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Mathematical Formulae

1. ALGEBRA
Quadratic Equation
ax® +bx+c¢=0
= ~b++/b* —4ac
2a
Binomial Expansion

r

n n h n—-1 n n-272 n n—ryr n
(a+b) =a" + e T | @B D

r r!(n—r)! r!

(n] n!  _n(n-D.(n-r+1)

2. TRIGONOMETRY

Identities
sin® A+cos? A=1
sec’ A=1+tan” 4
cosec’A=1+cot’ 4
sin(4 = B) =sin Acos B £ cos Asin B
cos(A+ B) =cos Acos B ¥sin Asin B

tan A+ tan B
l¥tan Atan B

sin2A4 =2sin Acos A

tan(A+ B) =

cos2A=cos’ A—sm* A=2cos* A—1=1-2smm* 4

tan2A:2ta—n;4
1-tan” 4

Formulae for AABC
a b c

sind sinB sinC
a’>=b*>+c* = 2bc cos A

A= lbc sin 4
2
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L\ triangle with a base of (\/g + 2) cm has an area of (12 + 7\/5) cm?. Find the

perpendicular height of the triangle, leaving your answer in the form (a +b3 ) cm, where

a and b are integers. [4]

%(\/5+2)><h:12+7\/§ Ml

1, 124743 3-2 Ml
20 32 32

1, 1243-24+73)-14\3
2 3-4
~24/3-3 M1

Al

h=6+43
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2 (a) The equation of acurveis y = px’ —4x+16p . Find the range of values of p given
that the curve lies completely above the x-axis. [3]

Discriminant = (—4)*> —4(p)(16 p)

=16-64p°
16—64p> <0 M1
16 < 64p’

1 ~ \\ /\
p2 >— — N~
4 ll p —— ]

[}
- 3 6_5
1 1
<=-= >— Al
Ps= P35

Al |(rejectasp>0)

(b) Find the value of 4 for which the line y =2x+/ is a tangent to the curve
y=2x"—6x+5. [4]

y=2x+h ---(1)
y=2x"-6x+5 - (2)

Sub (1)in (2): 2x+h=2x" —6x+5

2x* —6x—2x+5-h=0
2x* —8x+5-h=0

Discriminant = (—8)> —4(2)(5-h)=0
64-40+8h=0
h=-3
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Given that tan 4 = % and sin B = —% , and that 4 and B are in the same quadrant, without

using a calculator, calculate the values of

(@) cosec (—4),

Y
- A
12 A4 .
_Si
v 13
1
cosec(—A4) = —
sin(—A)
1
—sin 4
1
&)
13
E]
(b) sin2B,

sin2B =2sin B cos B

sin2B = 2(—§j _4 =£
5 5) 25

(¢) tan(4+B).

tan A+tan B
1—tan Atan B

156(3]*(3]

tan(A+ B) =

- Ml

- Al

-Al

- Ml

- Al
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4 (a) Solve the equation 2> — 17(2" )+ 21=0.

22 _17(27)+21=0
(27) x2'-17(2")+21=0

Let u=2",
2u —17u+21=0 Ml
Qu-3)u-7)=0
uzé , u=17
2
2’“=E , 2°=17 M1
2
3
xlg2=lg(5J , xlg2=Ig7 MI
3
le| 2
g(2j 1g7

x=0.585 , x=2.8l1 Al
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(b) Explain why the equation 2" —17 (2" ) + p =0 has no solution if p > 36%.

Discriminant = (—=17)> —4(2)(p)
~ 289-8p Mi

Since p>36é , —8p<-289

2890-8p <0

.. Discriminant < 0 Al

: . 1
Hence, the equation has no solution if p > 36§.

Let u=2%, 2u> ~17u+p=0

D<0, (-17)"—4(2)(p) <0
289-8p <0

1
>36—
P=03

Hence, the equation has no solution if p > 36%.

MI

Al

[2]
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The mass, m grams, of a radioactive substance remaining, ¢ days after being measured is

given by m=10e™ """ +0.2.

