HCI 2024 Prelims Paper 1 Solutions

Qn Suggested Solutions

1[4] | Translation in the positive y direction by 1 unit

replace y with y—1

(2) y:f(x)—)yzf(x)+l

(0’ 1- PJ replace y withy=1 (0’ l]
p p

Note:
[only possible to state the y-intercept]

(l—p,O)w)(l—p,l) doesn’t cut the x-

axis.

(b) . . o ‘
Translation in the positive X direction by 7 unit
y:f(x) replace x withx—p 3 y:f(x_P)

(l—p,O) replace x with x—p (170‘)
Note:
[only possible to state the x-intercept]
(0, 1_ pJ replace x withx—p 5 [p’ 1— p} dOeSIl,t cut the
p b
y-axis.
(©)

Step 1: Translation in the positive X direction by p
unit
Method 1: From Part (b)

Step 2: Scale parallel to the X axis by a factor of %

(1 -p, 0) replace x withx—p (15 0) replace x with 3x (% i 0)

Note:
[only possible to state the x-intercept]

Sty
p 37 P J doesn’t cut the y-axis.

Method 2:

Step 1: Scale parallel to the X axis by a factor of

Step 2: Translation in the positive X direction by 3
unit




replace x with

replace x with »
x—

y=f(x) = ﬁf(3x) - f(3x_P)

replace x with _ rcpl;xcsx with
o
Note:

[only possible to state the x-intercept]

o=
p 3 P ) doesn’t cut the y-axis.

(@) y=f(x)—>y=f'(x)
A: Reflection about the line ¥ =X
(052 —{52)
p P
(1- p,0)——(0,1-p)
2 If g(x)>0 forall xeR,then f(x)>g(x).
{3 Otherwise f(x)>g(x) may not always be true.
(b) 2x2—x-9
2175
X —x—6
2
2x2 —x—9_120
x°—x—-6
2x° —x-9)—(x* —x-6
(2 x-9) (¢ o6
¥ —x—6
2
x° =3 >0
¥ —x-6
()]
—— >0
(x=3)(x+2)

A

Critical values are: -2, —\/.“; , \/_“; 3

{xeR: x<-2 or —\/_’_)stﬁ or x>3}




3]
(@)

Volume generated
_ 16 5 d
- ﬂ-.l. ;YW

2
1.6
= d
2
Er[lm[zyy—yl\] dy
NG

16 2
=7TL [—14—;] dy

¥

=7r[—y—21n|2—yum

{2
)
(2] 03] e

(b)

New volume generated
16
V,=nx L x* dy

2
1.6
_EL { 2y = ] dy

=b'r|

Required ratio: 1:5”




171

Let a be the first term of AP and d be the common
difference.

(a) a+22d a+14d
a+ld4d a+10d
(a+22d)(a+10d)=(a+14d)’
a’ +32ad +220d” =a’ +28ad +196d”
dad +24d° =0
4d(a+6d)=0
d =0 (reject) or a=-6d
Common ratio of GP =
a+14d —6d+14d 8d
a+10d  —6d+10d 4d
(b) v, =8-S,
~ 3.rr+2 _(_2)n+2 -5 3"+1 _(_2)n+1 -5

6 6
= 1{3"*2 —(2)" =53 (=2)" + 5]

6




5 x=sect

7
Eai %:secé’tané

When x:ﬁ,
1 1 1
=42 = = = 0
cosd \/_ cosd 2
When x=2 |

1 1
=2 = =—
cos @ cos@ 2

N

o

w8

2 1
——dx
LE "xz—l
H 1
=I’7 secftand
i \jseczﬁ—l(

:J%L(secﬁtanf) )de
i tan@

)do

Since Vtan’ @ = |tan 6| = tan @ where

O<9<E
2

= stecﬁ do

_[fsect?dé’

