River Valley High School, Mathematics Department

Solutions (Complex Numbers)

1(i)

z=k+Ii

22 = (k +i)2 = k2 + 2(K)(i) + (I)? = (k* —1) + (2K)i
2% = (k +1)% = k® +3(K)2(i) + 3(K)(i)? + (i)®

= (k= 3K) + (3k* - )i

2 —iz? —22-4i =0

[(k® —3K) + (3k? —1)i]—i[(k? —1) + (2K)i] - 2[k +i] - 4i =0
[(k® —3K) + 2k —2k] +i[(3k?* 1) — (k? —1) —2—4] =0
(k®—3K) +i(2k?—6) =0

k(k?-3)=0 and 2k?—6=0

(k=0ork==+/3) and k=+3

Hence, k =++/3

(i)

7=/3+i (wk>0)
|z|=+1+3=2
T

arg(z) = 5

Method 1: By Polar Form & Trigonometry

7=2e"° = 2(cosz+isin Zj
6 6

: nt .. nr
2" =2"en"/6 = n [COS?+ISIH ?)

n

] . nhr
z" isreal <:>smF=0

Nz

<:>?=k7z, wherek e Z
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< n=06k, wherek e Z

Hence, n=0, £6, +12, +18, ...

Method 2: By Properties of arg(z)

arg(z")=narg(z) = %[

z" s real, the point representing z" on the Argand diagram is on the x-axis.

Thus, arg(z")= %[ =k, where k e Z

-.n=6k, wherek eZ

i.e. n=0, £6, £12, +18, ...

Given |(z"|>100.

n

2" =]z =2"

Hence, 2" >100
But n is a multiple of 6. We then have
2° =64 <100

2'2 = 4096 >100
The least value of n is then 12.

izZ+2w=1=-z+2iw=i=z=2iw—i———(1)
42+ (2-i)W=-6———(2)

Sub (1) into (2)

4(2iw—1)+(B-i)w*=—-6

Letw=Xx+yi

8i(x+yi) + (3—i)(x— yi) =6+ 4i
8Xi—8y+3x—3yi—xi—y=—6+4i

(-8y +3x—Yy) +(8x—x—3y)i =—6+4i

Comparing :
—9y+3x=-6=-3y+x=-2-—-3)
7X-3y=4—-———(4)

Solving (3) & (4)

7(3y—-2)-3y=4=18y =18
=>y=1l=x=1

So w=1+i = z=2i(l+i)—i=-2+i
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3 Z+(2+i)w=-9+16i (1)
Z +w=3i )
Substitute w=3i—z" into equation (1)
2+ (2+0)(Bi—-2)=-9+16i
z2+(-2-1)z" +(-3+6i) = -9 +16i
7+ (-2-1)z" =—6+10i
Let z=x+iy
(X+1y) +(=2-1)(x—1y) =—6+10i
(—x—y)+i(—x+3y)=—6+10i
Equating real parts: —X-y=-6<Xx+y=6 (3)
Equating imaginary parts: —x+3y =10 4)
Solving equations (3) and (4): x=2 and y=4
z2=2+4j
w=3i—(2-4i)=-2+Ti
4(i
U aycar s
2(2)
_ 2it+4i° +8
- 2
_2i+2
)
=izl
Note that arg(i +1)=% and arg(i —1)=37n
Since arg(z)<arg(z,), ..z =1+i (shown)
(i)

X2 =(1+i) =1+2i+i* =2i

X3

(20)(1+i)=2i+2i* =-2+2i

xt=(2i) =4i*=—4

(1+ i)4 -6(1+ i)3 +s(1+i)2 —18(1+i)+10=0
—4-6(~2-+2i)+5(2i)~18-18i +10=0

By comparing imaginary parts, —12+2s-18=0
-.s=15

Since the coefficients of the equation are all real, and 1+i is a root of the equation,
1-i isalso a root of the equation.
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[x—(1+i)][x-(1-i)]= (x-1)" —i?
=X —2X+2
By long division,
x* —6x° +15x —18x+10:(x2 —2X+ 2)(x2 —4x+5)

Solving x*-4x+5=0, x=

=2+i
The other roots are 1-i, 2+i and 2-i.

(iii) "
arg(%) =narg(z,)-arg(z’)

1

=narg(z,)+arg(z,)
T
=(n+1)=
(n+1)2

. YA . . .
Since - is purely imaginary,
zl

(n +1)%=g+ kr, where k € Z

%(n+1)=%+k

n+1=2+4k
n=1+4k
The two smallest positive integers of n are 1 and 5.

5(i) | The assumption is that a, b and c are all real.

