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1 The hyperbola 1C  has equation ( )2 2

2 2

2
1.

3 2
x y−

− =  

 (a) Sketch 1C , labelling the equations of the asymptotes and coordinates of the axial 

intercepts. [3] 

 The curve 2C  has equation ( )2 2 22x y k− + = , where 0k > . 

 (b) State the value of k such that 1C  and 2C  intersect exactly twice.  [1] 

 

2       (a)  Differentiate 
2 2ex x+  with respect to x and hence find the exact value of 

( ) 21 2

0
1 e dx xx x++∫ . [3] 

 (b)  Using the substitution sinx t= , where 0
2

t π
< < , find 

( )
3

2 2

1  d
1

x
x−

⌠

⌡

 in terms 

of x. [4] 

 

3 In an art lesson, wires are cut and bent to create a series of shapes.  

 (a) Student A cuts a piece of wire of length 100 cm to create a series of squares. The 

perimeter of the smallest square is 5 cm and the perimeter of each succeeding 

square is increased by 3 cm. Find the maximum number of squares Student A can 

form.  [3] 

 (b) Student B cuts another piece of wire to create a series of 12 circles, such that the 

radius of the first circle is  cmx . The circumference of each succeeding circle 

is 2
3

 that of the preceding circle. Given that the total length of wire used by 

Student B is exactly 100 cm, find the value of x . [4] 

 

  



3 

[Turn Over 

4 The curve C  has equation 32 ay
x a

= +
−

, where a is a positive constant.  

 (a) Describe fully a sequence of transformations which would transform the curve 

1y
x

=  onto the curve C. [3] 

 (b) Sketch the graph of 32 ay
x a

= +
−

, labelling the equations of the asymptotes and 

coordinates of the axial intercepts. [3] 

 (c) Use an algebraic method to solve 32 3
1x

+ =
−

 and state the solution for 

32 3.
1x

+ <
−

 [4] 

 

5 (a) The polynomial ( )P z  is given by 3 8z z a− + , where a is a real constant.  Given 

that 3 i+  is a root of the equation ( )P 0z = , solve exactly the equation ( )P 0.z =     

 [5] 

 (b) It is given that 3 iw = − + . Write down the exact value of arg ( )w  and hence find 

the three smallest positive integer values of n such that nw  is purely imaginary. [3] 
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6 A curve C has equation 2y ax bx c= + + , where , and a b c  are constants.  

It is given that C passes through the points ( )2,17− , 1 3,
2 4

 
 
 

 and ( )5,3 .  

  (a) Find the equation of C. [3] 

 

 The function f is defined by 
2f : , 0x ax bx c x+ + ≤ . 

  (b) Using your answer from part (a), find ( )1f .x−  [3] 

  

 The function g is defined by 

( )23 1      for 0 2,g :
5 4     for 2 6.

x xx
x x

 − ≤ <


− − ≤ <
  

(c) It is given that g( ) g( 6)x x= + for all real values of .x  

 Sketch the graph of ( )gy x=  for .4 9x− ≤ <  [4]  

(d) For the rest of the question, let the domain of g be [ )0,6 ,  as originally defined. 

 The function h is defined by 

   3 3h : cos , 0 π.
2 2

x x x+ ≤ ≤   

 Prove that the composite function gh exists and find the range of gh . [3]   
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7 (a) An ellipse has equation 
2 2

2 2 1,x y
a b

+ =  where a  and b  are positive real constants. 

Show that 
2

2

d
d
y b x
x a y
= −  if 0.y ≠  [1] 

 (b) The point ( )cos , sin ,P a bθ θ  where 0
2
πθ< < , lies on the ellipse. Show that the 

equation of the tangent to the ellipse at P  is cos sin 1.x y
a b

θ θ+ =  [4] 

 (c) The tangent found in part (b) meets the x-axis and y-axis at points R and S 

respectively. Find the area of triangle ORS in terms of ,   and ,a bθ  where O is the 

origin. [3] 

 (d) Explain why the minimum area of triangle ORS  is ab and state the value of θ  

which gives the minimum area of triangle .ORS  [2] 
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8 (a) Find the exact value of 
6 3

1
d .x xπ∫  [1] 

 (b) The diagram shows a sketch of the curve 
3
2 ,y x=  where 0.x ≥  The region under 

the curve between 1x =  and 6,x =  shown shaded in the diagram, is .R It is 

required to estimate the volume of the solid formed when R is rotated 

through 2π  radians about the x-axis. The region R  is split into n  vertical strips of 

equal width as shown in the diagram below.   