(a) Find the initial mass. [1]
Initial mass = 10 **"® +0.2
=102¢g Al
(b) Sketch the graph m =10e™**" +0.2 forz > 0. [2]
m
B1 — Correct shape
B1 — Correct intercept
m=10e"" +0.2
10.2
S0y T .
0 >
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(¢) Find the least number of days it takes before the amount of substance is reduced to
5% of its initial mass. [3]

10e7"" +0.2 < 0.05(10.2) M1

10e " +0.2<0.51
10e*"" < 0.31

e <0.031
~0.01¢ < In(0.031) Ml

t>347.37

Least number of days = 348 Al

(d) Explain why the mass of the radioactive substance can never be less than 0.2 g. [2]

Since ¢ ™" >0 Al

10e" >0

10" +0.2>0.2 Al

Therefore, the mass of the radioactive substance can never be less than 0.2g.
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6  The polynomial 2x° —3ax” —2ax + b has a factor 2x —1 and leaves a remainder of —8
when divided by x—1.

(a) Find the values of a and of .
3 2
f 1 =2 1 —3a 1 —2a 1 +b=0
2 2 2 2

Ta-4b=1 --(1) M1

f(h=2-3a-2a+b=-8
S5a—b=10
b=5a-10 --(2) M1

Sub (2) in (1):
Ta-4(5a-10)=1 Ml
Ta—20a+40=1
—13a+39=0

a=3

Al

b=5(3)-10
=5
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(b) Using the values of a and b in part (a), factorise the polynomial completely.

Ml

223 —z?
—6x +5
822 +4x
—10x 45
—10xz +5

2x° =3ax’ —6x+5=2x-1)(x* —4x-5)
= 2x-1D(x-5)(x+1)

0

MI

Al
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A circle, C, has a diameter AB where 4 is the point (6, —2) and B is the point (12, 6).

(a) Find the equation of C,.

6+12 -2+6

Centre = R =1(9,2
enre(2 2)()

Radius = \/(9—6)> +(2+2)° =5

Eqn of Ci: (x—9)° +(y—2)* =25

(b) Show that the equation of the tangent to the circle at 4 is 4y +3x=10.

Gradient of AB = =
12-6

6+2 4
3

Gradient of tangent = —%

At (6,-2), y+2= —%(x—6)

4y+3x=10

or

Ml

Al

M1 for either 1

X'+ —18x—-4y+60=0

Al
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. . . 1
Another circle, C,, has its centre at 4. Given that the area of C, is 9 that of C,,

find the equation of C,.

Area of C, le area of C,

Radius of C,= %xradius of C

_3 M1
3

Hence, Eqn of C,: (x—6)* +(y+2)’ :%

Al




8

The function y =1-0.5cos(bx) is defined for 0 < x <z and b is a positive integer.

(a) State the amplitude.

Amplitude = 0.5

b
(b) It is given that the period of y is zTﬂ Find the value of 5.
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B1

ar_2n
b 3
b=3

Al

(¢) Using your answer in part (b), sketch the graph of y =1-0.5cos(bx), for 0<x <.

1.5 1

0.5 1

[3]

Correct shape — Al
Correct number of cycles — Al

Correct labels on axes — Al

v
=

Wy T
[\
3
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(d) Hence, explain how the solutions of the equation 7 cos(bx)+3x =0 can be obtained
from the graph sketched in part (c). [3]

mcos(3x)+3x=0
3x =-mcos(3x)

3x 1
— =-——c0s(3
27 25000 Ml
3—x+1=1—lcos(3x)
2 2
. 3x
Draw the line y =—+1 Al
2

The solutions to 77 cos(3x)+3x =0 are the x-coordinates of the points of intersections
between the line and the curve. Al
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9 Solve 3cos2x =2sin”2x for 0 <x<360".

3cos2x =2(1—-cos” 2x)
3cos2x =2—-2cos’ 2x

2cos’ 2x+3cos2x—2=0

(2cos2x—1)(cos2x+2)=0

2cos2x—1=0 M1 or
cos2x:l

2
a =60°

2x =60,300",420°,660°

Ml

x=30",150",210",330° Al

cos2x+2=0 M1

cos2x=-2

.. There are no solutions.

