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DHS H2 Mathematics Promo 2023

The parallelogram OABC has points / and G that divide 4B and BC in the ratio of 2:1 and 4:1

respectively. The lines OF and AG intersect at the point £. By letting OA =a, OC =c¢, find OE
in terms of @ and ¢. Hence find the ratio OF : EF. [5]

. . .2 .
Given that x <0, solve the inequality — < lx| —a, where a is constant such that a > 3. (4]
x

The diagram shows the curve y =f(1—- x). The curve has a maximum point at (~1,5) and two
asymptotes x=-2 and y=1.
y -~

(_la 5)

/ O )
-2

On separate diagrams, sketch the graphs of
@ y=£(), (2]
(b) y=g'(x), where g(x)=f(l-x). {2]

[ AU DUN R U

x:

It is given that & =2+e”.

&y (dyY _dy
(a) Show that e +(——) = i Hence find the Maclaurin series for y up to and including the
x dx X

term in x2, giving the coefficients in exact form. [4]

(b) By using appropriate standard serics expansions from the List of Formulae (MF26), verify
the correctness of the series expansion found in part (a). - [3]



With reference to the origin O, the points A4 and B have coordinates (1, 2, 0) and (-5, 1,0).

(a) Find the angle AOB. [3]
1 2

The vectors OA and OB are projected along the direction of | 2 | and | 1 [ to form the vectors
2 2

O'A' and O'B’ respectively.

(b) Find the vectors O'A' and O'B". [3]

(c) Find the exact area of the triangle O'A4'B". : (2]

A curve C has parametric equations

x=3, y= 3 5, €
1+¢
(a) Find Y in terms of ¢ Explain why C has no stationary
X
points. (2]
(b) Sketch C, indicating clearly the equation of the asymptote if any. [2]
(c) Show that the equation of the tangent L to C at the point (—3,%) is 6y=x+12. n

(d) For t <0, find the exact value of the area of the region bounded by C, L and the y-axis. [4]

(a) Itis given that Zrz = %n(n-l-l)(Zn +1).

r=1

(i) Find Z(z"*‘ +3r— ’,z) in the form A(2" —1) +f(n), where 4 is a constant and f() is

r=l

in fully factorised form. (3]

N
(ii) Using your answer in part a(i), find Z(Z' +3r—(r-1y° ), leaving your answer in the

r=4

form B(2")+C[N(N=1)(5-N)]+ DN + E where B, C, D and E are constants to be
determined. (4]
(b) A sequence is such that v, = p, where p is a constant, and |
v, =3v,—2, fornzl.
Describe how the sequence behaves when
® p=5, (1]
(i) p=1. 1



8 (a) Find I sin xsin4xdx. [2]

VJx* -1

2
(b) Using the substitution x =secd, where 0 < @ <~’2£, find the exact value of L_ dx.
3 X
[4]
. X . P X
(¢) Find |—====dx, where m is a constant. Hence find |{sin™ mx )———= dx. (4]
'f\/l—-mz.\'z I( )«/l—mz'x2
9 (a) The functions fand g are defined by
1
f:x—> N xXe , X#—a,
x+a
gixx*+2, xe ,
where a is a positive constant.
(i) Show that f exists and define f~ in a similar form. (3]
(i) Show that the composite function gf exists and find its exact range. [3]
(b) The function h is defined by
tan”' x for —1<x<l1,
h: x>
“Ix+ X for 1<x<3.
4 2
Tt is further given that h(x+4)=h(x)for all real values of x.
(i) Sketch the graph of y =h(x) for ~2<x<6. [3]
- 6 :
(i) Write down I_z h{x) dx. (1]

10 The curves Ci and C: have equations y =+15x+4 and y = x? -2 respectively. The region R is
bounded by the y-axis, Ci and Ca.
(a) Show algebraically that the point with coordinates (3,7) is the only point of intersection

between C) and Ca. [3]
(b) Without the use of a graphing calculator, find the exact area of R. ' [4]

(¢) Find the volume of revolution when R is rotated 2z radians about the y-axis. [3]



11

An ccologist is investigating the population of rabbits in a forest ecosystem. The population
growth rate of the rabbits is influenced by both the natural growth rate and the effects of predation
by foxes. It is modelled by the differential equation

dP

—=2P-0.027,
dr

where P, in thousands, is the population of rabbits over f number of weeks. It is estimated that the
initial number of rabbits in the forest is Py thousands.

