RAFFLES INSTITUTION

H2 Mathematics (9758) .
2022 Year 5 You do not need to print this set of lecture notes

as it will be included (with solutions) in the next
mathematics package (Book 5) issued in Year 6.

Chapter 8A: Integration Techniques

SYLLABUS INCLUDES

o Integration of f'(x)[f(x)]", f'(x)e"", sin® x, cos”x, tan®x, sinmxcosnx, cosmxcosnx

1 1 1 and 1

b b
a’+x° \/a2_x2 a’—x* x*—a’

and sinmxsin nx ,

o Integration by a given substitution
o Integration by parts

PRE-REQUISITES

e Basic Trigonometry
e Partial Fractions
o Differentiation Techniques

CONTENT

1. Introduction
1.1 Integration as the Reverse Process of Differentiation
1.2 Indefinite Integral
1.3 Definite Integral

2. Integration of Standard Functions
2.1 Integration of the form x” and Variations, where n#—1
2.2 Integration of the form x™' and Variations
23 Integration of Exponential Function and Variations
2.4  Integration of Standard Trigonometric Functions and Variations
2.4.1 Integration using Trigonometric Identities

3. Other Integration Techniques

: 1
3.1 Integration of L R
al—y: a +x

3.2 Integration Involving Partial Fractions
: 1 1
3.2.1 Integration of —— and ———
a —x X —a
3.3 Integration by Substitution or Change of Variable
3.4  Integration by Parts

Chapter 8A: Integration Techniques
Page 1 of 23



Raffles Institution H2 Mathematics 2022 Year 5

1.1

INTRODUCTION

We have seen that differentiating a function with respect to its variable gives us its
derivative, i.e. the function that tells us the instantaneous rate of change of the original
function with respect to its variable. This raises the question of whether it is possible to
recover the original function, given its derivative. Just as differentiation is a process that
gives you the derivative of a function, integration as introduced here will be a process that
seeks to give you the original function given its derivative, albeit with some additional
information required. Here, integration is viewed as anti-differentiation, and the functions
obtained after integration are known as anti-derivatives.

In the next chapter, we will then see how the processes of differentiation and integration
are linked via the fundamental ideas of limits and use these principles to show how, just as
differentiation may be used to find gradients of curves, integration may also be used to find
areas and volumes.

Integration as the Reverse Process of Differentiation

One basic way to perform integration is to modify the integrand (the expression that is to
be integrated), such that it represents the derivative of a common function.

The ability to integrate a function in such a manner depends primarily on recognizing it as
the derivative of another function.

Exercise : Given the following expression for f(x), find an expression F(x) such that

%F(x) = f(x).

f(x) F(x) f(x) F(x)
1 X ex e_x
2x x? COS X sinx
3x2 x° sec’ x tanx
e s T Inx

4 x
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1.2 Indefinite Integral

1.2.1 Notation

Suppose f and F are two functions related as follows: %(F(x)) =f(x).

Then, for any constant c, %[F(x) + c] =f(x).

Hence, we have F(x)+c= If(x)dx .

We call If (x) dx the indefinite integral of f with respect to x,

c the arbitrary constant of integration,
f(x) the integrand,
J the integral sign.

For example, we have

i(l(x—3)2+3j=x—3 and i(l(x—3)2+300j=x—3,
dx\ 2 dx\ 2

therefore j (x—3) dx :%(x—3)2 +e.
1.2.2 Basic Rules of Integration

M [[f)£e(0)]dr = [f(x) drx [g(x) dx

(i) jkf(x) dx = kjf(x) dx , where k is a constant, k#0
(i) j i(f(x)) dx=f(x)+c
dx

(iv) %( [t dx) = f(x)

Note : [[f(x)g(x)]dx# [£(x) dr+[g(x) dx

[0 4 [ dr
g [g)dx
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1.3 Definite Integral
If  is a function defined and continuous on an interval / =[u,v] andJ‘f (x) dx=F(x)+c,

then fora, b e Isuchthat u <a<b<v, and the definite integral of f(x)fromato b w.r.t.
x is denoted by

[ £ dx=[F)]’ = F(b) - F(a)

where a and b are called the lower and upper limits of the integral respectively.