O | et X +ad +bxtc = (x- B+))(x-@E-D)(x-2)

(x> —=6x+10)(x-2)

X2 —8x% +22x 20

By comparing coefficients,
we have a =-8, b =22 and ¢ = -20.
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6 | (1-4i)° =-15-8i
2
(§+3j = (-1)(-15-8i) =i’ (1- 4i)’
7 2
243 =(4+i)
(2+3] =(a+)
Zi3=44i  or Zi3=4-j
2 2
2=2+2i or z=-14-2i
7(1) 6+ /36— 4(1)(36
72 —67+36=0=7=— > DB _ 5435
Thus, z, =662 andz, =6e
(i) =\
6e 3
[ J 3,15
=6’ °
£6ei(23]]
= {cos [_S—ﬁj +isin (_5—7{)}
6 6
(iii) iz i(,ﬂi)
z,=6e 3= z,"=6"¢" 3
Since z," eR", —f=2kz  for some integer k.
n=-6k.
n=..,12, 6, 0, —6, —-12, ...
Smallest positive integer n = 6.
80 1w 1 kww” +iw—iw" —1=0

kw(w+w")+i(w-w")-1=0
k(a +bi)(2a) +i(2bi) —1=0

(2ka® - 2b) + 2abki =1~~~ ~(+)
Real part

oka?-2b-1mb=22 1
1m part
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ab=0 k=0
—=b=0 or a=0
ie, w is either purely real or imaginary.

(i)

Hence
Since w is real, b=0.

Usingk=2andb=0
From part (i):

2(2)a® -1 _
==

432 :1:>a:i\/I
4

. 1 1
ie, W=—=o0r w==
2 2

0

Otherwise
Sincew isreal,b=0, ie, w=a
Usingk=2andw=a
eqn becomes:
2a’+2a’+ia—ia—1=0

4a? :1:>a:i\/i
4

. 1 1
ie, w=—=0r w==
2 2

The statement is only true if p is real.

(i) Using GC, p = 5.

(ii)) We have z* —7° +42° +3z+5=(z—(1-2i))(z - (L+2i))(z* +az +h),
= (2°-2z+5)(z* +az+h)

Comparing coefficients of similar terms, we havea=b =1

For z?+z+1=0, we have z:—iiﬁi
2 2

a’® :E:RZ

a’| |a

arg(q) =arg (a*) -arg(a’)
=3 arg(a) + arg(a)
=4 «

Thus, q=R?[cos(4a)+isin(4a)]

1 1
= %= R? cos(gajﬂsin(gaj
3 3
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Given that cos ga =0, ga=£:>a=3—” or 2.36 radians
3 3 2 4

10a

arg(w*) =5arg(w)=0,%7z,+27..
T 2m 27
207_1__)_1_a"'
arg(w) 5 5 5 5
Since k <0,

arg(w):—% or ——.

bi

1-2* =1—(cos@+isin 6)2

1—(cos2 0+ 2icos fsin 6+ (isin 9)2)
:1—(1—sin2 0+ 2isin 6cos O —sin? 6?)
=1-1+2sin>@—2isinHcos O

=2sin? 0 —2isin@cos O
=2sind(sin@—icos)

Method 2

1-2* =1—(cos@+isin 49)2
=1-(cos26+isin26)
=1-c0s260—isin 20
=1-(1-2sin* @) 2isin Hcos @
=2sin” @ —2isin@cosh
=2sind(sind—icosd)

bii

Method 1

2023 Complex Numbers

T7




River Valley High School, Mathematics Department

1—z%|=|2sin@(sin@—icos O
(

=2sinO+/sin® @+ cos® &

=2siné@

Giventhat 0<@ s%

arg(1-2z*)=arg[ 2sin O (sin O —icos o) |
=arg(2sin@)+arg(sind—icos o)

=0—tan™ (_cosej
sin@

e {m(Ge]

Method 2

1-2% =2sin@(sin@—icos )
=2sin@(—i)(cosO+isin6)
=(-2ising)e"

‘1— 22‘ :‘(—Zisin 6)e"”
=2sin@

arg(1-z°) =arg((-2isin0)e"’)
=arg(-2isin)+arg(e")

=240
2

Method 3

1-2%=2sin@(sin@—icos o)

(5] (5
ol Zon(-5)
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‘1— 22‘ =2sind

T
arg(l—zz)ze—z

11i

a2b=%(1+\/§i)2(1—i)
=é(‘1 +24/3i - 3)(1-i)
= (-1+:3)1-1)
=(3-D+(/3+Di

|a2b| =ldf’ b|

x
=2\2

arg(a’b) = 2arg(a) +arg(b)

arg(a b) = —11—2+ 2r = 12

Considering the imaginary part of a’b, we have

2ﬁsin%= 341

:>sin5—7r— 34l
12 22

BA can be obtained by rotating BC through 90° in the anticlockwise direction about

B.
i(c—b)y=a-b

=c=—-i(a—-b)+b

= —ia+b(1+1)

=i(1+\/§i)+%(2)
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=(1-+/3)+i

12

Giventhat z=1+ki isaroot, so substitute into the given equation
(L+ki)' —(1+ki)’ —9(1+ki)" +29(1+ki)-60=0
1+ 4Ki — 6k — 4k%i + k* — 1+ 3ki — 3k — k®i ) - (9+18ki — 9k ) + 29+ 29ki — 60 = 0