 

 

 

 

 

 

 

 

 

Each vertical strip can be approximated by a rectangle. Each rectangle, when rotated 

through 2π  radians about the x-axis, will result in a circular disc. The sum of the 

volumes of the n  circular discs with equal thickness is denoted by V. Suppose V 

gives an overestimation of the volume of revolution of the solid formed when R is 

rotated through 2π  radians about the x-axis.   

Show that 
3

1

5π 51 .
n

r
V r

n n=

  = +     
∑  [3] 

 (c) Find an expression for ,V  leaving your answers in the form 
2

5π 259 ,
4

a b
n n

 + + 
 

 

where a  and b  are constants to be determined. You may use the results  

   ( )( )2

1

1 1 2 1
6

n

r
r n n n

=

= + +∑  and ( )23 2

1

1 1 .
4

n

r
r n n

=

= +∑  [5] 

 (d) Using your answer in part (c), state the limit of V as .n →∞  Explain how this could 

be verified by the answer in part (a).    [2] 
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9 A home interior designer is looking to design a pull-down wardrobe lift. To test his 

concept, the designer built a small-scale model of it, in which points ( ), ,x y z  are defined 

relative to a corner of the model at ( )0, 0, 0O . The rods used in the model can be 

modelled by equations of straight lines.  

 The main rod can be modelled by the line 1l  with equation 
1

,
5

0
5

8
1λ λ
 
  ∈ 
 
 

 
 = − + 
 
 

r  . 

Another rod, line 2l , passes through the points A ( )5, 5, 8−  and B ( )8, 4, 3− . 

 (a) A supporting wire connects B to a point F on 1l  such that BF


 is perpendicular 

to 1l . Find the position vector of F. [3] 

 (b) A retractable rod, line Rl , is placed such that it can be modelled by reflecting 2l  

about 1l . Find a vector equation of Rl .  [3] 

 The panels of the small-scale model can be modelled by equations of planes. The main 

panel, plane 1p , contains the main rod 1l  and an attachment point C ( )0, 0, 6 . A side 

panel, plane 2p , can be represented by the equation 2 : 17 37 4 24p x y z− − + = . 

 (c) Show that 1p  can be represented by the cartesian equation 5 30x y z− + + = .   [3] 

 (d) A structural rod, line Sl , needs to be placed at the intersection between 1p  and 2.p  

Find a vector equation of Sl .   [2] 

 (e) A decorative plank, plane 3,p  has equation 3 1: ,3 5yp x zα β++ =−  

where , .α β ∈  If the distance between 1p  and 3p  is exactly 3 3  units, find the 

possible values of α  and .β  [3] 
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10 (a) Show that the differential equation 3d 2
d
y y x
x x
− =  may be reduced by the substitution 

2y ux=  to d .
d
u x
x
=  Hence find the general solution for y in terms of x. [4] 

 

Scientists are investigating the growth of a type of bacteria by monitoring the number of 

bacteria, ,N  present at time t  days after the start of the experiment. 

 (b) In one model, it can be assumed that, at time ,t  the growth rate is proportional to 

the number of bacteria present. At 0t = , the bacteria count is 5000 and the initial 

growth rate is 200 per day. Write down a differential equation for this model and 

solve it to obtain a projection for the number of bacteria 50 days after the start of 

the experiment. [8] 

 

 (c) After further consideration, the scientists decide to model the growth of the 

population of bacteria by a type of Gompertz model which states that 

                                                     ( )d ln ln ,
d
N kN M N
t
= −   

  where k  and M  are positive constants. 

  Find the general solution of this differential equation and hence give an 

interpretation of M in the context of the question. [4] 
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