1.3.1 Basic Properties of Definite Integrals

(i) j : f(x) dx =0

@ abf(x) dx = "f(x) dx

i) [ F)dr=]"f(x) dv+ [ £(x) dr, where c is such that a <c <b
) ab[f(x) +g(x)]dx = j:’f(x) drt | 1 g(x) dx

b b .
) ja kf(x) dx = k.[a f(x) dx, where k is any constant, k#0

2 Integration of Standard Functions

n

and Variations, where n=—1

d n+ n d n+l noa
Recall that " '=(n+1)x" and a[f(x)] = (n+1)[f(x)] f'(x).

2.1 Integration of the form x

For example,

<) =5 ()"
%(2x+5)5=5(2x+5)4(2) f(x)=2x+5, f'(x)=2, n=4
J.x”dx:::11+c, n# -l If'(x)[f(x)]ndx:—[ffli)ljnﬂ+c, n#-1

Note: In particular, when f (x) =ax+b, aeR\ {0} , b eR are constants, then

f '(x) =a and

B (ax +b)n+1
n+l

B (ax+b)n+1

J.a(ax+b) dx )

tc = I(ax+b)"dx
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Example 1
Find
1 b 2 = 4
(a) J‘(F_\/;jdx (b) I(fx+4) dx ;((x)) 55x+
A =—[5(5x+4) dx Y)=
:I x73—x2)dx 5'[ ( x+3) n=2
:x_’z__% 125 _lMJFC
-2 3 2x* 3 51 3
=E(5x+4)3+c
Check: Check:
di(—;—z—§x§+c]:—3— x %[%(5x+4)3+c}:(5x+4)3
X X
(©) 2_ f(x)=2x*-3 | (@) 2x+3 f(x)=x"+3
i A I & DR
L ax(2e-3) ar f'(x)=4x,n=3 [@ren (s3] b (x)=2x+3
I X - ; n=-4
25* -3)' =————+c
:l( * ) iy 3(x2+3x)3
4 4
=%(2x —3)4+c
Check: Check:
%(%(sz—Z‘})A‘—kc]:x(sz—3)3 i B 1 _ 2x+3
dx 3()62+3x)3 (x* +3x)*
2.2 Integration of the form x™' and Variations

Il = Inx, x>0
= In(~x), x<0,

d

dx

In |x| =

—lnx=l, x>0

X
iln(—x):_—l:l, x<0.
dx -Xx X

. : ) 1
When the domain is not specified, we write I dx = In |x| +c.
X
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In general, we havef%dx = 1n|f(x)| +c
X

J'idlen|x|+c j(—)dx=1n|f(x)|+c

£(x)

Example 2
Find
(a) 3 dr (b) J‘ 1 dx f(x)=1-5x
X , 1- Sx f'(x __5
=3|—dx =——
Ix -[1 5x
=3]n|x|+c =—%1n|1—5x|+c
(c) J‘ 2x-1 dx f x)=2x2—2x+1 (d) I 1 dx f x)=e"—2
(2" ~2x+1) £(x)=4x -2 L2 £(x)=e"
1 4x -2
=—|\-—7- dx - X
2'[(2x2—2x+1) Ie -2
1 = ln‘ex —2‘+c
=—ln‘2x2 —2x+1‘+c
2
2.3  Integration of Exponential Function and Variations
Since iex =e¢" and i(ef(x)) = f'(x)ef(x), we have
dx dx
Jexdxzex+c _[f(x)e dx=e"™ +¢
Example 3
Find
(a) I(}le3x+2dx f x):3x+2 (b) J.xe’*z dx f(x)zx2
:lj.l3e3x+2dx f'(X)—?) :_J.(z)(f)e f'(x)=2x
10 : Lot ye
— 3x+2 — - 2
] e
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(© |4 dx
_ J'e(3x+2)1n4 dox

1 x4

3In4
_ 1 43x+2

3In4

+c

+cC

* . X Ina*
note: we can write @ as¢€

e £1(x)

24 Integration of Standard Trigonometric Functions and Variations

Icosxdxzsinx+c

jf‘(x)cos(f(x)) dx =sin (f(x))+ c

Isinxdx:—cosx+c

Jf‘(x)sin )) =—cos(f(x))+c

J-seczxdx=tanx+c

J.f sec’ f(x )dx=tan(f(x))+c

Example 4

Find

(a) j(3 sin x + cos4x) dx

=—3cosx+%sin4x+c

(c) I3secz (5x—2)dx
=§J‘5s.ec2 (5x—2)dx

:%tan(Sx—2)+c

(b)  [2sin(1-2x)dx
= —[-2sin(1-2x) dx

=cos(1-2x)+c

(d) J-xcos(3x2) dx
=éj6xcos(3x2) dx

= ésin(?axz) +c

Chapter 8A: Integration Techniques
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2.4.1 Integration using Trigonometric Identities

