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Suggested Solution for 2023 NYJC JC1 FM EOY

1 Suggested Solution

(@) | A=A
-
[42|-[a]=0
Al(lAl-1)=0
|A|=0o0rl

() | A=A
A 'A% = A'A since the matrix is invertible.
A=1

(¢) | Ais non-invertible: |A| =wz—xy=0 --(1)
A=A

WXy wx+xz (w ox
wy+zy xy+z’ y z
wWHxy=w

w’ +wz=w (using (1))

wt+z=1
Note that solving wy+zy =y or wx+xz =xis also possible. As qn did not mention y

or X is non-zero, need to at least mention that if X or y is zero, then A will be the
identity matrix whose determinant is not zero.

Note: x#0 and y # 0 . This is because if x=0 or y =0, det (A) =0, means wz =0
, which is a contradiction.




Suggested Solution

2n

Let P(n) be the proposition that (f(x)) =(-4)"sin(2x), forneZ".

(lx2n

2

When n=1, LHS = %(sin@x))

Z%(ZCOS(ZX))
=2(—2sin(2x)) =—4sin(2x) =RHS
P(1) is true.

2k

S (£(2) = (-4 sin(2x).
2(k+1)

FREICE) (f(x)) - (_4)k+1 sin(Zx).

Assume P (k) is true for some k € Z*. i.e.

To show P(k +1) is true. i.e.

2k+2

LHS = sin(Zx))

W(
— d2
Cd’
:%((_4)" 2c0s(2x)
=(-4)" 2(-2)sin(2x)
=(~4)""sin(2x) = RHS

~.P(k) true = P(k+1) true and since P(1) is true, by mathematical induction

((—4)k Sin(2x)) By inductive hypothesis

2n
(;ix2n (f(x)) - (_4)n Sin(ZX), forneZ’.
Since Maclaurin's expansion of f (x) is given by
' .X2 " x" n
£(x)=1£(0)+af'(0)+ 5, f (0)+...+Zf( 1(0)+..

2n

and from the result of induction fxz" (f(x)) =(—4)"sin(2x), forne Z" and sin(0)=0

f (0) =0 and all even derivatives are zero = coefficient of even powers of x is equal to 0

W(f(x)) =2(-4)" cos(2x)
2n+1
When x=0, %(f(x)) —2(~4)" cos(0)=2(—4)’ #0
Therefore, all the odd powers of x (n>3) has non-zero coefficient.
Clearly the first derivative, .
f '(O) =2c0s(0)# 0 Thus the Maclaurin expansion only contains odd powers of x.




3 | Suggested Solution

(a) i@ SGCZ£
— =—qgsint+a
dr 2tan —

2

. a
=—asmnt+——

=—qsint+
sint

2sin£cos—
2 2

d
2 = acost

dr

% 2 2
Arc length = [%J +(d—y) dr
dt dt
J /_1+ dt—af3 cost
sin’¢ smt

=a[ln sint]g =a

N

WN

2
. a
\/azsm2—2a2+ ——+a’ cos’ ¢ dt
sSin” ¢

®) T
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1 n—2 1 n
X X
=—+3+4(n-1 dx—(n—-1) | ———=dx
( )J0V4—X2 ( )J0V4—X2
I+(n=1)1,==\3+4(n-1)1_,

nl,=4(n-1)1,
R
Using nl, = 4(n-1)1,_, -3
3,=4(2)1, -3 :13:211%@
Area_lf ( 1——fj 2\5—211
e L] {52
. Area=§f—§(2—\/§)=?\f——

1
1 x
Volume = 72(1)2 (— 27| x dx
\/g 0 4—x2

=%—27r[4
nl, =4(n—1)]n_2 -3

4, =4(3),-\3 =1,=3I, ——f

21 =41,-\3 =1,=2I, —%ﬁ




Volume = %\/g -2rl,

=§\/§—27Z(7Z—%\/§j=%7[\/§—2ﬂ2
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Suggested Solution

(i) |Asn—oo, u, —>landu,, —1
/= kl+a
I+k
P+kl=kl+a
I=+a (since the sequence is positive)
>i) ku,+a
Uypy—Uu, = u +k —u,
_ku,+a —(un )2 —ku,
B u,+k
a—(u,)
- u, +k
(Va-u,)(Va+u,)
B u, +k <0
Since u, > Ja and k>0
We have u,,, —u, <0.Hence u,, <u,.
5(b) | Suggested Solution
@ | x,=08x, ,+0.1y, , —(1)
¥, =02%,,+09y, | —(2)
From (1),
0.1y, ,=x,-0.8x,,
Y =10x, =8x,
Substitute into (2),
¥, =0.2x, ; +0.9(10x, - 8x,_,)
v, =9x,-Tx,_,
l-x,=9x,-7x,,
10x, =7x,_; +1
x,=0.7x, ,+0.1
Alternatively,
From (1):
x,=0.8x,,+0.1y,_
=0.8x,_,+0.1(1-x,_, ) using given info
=0.7x,_, +0.1
(i)

