J1 2023 Further Math Year End Exam Solutions and Mark Scheme
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1(ii) | Area of banner =130 x5 = 650 cm>
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=625 cm® < 650 cm?

Therefore the boy will never finish colouring the banner.
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Substitutingz=01into |z—z1 |=|z—z2 |,

LHS=|0—-zi|=|z1]|=1
RHS=|0-2z|=|z|=1, LHS=RHS

Since z = 0 satisfies the equation | z — z1 | = | z — z2 |, the locus passes
through the origin.
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Equation of locus is y = | tan

y= xtan(Z
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3(1) un = un—l + lMn—Z
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Characteristic equation: m*=m +%
2m* -2m—1=0
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General solution:
u, :c[1+2\/§] +d [%j , where c and d are constants
3(ii) 0 B 0
When n=0,u, = c 3 (133
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d=2-c
1 1
Whennzl,u0=c£l+\/§J +d[ﬂj =1
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3(ii)

2

u, = c[l +2\/§) (—IJ , where ¢ and d are constants

Since,asn—)ooL ] Ll—h/—j —oandu, >0=c=0

and u,=2=d=2-c
d=2

L o[1=3Y
Sou, = 5
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4(i)

Since there are n rectangles between 0 and 1, each rectangle have a

width of -
n
t 11 Y 1 2
Area of 1% rectangle = —| —+a =—3(1+an)
n\n n
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Area of 2™ rectangle = —(—-i- aj =—(2+ an)2
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Area of 3" rectangle = —(E + a} =—(3+ czn)2
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Area of last (n'") rectangle = —[
n

Total area = l+an)2 +L3(2+an)2 +i3(3+al’l)2 +...+i3(n+an)2
n n n

(
[(1+an + 2+an)2 +(3+an)2+...+(n+an)2}

=

(r+an)2
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4 ii n n
(i) % (r+an)2 =%Z(r2+2anr+a2n2)
n oo n o
:%{ r2+2an2r+2a2n2}
nl = r=l1 r=1
1]1 n ) 3
=—|—=n(n+1)2n+1)+2an| —(1+n) |+a'n
n|o6 2
=L2(2;12+3n+1)+a+an+a2
6n n

5 Z2(1+2)+2°(1-2i)+4z+1=0,

Given one root is k + ki, then

(e + ki) (14 20) + (k + ki)> (1= 2i) + 4(k + ki) +1 =0

I (141) (14 20) + A2 (14+1)2 (1= 20) + 4(k + ki) +7 =0

I (=2 + 20)(1+ 2i) + k2 (2i)(1 - 2i) + 4(k + ki) +£ =0, using GC
—6k” 2k 1+ 4k> + 2k + 4k + 4ki+t =0

(—6k>+ 4k> + 4k + 1)+ (=2k> + 2k + 4k)i=0

Comparing real and imaginary parts,

—6k>+ 4k* + 4k +t =0

2k +2k* +4k=0 = k*—k-2=0
(k+1)(k-2)=0

k=-1 or k=2(rejsince k is negative)

Whenk=-1,t=—6 then z'(1+2i)+z*(1-2i)+4z-6=0




Using long division,
2(1+2i)+z°(1-2i)+4z-6

=[z=(=1-D][22(1+20) + 2(2 = 5i) + (=3 +30)]

Using quadratic formula,
| —(2-50) £4/(2—5i)> —4(1+2i)(-3+3i)
°° 21+ 2i)
(2450 £ (4-0)
T 2(1+2i)

6(a) | To find intersection, solve cos360—-36=0.
Using GC, 8 =0.2463617.
Area — lJ'O‘,z,%%” (00830)2 dg_lj-o.2463617 (39)2 40
2% 240
~0.211549 = 0.212 units” (3 s.f)
6(b)
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Surface area = j2n(2\/x+ 1), /1 + (%) dx
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=4n[(x+1) I+— dy
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=4nf(x+2)" dx
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=8_7t (x+2);}

0

== (3)3—23}

=—_3J§—2\/§}, where a =3 and b = —2.




70) d—yz—asint and %za(l—cost)
dr dr
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dx 1-cost
K
2ta 4a x
o
(E‘m - Ea] (3:-'ra= —2-{1]

7(ii) Distance = arc length between ¢t =7 to t =37
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8(1)

C,, =06C, +10, C,=50, n>0

Cn :C(O,6n)+d where d ZIL
—a

Subn=0,C, = c(0.60)+25
50=c+25
c=25

~.C,=25(0.6")+25, n>0

8(ii)

Asn—>,0.6" —>0,C, —25

Eventually the number of bacteria will stabilise at 25 million and hence

the antibiotic is NOT effective.

8 (iii)

%100%:33.333%

The antibiotic needs to eliminate 100% —33.333% = 66.667% ~ 67% of

the bacteria every month in order for the number of bacteria to be
reduced to 15 million eventually.

8(iv)

Assumption: The bacteria do not multiply on their own OR

No bacteria will live forever unless eliminated by the antibiotic OR any

logical/equivalent answer.




9(1)

y=tan" (e")

dy ex X 2x\—1
—=——-=c¢"(1+e
dr  1+e* ( )

2
dxf —e'(1+e>) " —2e (1 +e™)?

=o' (l+e) ! —2e [ (1+e) ! |

2 2
dy = Y_ 2e* (%) (shown)

dx’*  dx
3 2 2 2
d_');: d )2)—2 ex(d_yj +2ev(d_yj d_i}
dx”  dx dx dx ){ dx
When x=0, y= z
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9(ii) 005 005 7 x X
jo tan™ (") dx :jo T
. x2 x4 0.05
=|—x+——-—
4 4 48,
=0.03989 (5 dp)
9iD) | ging GC, JOO‘OS tan™ (") dx = 0.03989 (5 dp)
9(iv) | The 2 answers are the same up to 5 decimal place. The approximation

by the Maclaurin series is accurate as the interval [0, 0.05] is close to 0.




10(a)

V= cosx+lcos2x+lcos3x+lcos4x+10055x
2 3 4 5
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10(b)
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© Vs :cosx+écos3x+$cos5x+...+32’%c05(2n—1)x+...
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=Re

8le™ —9¢'™
81— 9[ei(2x) —e' ]+1
8le™ —9e'
82—-18cos2x

_ 8lcosx—9cosx

~ 82-18cos2x
72cosx

T 82—18c0s2x
36cosx

:41—90052x

=Re




113)

2
r = -
3—sind
3r—rsin@ =2

3ty =24y
Ix* +y")=(2+y)’
9(x*+y ) =4+4y+y’
9x? +8y2 —-4y=4

) ) . 1 .
Therefore, the curve is an ellipse with centre (0, Z] and semi-minor

. .3
and semi-major i
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11(ii)

2 __ %

3-sind 1—;sint9

Eccentricity = % and c=ae= (%j (l) =

r




So the foci are % units above and below the centre (O, %j respectively.

Hence foci are (0, lj and (0, 0).
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11(iii)

a=1

11(iv)

/M y

From the definition of parabola, PF = PA. By reflection property of
parabola, the tangent at P bisects ZFPA and hence perpendicular to the
base FA of isosceles triangle FPA, and intersects at its midpoint M.

Since the tangent at the vertex is parallel to the directrix and bisects FD,
then it also bisects FA at M. (shown)
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