= In|sec &+ tan 9|]§
=m[2+J§]—m[J5+@

=In 243
V21




6(2)

fix— ln[(x+4)2 79J
(x+4)2 -9>0
(x+4) =32 >0
[x+4-3][x+4+3]>0
(x+1)(x+7)>0

x<-=7 or x>-1
Minimum 4 =-1

6(b)

g(;J:f”(a)
e

3—2(;)

—(3) :f[f"(a)]
1+2] =

] 2
£(0)=ff"(a)

£(0) =
a=h{w+4f—9]

a=In7

—

—-

(©)

xL

Method 1:

By observation, x =

NS EN

_ 1 __Jf
» Y= i/aj “\a
4
Coordinates of stationary (minimum) point is
e
2\a

Equations of 2 vertical asymptotes:
x=0, x=a




Method 2:
1

d 1
a[x(a —x)] 4

= —i[x(a— x)T% [a —2x]

a—-2x

. 4«4/|:x (a- Jc)]5

For stationary point, & =0=>x=

dx
i
Jai Ve

4
Coordinates of stationary (minimum) point is

)

Equations of 2 vertical asymptotes:

)

a
2

x=0, x=a
(@ g x> - x! for le,
1+2x 2
1
h:x———,for O<x<a,

Yx(a—x)

2 1
R, =|,]=,0|, D, =|=,®

For ghto exist, R, < Dg

[\

TS
b | —

IA [\
EEN Bl

ST TN

IA
oo

Since a>0,0<a<8




(e)

[h(x)] =1
h(x) = h(lx)
Method 1:

Consider minimum point {% , \/zj of y= g(x)
a

intersecting

Maximum of point of E, \/E of y=—— at
2°\2 g(x)

exactly one point:

a

()

2
2_y

Q R

=12
Since a>0, a=2

Method 2:
[x(ax)_ﬂz =1
[x(a —x)]% =1

x(a-x)=1
x*—ax+1=0

For repeated roots,
at-4=0

a=12

‘ Since a>0, a=2




[79] f(-x)=a(-x) +b(-x)’ +¢(-x)

(a) = —(ax5 +bx’ + cx)
=—f(x)

(b) | f(x)=ax’ +bx’ +cx=0
Since all coefficients are real, by Conjugate Root

Theorem, if #+41 isaroot, then 2~ 91 isalsoa

root.
Also from part (a),
f(—x)=—1f(x)

We know that f'is an odd function and

If £f(x)=0, f(-x)=0

and hence —p—giand —p+¢i are also non-real
roots.

Since f(—x)=-f(x),So —p—gi and —p+gi are
also the roots.

(©)

[ £ dx
0 3
= L f(x) dx+ j’n f(x) dx
Since f'is an odd function and Jj f(x)dx=-5

[’3f(x) dx+ jjf(x) dx
=5+(-5)
-0

[/ £l ax
= [ f(-x) dv+ [ £x) d
= [t et [ £ de

= ["£(x) e+ [ £(x) dv
=-5+(-5)
=10




(@

f(x)=x"+3x" +cx
f'(x)=5x" +9x" +¢
At stationary points, 5x* +9x” +¢c=0

o 299 -405))

2(5)

-9—./9% —4(5)c)
2(5)
If they are 2 stat points, x° >0

—9+4/9> —4(5)(c) >0
Jo —4() ) >9

81-20(c) > 81

Note : x* = (rejected)

c<0
8[12] dx_
dy 1
dr ¢
dy dy dr_ 1

dx dr dr 27

At the point with parameter ¢, Equation of tangent to
Cat (£,Inz)is

y—lntzzl?(x—tz)

1, (x—t2)+lnt

apy
1

(b)

Equation of L, the tangent at P:

y= x—l+lnp
2

2p2

2

. 41
Given that L passes through (1, ‘02—+J




()

jlnxdx
u=Inx, v':Ildx

du 1
—=—v'=x

dx x

.'.J-lnxdx

_ 1

= xlnx—jx(;}dx

= xlnx—jldx

=xlnx-x+C

(d)