Comparing the real or imaginary parts on both sides,
4k —4k® -3k +k® —18k + 29k =—3k*+12k =0
= k=42 or k=0(N.A)
—6k? +k* +3k*-9+9k*-31=k* +6k*-40=0

OR,
By GC, = k=2

Hence, (z-(1-2i))(z—(1+2i))=2"-2z+5 is a factor of the given equation
z4—z3—922+292—60:(22—22+5)(22+z—12):0
(22—22+5):0 or (zz+z—12):0

52=1+2i, z=-4 or z=3

13i

az®-9z* +bz-5=0

a(2-i)’ -9(2-i) +b(2-i)-5=0

Using GC, (2-11i)a—27+36i+b(2-i)-5=0
(2a+20-32)+(~11a—b+36)i =0
Comparing real parts,
2a+20-32=0  ———(1)

Comparing imaginary parts,

~11la-b+36=0 —-—(2)

Solving, a=2,b=14

As a and b are real numbers, and 2—i isaroot, 2+i isalso a root.

The third root must be a real number.

A quadratic factor is
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[o-(2-i)][ - (2]
=[(z-2)+i][(z-2)-i]
:(2—2)2—i2
=72"-4z+4-(-1)

=2°-42+5
27°-97*+147-5 :(z2 —47 +5)(22 +c)
Comparing constants, 5c=-5=c=-1

22—1:032:1
2

. Therootsare 2—i, 2+i and %

14i

p +10i=qi+5 --------- (1)
Ipf"~q-5+2i=0 =q=|p| ~5+2i
Substitute into (1): p” +10i = (| p|2 —5+ Zi)i +5
Let p=x+yi
x—yi+10i:(x2+y2—5+2i)i+5
Equating real parts: x=-2+5=3
Equating imaginary parts: —y+10=x*+y*-5
=-y+10=9+y*-5
= y’+y-6=0
= y=-3 or 2 (rejected as Im(p) < 0)
Therefore p=3-3i.

|p|=+/32+3* =418 and arg(p)=—%
2n
pznz(x/l—Se_l“J
2n 2nr . . 2nr«x
— (18 _
(\/_) (cos 4 isin 4j

n S nz
p" is purely imaginary :>cos7:0

=n=2k+1, wherekeZ

arg ﬂ_p* __E :>arg W_—pp* :_f
p 2 p 2

= arg(w— pp*)—arg( p) :—%
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T T
—18)—| = |==Z&
= arg(w-18) ( 4) >
3z
_18)=_>"~ J
= arg(w-18) 2 .
| (180 , «
B0
W+ W =2 : ﬁ,jg/(r
=>x=-1 i ¢
= W is represented by point A
tanZ =B _ Ba-19 ﬁi
4 19 !
=>w=-1-19i |
x=|-1
a1 _wa2icl — (1)
zz—iw+g=0 —©
Method 1
From (1): w=z-2i+1 --(3)
Substitute (3) into (2):
2 - - 5
Z —|(z—2|+1)+5:0
7’ —iz—i+==0
2 1
(i) J(_.) _4(1)(_.+j
7=
2(1)
k=344
2
_ix(1+2i)
2
1 1
I==+—i, W=——=i, Or z=—>—-=i,W==——i,
2 2 2
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Method 2
Substitute (1) into (2):
(w+2i-1)° - iw+g =0

W +(2i-1)" +2(2i —1)w—iw+g =0

W2+W(3i—2)—%—4i:0

W=
2(1)
—(3i-2)=*
o _—(8i-2)%(1+2i)
2
3 1
W=———1,2=—+—1I or W=———1,Z=————
2 2 2
b 1 1 1 3 5
z=w——=2cos€+2isin9—(—cos€——isin0j:—cose+—isin9
w 2 2 2
Re(z):Ecose, Im(z):EsinH
2 2
16i

0 .. 6. 0 .. 0
=e“°| COS——ISIN—+COS—+1SIN—
2 2 2 2

0 0
=g? 2cosgj= 2e? cosg
2 2
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i X

W= e
1+e

. i

eIH 2

.0
267 cos?  2cos v
2 2

e

cosg+ising
—_ 2 2 . 2 1 LY
ZcosE 2 2 2

- Im(w) :%tang

18 1 3 2(2-1)2 +(8-3i)z-5+i=0

Let z =X be the real root.
x*—2(2-1)x* +(8-3i)x-5+i=0
X3 —4x% 4+ 2ix* +8x—3ix-5+i=0
(x3—4x2+8x—5)+(2x2—3x+1)i:0
Since z=X isaroot,

X} —4x* +8x-5=0 and 2x* —=3x+1=0
FromGC: x=1

Therefore, the real rootis z=1
2°-2(2-1)z* +(8-3i)z-5+i=0
(z—l)(22+Az+(5—i)):O
(z—l)(22+(—3+2i)z+(5—i))=0

z=1 or 2? +(-3+2i)z+(5-i)=0

(-3+2i)+)(-3+2i)’ —4(5-i)
2
—(-3+2i)% (1 4i)