General solution: x, = 4(0.7)" + B




x =074+B=09

B=0.78+0.1
Solving,
gl 4l
3 21
Thus x, =£(0.7)"+l
21 3
2 17 n
=l-x, =———(0.7
yl’l n 3 21( )

5 Suggested Solution
(@) | Since dim(R*)=4 and there are 4 vectors in the set. It is sufficient to prove that if
the vectors are linearly independent, the set is a basis for R*.
I 1 11
Using GC, det (1) - (1) (2) =6 # 0, the vectors are linearly independent.
0 -1 3 4
Hence the set forms a basis for R*.
(b) 11 11 4 1 6 11
0 -1 10 13 5 13 27
11 02| |9 4 16
0 -1 3 4 10 6 17
4 1 6 11)(1 11y (12 1
M1351327{011037 1
9 4 7 16| 1 0 2 2 5 0
10 6 7 17)\0 -1 3 4 3 4 0
(©) 1010
rref(M){O 1 10
0 0 0 1
0 0 0O
1Y(2)(1
Hence basis for range space of 7= 3 , Tt
2115110
3)4)\0




1 0 -1 0
. . 0O 1 10
Alternatively, rref(M") =
00 01
0 0 0O
1)Y(0)(O
. O [1]]0
Hence basis for range space of 7= o
0)(0)1
Dim(Range space of 7) + Dim(Kernel of 7) = 4
Dim(Kernel of T)=4-3=1
(@ 1 2 1\ (o
A ; +1 + 4, H_|®
20 7?5 0| |c
3 4 0
1 2 1|0 1 2 110
3 7 1|b 0 1 -=2|b
_)
2 5 0fc 0 1 -2|c
3 4 0|d 0 -2 -3|d
1 2 1 0 1 2 110
0 1 =2 b 01 =2 b
- -
0 0 O0|c-b 0 0 1 |£2£
0 0 -7(d+2b 0 0 O |c-b
Alternatively,
1 0 0 0
A 0 ‘A, 1 s 0| |b
-1 1 0 c
0 0 1 d
1 0 0]0 1 0 0(0 1 0 0| O
0 1 0}b 0 1 0|b 0 1 0| b
- -
-1 1 0fc 0 1 O0fc 0 0 1| d
0 0 1|d 0 0 1|d 0 0 O|c—b
0
b :
Hence c=b, d eR for to be in the range space of 7.
c
d




6 | Suggested Solution
4L ()2 s an?[ :l(1+t2)
dx 2 2 2 2 2
=dx = 22dt
1+¢
X
t=tan| —
3)
- 2t
tanx =——; Cosx=—— ; sinx = 3
1—¢ 1+¢ 1+¢
[T
3—-2sinx+cosx
_ 1 . 22 dr
2t 1-t7 1+¢
3-2—5+—
1+ 1+¢
=j 2 < 2dt
3+3t°—4¢t+1—¢
t°=2t+2
(t—1)" +1
=tan” (t—1)+c
=tan" (tan (fj - lj +c
2
(M) Icos3mxsin3nxdx=%Isin(3m+3n)x—sin(3m—3n)xdx
=l _cos(3m+3n)x +l cos(3m—3n)x L C
2 (Bm+3n) 2 (3m—3n)
(i1)

j-: cos’ (3mx) +sin® (3nx) + 2 cos 3mx sin 3nx dx

z1 1—
= _[0 + cos omx + == Oz +sin(3m + 3n)x —sin(3m —3n)x dx

2
|: sin6mx  sin 6nx:|” |: cos(3m+3n)x cos(3m— 3n)x}
=|x+ +| - +

12m  12n 3(m+n) Xm-n) |,

N (_ cos(3m + 3n)7zj N cos(3m—3n)x _[ 1 1 )

Vi

0

- +
3(m+n) 3(m—n) 3(m+n) 3(m—n)
Since sinkz =0 for all integer k.

If m is even and » is odd, then 3(m+n) and 3(m—n) will be




10

odd, hence cos(3m+3n)7z =cos(3m—3n)z =-1
2 2 +2(m—n—m—n)_

Answer: =7+ - =7 DR
3(m+n) 3(m-—n) 3(m~—n")

4n

3(m* -

n’)
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Suggested Solution

(2)

yoo
x=£(e"+e "J
2
dr_k ei(lj_ei(l) e o
dy 2 k k 2

mk|, 2% 2
ZT{kek —ke * +4a}

(b)

A= 272'%[6" +e_"](2a) = Zﬂka(e" +e_")

Tk 2a _2a a _a
T{kek —ke ¥ +4a}:4ﬂka(e"+e "]
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Dividing by k throughout
2a 2a a a
ek —e & +4£=8g ek +e *
k k

Let x=

> Q

e —e X +4x= 8x(ex + e‘x)
Using G.C. x=3.23526 =3.235 (3d.p.)