(a) Determine the range of values of P for which the population of the rabbits is increasing. [2]
100P,c™

(b) Show that P = ——rm—r, [6]
100- P, + B¢’
(¢) What can be said about the population of rabbits eventually? Justify your answer. [2]

(d) Sketch. on the same diagram, the graphs of the population of rabbits over time when F, =80
and B, =120 respectively. (2]

In a particular building, there is an L-shaped corridor (see diagram below). Corridor 1 has a fixed
width of 3 m and Corridor 2, which is perpendicular to the first corridor, has a fixed width of 2 m.
The points 4 and B are on one side of the wall along Corridor 1 and Corridor 2 respectively, such
that line .43 touches the corner O and makes an angle of 8 radians with one of the walls as shown

s
where 0 <8< 5

-

Corridor 1 3

A
A 4

Corridor 2

(a) Show that AB= 2 4 ,’B , where a and S are constants to be
cos@ sind

determined. 1]

(b) If @ is decreasing at 0.1 radians per second, find the rate at which 4B is increasing at the
instant when OB =4 m. [4]

(¢) A pole of length p m is carried through this L-shaped corridor parallel to the ground. By

: : : - %
using differentiation, show that the maximum possible value of p is [(2)" +(3)k] , where

k is a constant to be determined exactly. (7]
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Qn

Suggested Solution

C i G 4

' 4

0 a A

OF =a+2c , AG=c—~2a
3 5

S — 2

OE=/10F=}.(a+-§c)

as;awzé:aw(c_%a)
By comparing the coefficients,
A=1-3p===()

2 - ——
5/1—#- (2)

Subst (2) into (1),

1:1_1(%,1J
53




Qn | Suggested Solution
2 y
o Y N —
y=-x-a 1 \ y=x-ua
\ 0
] ’
\ Y
\\ ,'
0 -~ s)_,L ~~~~~~~ ‘x
’/
2 s
y=— ‘
X
For x <0, solve ==—x—a to determine the x-coordinate of the point of intersection.
x
x+ax+2=0
2 2
a a
x+—| +2——=0
2 4
2 2 _
x=—£-i_- 3——2 =—9-i a -3
2 4 2 4
Since 4’ >9  then a’-8>0
From the graph, the soln is
a |a*-8 a |a*-8
- <x<0 x<-=-
2 or 4
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Qn

Suggested Solution

3(n)

..........................

- - - - -

1
3
1
]
[}
1
]
1
1
1
1]
]
1]
:
y
e
i
—

(b)

y=g'(x)

=

Suggested Solution

4(2)

e’ =2+¢"
Differentiate with respect to x

e”g}i=e"

Differentiate with respect to x

2
(B2t

d*y (dy 2 e
..——2-+ —_— — —
dx dx e’

2 2
-d—‘;i + (d_y Y (shown)
dx dx dx

[o—

dy

When x=0, y=1In3, ,
dx 3

&y_2
2 9




)'=Itl3+\'(lJ4-ﬁ(2~ +
"\3) 219} "

£y

=ln3+'—\.+i+...
3 9

(b)

y= 1n(2+c"’)

2
= 2+1+x+—+...
2!

2
P FUNLY BAE 20
3 2!
2
=n3+In 1+—l- x+f—+...
3 2!

2
y=ln(2+e")=ln3+ln[I+X] [letX=-;-(x+—;—'-+...]:|

=In3+ X—-l—
L 2

[ 2
1 x2 111 x?
=Iln3+| - x+=—+...|-—| =| x+—+... || +..
3 21 213 2!

3 2 2
x x° x
=In3+ —+——-—+...]

X? +] (apply std series of In(1+X) )

=In3 ML, (verified)
3.9

Qn

Suggested Solution

5(a)

1 =5
OA=|2|and OB=| 1
0 0
Let =0 A0B,
OADB = Ial |5-§|cos 6
1Y (-5
20 1
0/{ 0 =542
JE+22s2 41 5426
cosf =- 3
V5426

8=105.3°

cosf =




(b) (MY [ (1 )
2 2 212 |
— | — 1
0'A'= 0AE>?< >2<= 0)\2 21=3]5
> =
! (\/lz+22+22) 2] °ly
2 2
\ \2) Y, \2) )
[ (2))/(2) ~s\ (2
] : LhH! 2 2
O'B'=| OB \2) 1\2) _ 0)\2 1|=—]1
(2) 1(2) (\/22+12+22)2 2 2
1 1
\ LZJ \2J \ J
(c¢) | Areaoftriangle O'4'B’
=07 Ax0'B]
2 .
5f1 2
=-l—8 219xi1 '.'|ax(—b)|=|axb|
2) {2
(2
22
\—3
=2 A7 units?
18
Qn Smﬂted Solutions
@2 (20)=
dt (l+t 2y? (1+t)
& g2
dt
dy —6t 1 -2

.______.— __

dr (+2)? 9 31 +12)>

There are no real solutions for ¢ when % =0. Curve C has no stationary points.