Cartesian equation of curve C, :

Since 1 >0,
t:\/x_f, y=Int

= y:ln(«/;)

1
=—Inx
2

Area bounded = I lez (¥, —»,)dx

- lﬁx+l—llnx dx
! 2 2

2e”

= %xﬁ—lx L (Inx)dx

4e 2 ], 24

1 ;5,2 1, 1 1 1 ¢
=q—|e ) +=¢ ———=} ——|xlnx-—
{4&( ) 2 4¢? 2} 2[x x=x}
={ée2—%—l}—l{2e2lne—12ln1—e2+l}

4 4e” 2
(el (ele])

4 4e” 2 2 2
:(lez— 1,—1) unit?

4 4e”




9 -5 -3 -3
[14] | 04=|-4|, 0B=| 6 | and OC=| -4
(a) | )
-3\ (-5 2 -3\ (=5) (2
AB=| 6 |-| -4 |=|10|, AC=|-4|-| -4 |=|0
2 1 1 2 1 1
2) (2 10
ABx AC=[10|x| 0|=| 0
1 1) =20
Area of triangle ABC
:l@xm
2
10
o
2
-20
=%\/100+0+400
=%\/500 or =5v5 unit?
(b)

Mype = k(AB; x AC)
Plane ABC is parallel to Plane POR
|
R =| 0
-2 o B ¢

Vector equation of ™asc in scalar product form:
el ype = A 4pc

1 =53\( 1
]:0 0 = —4 . O = —7
-2 1 /12

Vector equation of =, in cartesian form:
x—2z=-7




(c) Method 1:

Let N be a point that lies on rox
1
Tpop: 1o 0 |=-2
-2

By observation, ON =| 0

-5\ (0) (-5
NA=|—4|-|0]|=|-4
1 1 0
Shortest distance from 4 to 7,

= Perpendicular height of the prism is
1
NAs| 0

_

Volume of prism
-(545)(45)

=25 unit’

Method 2:

Tpor: 1 0 |=-2,

1
0
2] -

NN

Perpendicular height of the prism is
-7—(-2 :
u = /5 units

NG

Volume of prism
=(5v5)(V5)

=25 unit’




(d)

Method 1: Use intersection of /,,and 7,
Let P be the foot of the perpendicular.
-5 1
lp: r=|—4|+4] 0|, AeR
1 -2
—S5+4
OP=| -4 , for some A e R
1-24
=S+A3( 1
—4 o 0 [=-2
1-24)(-2
5+ A-2(1-22)=-2
—T+51=-2
A=1 Q
-5+1 —4
OP=| -4 |=|-4
1-2 ) | -1
P(—4,-4,-1)

(@)

1
Method 2: Use 4P//| 0
2

Let P be the foot of the perpendicular.
-5 1
r=—4|+4| 0
1 -2

, AeR

oP=| -4 , for some A e R

AP=| 0

From part (c),

AP‘:\E

—A
0 [=+5
24
|4 =1
A=+l
4 4\ (1
When A=1,0P=|-4|and |44 0|=-2
-1 —-1/{2
S P(—4,-4,-1) lies on 7,
—6 —-6\(1
When A=-1,0P=|—4| and | -4 [/ 0 [=0
3 3 )12
. P(—6,—4,3) does not lie on 7,
- P(~4,-4,-1)




(d) | Method 3: Using projection vector, N4 projected
onto normal vector
1
Let N be a point that lies on the plane #+| 0 |=-2
-2

0
ON =|0

1

-5 0 -5
NA=|-4|-|0]|=| -4

1 1 0

-5 | 1

—4 4 0 0
P 0)l-2/{-2

NG
1

PA=-| 0

-2

1
0A—OP=~
-2

-5 (-1) (-4
OP=|—-4|-| 0 |=|—4

1 2 ) (-1
P(-4,-4,—1)




(e)

-5 1
OA=|-4|, OD=| 5
1 —4

Let the angle between 04 and OD = 6
-5 1

2
—4 s 5 =(\/42) cos@
1 -4
-5-20-4 29
cosff=——— =——
42 42

Since, @ =cos ' [—gj
42

8=133.6678153°

(Minor) Arc length

= r@, where € is in radians.