=

=2-3i or 1+i
Roots: 1, 2—-3i, 1+i
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bi

1-u? =1—(cos¢9+isin6)2
=1-cos’ @ +sin* @ - 2isincos O
= 2sin* @ - 2isinAcosd
= 2sin6(sin @ - 2icos o)
=-2isin@(cosd +isin0)
=-2iusiné

Alternative

u=cosd+ising =e”
1-u?=1-¢"
_ gt (e—ei _ eai)
=u(cos@—isin@—isind—cosb)
=u(-2ising)
=-2iusiné

‘l—uz‘ =|-2iusing|=|-2sind|| i ||ul
=2sind

arg(1-u*) = arg(-2iusin )

=arg(-2ising)+arg(u)

=240
2

bii

(1—u2)10 is real and negative: arg (1—u2)10 =10arg(1-u*)=(2k +1) 7,k € Z

10(—%+9] —(2k+1) 7

57 +100 = (2k +1)7r
(2k + 6)72'
10

O<9<£: (92171',3%
2 5 5
Alternative

(1—u2)10 = [Zsin Hez%)]

= (2sin'* 0)(cos (57 +100) +isin (57 +100))

10
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Since (1-u’ )10 is real and negative, and 2°sin*® 9> 0,

sin (—57z +100)=0 and cos(-57+100) <0
Sr+100=kr ,keZ
k+5
,_(ke5)r
10
O<¢9<Z. gziml”,3ﬂ,g
2 10 5 10 5

Only when 92%7[,%7[ will cos(-57+100)<0.

Therefore, Hzlﬂ',gﬂ'.
5 5
18 z-81  x+i(y-8) Xx(x+6)+y(y—-8)+i(y—8)(x+6)—ixy
z+6  (x+6)+iy (X +6)% +y?
Re(w) =0 = Re(*=3) =0
Z+6
x(x+6)+2y(y2—8) =0= x> +6x+y>-8y=0
(X+6)"+y
= (x+3)% +(y-4)*=5°
Therefore, locus is a circle of centre (-3,4) and radius 5.
If wis real, Im(w)=0, ie
(y—8)(x+6)—xy=0=xy+6y—8x—-48—-xy=0
=3y-4x=24
which is a straight line.
19@) | (i) z=-1+2i,w=1+hi

w_ 1+ bi X—1—2i

z -1+21 -1-2i

_ (A+Dbi)(-1-2i)

S 1242

_ —1+2b+i(-2-b)
5
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w, —-2-b 3
Im(—)=——=—=
(z) 5

b+2=3=b=1

(if) arg(zw) =arg((-1+2i)(1-i)) =2.82 (GC)

® 1,

e

!
e—i(a+ib):\/§e'tan >
ia+h itanL
piat :\/ge 2

ebefia _ \/geitan‘%
Comparing :
e’ =45,

1 and a=-tan" =
b=§|n5

20 ) .
1-2z° =1—(cos26+isin 26)

=1-c0s20—i(2sin 8cos H)
=2sin*@—i(2sin&cos )
= (-2ising)(cosf+isin 6)

=(-2isin@)z (shown)
Alternatively :
l_ Z2 — 1_ (ei29)
— eiH (e—iH _eie)
=e"(cos@—isin@—cosd—isinb)
= z(-2isin @) (Shown)
[1-2*|=|-2ising)|z| = 2sin @

arg(1-z°) = arg(-2isin ) +arg(z)
=arg(2sin @) +arg(—i) +arg(z)

—9-=
2

21 | (i) z=re" isaroot, z=re’isanother root.
A quadratic factor of P(z)

7+ 7%=re" +re "’

§:2rc056': 2x =2Re(z)
2023 Complex Numbers !
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=(z-re’)(z-re™)

=22 —zre”? —zre'? +r? Im(z)
=2 —zr(e’+e")+r? "
=z?-2rzcos@+r* (shown) )
7, =23
7, =1z, ,
K( z
/% 3
O
(i) z, =iz
|ZZ|:|i21|:|i||Zl|=2
arg(zz)zarg(i)+arg(zl):%WL%:%Z

z, is an anti-clockwise rotation of z, about the origin by %

(iii) P(z):{z2 —2(2)zcos%+22}{22 —2(2)zcos%+22}

feolfe-o

:(22 —22+4)(z2 +2\/§z+4)

22(i)

Since 1+i is aroot of the equation 2w®+aw? +bw—2 =0,

2(1+i)> +a(1+i)’ +b(1+i)-2=0

2(—2+2i) +a(2i)+b(1+i)-2=0
(b—6)+(4+2a+b)i=0+0i

Comparing real terms,

b-6=0
b=6
Comparing imaginary terms,
4+2a+b=0
—b-4
a=——
26 4
La=——=-5
2

(i)

Since polynomial equation has real coefficients, 1+i and 1—i are roots to the
equation.

