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Mathematical Formulae

1. ALGEBRA
Quadratic Equation
For the equation ax® +bx+c=0,
‘= —-b++/b*-4ac
2a

Binomial expansion

n n n
(a+b)"=a" +(J a”‘1b+(2] a"2p? + ... +(Ja”‘rbIr +..4b",

I — _
where n is a positive integer and 0 L nn-1..(n-r+1
r) ri(n-r)! r!

2. TRIGONOMETRY
Identities
sin? A+cos® A=1

sec’ A=1+tan® A
cosec’A=1+cot* A
sin(A=+ B) =sin AcosB + cos Asin B
cos(A=+ B) =cosAcosB Fsin Asin B

tan Attan B

tan(A+tB)=————
1+ tan Atan B

sin 2A = 2sin Acos A

cos2A =cos? A—sin? A=2cos®* A—1=1—2sin? A

tan2A = 2ta—n;A
1-tan“ A
Formulae for AABC
a b C

sinAzsinB zsinC

a’=b%+c?—-2bccosA

A:lbcsinA
2
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Answer all the questions.

(@) Thecurve y=mx?-12x+2 (x> +m-1) lies entirely below the x-axis for all real

(b)
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values of x. Find the largest integer value of m.

y =mx? —12x+2 (x* + m—1)
=mx? —12x+2x? +2m—2
=(Mm+2)x* —12x+2m-2
Since the curve lies entirely below the x-axis,
(D Discriminant, b? —4ac <0
(-12)* —4(m+2)(2m-2) <0
144-4(2m* +2m—-4) <0
-8m? -8m+160<0
m?2+m-20>0
(m+5)(m-4)>0
m<-5 or m>4
@ Coefficient of X2, m+2<0=>m< -2
Combining the inequalities, m < -5
Largest integer value of m = —6

Show that the roots of the equation 2x —3(1— x) =—p arereal if p< 4%.

2x* =3(1-x)=—p = 2x*+3x+ p-3=0
b’ -4ac=9-8(p-3)=33-8p

Since ps4%, ps§, therefore 33—-8p >0

b’ -4ac=9-8(p-3)=33-8p=>0
Hence the roots are real.

[5]

[4]



3-3x?
(2x+1)(x+2)2 '

2  Letf(x)=

(a) Express f(x) in partial fractions. [5]
3-3x A B C
2 = + + 2
(2x+1)(x+2)  2X+1 x+2 (x+2)
3-3x" = A(X+2)* +B(2x+1)(x+2)+C(2x+1)
Let x=-2, -9=-3C=C=3
19 9

Let Xx=——,—=—A=A=1
2 4

Comparing coefficients of x>, -3=A+2B=B=-2

3-3%¢ 1 2 3
(2x+1)(x+2)"  2x+1 x+2 (x+2)
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(b) Hence find the value of ij (x) dx, giving your answer in the form a+blnc,
where a, b and c are integers. [5]

[RIOETSIN L 2 3 i
0 0| 2Xx+1 Xx+2 (x+2)

— 4
_ In(2X+1)—2|n(x+2)— 3
2 (x+2) .
= In—9—2In(6)—i —{In—l—Zan—E}
i 2 (6) 2 2
:¥—2In6+2m2+1
:1+In@
36
:1+Inl
3

=1+In1-In3=1-1In3
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3 (@) (i) Prove cosec 260 —cot20 =tané.

[3]

LHS = — 1 B CF)S 20 _ 1—.c052¢9

sin28 sin26 sin 20
_1-(1-2sin’0)

2sin@cos @

- )

_ ?sm 0 _ sing —tang
2sindcos@ coséd

(i) Hence, solve cosec 40 —cot46 = —/3 for 0< 6 < 7. [2]

Hence tan 20 =—+/3 [Making use of the identity]
Basic angle = % =1.0472
20 lies in the 2" or 4" quadrant and 0 < 26 < 2.
20=x-2  or 20=27-Z

3 3

0-"-105 or0="L 262
3 6
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(b) The angles A and B are such that
sin(A+45°):(2\@)cosA and 4sec’ B+5=12tanB.
Without using a calculator, find the exact value of tan(A—B). [5]

sin Acos45° + cos Asin 45° = (2+/2) cos A

%sin A+gcos A= (2\/5) cos A[Use of addition formula]

V2 32

—sin A+ =——cCcos A
2 2

W2 2

tan A:—zx—:3
2

V2

4(1+tan®B)+5=12tanB
4tan®B—-12tan B+9=0 [Use of sec’ B =1+tan® B and form a QE.]
(2tanB-3)" =0

tan B :§
2
tan(A— B) _ tan A—tan B
1+tan Atan B
3
-, s
1+3(3) 1
2
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4 The fifth term in the expansion of (px—ﬂj , Where p and g are positive numbers,
X

is independent of x.