Al
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10 (a) Giventhat y= al , find d_y
x— dx
dy _ (3x—4)(l)2—3x M
dx (B3x—-4)
S Al
(Bx—4)°

(b) Hence, show that y is a decreasing function for all real values of x.

For all real values of x, (3x—4) >0

_
(3x—4)
-4

0

)
(3x—4)

Since % <0,y is a decreasing function for all real values of x.

Ml

Al

2]
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11 In the diagram below, the length, L cm, of a spring at time, ¢ seconds is given by the

equation L =20+3sin (4t — gj .

~0000—

| L cm

(a) Show that the shortest length of the spring is 17 cm.

Shortest length occurs when sin (41‘ —% =-1 Ml

S L =20+3(-1)=17cm Al

* “min

—ISSin(4t—£)Sl M1
2
—3s3sin(4t—%]s3

17 £20+3sin(4t—%j£23

S L. =17cm Al




(b) Find the time when the spring first reaches 22 cm.

22:20+3sin(4t—%j

2=3sin(4t—£j
2

4z—%=o.72972,

t=0.5751, ...

MI
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Ml

S.t=0.575sec

Al
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12 The diagram below shows a semicircle with diameter PQ, with the point R on the
circumference of the semicircle. A rectangle STUV is drawn within the triangle POR
where ST lies on PQ. U and V are points on QR and PR respectively. It is given that
PR=8 cmand QR =6 cm.

R
8 cm % U
6 cm
X cm
P S T 0
(a) Find the perpendicular distance from R to PQ. [2]

Since ZPRQ =90°( £ in a semicircle), PO =+/8> +6> =10cm M1

Area APRQ = %x6><8 =24cm’

24
0.5x10

=4.8cm Al

Perpendicular Distance =
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(b)
A= le—éx2 .
12

YU

Since ARVU is similar to ARPQ, —
PO h,

E _48-x
10 4.8

VUle—éx
12

Area= x IO—ExJ
12

Al

—oox-2 (shown)

It is given that SV is x cm. Show that the area of rectangle STUV, 4 m? is given by

Ml

Ml

(c¢) Calculate the value of x for which 4 has a stationary value.

d_Azlo_ﬂx M1
dx 2
Since —A:O, lO—ﬂx:O
dx 12
e
5 Al
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13 A function f(x) is defined for all real values of x such that f "(x)=4e>*. It is given that

the gradient of the curve y = f(x) is 3 when x = 0 and the curve passes through the

point (2,6_4).

(a) Find an expression for f(x). [5]
[ =de™
Fo=2 " M
-2
3= 4—60 +c
s MI

f(x)=-2e+5

f(x)=e> +5x+¢ M1
et =e?? +5(2)+¢,

¢ =-10

S f(x)=e P +5x-10 Al

(b) Find the coordinates of the stationary point of the curve and determine the nature of

this stationary point. [4]
f(x)=-2e>"+5=0 Ml
—2x=In (i)
2
x=-0.45814

" :4 —2(0.45814) >0
Fi@ =40 0

. (—0.458,-9.79) is a minimum point. | Al
Al




14 A particle moves in a straight line such that, # seconds after leaving a fixed point O, its

velocity, vms™, is given by v= t* —6t+5. The particle comes to instantaneous rest,

firstly at 4 and then at B.

(a) Find an expression, in terms of #, for the distance of the particle from O at time .

(b)

Ml

(©)

v=t>—6t+5
s:j(t2—6t+5)dt

t3
= -3t +5t+c
3

s=0,t=0,c=0

t3
s =——3t"+5¢
3

Find the total distance travelled by the particle in the first 5 seconds after passing O.

v=0
P —6t+5=0
&-5@-1)=0
t=1 , t=5
1 1
§s=2—, s§=-8—=
3 3

Ml

Al

MI

MI

Distance travelled = (2 % X 2) + 8%

=13m

Given that C is a point at which the particle has zero acceleration, determine, with
working, whether C is nearer to O or to B.

Max speed 2 a=0
_dv

a=—
dt

2t-6=0 M1

t=3

§=9-27+15=-3

16

At ¢t =3, distance from B = ?

Hence, C is nearer O.

Al

MI
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Al

[4]

[3]
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