3]

= 15.1192
= 15.119 3 d.p.)

OR
(minor) Arc length
=%[27zr] , where 0 is in degrees.

=15.119 3 d.p.)

10 y=24-2x
[14]
(a)
(b) z=24-3x

d o (yz) or ;E =k, (yz) where k; is a positive
t

dt

constant

j’; =k, (24— 2x)(24—3x)

= 6k, (12— x)(8— )
= k(x—12)(x—8)

;E =k(x—12)(x—8), where £ is a positive
t

constant




(c) Method 1:
% =k(x—12)(x-8)
dr 1

dv  k(x—12)(x—8)

1 1
_Ej(x—S)(x—lz)

1 I 1
tzﬁ[h(x—lz)dx_h(x—s)dx}

1 x—12
t=—1In
4k x—8

’+C

4kt —4C =ln

x—12
x—-8
x—12 — tothgiC
x—=8
— Ae4k!
where 4 =+e™'“is an arbitrary constant
When =0 x=0.

szeMcw)
0-8
3
2
x=12 3 4,
-8 2

2x—24=(3x-24)e*

Akt
Lo 24d=eT)
2-3e"




©

Method 2:

dx
o, =hE=12)(x-8)

b de
(x—12)(x—-8) dr

I;dxﬂcwc

(x=8)(x-12)
1
[————d=k+C
(x—10)* -2
L on2=0=21_ e
2(2) |x—10+2
X" 4k 4 ac
x—8
_12 +e4kle4F
x—8
:Ae‘U{f

where A =+e*“ is an arbitrary constant
When =0 x=0.
0-12
0-8
A=
=123 4,
x-8 2
2x—24 =(3x-24)e*™

24(1—-e*
xX= ¢ 4kl)
[ 2-3e }

— fe*O

x—>8ast—w
Theoretical Mass = 8g

When t=5 x=4.
4_12:§e4k(5]
4-8 2
__8:§e4k(5]
-4 2




11 By Pythagoras Theorem,
[12] o)
@ |I7=h +[5]
(b) A= Area of Square + Area of 4 Triangles
2
A= +4[1(x)1/h2+x—}
2 4
X2
LA=xP42x, R+ "y (shown)
(c) From part (b),
2
A-x? zzx,ffﬂ +
4
A —)C2 _ h2 " ﬁ
2x 4

2\ 2
A-x 2
2x 4

2
B = A-x* _x2
2x 4

Volume of a right pyramid = %x base area x height




(d)

sz(A—2x2)
36

2=
Method 1:
ar  A(24x-8x)

2V —=
dx 36

For stationary values, ﬂ =0

dx
ay  JA(4-2x7)-27ax’
dx v A—2x>
~ \/Z(A—4x2)
Cea-2x

For stationary values, g =0

=
H

(e
-

H

|
INTN
-

|
o | —

) 2
Maximum V'~ =

24x—8x> =0
2x(A—4x2)=0
R I L N
4 2
Method 2:
\/Ex (A—2x2)
V=

Ja

2
2 A 4 A
4 16

6
ar =%ﬂ\}A—2x2 +%’\/EX|:%(A—2)CQ )_%(—4)5)]

|

Maximum V =

36
£ £ e

288 1242

24




(e)

J4

1, 2,
S
5_3«/?; J4
x 1242 | 2
h_ 2
x_4\5
.-.%:ﬁ

Le't the angle the lateral face make with the horizontal

be 6.

0o | =

tan@ =

= | =

‘[alrlé?:ﬁ

x
tan @ =22

0 =tan"' (2~/§ )

0 =170.529°

0 =71° (nearest degree)




