2024 JC1 Promotional Exam

1. Sub (7,10)=> 25a—121b—c=0
Line y = X—1 cuts the graph at x=1

Sub x=1and y =0 into equation of hyperbola=>a—-b—-c=0

Using GC:
a=§c,b:£c
4 4

Sub into equation of hyperbola

gc(x— )z—%c(y+1)2=c

Since a,b,C are positive integers

5(X - 2)2 —1( y +1)2 =4 is a possible equation of the hyperbola

Where a=5, b=1 c=4
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2(a)

dy = 3sec’® 3x
dx

=3(1+tan23x)
=3(1+ yz)

d? d

. 2y 0+6ydy

= 6yd—y , Where A =6
dx

1%t Alternative Method

2" Alternative Method

dy
dx

= 3sec’ 3x

d?y
W =65ec3x-3sec3x - tan 3x

= 6(3sec? 3x) tan 3x

= GyQ , Where A =6
dx

tan~'y = 3x
1 ay_

1+ y? dx

d—y=3+3y2

dx

2

dy 6yd—y where A =6
dx? dx

(b)

3 2
4y ¢ I, gy 0y
dx dx dx dx

dy d’y
(dxj " y[dxzj
4 2 2 3
d—{_es(zdyJ 9y e Y Ay 6 0
dx dx ) dx? dx dx dx
dy dzy
dx dx ax?

~18. Y d’y

dx®

3(a)

+6y—=,whereB=18and C=6

Area —J' X dx——(—j(l) OR =_|.le2 dx—EZx—ldx

{XT 1
3 o 4
1 1

3 4
= iunits2
12

Alternative method
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1y2+1y—3y21
47 727 37 |
1 1 2
=+ ———
4 2 3
:iunits2

(b)
Volume :nI;(xz)z dx—%;z(l)z(%j OR :njol(xz)z dx—7z£(2x—1)2 dx

4—X B 4—X 1

4(a = = = Asymptotesarey =0,x =2, x= ——
@ Y=o T o) ean) POt arey 2

(0,2)

(4,0)

-

x=-0.5 X=2
(b) From the graph, -0.5<x<2 or x>4

4—X

, m>0 = —(4-x)(x-2)(2x+1) >0
+ —

= 05<x<2o0r x>4
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(c) Replace x with |x|,
—-05<|x<2 or |x|>4
Since |x| >0>-0.5 for all real values of x,
x| <2 or |x|>4

—2<X<2 or X<—4 or x>4

5(a) ‘Cx é‘ represents the perpendicular distance from the point R to the line PQ.
Area of APOR = % x base x height
1 A
= Zx|a|x|cx 4
2

a
CX—

1
= —><|a|><
2 a]

= %|Cxa| units? (Shown)
(b) By replacing a with —a and ¢ with b in part (a), area of APOR = %‘b x (—a)‘ = %|b ><a|
= Lloxal = |bxa|
2 2
= |cxa| =|bxa] (Shown) \

OR: From the diagram, ¢ =a + b so |cxa] =‘(a+b)><a‘ /\\h
= laxa+bxa| . - o

= |bxa| since axa=0 (Shown)

lcxa| =|bxa| = |c||asin ZQPR =|b||a|sin ZPQR
S
sin ZPQR  sin ZQPR

(Shown)
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6(3) y A i
|
|
I
]
|
|
|
|
|
1 > X
i a—
|
I 2
|
|
|
|
: X=4
I

(b) 1. Translation of 4 units in the positive x-direction:

y>—x?=1 replace x by x—4 yz—(x—4)2:1

2. Scale by scale factor k parallel to the y-axis:

2
yZ_(x_4)2:1 replaceyby% k_y2 —(X_4)2:1

3. Translation of 1 unit in the negative y-direction:

R 2
k_y2 —(x—4)2=1 replace y by y +1 (yktl) —(X_4)2:1

Alternative (manipulate y first then x)
1. Scale by scale factor k parallel to the y-axis
2. Translation of 1 unit in the negative y-direction
3. Translation of 4 units in the positive x-direction
Alternative (translation before scaling)
1. Translation of 4 units in the positive x-direction

. 1 . . L
2. Translation of X unit in the negative y-direction

2
y2—(x—4)2=1 replaceybyy+% (y+%} —(x—4)2=1

3. Scale by scale factor k parallel to the y-axis

9 2
(y+%j —(x—4)2=l replace y by% (%+%j —(X_4)2:1

O (xay =1

© C1 has asymptotes y = —g +1and x=4, which intersects at (4,-1)
(> is a hyperbola center at (4,-1) and has oblique asymptote y =-1+k(x—4),
For Ci and (> to cut exactly 2 times, the gradient of oblique asymptote
y = -1+ k(X—4) must be greater or equals to than that of C;.
1

k==
2
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7() f?(a)=5
f(\5+2a) =5
5+2J5+2a =5

J5+2a :$

a=475

(b) largest k=0

-1
X)=
g (x) 1

Domain of g! = [1 ij
32

11
@ Ry=|33)

D :(—§,oo
2

Since Ry, < Dy, so gf exists.

