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Chapter 7C: Complex Numbers Il — De Moivre’s Theorem and its Applications

SYLLABUS INCLUDES
H2 Further Mathematics:

» Use of De Moivre’s Theorem to-find the powers and nth roots of a complex number, and to

derive trigonometric identities.

PRE-REQUISITES
e Trigonometry,
¢ Indices and algebraic manipulation

CONTENT
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1.1

Be Meivre’s Theerem and its Applicatiens

Be Meivre’s Theerem fer RatienalIndex
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Previously, we learnt that if z, = ne' and z, =re , where 1, 1, >0,

T T 0+
then z,z, = ne' x re'® =yl

Soif z=re", then z" =r"e" , where ne Z*.

Extending this result to the set of integers, we have the following theorem:

75

Be Meivre’s Theerem fer Integer Index

For neZ,
(cos 8@1 sin@)" = cos(n) + isin(n@)

( ei? )" —ein?

[Trigonometric version]

[Exponential version]

[Refer to Appendix for the proof of this result)

Thus, if z =r(cos8 +isin ) =re'

1.2

The De Moivre’s Theorem is useful in sim

» then 2" = r"[cos(nd) +isin(nd)]=r"e" for ne

Applicatien 1: Evaluating Pewers of a ¢emplex Number

if z=r(cos@+isin@)=re?, then 2" = »" [cos(nB) +isin(ng)]=r"e"’, neZ.

This theorem has a delightful representation in an A
z=cos@+isin@. Then,

By De Moivre’s Theorem, z* = cos 26 +isin 20

z|=1 and arg(z)=6.

2’ =c0s30+isin30 ] Iz3l=1,

Also, z™' = cos(-6)+isin(-0) IZ_I| =1, arg(z™)=-6

z7 = cos(-26)+isin (-26) Iz“?l =1, arg(z?)=-26

This me:ns that all the integral powers- of z will
correspond to points on the unit circle, and the angle
between each consecutive powers of z are separated by

6.

Izzl =], .arg(z") =29

arg(z*) =36

—

Z.

plifying a complex number raised to some power, since

rgand diagram. Consider the complex number

——

LAAPCL vl U
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Example 1
Find (/3 - i)* in the form a+ib, giving a and b in exact form, 1
\
Solution

. » i 1 _i£ ] =
|\/§—1|=2 and arg(\/g—l)=—g :’8‘/5‘1328 ‘ 9T 6T g W:m[

<l

!

(5-if L9
= b6 ('i *g;) ot
| = 256(as(-§)ion (%)

~ VAT (S€21])
‘}( (V4 z Ljog+ ll&ﬁ}\f

D)

t)

1.3 Application 2: }{inding the n" Roots of a Complex Number

Recall that the Fundamental Theorem of Algebra tells us that a polynomial equation of degree n
will have - n roots (real or non-real).

In this section, we use the De Moivre’s Theorem to find all the roots of the polynomial equation
z" =w, where n€Z" and w is a given complex number. e

The steps involved are as follows: : N A e

w=r,e'®  [Express w inpolar form]

Let z=re", then

Z"=w
(rcia)" :Geia
re” =r, el
Thus, r =z and né = a+2kn
= P :"/1; = = f+3_"£

-

a Zkﬁ')
i ‘
~z={npe L” " 7, where k will take n consecutive values such that —7 <arg(z)< 7.

(= 0/ { PR N ”{ Chapter 7C: Complex Numbers III
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Example 2
Fif‘ld the eighth roots of unity, giving your answers i
- [i.e. find the 8 roots of the equation z* =1]

" L
in the form re’ , where 7

0and —w<0=7w

I

Solution

|

Example 3
Find the 5 roots of the equation z* = -32i, giving your answer in the form e,

where r >0 and

—7 <0 <. Represent all the roots on an Argand diagram.

Solution 25 -~ 9] . ,1/

D -
e =30 "

rs-4% , 50=- -+ 2k

Fo 0=-F tEkT,
B i 17,11,
ECRTRCH S

O

ze" 10

The 5 roots are

S)r

2

V.

i
/M'

3::

=]
%
0

5 26 0 Ze 10 and 2e

Remarks:
There is no need to substitute the values of & to

find the 5 roots unless we need them for
subsequent parts (e.g. to represent them on an
Argand diagram)

Im

>

j1x
Bl2e" ") Tl o
Hr
% 2 by AN
V4 3 | .
¥ e AP L\.’:‘_ff_ \

| W[‘ﬂ"xloz \

l,-'k - ‘T_LO 1 ’Re
Coe i B E(2e7F)
10 arz
\ 1 /
~ - i ”
DR
Remarks:

o The roints representing the 5 roots lie on
a circle with centre at the origin and
radius 2.