Commonly used trigonometry identities (to be used for simplification)
e Basic trigonometric identities

o sin’x+cos’x=1

o tan’x+1=sec’x

o cot’ x+1=cosec’x

¢ Double angle formula: (in MF 26)
o sin2x=2sinxcosx
o cos2x=2cos’x—1=1-2sin’ x =cos® x—sin* x

Example 5
Find
(a) Itanzxdx (b) Icoszxdx
_ 2
—J(sec * 1) dx =lJ'(1+cost) dx
=tanx—x-+c 2
1 1 .
=—| x+—sin2x |+c
sl gen2e)
(© Isin3xcos3x dx (d) J‘ 1
1+ cos2x

1

=lj2sin3xcos3xdx
2 :J.1+(2coszx—1)

:% 6sin 6x dx /
©) :—Iseczxdx
1 2
=——cosbx+c )
12 =—tanx+c
2

Chapter 8A: Integration Techniques
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While we now know how to integrate expressions such as sinxcosx or other products of the sine
and cosine functions where the angles are identical, how do we integrate expressions such as
sin xcos3x with respect to x? The answer lies in the factor formulae, which allow us to re-express
such products as sums or differences of individual sine or cosine functions.

The following four identities are found in the MF26 list and constitute what are known as

the factor formulae.
sin P+sinQ = ZSin[P;Qjcos(P_QJ

2
sinP—sinQ=2005(P+QJsin(P—QJ

2 2
cosP+cosQ=2c0s(P;QjCOS(P;Qj
cosP—cosQ=—2sin(P;stin(P;QJ

Let A=P;Q and sz%Q.

ObservethatP:[P;Q}L(P;QJZAHB while Q:[PJFQ)_(P_QJZA_B,

2 2
so the above identities become

Example 6
Find
(a) Isin3xcosxdx (b) IsinxsinSxdx
1¢p . . 1
=EI[Sln4x+51n2x]dx =—5“cos4x—0052x]dx
=l —lcos4x—lcos2x +c =—l lsin4x—lsin2x +c
20 4 2 2\ 4 2
1 1 1 . 1 .
=——cos4x——cos2x+c =—sin2x——sindx+c
8 4 4 8
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Sometimes, we may also need to apply the results in sections 2.1 and 2.2; namely

[ ()] dr=

Example 7
Find

[f(x)]”

+c, n#-1and I%dlenﬁ(x)hc.

(a) jsecze 40
1+tan @
=h1|1+tan6?|+c

(c) Itan x dx

:_I—sinx d

COS X

=—In|cosx|+c

=In +c

COoS x

=1n|cosx|71 +c

=ln|secx|+c

(b) Isecx dx

sec x + tan x
=Isecx>< — "~ | dx

sec x + tan x

dx

_J-seczx+secxtanx
sec x + tan x
:ln|secx+tanx|+c

(d) J.sin xcos” x dx
=— j (—sin x)(cos x)* dx

cos’ x

(in MF 26)

Chapter 8A: Integration Techniques
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3 Other Integration Techniques
31 Integration of ! sy —5— (@>0)
ad—x? a +x
Recall ‘[hati(sin‘1 x) = ! and i(tan’l x) =
dx 1—x2 dx 1+x7
Therefore, J' dx =sin"' x+ ¢ and J ~dr=tan" x+c.
1—x2 1+ x
This result can be extended to find I dx and J. dx.
_ a’ +x’
f dx =sin” 1—+c , f'(x) : —lf(x)
\/7 J.—z dx =sin 7 +c
W<a | V¥ -LFE)]
J‘ 21 2dx:ltanil£+c J‘idx:ltan 1f(x)+c
a +x a a a2+[f(x)]2 a a
Example 8
Find
(a) 1 (b)
I —x & J‘3+x
1 1
= dx =) dx
‘I.\/Zz—x2 I(\/g)2+x2
= (gj e 2 tan”' (LJ e
NE] 3
(©) 1 (d) 1
—— dx
I(2x+1)2+9 '[x2+2x+5
:_J' - f(x)=2x+1 = 12 ; f x)=x+1
(2x+1) ’+3 £1(x) =2 (x+1)"+2 f'(x)=1
1 _1(2x+1j 1 _1(x+1)
=—tan G =—ta — |+
6 2