(a) Show thatn=38. [2]

4
n .
Since it is fifth term, T, =T, = [4}( px)" (—gj [for r = 4]
X

and it is independent, powers of x= n—-4-4=0
Therefore n = 8.

(b) Hence, explain why the fifth term is a positive constant. [1]

Since p and q are positive, (p)4 >0 and (—q)4 >0, the fifth term is a
positive constant.
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Itisgiventhat p=3 and q=1.

n
(c) Find the term independent of x in (2+i2j( px—ﬂj forn=8. [4]
X X

8
(2+i2j(3x—1] = [2+i2j(...+ Independent term + Term in x* +...)
X X X
General term of 3x—— ( j
Forlndependentterm 8 2r=0
r=4
_([8) 4, 4
Independent term = A (3)"(-1)" =5670

For term in x*, 8—2r=2
r=3

8
Termin x? = [3}(3)5 (~1)* =-13608x

8
Independent term in (2+ij(3x—1) = 2(5670)—13608 = —2268
X X
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5 The diagram shows a line DE which cuts the y-axis at P and a line through F
meets the y-axis at Q such that angle FPQ = angle FQP.

The coordinates of D and E are (—4,0) and (10, 7) respectively.
F is a point on the line DE such that DF : FE=4: 3.

y
A
E(10,7)
Q
F
P
> X
D(-4,00 O
(a) Find the coordinates of F.
'E(Q0,7) ] u=—3y=4
‘ 7—y 7 7
7 _
10-x _3 . yoa
14

4
Coordinates of F = (4, 4)
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(b) Find the equation of the straight line FQ. [2]

Gradient of FQ = —%

Equation of FQ :y—-4= —%(x—4)

1
=——X+6
y 2

(c) Find the area of the triangle QFE. [3]

When x =0, y = 6, Coordinates of Q = (0,6)
1‘0 4 10 0‘

Area of triangle QFE = =
gle Q 26 4 7 6

= 12 sq units
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6 s T
4cm
Q X X S
8cm
R

The diagram shows a figure PQRST which consists of a rectangle PQST
and an isosceles triangle QRS.
It is given that PQ =4 cm and QR =8 cm.

(a) Given angle SQR =angle QSR = x radians and the area of PQRST is given by
A cm?, show that A = 64c0s X +32sin 2x. [4]

-

2

COSX = “—
8

= QS =16c0s x
Area of AQRS :%xSX (16cosx)sinx

= 64sin xcosx cm?
Area of [1PQST =4x16c0s X
=64Cc0osX cm?
..A =area of AQRS +area of IPQST

= 64c0s X + 64sin Xcos X

=64cosx+32sin2x (shown)
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(b) Find the value of x for which A has a stationary value. [3]

A =64cos x+32sin2x

A = —64sin X + 64 c0s 2Xx

dx

For stationary value, 3—A =0
X

—64sin X+ 64cos2x =0
cos2x—sinx=0
1-2sin?x—sinx=0
(2sinx-1)(sinx+1) =0

sinx :% or  sinx=-1(rejected)
X =1 =052
6

(€) Hence find the exact stationary value of A and determine whether it is a
maximum or a minimum. [2]

A:64cos£+325in2(zj
6 6
6 V3], 3 Y3

2 2

32./3 +164/3
48+/3 cm?

2
‘;_'26‘ =—-64c0s X —128sin2x
X

2
when X = % 3—? < 0= A has a maximum value.
X
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7 ltisgiven that f(x) = x*+ax*—5x+b, where a and b are constants, has a factor of
x+1 and leaves a remainder of —24 when divided by (x+3).

(@) Show that a=-1 and b=-3. [4]

Since x + 1 is a factor, f(-1)=0
f(-1) =(-1)’ +a(-1)"~5(-1)+b=0
a+bh=-4

Since R = —24 when divided by (x+3), f(-3)=-24
f(-3) =(-3)’ +a(-3)"~5(-3)+b=-24

9a+bh=-12
a=-1and b=-3.
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(b) Hence factorise f (x) completely and write down the solutions for f(x)=0. [3]

x> —2x—3
x+1 | x* —x?—5x—-3.

f(x) =(x +1)2 (x—3)

f(x)=(x+1)"(x-3)=0
Xx=-1or x=3
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From part (), it is known that f(x) = x® —x* =5x—3.