2wW° —5W? + 6w —2 = (w—(1+i))(w—(1-i))(2w—A)
Comparing constants,
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—A(L+i)(1-i)=-2
A(l—i2
A(1-(-1)

A

2w? —5w2 + 6W—2=0

(L) (w=(1-1) (2w-1) =0

w=1+i, 1-i,

2
2
1

E.

Alternative to parts (ii) and (iii)
Since coefficients are real, if first root is 1 + 1, then
second rootis 1 —i
Quadratic factoris (W —1—1)(w—1+1)
=w2—2w+2

2w3 + aw? + bw — 2 = (W2 — 2w + 2)(2w — 1)
= (2wW3 — 4W? + 4w) + (—W? + 2w — 2)
=2wW° — 5w? + 6w — 2
givinga=-5andb =6

And third rootisw = 1/2

280 _
J3-i=2e'®
W= 2(\@ - i) z
i -2 .
= Z{Ze [ GJJre'e
il o-Z
=4re %)
|w| = 4r
argw=49—E ('.'£<0s£)
6 6 2
Useful screenshots:
Z—i rPal noOkHAL IEETS ST [Z—i rPolar
v E?E" ?523555??%;, "ngﬂ%ﬁs z:u“ 5 o ~EEIEORITEGL
connecTECIROL Z-ivPolar o
SEQUERTIAL GG 2o F
REAL TR
FM HORIZ G-T r
HIEAT 4
(i) Im
/
/. B
Locus of Locus of w
2023 Com T19
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Remark: Locus of z could also be drawn along the positive Im-axis as values of

ginclude Z.
2

(i)

W2|_ |W|2 _16r?
22| 27| 2r
Since0<r<2,

2
W <16

22

=8r

S.0<

24(ai)

(W)’ =3-ib= (a—i_b)z
W (a+ib)

=3-ib

a’ —b’ - 2iab = (3—ib)(a+ib) =3a+b’ +i(—ab +3b)
Equating the real and the imaginary parts:
a®—b*=3a+b*.....(1) and

—2ab=-ab+3b ...(2)
From (2) a=-3 since b=0

From (1), 9—b®>=-9+b’
b?=9
b=43

Possible values of ware —3+3i

(bi)

7 -272+4=0

(T

a=1+\/§i = 2e|(§J and ﬁzl—\@i :ze_i(g)

(bii)

v _ﬂlo = ol0 [ei(msﬁj _e_i[losﬂj]
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:Zlo(Zisin 10—”}
3

{5
<(2)

=-1024/3i

| - 4| =10244/3

So arg(a®-p0)=-2

g(a* =)=

?as) 2z, +iz, =7-6i - (1)
z,—1z,=6-6i --(2)

Q)-(2)x2: iz, +2iz,=7-6i-2(6-6i)=-5+6i
Z, +22,=6+5i
Since z, +22,=3Re(z,)+Im(z,)i=6+5i, z,=2+5i

Sub z,=2+5i into(2): z,=6—6i+i(2+5i)=1-4i

(bi) 2 2
-4
2 2 2

(bii)
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\'

mw .. T .
2| cos—+isin— |=+/3+1
( 6 6) V3

Re(i*j:\/g+l and |m(lj=1—d§

W

Alternative solution

e e ()

%:(\/§+i)(1—i):\/§—\/§i+i+1:(\/§+1)+(1—x/§)i

(biii) Using results in (i) and (ii),
Im
r
12
0 \[ \/§+l
¢ O Re
(VN
From the Argand diagram, tan (ij = V31 x 31 =2-3
12) 3+1 J3-1
26
-\3 3
|- (1+i) =\/__2
J3-i| 2
2
(1+i)3 ) .
ar =3arg(1+i)—arg(~3—i
9752 ~Sarg(L+i)-arg(v3—i)
:g{ﬁj_(_ﬁj:ﬁ
4 6 12
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z=(\1f;r—l_)i=\/§ei(lllﬂzx/§(cos%+isin%j
(1+i)  2(-1+i)  2(-1+i) A3+
B3-i AB-i B-i B+
_-(1+3)  (3-Di
2 2

~(1++3)  (3-Di 11n . . 1l
R _ﬁ( j

COS——+1isin—
2 12 12

11n —(1++/3)
=+/2C0s =—
\/_ 12 2

Jasin T _ (/3-1)

12 2
_:tan&:_@:\/g—z
12 3+1
27 i Im
From the diagram, A 25 N Dy
arg(4+i—zl)+%=arg(—2+5i—zl)
i4+i—2 = —2+5i—1z C 41
4i—1—iz;,=—-2+45i—1z
1—iz,=—1+i BzO Re
z,=-1
Midpoint of AC is [‘““,E]: 13
2 2
Let z,=x+1iy
Since the diagonals of a square bisect other,
Midpointof BD is 1,3
[x—l’y+0]: 13
2
Xx=3,y=6
z,=3406i
28

Letf(x) = X' +ax’ +5x* —x~10,

Since the coefficients of f(x) are real, and 1 + 2i is a root of f(x) = 0, therefore 1 — 2i
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is also a root.
f(X) = (x—(1+20))(x—(1-2i))(x* +bx+c)

=((x-1)-2i)((x—1)+2i)(x* +bx+c)

:((x—l)z—(Zi)z)(x2+bx+c)

:(x2—2x+5)(x2+bx+c)
Comparing coefficients of
constant: c=-2

X: 5b-2c=-1 = b=-1
X3: 2-1=a = a=-3

.'.f(x):(x2—2x+5)(x2—X—Z):(x2—2x+5)(x—2)(x+1)
The other roots are 1 — 2i, -1 and 2.