e The points representing the 5 roots also
form the vertices of a regular pentagon
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Example 4 4 6 N [
Without the use of a GC, solve the equation 2°+2z° +---4+z41=0, V'/ o ‘
e g
Solution: _ [ - U 74
: (-] Coeee
v (7 e g les (2 =TT ol | ReE

1.4  Application 3: Proving Trigonometric Identities

De Moivre’s Theorem, together with the Binomial Theorem, can be used to express cos né, sin n@
in terms of cos@ and siné, where » is a positive integer.

Let z=cos@+ising, then z” =(cos@+isinf)" = cosnd+isinnd, by De Moivre’s Theorem.

Also, for neZ’, by Binomial Theorem,

0 1 5
2" =(cos@+isinb)" =(cos )’ +(’;](c059)"_: (isin6) +(;J(cos 0)"” (isin@)’ +,...+(ising)"

bs0)' (Z](cose)”'l(sme)% (cos6)"™ (sin6)* +...

Comparing Real and Imaginary pai

g2, Fo )
% cosrzé?=Re[(cosB+isin6) ]-—:(

), 3 45

%sinnﬁ=Im[(cosB+isin9)"]=(TJ(CQ§0)"'I (sin6) —( ;’J(cose)'” (sin6f +..

Note that the dots at the end of the above 2 expressions indicate that they continue for as long as the
powers of cos@ are non-negative and the powers of siné is smaller than or equal to n. The precise
expression for the last term will depend on whether » is even or odd.

Chapter 7C: Complex Numbers III
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Example 5 - .
ne and sine functions.
By considering (cos6-+isin 6)?, prove the double angle formulae for cosi

Solution
By Binomial Theorem, we have I )
(cos@ +isin 6)* = (cos’ @ —sin® §) +i(2sin f'cos
By De Moivre’s Theorem, we have A
(Co= 0+ Sim0) = Cos 29 4 1510 20

Equating real and imaginary parts, we get

Lanipering ren] Pt cos 29 = o5 0 cim’®

I

Mot 5090 = 95n 0 cosd

which are the double angle formulae for cosine and sin

e functions!

Example 6 2= iy s )

Use De Moivre’s Theorem to €xpress cos36 and sin3@ in terms of cosd and siné. Hence ;,’:Erg;: 2 timﬁa

v
43 A

3
)

) T
" tan3 6 in terms of tan@. By using a suitable value for @, find the exact value of tan—

cos39 12Re(2)=
\ Solution

0+ 0

. " 3 + ‘

By Binomial Theorem, we have a8 DCDE%SE\I us)lggegmﬁ — LsBANE-\ S
(cos & +isin )’ = cos® @+ 3i cos? Bsin 6+ 3% cos Osin? 0+ (ising)’

=cos’ B+3icos? OsinO—3 cosHsin? O—isin®@ COS3—qos o5 O

By De Moivre’s Theorem, we have

;_A> {cad0+ ISin30 = (CO_r O+18np) = Gos OSN3 =
I n 'S'
=7 Equating real and imaginary parts, we get, ~ I, %%
RS 5= p- pSin’e/ [
5 2 JT
2 = Ah
=== Yon T3 7 0,08 T4

‘V‘ﬁﬁ*&ﬁﬂm{gg—.&aﬁ:éfﬂﬂ—# .

L7 O R O

/

N
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Given that z=cos@+isiné, the following 2 results can be used to express cos "8, sin" @ in terms
of cos n8 and sin nE)

e o 7:"’_2%\ ‘FD
1 A & \Vr
Result 1 : z+—=2cosf and z—— =2isind ]omm
z z
Proof : Lot Z=CR0+ 1300 , %’ng'—‘z:@g@— 13N G ﬁ
en 2 it
R =3 =hpas and z-+ =dand) l
- i ‘
Result 2: z"+L=2cosn9 and z”—i=2isinn9
z’ - A
Proof : low Z = CosH #\-Slng thon = Cﬂgea = 18in®

BY L& Mojvye’s 'ﬂ'@or\em '
2= cenB Hlon ne, . = C®nH — \Sln nd
Hene z0425 =2cosn® ond 2= 5= Disinng
2

_Example 7 Zz= Cog O+ icind

‘Show that cos'@ = %(cos 40 +4c0s20+3).