Chapter 8A: Integration Techniques
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© i } ® [ x .
j\/—l2+16x—4x2 ‘ J\/—d

1-x*
S Ll 2
_‘[2\/—x2+4x—3 & _2j () &
1
= dx
JZ\/—(x2—4x+3) =%Sin‘l(x2)+c

1

:I2\/—(x2—4x+4—1)
1

= —dx f x)=x-2

T

= %sin'1 (x-2)+c

3.2 Integration Using Partial Fractions

3x+4
Consider the integral IX—
(x+2)(x+1)
By partial fractions, 3x+4 2 i 1

(x+2)(x+l)_x+2 x+1

Thus

3x+4
J-(x+2 x+1 _J{x+2 x+l}

=2In|x+2|+In|x+1|+c

The following formulae for decomposition of partial fractions are given in MF 26.

Non-repeated linear factors:
px+gq A B
= +
(ax+b)(cx+d) (ax+b) (cx+d)
Repeated linear factors:
Xt gx+r A B C

= + +
(ax+b)(cx+d)2 (CDH'b) (cx+d) (chrd)2
Non-repeated quadratic factor:
X+ qx+r A Bx+C

(arx+b)(x2 +cz) - (ax+b) +(x2 +c2)

Chapter 8A: Integration Techniques
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Example 9

Find

1

'[(x+l)(2x—l)

:I{_3(xl+1)+3(2;2c—1)}dx

——Linpr+ 1+ 2 Inf2x 1|+
3 3

(a) | For non-repeated linear factors:

1 A B
Let =

(x+1)(2x—l) x+1+2x—l
l=A(2x—l)+B(x+l)
1

When x=-1, A:—g

Whenle, B:g
2 3

' 1 I S

C(x+1)(2x=1)  3(x+1) 3(2x-1)

(b) | For repeated linear factors:

P L
(x+1) (x+2)

1 1 1
:J‘{x+1_x+2_(x+2)2]dx

=In|x+1|-In|x+2|+

+c
x+2

1 4 B C
2= + + 2
(x—i—l)(x—i-Z) x+1 x+2 (x+2)

1=A(x+2) +B(x+1)(x+2)+C(x+1)

Let

When x=-1, A4=1
When x=-2, C=-1
By comparing coefficient of x>, 0=A+B, so
B=-1.
1 R 1

T (re2) xel x42 (xa2)

Chapter 8A: Integration Techniques
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(¢) | For non-repeated quadratic factors: Let
5

[ &
(x+D)(x"+4)

5 ! +Bx+C
(x+1)(x2+4) x+1 x*+4
5=A(x2+4)+(Bx+C)(x+l)

:J- 1 N —x+1
(x+1) (2" +4) When x=-1, A=1
r When x=0, C=1
- .[ 1 g * L 1 dx By comparing coefficient of x,
(x+1) (x2+4) (x2+4) 0=B+1 = B=-1
) 1 Lk 5 1 x4l
=1n|x+1|—§jx2+4dx+5tan ) (x+1)(x2+4) (x+1) (x2+4)

=ln|x+1|—%ln(x2 +4)+%tan1§+c

. 2x* =Tx-1
E le10 Find [ =X 7 .
xamplie 1mn I (x+1)(x_2)
2x* =Tx—1 2x* =7x-1 B C
S T iy Let =4
j(x+1)(x_z) T eGe-2) TG (v-2)
_ I 9_ 8§ 7 dr By observation, 4A=2
3(x+1) 3(x—2)

8 7 2x2—7x—1:2(x+1)(x—2)+A(x—2)+B(x+1)
=2x—§1n|x+1|—§1n|x—2|+c

When x=-1, B=—§

3

When x =2, Cz_%

2x*=7x-1 ) 8 7

(x+1)(x—2) 3(x+1) 3(x—2)

Chapter 8A: Integration Techniques
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3.2.1 Integration of —— and ——— (a>0)
X" —a a -
Usi . . 1 1 1 1
sing partial fraction, —— = — - . Hence
X" —a 2a\x—a x+a
1 1 1 1 1 1 -
I — dx = —( - )dx:—(ln|x—a|—1n|x+a|)+c:—lnx Qie.
x"—a 2a\x—a x+a 2a 2a |x+a
Hence we have the following formulae in MF 26.
j 21 5 dxziln(x_aj+c,x>a _[ 21 > dxziln(a+xj+c, x|<a
X" —a 2a x+a a —x 2a a—x