5(x2 —2x4): X3 +3x-1
—10x* = x* +5x* -3x+1=0

Replace X,

l:—1 or 1:2
X X

x=-1 or x=1
2

29 . .
. 3+i (3+i)(2+i) 1 _ _
SRy ==(5+5i)=1
(i) |z - 1 5( +5i) =1+i
Therefore, |z | = V2
3+i| 10
Or |z|=|—=—F=~2
or [2=[351="5 V2]
argz= =
J 4
e><+i2y:Z
(ii)

T
. i=
e*e? =f2e 4

. (7
—e =42 or e‘zy:e'% or e{%]
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1 Vd r
—x=Inv2==In2 or == or ——
2 y 8 8
(i) 2 \"
z .
For (—*j to be purely imaginary,
z
arg 2. 2k+1)Z keZ
z* 2
T
n[2argz—argz*] :(2k+1)5
n|Z+ 2| =(2k+DZ
2 4 2
2
n=—(2k+1
3( )
Hence, the smallest positive integer n = 2
30
sz(zz—z)2
=7'-22°+7?
7 -27°-27+3:-10=0
(24—223+22)—322+3z—10=0
(24—223+22)—3(22—z)—10=0
w’ —3w-10=0
(w=5)(w+2)=0
w=5 or w=-2
2" -2=5 7" —1=-2
7°-7-5=0 7°—7+2=0
1+, /1-4(-5 1+1-4(2
Z= ( ) Z:—()
2 2
_1#421 _1x47
2 2
_1x4/7i
2
31 (i) _ 1-i
z=(1+1)(t-2)+
(L+)-2) t(1+i)
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. 1-1 1-i
=(1+i)(t-2 —
D=2+ 715
=(1+i)(t—2)—%i
Im(z):t—Z—%
(i) | x=Re(z)=t-2 =t=x+2
Therefore y=x—L
X+2
(iii)
X::—Z A
i ,x’/y:x
i /’//—1-0—'\/5 »
AL
[
X+2
32 Method 1: Expressing z in the form x + vi
(@ |Let z=X+Vi,
. * 2
2l—2 -1 —z=i
Z
* B 2
2i—(x+yi) _—(x+y|)| (x4 yi)=i
X+ yi ‘
2i_2"2—(x+ i)=i
X+ yi =
4Xz+4—x—yi:i
x> +y?

Comparing real and imaginary parts,

2
4x +4—x=0 and —y=1.

x> +y?
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Ly=-1
4(x2+1)
x?+1

X =4,
Thus,z=4—1.

-X=0 =4-x=0

Method 2: Observing that the modulus of a complex number is real
Let z=X+Vi.

Since

* 2
. —J.‘ eR, -y=1=y=-1

Z

Therefore Z=X-1. Hence,
. . 2
‘—2"("_“)—1‘ —X+i=i
X—i

®) o w
Gy | _2%c (%)%

657 . . 657 657 ) . . 657
=C0S——+I1SIn——+Cc0S| —— |+ISIn| ——
6 6 6 6
= 2005(65_72.)
6

=-2 cos(%j = —\@
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33

W +aw*+b =0
(W2+aw*+b)*:0*
(WZ)*+(aw*)*+b*:0
(w*)2+a(w*)*+b=0, a*=a and b*=b since a and b are real.
Hence, w* is a root of z2+az*+b=0.
2> +62*+9=0
(x+iy)2+6(x—iy)+9=0
X2 — y? + 2ixy + 6x—6iy +9=0
X —y® +6x+9+2y(x-3)i=0

Compare imaginary parts, y=0 or x=3.

Consider real parts:

When y=0, X2 +6X+9=0 which gives x=-3
When x=3, 3°—y?+18+9=0 giving y=16
Hence z=-3, 3+6i, 3—-6i

34(a)

iz 3
z2-27" -2
iz=-2+22"+2

Letz=x+yi

I(X+yD)=—(X+yD)+2(x=yi)+2
—y+Xxi=(x+2)-3yi

Equating real & imaginary parts,

X=-3y - 2

Solving (1) & (2), x=-3,y=1
Hence,z=-3+1i

(0)(i)

z re'?

z—r e’ —r
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0
.. 0
2isin(—
(2)
e .. 0
COS— +isin— 1
=—2 ___ 2 (Note: -=-i)
2|sm% i
1 1
= Z—_—Zjcot
273 ()

