=%+\/§ and arg(z+2—i)=%n.

(b) By finding cartesian equations for these loci, prove that L, and L, meet tangentially.

[4]

[7]

(@

Im Im

z—2—2iJ§ :1+\/§
| -3

arg(z+2—i):%n

o)

b .
®) For ‘Z -2- 2|\/§‘ = % ++/3, cartesian equation is

(x=2) +(y-2v3) =(%+J§)Z (1)

L1 ) ..
For arg(z+2-i)= 3 cartesian equation is

y—l:tan[%nJ(erZ)
y-1=+3(x+2)
y=1+3(x+2) —(2)

Substitute (2) into (1), we have
2
(X—2)2+(1+\/§(X+2)—2\/§)2=(%+\/§j
2 2 1 2
(x—2) +(1+\/§x) :(EJMEJ
x2—4x+4+1+2\@x+3x2=%+ 3+3
4x2+(2\/§—4)x+z—\/_ =0
4
Discriminant = (2\@—4)2 —4(4)(%—\@)
:12—16\/§+16—16(£—\/§j
=28-16+/3-28+16+/3
=0

There is only one real root. Since the half line L, intersects the circle L, at only one point,
they must be tangential to each other.
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7 For different values of the parameter t, the equations of three planes are x+2y+3z=1,
3X—y+tz=—4and 2x+ (t+4)y+ (t+1)z=-3.

Determine the common points, if they exist, of these planes in each of the cases

[10]

) t=7,
° t=2,
. t=5.
Full working must be shown.
7 1 2 3|1 1 2 3 |1
Consider | 3 -1 t |4 % 0 -7 t-9|-7
2 t+4 t+1|-3 0 t t-5]|-5
1 2 31 1 2 3|1
When t=7,| 0 -7 —2|-7|—2=2R% 500 -7 —2| -7
0o 7 2|5 0 0 0f-12

The last row implies 0x+0y +0z =—12 which is inconsistent.
The system does not have a solution which means that the 3 planes do not intersect at a
common point.

1 2 3|1 (1 2 3|1
R, »>-=R,
Whent=2,/0 -7 -7|-7|——L—|0 1 1|1
0 2-3|-5 0 2-3|-5
1 2 3|1
R; >R;-2R, O 1 1 1
0 0-5|-7
—52=—7:z:Z
5
2
+2=loy=——
y y 5
4 21 12

X+2y+3z=1=>x=1l+-———=-—
5 5 5

. . 12 27
.. The 3 planes intersect at the common point (——,——,—j .

5 55
12 311 1 2 31
Whent=-5[0 -7 -14|-7 _Jzzgg;» 0 1 2h
0 -5 -10|-5) ~ ° (0 1 2Q1
1 2 3|1
—RoRR L0 1 2|1
0 0 0]0
y+2z=1=y=1-2z
X+2y+32=1=x=1-2(1-2z)-3z=-1+z
-1 1
The 3 planes intersect at the common line r=| 1 [+4| -2 |, A€R. .
0 1

Full workings must be shown without using GC. But you should use your GC to double

check your dnswer.
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8 When modelling an alternating current in an electrical circuit, the variables are sometimes written as
complex numbers.

A combination of Ohm’s Law and Krichoff’s Law gives the following relationship between voltage
V, current I, resistance R, capacitance C and inductance L present in the circuit at time t:

dl

V=IR+L—
dt

1 *
+2 j | dt, *)
where all variables are in standard units.

(a) ItisgiventhatV is of the form V, (cos wt+isin a)t), where @ isameasure of the frequency of the

oscillating input voltage. By writing Q = j I dt, express (*) as a second-order differential equation

in Q. [1]

(b) In a given circuit, R=10, L =5 and C =0.04. By writing the particular integral of Q in the form
q(COSa)t +isin a)t), where q is a complex number, and considering real and imaginary parts of Q

in the differential equation in part (a) separately, express Q as a function of time t where
o =>5and V, =200. [10]

(c) Write the current | as a function of t. [2]

(@ Q:jl dt,
Q_,
dt
d’Q _dI
dt? dt
dQ d%Q

1
V=—"R+L—+—
dt dt? CQ

2
\ :Ld—?+ Rd—Q+1Q
dt dt C

(b) | When R=10, L=5and C =0.04.

2
\Y =5d ? +10d—Q+25Q
dt dt

Auxiliary equation: 5m? +10m+25=0
m>+2m+5=0
N arc)

- 2

=-1+2i

General solution: Q =e™"(Acos2t + Bsin2t)

Particular integral: Q = (a+bi)(cosat +isinat)

dQ

e (a+bi)o(-sinwt +icoswt)

aQ
dt?
When =5 and V, =200, V =200(cos5t +isin5t).
V =125(a + bi)(—cos5t —isin5t ) +50(a + bi) (—sin 5t +icos5t ) + 25(a + bi) (cos5t + isin 5t )

=[(~100a —50b) cos 5t + (100b —50a)sin 5t | +i[(50a —100b) cos 5t + (~100a —50b) sin 5t |

= (a+bi)o® (—cos ot —isin wt)
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Comparing real and imaginary parts,
200 =-100a —50b

0=100b —50a

From GC, a=—§,b=—ﬂ
5 5

Particular integral is Q = (—g - % i) (cos5t +isin5t)

General solution is Q =e ' (Acos 2t + Bsin 2t) + (—% —gi)(COSSt +isin5t)
|_dQ
dt
=—e '[Acos2t + Bsin 2t]+e™ [-2Asin 2t + 2bcos 2t ] + (-8 — 4i) (—sin 5t +icos5t)
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9 This question concerns conic sections with equations of the form
Ax* + By’ +Cx+Dy+E =0.
(@) The hyperbola H is given by A=b?’ B=-a*>, C=D=0 and E=-a’h’. The conjugate

hyperbola to H, denoted by J, is given by A=-b*, B=a*,C=D=0 and E =-a’b’.
Determine the relationship between e (the eccentricity of H) and f (the eccentricity of J). [3]

(b) The conic section K is given by A=16, B=-9, C=-160, D=0 and E =256.