B
So R, = M fj
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8(a) When x=0
0=1-2c0s20 = 26?:cos‘1(lj:Z —g==
2 3 6

y=sin(%j—1=ﬁ—l

2

The coordinate of the point where C cuts the y-axis is (O, ? —1}.

®) & =4sin20; dy =2Cc0s260

do do

dy
d_y:d_9:209529 =lcot29
dx dx 4sin26 2

deo

V4

When 9=Z,X:1and y=0.
- (1,0)

When «922, d—y=0
4 dx

When 6 —0, the gradient will tend towards +oo
The tangent of C as & —>0 will get steeper and steeper until it tends towards a vertical
line.

(c) When =0, x=-1and y=-1. ..(-1-1)

2

37[)_1 2

3 .
When Hz—”, x:1—2cos(3—”)=1+\ﬁ y=sin| —
8 R 4 4

(d) X=1-2c0s20 and y=sin26-1
coszezl_TX and sin260=y+1

Since sin® A+cos®> A=1

2
Then (1_7)() +(y+1)2 =1
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9(a)

X+2 1 2X+2 1
2—dx =15 o2 + 2 2dX
X*+2x—3 2\ x“+2x-3) (X+1)°—(2)

:lln‘x2+2x—3‘+ 1 n(x+1)_2|+
2 2(2) |(x+1)+2|
=1In‘x2+2x—3‘+ilnx—_l+c
2 4 |x+3
Alternative Method
[ o 2[5t
X°+2x-3 4) x-1 x+3

= 3infx-1+Lm[x+3+cC
4 4

(b)

[2xsinx dx = 2x(~cos x) - [ 2(~cos x) dx
=—2xcosx+j2cosxdx
=—2XCcosX+2sinx+C

()
For x=3sin&

ﬁzscose

de

3 z

jozx/g—xz dx :st,/g—(ssina)2 (:%jde
0
:J'fsx/l—sinze(?;cos@)de
:.[fgcoszade
:9j6c0520+1d9
0 2
:g{smzew}e
2 2 .
:95|n£+9[£)_0_0
4 3 2\6
9(3) 3
==| — |+=x
4\ 2 4
=g 3+§7r
4
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10(i) The lines are coplanar = The lines are intersecting lines since they are not parallel.

1-2 a+u
Let 2 |=|9+7u
5+34 9+bu
By comparing rows, 2=9+7u = u=-1
l-A=a+u = A=2-a
5+31=9+bu = /1=—4;b
Eq(1) =Eq(2): 2—a:4—;b

= 6-3a=4-b
= 3a=b+2 (Shown)

11
il Angle between the two lines is cos™
(1) g 550
= 0=C0s"|==
lallb)
-1\ (1
0 7
—=cos™ 1 cos™ 3)\b
\/660 1
7
-3J)I\b
o1 301
660 1+ 9+/1+49+b?
11 _1-6b+9b?
6 50 + b?
43p* —36b —544=0
+ v\/
b= 36 12:2 93568 _ 4 (reject negative value of b)
© ASRIC 2024
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...Eq(2)
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10

1) [(2) (1 -
(iii) A normal for IT, is | O |x||1|-| 2 ’

-3) [(3) (5 2.1,3)
1) (1

= X —1
2 , 1.2 5)
3) (3

=l -1]=-[1
1) 2 \

1

=10

3
}- 1|=3+2+5=10
3
1
1

(iv)  Angle required = cos™

= cos™ %‘ =0.613 rad (3 sf) or 35.1° (nearest 0.1°)
3
-1
0 marlA_ 8 T 7
N TN TN T} Y
1
Since I1, and IT, are parallel, then 6 7
V1 i

3
[—1
1 .
I1,: r-ﬁ =Kk where k is a real constant.
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11