Note : For integrals similar to the forms j — dx andj > dx (a>0), the
x’—a’ a’—x’
above result may be quoted without proof.
In general, J‘% L n fx)—a +c¢ and
[f(x)]" —a 2a |f(x)+a
J- f'(x) : dxziln a+f(x) te
—[f(x)] 2a  |a—f(x)
Example 11
Find
(@) 1 (b) 1
dx -
J.2x2_4 J.x2+4x—5
_le 1 _.[ 1
29 x* =2 x2+4x+4 9
1 1
S =
x —(\/5) x+2
R B PP _ 1n|x+2 3
b 2([) ‘x+f‘ 2 ‘x+2+3‘
—Llnﬂ+ zl]n x-1 +c
42 |x+2 6 |x+5

Chapter 8A: Integration Techniques
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8x+5

Example 12 By considering —(4x +4x-28), find I4—48
X" +4x

i(4x2+4x—8)= 8 +4
dx

I 8x+5 _I 8x+4+1
4x* +4x-8 4x* +4x— 8
J' 8x+4 1
4x* +4x - 8 4x* +4x-8
:mkf+4x—$+—j———37——
27 (2x+1) -3
:ln‘4x2+4x—8‘+LlnM+c
2x+1+3
—ln‘4x +4x— 8‘+—1 |x 1+c
|x+2

The following table of integrals is given in MF 26.

(Arbitrary constants are omitted; a denotes a positive constant.)
f(x) [£(x) dx
! —tan™' (—j
x*+a’ a a
1 x
() e
1 1 xX—a)x
o (5] (x>a)
1 1 a+x
PER Zl (a—x]* (|x| < a)
tanx In(secx) (|x| < —;r]
cot x In(sinx) * (0<x<7)
cosecx —1n(cosecx+cot x) * (0 <x< 7[)
secx In(secx+tanx)* (|x|<%ﬂ'j

* Observe that the given formulae do not take the moduli of the expressions within the logarithm
function. The formulae are given for specific domains, indicated within the brackets at the side,
which ensure that the expressions within the logarithms are always positive. If domain is not
specified, then you should take moduli of the expressions within the logarithm function.

Chapter 8A: Integration Techniques
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3.3

Integration by Substitution (Change of Variable)

3
Consider the integral I (nx)” dx .
X

Here we introduce “something extra” and this “something extra” is a new variable. We
transform the integral involving the variable x to an integral involving a new variable, say u.
The idea is illustrated below.

Let u =Inx, then d—uzl:duzldx
dx x x

= @dx
=j (1nx)3~§dx
= [ u du
=—u'+c

4
_ (In x) be
4

In general, this method works when we can write the integral in the form I f(g(x))g'(x) dx.

In the example above, f(x)=x", g(x)=Inx.

Substitution Rule
[ fle(0)g () de=| £(u) du where 1 = g(x)
Step 1: Substitute u# =g(x) and du = g'(x) dx to obtain the integral I f(u)du
Step 2: Integrate with respect to u
Step 3: Replace u by g(x) in the result

For definite integrals,

jb F(g(e)g () de = [ f(u) du where u = g(x)

g(a)

Chapter 8A: Integration Techniques
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Example 13
Using the given substitution, find
(a) el
dx
I \/; Let u=\/;
_2J‘ w1 g L I
- € 2\/; dx 2\/; 2\/;
= Z'f e du
=2¢"+c Remember to substitute
= 26\/; +c back the original variable
for an indefinite integral
(b) _[ e’ dr
e +e™”
1 Let u=¢e"
= x —x -edx du
¢ +e —=¢" =>du=e'dx
1 dx
= —du
u+u
u
= du
qu +1
= 1 22u du
29u" +1
=lln(u2 +D)+c
2
1 2x
=—In(e™ +1)+c
2
© | Jax-2 dv Let u=~/x—2
:.[(u2+2)(u) 2u du %:—1 = 2udu =dx
=2-[144+2Lt2 du 2Nx-2
5 3
:2[”_+2L}Lc U=Nx-2=x=u+2
2 -2y 4(x-2)
_ J(x5 ', J(x3 ’ .,

