River Valley High School, Mathematics Department

Solutions (Technigues of Integrations)

1 J'e2X tan‘l(e‘zx) dx
2X
_Len tan* (&) Lo _—2¢ > dx
2 2 1+(e‘2x)
1., 1( oy 1
:Eez tan* (e )Jrj[lJre_AXJ dx
1 X — —2X e4X 1 X —2X l X
=§e2 tan* (e )+Ie4x+1dx:§e2 tan~* (e )+Zln(e4 +1)+C
—4—4x 1
dx — dx
I\/l 4% —2x2 I\/l 4x —2x2 IJ1—4x—2x2
:—%\/l—4x—2x2 —_[ ! dx
J2 2—(x+1)2
—1\/1—4x—2x2 —isin’lm+c
2 Z"
2 (i) Ixsin xdx
:—xcosx—I—cosxdx
=SiN X—XCOSX+C
dx = -2sin ucosudu
(ii) 1 .
e —2sinucosudu
J-cos2 uvl—cos®u
=_2 Ldu
cosu
:—stecudu

N—"

= —2In(secu + tanu

+
1 1-x

=2In| ——=+.— |+¢C
[& X j
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3 % 5sin x — % (cos x+sin x)—4(cos x —sin X
@ J-5SInX 3_cosde: I( ) ( ) i
J cosx—sinx J COS X —Sin X
6 6
0 .
_ ICOSX+S!nX—4dx
J cos x —sin x
s
0
=[-In|cosx—sinx|-4x | z
6
Zgﬂ'+|n V3-1
3 2
b (1o} |2 X (1o x2) 2 (=2x) 4 (1— 3 )2
O &[22
x2+(1—x2)
1-x°
_1-2x°
1-x°
_9y?2 1
jl 2x dx:{x(l—x2)2]+c
1-x?
: 1
29 ny? -
J'g 2 2 dx:[xxll—xz}Z
TV1I-x2  J1-X2 0
z 1
29 9y2 -
J'g 2x dx:[xxll—x2+25in‘1x}2
o'\/l—X2 0
_7, 3
3 4
4
J‘ Inx—1In2 dx « = 28!
xJInx—In2—-2
t_
:J‘ In2¢" —In2 %dt %:Zet
2e'/In2et —In2—2 dt dt
=J‘ In2+t—In2 26t dt
2e'\/In2+t-In2-2
t
= dt
|75
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j% dt
j(t— )%

J‘ Inx—In2
dx
2x Inx In2 2

dt  (shown)

7

(2 [2<z)+4}
3
_16V2
3
Therefore a=16, b=3
5 d COS X COSX A3
— e =—e"*sinx.
dx
_fem sin 2x dx
= _fem (2sinxcos x) dx
_j c"sxsmx —2c0s x) dx
=-2e°**cos X — 2] e“**sin x dx
=-2e“**cosx+2e“** +C
6 2x* —5x+13 B(2x—2)+C
(a) Let oo r — A+—2_
X —2X+5 X°—2X+5

— 2x° —5x+13 = A +(-2A+2B)x+ (5A-2B +C)

A=2

Comparing coeffs: < —2A+2B=-5= B = —%

5A-2B+C=13=C =2
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_ J-2x2—5x+13
T x2-2x+5

IZd __J- 2X—-2

——d
X* —2X+5 o +I(x_1)2+22 X

:ZX—EIn(x2 —2x+5)+tan1XT_1+C

(b) ; ; 2
jzex“’llnxdx = {Inx-—_J‘X_.ld }
! n n x |
n 2e
= |Inx-——=- X"
[ n n’ l
) @”Qe)'(ze) —%m)”H("%}
n n n
1 . .
g F[n(ze) (In2+1)-(2¢)" +1]
7 1 1
er_ - dX
I_l e
b |
_ 2x 1 1
__.[ € o200) dx+'[ € 200D dx
-1 %
1
:—|:1ezx+le_2( 1) j|%+|: e2x+1e—2( 1)}
2 2 L Y
=1(e4+e2—4e+e‘2+1)
2
8 Ixcos‘lxz dx
X 1,2 X —2X
=—cos X —|=— dx
2 '[2[ /l_x4J
—X—cos ——I —4x°
2 J1-x*
2
X ostx— LIy 4
2 2
9

[In(2x)]

I (2]
x[25-2[n(2x

77 & x=let o ox=et
)] 2

1 2dx=¢" du
-=e' du

2
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u2
25— 2u?

du

1 [ -—2u®+25-25
|7
2 25—-2u

=_1 1- 25 > du
2 25-2u
_ 1 U—25. 1 I 5+u\/_|
2 72(2)(5) |5-uvz|)”
_ 1, 5+u\/_|
2 Zf 5- uf‘
1 5+\/_In 2x)|
2f 5-+/21n(2x)|
10
@ y 4
‘q G q >
5 X
0 a
J- x—E dx=k_[ x—E dx
-a 2 0
13 1 la a
—(za+=-a)(@)=k2-=—(a——
2(2 2 @) 22( 2)
a? = Lia?
4
k=4
(b) (i) di(xzsinZX) = 2xsin 2x + 2x” oS 2X
X
(ii) J(2x2c032x+2xsin2x)dx=xzsin2x
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I(sz C0s 2x) dx = —J-2xsin 2xdx + X2 sin 2x
= —[-xcos 2x—j—cost dx]+ x? sin 2x
= —[-xcos 2x+%sin 2x]+ x%sin2x+C
= xcost—%sin 2Xx+x2sin2x+C