(i) Identify the nature of K and determine its eccentricity. Give the coordinates of its foci and the

equations of its directrices.
P

(i) Explain why it is appropriate to express the equation of K in the form r=——— and
1+qcosd
determine the values of the constants p and q in this case. [3]
a 2 2
@ H: bzxz—azyz—a2b2=0:x—2—y—2:1
a“ b
y2 XZ
J: —b’x*+a’y* -a’b? :O:b_z_g 1
bZ
ez :1+—2 2 P
a e_2 = b—2 = ae=Dbf
a’| f a
f 2 =1+ b_2
()@ | H: 16x* —9y? —160x +256=0
16(x* —10x) —9y? = —256
16(x—5)" —9y? = —256+16(5) =144
=5y _
9 16
. 9+16 5
Eccentricity = =—
9 3
Foci are (5 i%(3),0j =(10,0) and (0,0)
Directrices are X = Sii, ie. x= 3—4 and x = E
5/3 5 5
(ii) Since the origin is a focus, it is convenient to express K in polar form with origin as the
pole.
——rcos@
P(x,y)/’ ———————————————————————————
/'\6 x = 16/5
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. . . . 1
By the directrix-eccentricity-focus definition, r = 6(36 —rcos 0) .

r =§(E—rcos¢9j
315

r(1+§cosé'] =§
3 3

E

r= 53
1+ —cosé
16 5
P=—, Q=7
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10

In a nature reserve, a project was commenced to keep records of the population of a certain type of
ground-nesting bird, on a monthly basis. The total population, n months after records began, is given
by P, where

P.=A +B,+C,.
In this equation,
A, is the number of ageing adults (that is, those too old to breed)
B, is the number of adults of breeding age, and
C, is the number of “children” in the population (that is, those too young to breed).

For positive constants «, f, y and J, each between 0 and 1, the numbers in each group are modelled
by the following system of recurrence relations.

A=A +aB -4,
B,,=B,+yC,—aB,
C..=C,+6B —yC,
(a) (i) Give an interpretation of each of o, f, y and 4. [4]

(i) Hence give one criticism of this population model. [1]

At the start of the project, it is known that A =200, B, =1050and C, =250 . Estimates for the
population parameters are « =0.04, f=0.1, y=0.05 and 6 =0.01.

(b) (i) Use these figures to calculate the values of A, B, C, and A,, B,, C,. [3]
(ii) Hence give a second criticism of this population model. [1]
(iii) Suggest an improvement to the model that would overcome this issue. [1]

When n =100, the original model gave A, =50, B,,, =98 andC,,, =35(all to the nearest integer).

(c) Describe what this suggests in the long term for this population of ground-nesting birds. [1]

One of the researchers on the project says that a much simpler model could be used which would give
the same output when n =100 . The simpler model is

A1 =Ry xA,
Bn+1 = RB x Bn
Cn+1 = RC x Cn

for suitable monthly scale factors R,, Ry and R;.

(d) Calculate each of these monthly scale factors and suggest a common scale factor for all three
population groups. [4]
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(a)(i) | o represents the proportion of adults of breeding age at time n becoming ageing adults at

time n+1.

[ represents the proportion of ageing adults at time # not surviving to time n+1.

y represents the proportion of children at time » becoming adults of breeding age at time
n+1.

o represents the proportion of adults of breeding age at time n giving birth to children at time
n+1.

(a)(ii) | This model does not take into consideration external factors such as disease/starvation that
might affect the bird’s population at any growth stage. E.g., the model assumes that all children
and adults of breeding age would not die before growing to become adults of breeding age and
ageing adults eventually.

()@ | A =200+0.04(1050)-0.1(200) =222

B, =1050+0.05(250) - 0.04(1050) =1020.5

C, =250+0.01(1050)—0.05(250) = 248

A, =222+0.04(1020.5)-0.1(222) = 240.62

B, =1020.5+0.05(248) —0.04(1020.5) = 992.08
C, =248+ 0.01(1020.5) - 0.05(248) = 245.805

(b)(ii)) | The model results in population sizes which are not whole numbers.

(b)(iii) | An improvement would be to include a ceiling or floor function to each of the recurrence
relations so that only whole numbers are evaluated and produced.

(c) The figures provided indicated that the population sizes of each type of ground-nesting birds
decreases significantly from the start of the project, suggesting that the population of each type
of ground-nesting bird will eventually decreases to zero in the long term. Hence the population
of the ground-nesting bird is predicted to become extinct.

Note: By just stating that the population “tends to zero in the long-term.” is insufficient.
You need to correctly contextualise that comment. A better response would be to mention
that “the population of birds is predicted to become extinct in the long run”.

(@) A =Ry x A,

Z(RA)Z xA
:(RA)3XA1—2

_ (RA )n+1 « A)
Similarly, B,,, =(R;)

n+! n+l

"xB, and C,,, =(R.)"" xC,

1
50=(R, ) 200=> R, = Gjm = 0.98623=0.986 (3sf)

1
98=(R, ) *1050 = R, = (%}m —0.97656 =0.977 (3sf)

1
35=(R.)™ 250 = R. = (5—70j1°° —0.98053 = 0.981 (3s)

A common scale factor would be the

1 1 100 7 100 7 100
5{[2] +(%j +(%) }:0.981(33f)
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