Chapter 8A: Integration Techniques
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Example 14
Using the given substitution, evaluate the following definite integrals, leaving your answer in the
exact form.
(a) 2 1 . 1 1
——dx (Substitute x = —) Let x=—
e ’ o
i1, A SR Y
=15 T 7Y y 1 y
2 | —=-1
I
* When x=2, y 5
" 2
:J'j Y _iz]dy When x = =, = ﬁ
2 J1-y* ¥ \f
i1
2 l_y
= —[ sin”' y i
:_[ sin”' (£)—sin™ (%) J
|27 "
6 3 6
b _ 2 .2
®) 13;& (Substitute x = 2cos> @+ 3sin® §) | X =2008" +3sin" 0
FNG-0)(x-2) =2+sin’ @
5 1 .
= (2sinfcosB) dO dx .
I J(—sin’ O)(sin® O) o LeluBleosd
ZJ‘% (2sinfcosd) dO = dx=2sinfcosHdO
0 cos@sinf
_[* _[alf — When x=2, =0
=[2d0=[20]: = ”
When x=3, 0:5
(© J- 4 L Let x=sinfd
0 (l_xz)E (;—di;=c0st93dx=cos9d9
1
> 1
.[02 édx Whenx—l 0:2
(1_x2)2 2 6
. When x=0, =0
—_[(’ ——  cosd dd
(1-sin® 6’)2
_[o cosd db
0 cos
= J-%seczﬁ dé
1
tan¢9 = tan Z)—tan(0) |=—
-[in o], =[ian(s)-n(0)] = &

Chapter 8A: Integration Techniques
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For questions involving definite integrals, you can verify the accuracy of your answers using the

numerical integration function of the GC.

With reference to Example 14(c).

1. Press [ALPHA] [WINDOWT] and select 4

fEabsC I
2:summation 2( 20
3:nDeriv( drdi|o
4:fnint( Sodo
S5: 109BASE ( lognl
627V L
7:nPr oPo
8:nCr oCo
9: ¢ o]
[FRAC VAWM MTRX | YVAR |

2. Keyin J‘oi—dx
(1-x°)?

3. Press ENTER , you would obtain the numerical
answer 0.5773502692

NORMAL FLOAT AUTO REAL RADIAN MP n
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34 Integration by Parts
This method is usually used when the integrands are products of two distinct types of
functions such as Inx, e*, sinx etc. It is based on the product rule of differentiation,
and  its purpose is to express the integral of a product in terms of a second integral that is
usually easier to find.
From the product rule of differentiation, we have
d dv  du
— W) =u—+v—.
dx dx dx
Rewriting, we get
dv d du
—=—Wv)-v—
dx dx dx
Integrating with respect to x , we obtain
J.uﬂ dx =uv—jvd—u dx
dx dx
. . dv du
To use this formula we need to choose appropriate » and o and find . and v .
X
Consider the following table and compare the two ways of assigning u and % for
J-xezx dx .
dv du .
u — v — Integration by parts formula
dx dx
1 1 1
O t. 1 2x _GZX erx dx:_erx_ _eZX dx
ption x e 5 1 _[ 5 j 5
Option 2 e x 1o 2e Ixe“dx L J. x’e™ dx
2 2

The first option gives rise toj%ez" dx , which can be found easily.

The second option leads to J' x*e** dx , which is even harder to find thanj xe™ dx.

Hence, using the first option,

xe™ dlexez’r — lez" dx
2 2

1 1
=—xe’" ——e +ec.
4

2
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Example 15
Find
(a) jxsinx dx u=x dv .
—=sinx
= x(—cosx)—j(l)(—cosx) dx dx
=—Xxcosx+sinx+c du _ = cosx
dx <— -
(b) J.Oltan’lxdx u=tan"' x ] ﬁzl
dx
1
:J.O(l)(tan’lx)dx %: 1 &v .
dv  1+x° B
:[xtalflx]:) —.[011 N
+ X"
| 1
:‘:xtan_lx—aln(l+x2)}
¢ Important Technique:
_ T —lln2 Insert “1” so as to complete the
4 2 product of two terms.
(©) J‘ e dy u=x> | ﬂ:ezx
dx
_1 2 2x 1 2x
= —I(2x)(Ee ) dx ccitzé_2Y i v=;e2*
:lx2€2x_J. er,\‘ dx
2
1,5, 1, 15, u=x dv
=—xe —| —xe" —| (D(=e)dx — =™
. [2 [ G ] o=
1 2 9 1 2 1 2 du l 2x
=—xe ——xe"+| —e dx —=1 <« v=—¢
2 2 '[2 dx
=lx2e2x—lxe2x+le2x+c
2 4
(d) J x3ex2 dx - d
) - U=x —vzxex
:I (,V)(xe )dx T~ dr
d 1 .
et [ @G e dr P
2 2 L
1 2 52 1 x?
=—x¢ ——e +c
2 2
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) J.e“r cosx dx U =CoSX v _
dx
X X :
=e cosx—je' (—sinx) dx N
ngsinx %} v=¢e
X X (s dx
=¢" cosx+ | e’ (sinx) dx
. L. . u=sinx v _ o
=e cosx+[e smx—je COS X dx} ~_ i
x X 1 X du - = v=e
=e' cosx+e smx—J.e cosx dx o eos¥ <