I(sz C0s 2x) dx :%XCOSZX—%SH‘I 2x+%xzsin 2x+C

11(a)
(i)

—~2xsin(x*)

cos(x ) dx

J' xtan(xz)dx:——j

1
=——In‘cos xz)‘+c

(ii) .[ 3 .[2x+1 1
x? +x+3 - x? +x+3
_ J‘ 2x+1 __J-
X +X+3 +11
:%In‘x2+x+3‘—%tanl(zjlill)Jrc
(b) N 513
P
0) jﬁxsm ( )dx:{?sm (x )L —'[f — dx
_ 1
x* Z}ﬁ 1rp —4%
=| —sIin"" (X += |2 dx
i ( )0 4Io A
1
M2
= X—sin‘l(x2)+1 1—x4} ’
2 2 .
_7 31
24 4 2
(i) Since0<b<1,

[ x|x—bldx = " -x(x—b)dx-+[ x(x—b)dx
0 - 0 b

3 2,3 2],
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12 J-(tan 2x)? i
2 1+ 4x>
C1gn (tan12x) g
= I L iy ———dx [(tan 2X) ];
3
:%{(tan‘lm)s—(%j }
Asn — w, tant2n— 2%
2
e GRG
; 1+4x2 6\ 2 4) | 384
13 d 2X | — n2x+1
0 &(2 )=2"In2
(i) J'ZZXInZde
2 {02
:%[szx—jzzxdx}
=1{22Xx—2zxi}+c
2 2In2
=22X‘1[x— L j+C
2In2
14
@ | Jan2y ax=1xin 21~ [xi200 5AE)10x
:[x(lni)z]—zj(ln—)dx
_[x(In—)] 2[x(|n—) IX( =) )dX]
=x(|n5) —2x(|n§)+2x+c
Oy
X
x“—a“20
X
(x* az)(x2+a2)>0
; >
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(x—a)(x+a)(x2+a2)>0

X
. Xx+a)(x—a
Since x*+a*>0, .. Mzo _
X - + +
—a<x<0 orx=>a ® 55 o —>
—a 0 a
4
a
Forl<x<a, -2 <0
X
4
a
For a<x<3, x3——>0
X

4

a
X3 — = dx
X

)

a 4 3 4
:j —(x3—a—)dx+j ¢ =2 dx
1 X a X

x* X X
= —[T—a4 In|X[I; +[Z—a4 In|X[I:

a® 1., 81 a*
=J—-a"lna-(D]+[—-a"In3—(—-a"lna
[4 (4)] [4 (4 )]

4
=2a*lna-a* In:%—a—+4—1
2 2

. (azj at 4
=a"In 3 -——t—

15

2c C 2¢c
IO |x—c|dx=j0c—xdx+j X —cdx
C

X2 c X2 2c
=|CX—— | +| ——CX
|: 2 j|0 |:2 :|c
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2 2 2
=’ —%+(%—202J—(%—02]

=C2
IO |x—cldx = kj2c|x—c|dx = §c2 = kc?
e o >
k=2
2

Alternative:

0 2c
L|x—c|dx:kjo | —cldx

Area Ar = k (Area Az + Area Asz)
1 1 1
—c(2c+c)=k| =c(c)+=c(c
Loz 0 (2 ©+ ()j

%(3C2) =kc?

16 (a)

J‘ X
(x-1)(x-2)
= l_i_kidx

x-1 x-2
=x—In|x=1]+4In|x-2|+c

dx

(0)(i)

2X
1-x*

%sin‘l(xz) =
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(b)(ii)

jon xsin’l(xz) dx

2 n
-~ _X?sin‘l(xz)}0

2

2X

n X2
J.ozﬂ

n

- :%Sinl(xz)+2(%jm:|
=n—225in1( ) Tt

2 4 2
From GC or observatlon, n=1 (rejectn=-1sinceneZ")

0

1

17(a)

I xsec’(x + a) dx

= Xtan(x +a) —j tan(x + a) dx
= xtan(x +a) — In|sec(x +a)| + C
OR: xtan(x +a) +In|cos (x +a)|+C

(b)

2X—2
x? —2x+2

o2 e

:Eln(x2—2x+2)+C

I X2 —2X+2

(0)(i)

_x1 dx—jz—s2 dx
1 (x=1)"+1

~3[tan*(x-1) ],

[In2—- Inl]—3[tan’11—tan’10]

:lln2—3—7Z
2 4
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©)(1) | Note that _X=1 __ x-1 . - +
X' =2x+2  (x-1)°+1 |
_ 1
J~p : x-1 dx
2-p|X° —2X+2
:—J.l —x—21 x+_|.p—x_21 dx
2P (x-1)"+1 P (x-1) +1
:2_[ px—_g dx  (by symmetry)
t(x-1) +1
:ZFIn(xz—Zx+Z)T:In(p2—2p+2)
2 1
18
From u=1-x, d—u:—l.
dx

Limits: when x=0,u =1, and when x=1, u=0.