(©

V= ﬂJ.: x*dy

= e el
=7ZJ ?[ek +2+e "]dy

4 |2
2[p 20 5 20 5 2 4 2
:ﬂk ﬁek —Ee k —Ee k +Eek +4a
4 12 2 2 2

2 20 2
7[‘]: [ke" —ke * +4a}

2a 72711
LK ket ke * v 4a|=Lis
2" 2
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Suggested Solution

b(i)

b(ii)

AB = 0 has non trivial solution if |AB| =0= |A| =0or |B| =0

k 0 1 0 £ 1
re. |2 0 k|=0o0r|2 k£ 0]=0
1 2 &k 1 2 &k

2k*+4=0o0r -2k —k+4=0
-1+
k:i\/iorkzl_T\/g
1 k0 1)1 1
A0 =12 0 £}|0|=|0 |=k=2
-1 1 2 k)\-1 -1
Characteristic equation |A - /'LI| =0

2-4 0 1
detf] 2 -4 2 |=0
1 2 2-4

Using GC, A =-1, 1and 4

1
When A =1, Ax=x , we have from (b)(i) that x=| 0

=1
1

0.

3 01
When A=-1,(A+I)x=|2 1 2|x=0andx=| 4
1 2 3 -3
-2 0 1 2
Whenl—4,(A—4I)x—{2 —4 2 |x=0andx=|3
1 2 =2 4
5 1 1
11 o2y | 6 3 6 1 0 0
JP={0 4 3| = —L l —L andD=|0 -1
-1 -3 4 103 10 0O 0 4
2 1 2
15 15 15
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9 Suggested Solution
(a) W={WER3 w-v=0 foreveryveV}

0 €W since 0-v=0 forevery velV

Therefore W is non-empty.

Let w,,w, el and a,feR.

For every veV,

(aW, +BW,)-V=aW, v+ W,V

= a0+ B0
=0

Hence aw, + fw, e W and W is closed under vector addition and scalar

multiplication. Hence W is a subspace.
(b) 1 2 4 1 2 4
® | Clearly, | 5 10 20|>|0 0 0

-2 -4 -8 0 00
xX+2y+4z=0
Let y=A, z=pu. Then x=-241-4u.
-2\ (-4
Hence basis for nullspace is 1 |,| O
0 1

(b) | The blind spots of the detection system lie on a plane passing through the origin (i.e.
(ii) 1

enemy command centre) and perpendicular to | 2 |.

4

(b) | The orthogonal complement of the blind spots of the detection system is a line parallel
(iii) 1

to | 2 | and passing through the origin (i.e. enemy command centre).
4
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10

Suggested Solution

a) A =54, =8and 4,6 =34, +24, -8 forn=>2.
Auxiliary equation: m*> —=3m—2=0
344918 34417

2

2
Let particular solution be 4, =&, then o =3a+2a-2=a =2

3417 (3-V17)
5 +b 5 +2

=m=

General solution: 4, = a{

When 7 =1, [3“/_] ( ;/_}2
[ +\/_7]+b(3—\/ﬁ]:3 _____ O
2 2
2 2
When n =2, 8=c{3+;/ﬁ ( J+2
6=c{3£3+£/1_J ] +b 3(3_;/ﬁ]+2} ~ roots of aux eqn
6:3[51 3+m]+(3_ﬁjb]+2a+2b
2 2
6=9+2a+2b using (1)
3
b=—2-a 2
S (2)
Sub into (1): c{3+\/7J (———aj(3_\/ﬁj=3
2 2
9 317
17a-=+22"=3
VI7a 4 4
C21-317 5142117
417 68
Using (2): o3 5142117 512017
2 68 68

Aﬂ
68 2 2 68 2 2

_-51+21\/ﬁ£§+\/ﬁ]"+—51—21Jﬁ£§_\/ﬁJ"+2
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b)i)  Since 3B, =24, —1,n =1 or alternatively using GC.
Blzé(ZAl—l):3 BZ:%(2A2—1)=5 33:%(2142-1):17

B, =%(2A3 -1)=57 B, =%(2A4 —1)=201

b)) LetB =aB, ,+bB, ,+c, forn>3
B =3
B, =5
B,=aB, +bB,+c=5a+3b+c=17
B,=aB,+bB,+c=17a+5b+c=57
B,=aB,+bB;+c=5Ta+17b+c =201
Using GC,a=3,b=2,c=—4
~B,=3B,_,+2B, ,—4, forn>3
Alternatively,
q = 3B, +1
2
Subinto 4, =34 +24 ,—8
3B, +1 :33Bn +1 +23Bn_1 +1
2 2 2
3B, +1=9B +3+6B, _,+2-16
3B,,=9B,+6B, _,—12

B, =3B +2B -4, forn>2

8

C) To find year such that > 2000 rabbit
i.e. find n such that B, > 20

From GC,
n B,
3 17
4 57

..1n 2026 there will be more than 2000 rabbits