——

Solution 1 _ 2
Let z=cos@+isinf,then 7z =(Cos @ —)Sinb, -

Hence z+4 =250 [ Fom Resuls 1]
= T

o ey aeteT "

\ 60D L o4, 423 (=) + 62 (
S (2fiE A4 T TR)MG
= Dosdd - 4 (FwIO) + G [from Rasu- ) |

Cos*® = & (0% 4o+ 400898 +3)
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Example 8

Express sin® @ in terms of multiple angles of 6.

Solution
Let z=cos@+isind, then l=c:ost9—isim9.

A n
V'HmOe Z§ Z=2\21n0 [-Enom resutt ()

(T\g\n Q)S = (z.. J—Y

= (2= —ng) —S(ZS.J{;) +o(z= L)

g0 = fg (snS8 -5303% WMD)

59_\,5‘“59_ ZS _g7 (J..) +\02?’( ) ~10=* (z) .\.SZ (‘,L.)+

De Moivre’s Theorem is useful in finding the sum of series that mvolves the sine and cosine
function.

Let z=cos@+isind.

For neZ', z+22+...+z"= z(i—z ) [Sum of the first n terms of a G.P.]
=7
Since z+22+ . +z"=(cos @ +isin )+ (cos 20 +isin 20) +...+ (cos nf +isinnd),

z(l z")

-2z

then cos@+cos28+...+cosnd =Re(z+2*+ ... +27) =Re( )

and  sin@+sin26+ .. +s1nn0—Im(z+z2+ +zn)_I (Z(l—z))'

27 =050 - lsmo =aBing  "7F .
let 2= ma+|sln9 = £5¢ wSS@HS‘mW” Pe-g5= A5ins

,J-E 7 '
ggg?e o o2 3ot el IS

-25 k234102 - 2 5 - 5%

- 3 2; _t23 -}/ -HOZ do
. (S50 -4&18::136 +30isin E

54050 it (sinse - b5in30+1051n0)

ol § & [0 ~S(l’13m39)+l0(1i Sme)[f?r@'\ resulia-.]
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Example 9
. nx'. n+l
sSin—SImn—Xx
Prove that sin x+sin2x +...+sinnx = x#2nmnelt.
) sin>
2
Solution
O 2= Q8K + 1Sy~ n
sln%+3ml}<+ % S\n nx = Ifh(2+2 N ) |
' 2 +2) =k 2) - Gp R Sotderns» -
(z+=z+.. == Moo o 3
) .nx NO oMMy =) .
at ( [-cT* e /
Al i/
) . ax z- W%{D !
3 T N e
- o d* E" =8 L
Y - X ]
i i gl
x 5
= €h_+_}1{ ,_’)|S|n-95->
1! Sm-%
= Slf\%}' |¥P‘
-y e
B=es ‘Sl'\-z
SIPXEIpL X+ kAN = (Sn‘z)lm((]o&'—'ﬂ +!th+; )
Slr\{
Stn B g 2 o
= X (Pm\jf?@ﬂ)
Sink
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APPENDIX

PROOF OF DE, MOIVRE’S THEOREM FOR INTEGER INDEX

Proof of De Moivre’s Theorem for positive integers

Let P, be the statement (cos@ +isin )" = cos(nf) +isin(nf), ne Z".

When n=1, LHS = (cos+isin )"

RHS = cos(16) +isin(19) = cos(8) +isin(6)
Hence LHS = RHS and R is true.

=cosf+isin@ and

Assume B, is true for some k ¢ 7+ »1.€. (cosf+isin§)* = cos(k8) +isin(k8)

1 1S true, ie. (cosd +isin o)+ =cos((k+1)0)+isin((k+1)9)
LHS = (cosd +ising)

Toprove B,

=(cos 8 +isinB)* (cos 6 +isin 0)
=(coskf +isin kB)(cos b +isin 0)
=[cos kB cos @ —sin kBsin g +1(cos k@sin O +sin kB cos )]
= cos(k +1)6 +isin(k + e
=RHS

Therefore B, | is true if F, is true.

using the addition formulae for sine and cosine.

Since F, is true, by mathematical induction, P, is true for all positive integers.

Proof of De Moivre’s Theorem for negative integers

Let n=-m,meZ" . Then

(cos@+isinf)" = (cos @ +isin eyr
_ 1
 (cos@ +isin )"
1
(cos mf +isin mf)

_ (cosmé -isin mg)

- (c052 m@ +sin? mB)

=(cos(~m8) +i sin(-mf))
=cosnf +isin ho

Hence the result is true for negative integers as well,

Chapter 7C: Complex Numbers 11T
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SUMMARY
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