2Jex cosxdx=e"sinx+e*cosx

X

e’ .
Ie" COS X dx:E(s1nx+cosx)+c

Note that the integral recurs on the
L RHS after doing integration by parts

twice.

CONCLUSION

In this chapter, we learnt about the various techniques of integration. Integration is essentially the
reverse process of differentiation, and that provides a means of checking of answers. Integration
can be applied to obtain areas and volumes, and summing the areas of rectangles is a way which
enables us to approximate a definite integral, and this will be discussed in the next chapter.

SUMMARY
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Tutorial 8A: Integration Techniques

H2 Mathematics (9758)

RAFFLES INSTITUTION

You do not need to print this set of tutorial
questions as it will be included in the next
mathematics package (Book 5) issued in Year 6.
Please check with your tutor regarding the
timeline for completing this tutorial.

The following table of integrals is given in MF26.

(Arbitrary constants are omitted; a denotes a positive constant.)

f(x) If(x)dx
1 1. i (x
_t —_
X +al a an (aj
21 2 sin”' (ﬁJ (|x| < a)
a —x a
1 1 x—a
—1
X' -a 2a n(eraj (x>a)
1 1 a-+x
22 Zln[a—xj (|x|<a)
tan x In (sec x) (|x| < %ﬂ'j
cotx In (sin x) (0<x<7)
cosecx —ln(cosec x+cotx) (O<x<7r)
1
secx ln(secx+tanx) (|x|<§7rj
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Section A (Discussion Questions)

Evaluate the following integrals

L (a) [(5x-2)" dx

dx

1
2. (a) j(1_4x)§

x* -1
3. dx
@ J‘\/x3 —3x
(e) Isinz 3xdx
(1) Icos(Sx)sin3 (3x)dx
4 sec’ x
@ I (1+tan x)3

x+2

@ [~

1
—  dx
@ j\/4—(x—3)2

@ J‘)cz +2x+3

@ -[l—cos 2x

S5x 3x
sin—cos—dx
(¢) [sin=">cos=

(b)

() [(x*~1)(x*-3x) dr

® Itan 3x dx

dx

(c) jel'“ dx (d jcos(3x+l) dx

dx

(b) I2x2x+3 (c) J(ex —-3e*)? dx (d) Iseczg dx

1
D[ dx
@ '[\/x(l—\/x)

(g) Icot@ de (h)fsin%cosg dx

1 1
®) Isz —12x - dr © J‘xz+2x dx

14

x+9

©) I(x+1)(x 3)?

2
b) | —— dx
()jx2—6x+8

1
—dx
© J‘\/6—4x—x2

dx

© | @ [

4812

1
b) | —— dx
® J‘\/3—4)62
() .[ cos(?)co (&égjdé’ (2) Ism 7+1)0sin(z—-1)0 d

1+cosx

7. Integration using a Substitution (Change of Variables)
By using the given substitution, or otherwise, determine the following integrals, leaving your
answers in the exact form whenever applicable.

(a)fefz+2 [u=c"+2] (b) [ ex=3 dx [x=u’+3]
X 5 1— 2

(C)Imdx [u=x"] (d) J. (1+—xxz)2dx [x=tand ]

(e) I;V9—x2dx [x=3sind]

Tutorial 8A: Integration Techniques
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10.

11.

Evaluate the following integrals

(a) [xe* dv () [Valnx dx © | **2 4 @ [ xcossx dx

2
X —X

(e) J.xzcosxdx ® J.xsecxtanxdx

9233/1999/01/Q19

(i) Prove that % In(secx +tan x) =secx.
(i) Find j xsinx dx.