. =2
srnat B — - = 1 1
Alternatively, A+ 0= -2=0 (Inconsistent) . Thus C has no stationary

points.

(b)

(0,3)

I3 4

y=0 o

(©

1 Y. —2

S de o 3(-1)(1+(-1)"?
Equation of tangent is
y—%:%(x+3)

1
=—x+2
7<%

Att= 1
6

6y =x+12 (shown)

@

Area required

[y dx—%(%+2)(3) a

=27 [t —tan™ t](_)l —%}

_o7(1-%]-2
- 4) 4




Qn | Suggested Solution

7ﬂ(i) i(zrﬂ +3I’—i'2)

r=1

= Zi 2" +3ir —i 7

r=l re=l r=|

=2[2—(2%:—1)J+3[§(n+1)]

—% (M +D(2n+1)

a1\ M+ D)
=4(2 1)+ -

(9-@n+1))

=4(2"—1)+-§n(n+l)(4—n)

a(ii) | Replace r with r+1

i(z’ +3r—(r-1y*)
r=4
r+l=N

= 2(2'+‘+3(r+1) (r+1- 1)

rel=4
N-l

—2(2’“ +3r—r )+23

=§(2’“+3r-rl)-22:'(2”'+3r—r2)+3(N-—1—3+1) :
=4(2”"—1)+%(N—l)(N—l+1)(4—(N—1))—(16)+(3N—9)
| =2(2”)+§-N(N—l)(5—N)+3N'——29

whereB=2,C=§,D=3,E=—29,

7b |p=5
@, ii) Method 1(GC) (Dreferred) N
vite mg‘f,u’;n e

TN u,:m
afsk athi

‘

rnzl“rnz s ng..uu-; f

| Method 2 (algebralc)
y, =3y, —2=3(5)—2=13

v, =3y, —-2=3(13)-2=37

y, =3v,~2=3(37)~2=109

.. &soon '

.. The sequence increases & diverges.




p=1
Method H{GC) (preferred)

[ATX O ATIE IR £ 1Y 1 <
mo smnh NN Kenedy

'I\u( »ﬂ)l?u(nl-?
ufl)e
l ui?)‘
pvindldn
vl
w2)=
Ne(pl)e l"“

Method 2 (algebraic)
v, =3y -2=3(1)-2=1

v, =3v,—-2=3(1)-2=1
v, =3v,-2=3()-2=1

.. &soon
~ It is a constant sequence which converges to 1.

Lowerennoun

Qn | Suggested Solution
8(a) . . |
sin xsin 4x dx=—§ cos Sx—cos3x dx
1(sin5x sin3x)
=—— - +c
20 5 3
(b) 2 Jx?*-1
J dx dx=(sec9tan9)d9
N
X / 2p_ _ _
|3 ysee v 6-1 (secﬁtané’) dé When x =2, secf=2
Jz  secd 1 P
4 cosf=—=>0=—
. 2 3
= | Jtan’6d6
) When x =2, secd =2
*3 1 V.4
3 2
= sec’8-1)dé cosf=——=2>0=—
Ji ) 5203
=[tan -0}




c 1 2
© I d,\=—-— 2m,\(l—mx) 2 dy
V-t x? 2m’
1
1 (1—mzx2) 7
T 2m? - 34 e
=—L2\/l—mzx2 +c
m
sin™ i) d - v x
I( )\/1——1112,\'2 u=sin™ mx ey
sin™ mx ) 1 o m 1 T
=[— " Nl=m*x J—I—;dx iy ve-— 1-m’x
s -1
mn ”1
Qn__ | Suggested Solution
9(a) : ,
@ i A
i 1 y= f(x)
A ,
D
5 y=k
x=-a
Every horizontal liney=k, ke cuts the graph of f at most once hence f is one-one
and f~' exist.
1
Let y=—
Y ita
= xy+ay=1
=>xy=1-ay
I e L
Y Yy
Therefore ™ :xl»—)l—a, xel, x=#0.
x
Since R, =0 \{0} and D, =00
(a)(ii)

R, cD,, thus gfexists.