DHS Prelim 9758/2018/01/Q7

(35) 7 (2 _ -8i Alternative
a \4 4 - 21\3
(\/3+I) (\/3—'—') Z*_ (2|)3 _(28'7)
- 4 04
3+i '
J | -8i 8 8 1 (V3+i) (26 )
? ‘Z ‘_(\/3+|) ) 2 716 2 ge'? 1 (-4
(V3) +1° =———=>e'? °
16e' ¢ 2
1 isz
* =—¢€ 6
arg(z):—arg(z ) 2
=-—arg il 4 z=1e_i%ﬂ
(\/3+i) 2
1
—[arg(—Si)—4arg(\/3+i)] ==, arg(2)-gx
=—[-37-4(37)]
_1,
67"
z=re"
sarg(z) = %72' -2 = —%72 where
r=|z|=1
v=arg{z)=——nx
arg(z") =narg(z) = -2 RET=5
Since z"is purely imaginary,
—%nﬂ=(2k+l)(%ﬂ'), keZ
:>n=—§(2k+1)
5
-.smallest positive integer n=3 (when k =-3)
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(b)()

Let f(x) = ax* +bx® + cx® + 24x — 44
f)=-18=a+b+c=2
f(-)=-54=a-b+c=14
f(2)=0=16a+8b+4c=-4

FromGC: a=1b=-6,c=7

(i)

X*—6x3+7x*+24x—44=0

If 3—(V2)i isaroot, 3+(V2)i is also a root (since equation has all real coefficients OR

by conjugate root theorem)

Method 1

Compare product of last erms,
[X—(B=(2)D)][x—(B+(V2)i)](x—2)(x+a) =Xx* —6X> +7x* + 24X — 44
B-(2NB+(V2)i)(-2)(a)=-44

(3* +(V2)*)(-2)a= 44
a=2

Method 2

[X—(3—(\/2)i)][x—(3+(\/2)i)] = [(X—3)+(\/Z)i][(X—B)—(\/Z)i]
:[(x—3)2 +2] =X’ -6x+11

Since (x—2)is a factor of the polynomial equation,

X —6x° +7x* +24x-44=0
= (X* —6x+11)(x—2)(x+2) =0 (by inspection)

.. the other roots are 3+ (V2)i, 2 and -2
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36 (i) 2 2
LHS = a(ij +b(i]+a = (ij (a+bz, +az,’)=0
ZO ZO ZO

a+bz,+az,> =0
1 . ]
Thus z=-— isa solution.
ZO
Since a and b are real constants,

z,z, =1
|Zo |2:1
Since |z,|>0, |z,|=1

Alternative for first part:
Let second root be z,

product of roots z,z, = 8.1
a

S =—
1
Zo

(i) Let z,=x,+1y,
] 1 1
SInCE |m(ZO) ZE, yO ZE

From part (i), |z,|=1

\/on+yo2 =1

2
20=£+il or —£+i1
2 2 2 2
iii
(i) Since Re(z,) >0, zozgﬂé.

Subst into az,” +bz, +a=0,
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a(£+il]2+b(£+i£]+a:0
2 2 2 2

a(1+i£J+b(£+ilj+a:O
2 2 2

2
(§a+£b}ri(lb+£a}:0
2 2 2 2
~b=—/3a

37(i) =
Since z°—-3z+9=0 has all real coefficients, given that z=3e ® is a root of

the equation, z = 3e 3 is the other root of the equation.

(i) e’ —e " =(cosO+isind)—[ cos(-6)+isin(-0)]
=(cos@+isin@)—(cosd—isin o)
=2isiné@

T

Since w, = 3ei(_§J, W, = 3eig

(iii)
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(iv) 2n n

At poic't&a% 6sin (?j cos (Ej
os, (X

J&

1
(
|

ML !

% &

Hence,
Area of triangle OAB

:1|os||0A|sin(7_"j
2 18
1 . [ 2m I . (2n)| . (Tn
=—| 6sin| — |cos| — | || 6sin| — | |sIin| —
2 9 18 9 18
36 . 2(2n] . (7nj (775]
=""sin’| == |sin| — |cos| —
2 9 18 18
sin(“nj
-2 22) L

B 9 2

2
:93in2(EJsin(7—nj
9 9

38. Suggested solution

(@)()

Since z,=-1+1 is aroot,

(—1+i)2 +a(—1+i)+(1—\/§)+bi =0
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—2i+a(-1+ i)+(1—J§)+bi =0
—a+(1—\@)+(a+b—2)i =0
Comparing Re and Im parts
-a+(1-48)=0=a=1-3

a+bh-2=0=Db=1++3

(ii)

zz+(1—\@)z+<1—\@)+<l+\@)i:0
zz+(1—ﬁ)z+(1—\@)+(1+\@)i:[z—(—1+i)](z—zz)

Method 1: Comparing z

1—\/_=—zz—(—1+i): z,=~/3—i

Method 2: Comparing “constant”

(1-8)+(1+3)i=7,(-1+i)