(iii) Hence find the exact value of .[07 xsinxIn(secx+tanx)dx.

9233/1995/01/Q16 (modified)

e —1

e +1

u—1

1
Use the substitution # =¢€* to show that IO ( 1)
ulu+

de=]

du . Hence, by using partial

fractions, find the exact value of jol ex _i dx . Suggest an alternative method.

e +

Evaluate the following integrals
(a) I i (b) Icos3xdx () Iex sin 2x dx (d) J- x’ cos x” dx
x—1
(e) jtan“x & @ | ! —dx
x(Inx)

Tutorial 8A: Integration Techniques
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Answers to Section A

1.

10.

11.

(a) %(Sx—zy +c, (b)—2In[3-2x|+c, (c) —%e“x +c,(d) %sin(3x+1)+c

(a) 3(1—4x)*-% +c, (b) l1n\2x2 +3\+c (c) le“—ze“ﬁe“ +c,(d) 3tan+c
8 4 2 4 ’ 3

(a) %(Jf —3x)% +c, (b) %(f —3x)6 +c,(c) x—3ln|x+3|+c, (d) —21n‘1—\/;‘+c

© %(x_sm:x}_c’ () —%hl|cos3x|+c, (2) In[sin6|+c, (h) —%cosx+c,

(i) %sin4 (3x)+c
7

1
+c,(c) =In
1 ()2

X

1 1
Q) ————— 5 +c,(b) —1 +c,
(a) 26‘()16n c

2(1+tanx)

X+ x+2

1 3 3 5
(d) %—Eln|x+1|+§1n|x—1|+c, (e) Zln|x+1|+zln|x—3|— +c

X—

it X2 x—4 1 =2 1 x+l
@) sin " —=+c, (b) In +c,(c) ~In +c,(d) —tan”' =——+c,
(a) 2 (b) — c()8 = ()\/5 = .
+2
() sin' T=+c¢
J10
(a) ICOtx"’C (b) L gin™ 2x+ (©) tan >+ ¢ (d) ltan"1 9x+c
A 5 —sm —+c, — , i i
2 2 3 2 18 2

(e) —%(cos4x+4cosx)+c, () 4i[sin2a9+2sina9]+C, (g) 4L[7rsin20—sin2m9]+C
a T

X
1+ x?

1 4 1 4 2 3 2
a) —xe"'——e"+c,(b) Zx*| Inx—=|+c, (¢) 2In(x{+3In|x—1|+c,
(a) e’ = ()3x(nx 3jc() x| +31nfx 1

(a) " =2In

144 1 .
ex+2‘+c,(b) ?,(c) Esm‘1x2+c,(d) +C,(e)%

(d) %xsin5x+2i5cos5x+c, (e) x*sinx+2xcosx—2sinx+c,

63) xsecx—ln|secx+tanx|+c
2

(if) —xcosx +sinx+c, (iii) %(1—%}1m(x/§+1)+2—2—ln\/§

2ln(e+l)—2ln2—1

1 -3
@ 20=1) ($x+3)+ ¢, (b) sinx -2~

+c,(c) %(ex sin2x—2¢" cos2x),

1

1 . 1 1
(d) =x’sinx’ +—cosx’ +c, (¢) —tan’ x—tanx+x+c, (f) ~————+c
2 2 3 2(Inx)
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Section B (Assignment Questions)

1.

3.

1JC Prelim 9758/2017/01/Q2

(i) Find J. ncos ' (nx) dx, where nis a positive constant. [3]
L

(ii) Hence find the exact value of I 2 pcos ! (nx) dx . [2]
0

9740/2016/02/Q2(a)

(i) FindJ.x2 cosnx dx, where n is a positive integer. [3]

2z o . T .
(ii) Hence find J. x* cosnx dx, giving your answers in the form a—;, where the possible
4 n

values of a are to be determined. 2]

9233/2001/01/Q15
(a) Use the fact that 7cosx—4sinx =3 (cosx+sinx)+4(cosx—sinx) to find the exact value

fj- 3 7cosx—4sinx dr 4]
COS X +sin x
(b) Use integration by parts to find the exact value of jle(ln x)2 dx. [4]

(c) Using the substitution x = L or otherwise, find

1
, ——— dx for x>1. (4]
y '[ xvx® -1
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