X=-a v y
' \
\ 1 [/ r=e
\| r=T()
E ¥_= X 2 .
} 0 y=0 0 "

Using the graphs of fand g
Df - Rr - Rgf
0 \{=a} >0 \{0} - (2, )

Rsf = (2’ °°)
b(i)
27
y=h(x)

b(ii 6

(i) I.zh (x) dx=0

Qn | Suggested Solution
10@) | /15x+4=x>-2

15x+4 = (x* —2)?

15x+4=x"-4x"+4

x(x* —4x-15)=0

P —4x=15=0 - x#0 (does not satisfy original eqn)
(x=3)(x* +3x+5)=0

2
Since x* +3x+5=(x+%) +%>0 for all x,

Lx=3,y=7
:.(3,7) is the only point of intersection between the 2 curves.

10




(b)

Area of the region R

= [[VIsx+d-(x*-2) dr

3
3
(15x+4)? &
3 3
=(15
5 (13)

- 0

[ 9 3 3
= Z‘g(4s+4)=-§+6— 2 (4)2]

+2x

3 45

(c) | Volume of revolution

=n[fj2y+2dy—2%5_ :(y2 -—4)2 dy:l-'

=91.7 units’

Qn Suggested Solutions

11(a) | For increasing population,

21_’> 0
dt - - + -~ >
2P—-0.02P*>0 0 - i’

100
P(1~0.01P)>0 :
0<P<100




® | dP
dar

dP 2
o =0.02(1007 - rt)

IIOOPI—-P’ dp = [0.02dr

=2P-0.021

1
I_-—————-dP =0.02 dr
P(100-P)

1
1001- 100-P

L (1nP-m]100-P)) =002 +C
100

—_dP= joozd:

In P =2t+100C
100-P
P — ieZH-IOOC
100-P
P = j:eloocezl
100-P
L Ae*, where A=1e'"C
100-P

P = Ae* (100~ P)
P =1004e* — Ae* P
P+ Ae¥ P =1004¢e”
_ 1004e*
1+ Ae?
Whent=0,P=F,
, 1004
1+ 4
P,(1+4)=1004
__ A
100- 2,

100 h e )
_\100-R ) 100Fe”
- ) , 100—F,+FRe

P
1+ 0 e
(100-};

(shown)

© . 100R,e* 1007,
, P00
As { — 0, 7 >0 IOO—PO'*'R;ez' 100 R’—i—P

eZ

— 100

-, population of rabbits approach 100,000




G

P A
120

100 |

........

Qn | Suggested Solution
12(a) | Let OBbexm.
A
i
)
- 1
5 AB—x 13
= v
= K
° g
]
-0
. Corridor 2
From diagram, . ,
cosf = and sim9.=£.
AB—-x x ‘
So we have AB=(AB—-x)+x= +———, where @ =3, =2.
i cosf  sin ‘
(b) | Differentiating the result in part (a) with respect to 7,

9—%3—)- =(3secftand —2cosec cot 0) (%) NG

When OB=-—_£-=4, g=1n.
siné

Subst 8 = %—n and 95 =-0.linto (*):

d
Using GC, (;4’3) = 0,493 m/s (to 3 s.f.)

. Rate of increase in AB when OB =4is 0.493 m/s

13




()

| Alternative

P < AB for all possible lengths p and angles 0,
i.c. max p=min AB,

t"B = 3 4- 2 R
cosf sing

d(4B) _3sind 2cosl _ 3sin’0-2cos’0

d0  cos?@ sinl@  cos’Osin’0
i
Atmin 4B, ‘ (AB) =0
do

= 3sin® @ =2cos’ @

1
3

tan® 0= 2 = tan @ =(Z)
3 3

N
s O=tan™ (2 .
3)
é 0.717 1 0.719
i0)
tan | —
3
d4B -0.0216 0 0.0205
dé | :
Tangent O - 0O

- AB is a minimum when- @ =tan™ (%) .

' 2
- 3cos’ | t ?9——]
d(4B) _3sin’@-2cos’§ _ cos [ ey

dé cos® @sin’ @ ~ cos®@sin’ @

S (20 | tan 23 a2y
i} tan (E) | an (3 t-a-n . 3,

+

- dé.

d4B negative | 0 |- positive

14



[& %
(2)}
\ 9 |

(3)?

Thus we have

(0] 2ef+0F]

T
@+ ] [0F+0F]
- [@pef]

max p = [(2)§ +(3)§]% , where k=4,

15