The diagram below shows part of the curve y =f(x) and a line that cuts the curve
at B and C. B has coordinates (1,—6).

A and C are points on the curve and the x-axis.

ﬂ‘y

B(1-6)

(c) Find the area of the shaded region. [5]
A=(-10)
C =(3,0) Either one

Area of shaded region = Ull(x3 — x> —5X —3) dx‘ +%x(3—l)>< 6

[Area = Integration under curve + Area of triangle]

4 3 2 1
X R 5
4 3 2 o

+6

=‘_3_6
3

+6 =12§ sq units [Final Area]
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(d) Show that the equation of the tangent at the minimum point of the curve is
256

27 [3]

f'(x)=3x*-2x-5
For minimum point, 3x* —2x-5=0
(3x—5)(x+1)=0

x:§ or x=-1
3

3 2
Equation of the tangent: y = (gj —Fj _5(§J —3= _ 256
3 3 3 27
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8  Accircle has a diameter AB. The point A has coordinates (1, — 6) and the equation of
the tangent to the circle at B is 3x+4y =Kk

(a) Show that the equation of the normal to the circle at the point A is [3]
4x -3y =22.

Since the normal at A will pass through the centre of the circle and ultimately B,
it will be perpendicular to the tangent at B.

3x k
X+4y=k=>y=—-+—
y y 17

Gradient of normal at A = _—31 :g [Attempt to find gradient of normal]

4

Equation of normal at A: y—(-6) =g(x—1) = Yy+6 =§x—ﬂ

3
4x -3y =22

It is also given that the line x = —1 touches the circle at the point (-1, —2).
(b) Find the coordinates of the centre and the radius of the circle. [4]

Since the line x = —1 touches the circle at the point (-1, —2), so the equation of
the normal at (-1, —2) is y =—2 and this passes through the centre of the circle.
Solving the equations 4x —3y =22 and y = -2 provides the x coordinate of
centre of circle and the y coordinate of centre of circle is—2 .
4x-3(-2)=22=4x=16=x=4

Coordinates of the centre = (4,-2)

Radius of circle = \/(4—1)2 +(-6-(-2))°
=5 units

Or Radius of circle (from (-1, —2) to (4,-2) = 1+ 4= 5 units
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Continuation of working space for question 8 (b).

(c) Find the value of k. [3]

Let the coordinates of B be (a, b).
a+l b-6

e

a=2(4)-1=7andb=2(-2)+6=2

Coordinates of B = (7,2) ,

Sub. (7, 2) into 3x + 4y =K,

k=3(7) +4(2) =29
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9  Mr Chan was driving a car along a straight road. He was 35 m away from the stop
line when he applied his brakes near a traffic light. His acceleration, a m/s?, after
t

applying the brakes was given by a= _75e 2 where t is the time in seconds
after he applied the brakes.

(@) Explain mathematically why a<0 for all t>0 and the significance of a<0 . [2]

t t

As e 2>0forall t>0 , then a= _75¢ 2<0. [Both concepts]
This means that the car is decelerating.

(b) Mr Chan’s car was travelling at 14 m/s just before he applied his brakes.
Express the velocity of his car, v m/s, in terms of t. [3]

v:15e_5+c

Whent=0, v=14

14=15)+c=c=-1
t

v=15e 2-1
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(c) Hence find the time taken for his car to come to a complete stop. [2]

When it comes to a complete stop, v = 0.

t

15e 2-1=0

t:—2lni
15
1

t=-2In—=5.4216=5.42
15
Time taken =5.42 s

(d) Obtain an expression, in terms of t, for the displacement of Mr Chan’s car
from the point he applied the brakes. [3]

t
s:jvdt=—30e 2 _t+c

Whent=0,s=0, 0=-30(1)-0+c=¢c=30
t
s=-30e 2-t+30

(e) Determine if Mr Chan’s car was able to come to a complete stop before
reaching the stop line. Explain your answer. [2]

54161
Whent=5.4161, s=-30e 2 -54161+30=22.6<35

Yes, his car came to a complete stop before reaching the stop line.

End of Paper
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