(1-B)+(1+43)i [(1-3)+ (1+3)i [-2-1]
(—1+i) - 2

—[(1—\/§)+(1+\/§)i}[1+i] )

_ - =J3-i

Method 3: Sum of roots
Sum of roots = —(1—\/5)

-1+i+12, =—(1—\/§)
Z, :\/§—i

=1z7,=

Method 4: General formula
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(1) 1B -4 (148 1+ )

2
—(1—\/§)i\/1—2\/§+3—4+4\/§—4i—4\/§i
2
—(1—\@)i\/2\@—4\@i—4i
2

-(1-43)+ (1+\/§—2i)2
2

~(1-v3) £ (1++3-2i)

=—1+i (rej) or ~/3-i

(b)(i)
Method 1:

W, = 2—2i =226 “'or 22 (COS(_%]”Sin(_%D

5 or or
W, =—/3+i=2e° or 2(cos—+isin—)
6 6

(—£+5—”)i 7li

wWw, =4+/2e' ¢ ¢ =44/2e

1

ww,| =442 and arg(ww,)= o

Method 2:

ww, =2(1-+/3)+2(1++3);

W, | = \/ +4 1+I =\32=4y2

(l+\/_
(-

\/

7
12

arg(ww,)=rz—tan™

S——

(i)
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Method 1:
From (ii),

Tr.
WW, =4+/2e2 or 4+/2 (cos G—Zj +isin G—ZD

ww, =2(1-+/3)+2(1++3);

Hence

4\/§COSé7Z= 2(1—\/§)Z>C0317[:%

127 22

Otherwise
Method 2:
Student using geometry approach on

ww, =2(1-+/3)+2(1++3);

Method 3:
Student using special angles and addition formula

39.  ACJC Prelim/2022/01/Q5
Do not use a calculator in answering this question.

T .. T
Two complex numbers are Z; = Z(COSE_IS"‘E ) and z, =2i.

2
()  Showthat 2 +z, is v3+i. 3]

Zl
2
z
( 14 22] Z,
Zl

Find the possible values of z, in the form of r(coso +ising ), where r>0 and

2

. . . z .
(i) A third complex number, z, is such that ( — +22Jz3 is real and
Zl

—1<0<r. [4]

ACJC Prelim 9758/2022/01/Q5

(i)

T

z, = 2(cos£—isin I j — ¢ 18
18 18
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2
z
L +z,
Z
i

9
_4e +2i

T

2¢'8
— 266 4 2]

=2[COSE—iSinEj+2i
6 6
o[ B 1),y
2 2
=3 +i

(i)

2 2
[Zl*+zzjz3 is real and ‘[Z%+zzjz3 _2
z, Z, 3
[212 ] 2 2
42, |2Z,== or —-=
z, 3 3
. 2 2
(\/§+|)23:§ or —E
z -2 or 2
’ 3(\/§+i) 3(\/§+|)
2 2
=—— O &7 ———x
3[2e'6} B(Zelﬁj
1 it 1

=Ze & or Ze®
3 3

1 T .. T 1 St .. Sm
=—| COS| —— |+ISIN| —— or —| cCOS—+1SIn—
3( [ 6) ( 6D 3( 6 6)

Method 2

2
Zl* +z, —J3+i =2(cosg+isingj

4
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ZZ

L +2, |z, isreal

Zl
2
Zl

=arg| —=+2,|2;=0 or =«
Zl
2
Zl

:>arg[—*+zzj+argzszo or &
Zl

T
:>g+argz3:0 or «

—argz,=—2~ or o7
== 7
6 6

1 ( nj .. ( nj 1( St . Snj
Z3 =—| COS| —— |+ISIN| —— or —| coOS—+I1SIn—
3 6 6 3 6 6

40.  ACJC Prelim/2022/02/Q3

(i) Find the roots of the equation iz*—(5+i)z+2-6i=0 , giving your answers in cartesian

form a+Dbi, where a,beR.

(i) Hence find the roots of the equation —iw”—(1-5i)w+2-6i=0, giving your answers in

cartesian form a+bi, where a,beR.

(iii) Given that the roots found in part (i) are also roots of the equation P(z) =0, where P(2)is

a polynomial of degree 4 with real coefficients, find P(z).

ACJC Prelim 9758/2022/02/Q3
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() | iz’ —(5+i)z+2-6i=0
5+t JI=G+D)T - 4(i)(2-6i)

2i
_5+iJ_r\/E
2
_5+i%(1+i)
2
6+ 2i 4
5 or —
21 21
=1-3i or -2i

@) | —jw? - (1-51)w+2-6i=0

(i) .

Since w=1z,

w=i(1-3i) or i(-2i)
=3+1 or 2

@) | since P(z)is a polynomial of degree 4 with real coefficient, hence 1+3i and 2i are also the
(iii)

roots.

=(z+2i)(z- 2|)(z -1-3i)(z-1+3i)
(22+4)( )

(22+4)(z —22+10)
=7"-27°+147° -8z +40
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