. ) . 7 6 -1
Since IT, is closer to the origin to IT,, then k= — — =
3
-1
I,:r L L
=> I r-—==—
B ERRNT]
Hence the cartesian equation for I, is3x —y +z=-1
11(a) (i) V= ﬂnr3 = v _ 4qir?
3 dr
2 S
S=4nr°- = — =8ar
dr
v _av dS_4m® r
dS dr dr 8mr 2
(i) d_V:d_ng_Szﬁ(g):ﬂ
dt dS dt 2 2
When d—V =9,
dt
9= ﬂ =r=6
2
Method 1 Method 2
80 sin 30°
A 250-x x B A 250-x x B =40
120°
d 80 d 80 80 cos 30°
= 4043
30
C C
b)) @ Time taken on straight road = 25103; X

Distance from straight road to Town C, d

(Method 1): = \/ x> +80% —2x(80) COS%T (cosine rule)

(Method 2): = \//(X + 40)2 + (40% )2 (Pythagoras’ Thm)

Distance from straight road to Town C = \/ x? +80x + 6400
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(i)

© ASRJC 2024
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X2 +80x + 6400
110

Time taken on desert =

250—x4_Jx2+80x+6400
130 110

_ 2
1_:11[250 xj+13(Jx +80x+64OOJ

Total time taken by competitor P, T =

1430 1430
1

1'=-———(2750—11x+13Jx2+80x+64oo) (shown)
1430

1
911:-45—(—11+13(3)(x2+80x+64oo)2(2x+80)j
dx 1430 2

1
aTr 1 .

————————(—11+13(x+40)(x2+80x+6400) j
dx 1430

To find minimum time, ((j:I_T =0
X

1

-———(—11+13(x+40ﬂx2+80x+64oo) J:o
1430

13(x+40)

1
2

=11

X% +80x + 6400 -
Method 1: Using GC

HORHAL FLOAT AUTO REAL RADIAM HF n
CALC INTERSECT

Ya=11

i

Intersection
H=re

x=70
or
Method 2: Algebra

13(x+40) =114/ x? +80x + 6400

169(x + 40)° =121(x’ + 80X -+ 6400)

169(x* +80x +1600) —121(x* +80x + 6400) =0

169x° +13520x + 270400 —121x* —9680x — 774400 =0
48x* +3840x — 504000 =0

x=70 or x=-150 (rejasx=>0)

Sub x=70 into T



13

1 2
T = 1130 2750 11(7o)+13\/(7o) +80(70)+ 6400
_ 3670
1430
= 2.566 hr

=154 min or 2 hr 34 min (nearest minute)

2 2 27
\/250 +80° —2(250)(80) cos ? 88900

M M

@iii)  Time taken by Competitor Q =

Time taken by Competitor P = 250 + 80
130 M

Since Competitor P is faster than Competitor Q

/88900 S 250 N 80

M 130 M

/88900 —80 S 25

M 13
M <113.44
Also, M >0

Hence M lies between 0 and 113.
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14

12(a) 10000(1.009)? + 810 (1.009) = $10998.10

(b)
Month Start of month End of month
1 10000 10000(1.009)
2 10000(1.009) + 810 10000(1.009)2 + 810 (1.009)

3 | 10000(1.009)2 + 810 (1.009) + 810 10000(1.009) + 810 (1.009)? + 810 (1.009)

n 10000(1009)" +810(1009)" ' +...+810(1009)

At the end of nth month,
S, =10000(1009)" + 810(1009)" '+ ... + 810(1009)

(1.009) (1.009)"" 1]
(1.009) -1

= $10000(1009)" +$810

= $10000(1.009)" +$90810] (1.009)"" 1|

= $10000(1.009)(1009)"" +$90810(1.009)" " —$90810
=$100900(1.009)" " ~$90810 ~ (Shown)

©) 100900(1.009)" " — 90810 > 30000

100900(1.009)"" > 90810 + 30000
lg 1.197324
n-1>2— o7

Ig1.009
n>21.0998
OR using GC
Amt at the end of the month
n 100900(1.009)" " —90810
21 29892.01
22 30978.32
23 32074.42

When n = 21, at the end of the 21% month, amount in account = $29892.01

At the start of the 22" month, amount in account = $29892.01 + $810 = $30702.01

.. on 1 Oct 2025, the account will first exceed $30000.
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(d) Amount Mr. P will have at the end of N months

=30000+[100+110+...+(100+10(N ~1))]
N
=30000+[ 2(100) + (N ~1)(10)]

=30000 + 95N +5N?

()  30000-+95N +5N?2 >30000x1.009"

30000+ 95N +5N | 30000x1.009"
48 46080 46120.84
3 = 30000+ 95N + 5N 49 46660 46535.93
50 47250 46954.75
Y = 30000 x 1.009" 343 65(5830 648322.77
344 654360 654157.67
345 657900 660045.09

From GC, 49< N <344
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