Therefore j:x“ (1-x)" dx = Lo(l—u)” u™ (~du)
1 "
:Io (I-u) u™du

= j:(l— x)" X" dx (by a change of dummy variables)

By substituting n=2 and m =% into the previous result:
jlxz (1—x)% dx = jl(l— x)2 x% dx
0 B 0
1
- J'l(l— 2X + XZ)XE dx
0

1 L R
:j0x2—2x2+x2 dx

7

2 2 43 21 16
= =X2—=X24+=X?| =—
3 5 7 . 105
19(a) dv 1
. :In _— —
@M (47 X X
du 1 1
- = V=——
dx x X
n
Jizlnxdx
1x

R s
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Inn F}n
n X

Inn F_l}
n n

X=asecd :3—2=asec€tan0

secfd=2 = cosl=

N |-

When x = 23,

za_M "

asecdtan@ d@
asecd

J' \/a sec’O—a’

—a tan20d9

T
o —

—a (sec2 49—1) do
0]

=aftan 9—0]§

:a(f-gj

__In_n — 1 +1
_ n n
@0 J.OO—Inxdx— lim {_In_n 21 +1}:1
1 X n—oo n n
(b)

When x = a, Se€f=1 = cosfd=1 = 6=0,

= 0=

z
3
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20(i) | f(100)=f(0)=1
(i) A
1
1/{1+a) : |
-5ta® i 0 .: 5:5 S+0° '
L | :
(1 1h VX
du 1 1
dx  2Jx  2(u-1)
a2
1
d
'£1+\/§ §
1+a1
= I = 2(u-1)du
1 u
Ta l 1+a
=2 | 1-=du=2|u-I =2(1+a-In{1 -1+0)=2(a-In(1
! - u [u n|u|]l (+a njl+al +) (a n(+a))
201 g 4 1 2
— =—=(1-4x%) 2.(-4)(2
dx{ m} (1) 2-(-4)(20)
B 4x
3
(1—4x2)

2023 Integration

T13




River Valley High School, Mathematics Department

(ii) * xsin‘1(2x

00\_/
o
>

. 14x)

-1 1
sm 2X sin"~(2x
( )_3 1+2x+C . ( )-1|nl+zx+c
a1 — 4x2 8 |1-2x 4/1_4)(2 8 1-2x
22. Solutions
Givenu-2x 1.
dx 1

Then x_—(u+1) and —==.
du 2

j;dx

J1-(2x-1)?
Tu+1

_ (u+ ) 1d
1-u? 2

—%[I g Py

i 1
1-u?)2
1 —l( ) +sin"tu [+C
2 1
2
:% sinlu—\/l—u2}++C

=%sin1(2x—1)-%,/1—(2x—1)2 +C

where C is an arbitrary constant.
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J.sin‘l(Zx—l) dx

u=sin'(2x-1) —=1

du 2
dx J1-(2x-1)?

J.sin‘l(2x—1) dx

= xsin%Zx—l)—jL dx

J1-(2x—1)?
= xsin1(2x—1)—%sin1(2x—1)+%w/1—(2x—1)2 +C
:(x—%)sin‘l(ZX—l)+%«/1—(2x—1)2 +C

where C is an arbitrary constant.

23(a) d \/1+x2=l- X _ X ; (shown)

3x2 e dX

J\/1+x ) 1+x° \ﬂ ) dv X
= (3x*)V1+ X2 —'[(6x)\/1+ x? dx | X ity

= (3 WL+ x* =3[ (20V1+x* dx U _ g v=v1+x2

2\ %
=(3x*)V1+x* -3- ( i )
= (3x*)V1+x? —2(1+ xz) 2

__________________________________

Power formula:

ooy a0
i f(X)=1+x2 i
(%)= 2x
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23(bi oo mmsosmososmooomosooso-oooo
(bi) Icosmecosan dx i From ME26: :
:%Icos(ZmXJr2nx)+cos(2mx—2nx) dx : cosP+cosQ=2005%(P+Q)COS%(P—Q) :
1 | |
:EIcos(2m+2n)x+cos(2m—2n)x dx i cos%(P+Q)cos%(P—Q):%(cosP+cosQ) i
_1sin(2m+2n)x+1sin(2m—2n)x+c ! 2mx 2nx !
2 2m+2n 2 2m-2n ' IpiQ)zamx—(1) L(P-Q)=2m—(2) !
_sin(2m+2n)x sin(2m—2n)x+C v2 2 !
T 4m+4n am—4n - (1)+(2): P = 2mx+ 2nx |
L (1)-(2): Q =2mx —2nx !
| .C0S2MXC0S 2NX !
i =%(cos(2mx+2nx)+cos(2mx—2nx)) :
23(Dil) | [ oy
jo (F(x))" dx

= Ion(cos 2mx +cos2nx)’ dx

= _[Oncosz (2mx)+ 2cos(2mx)cos(2nx) + cos’ (2nx ) dx
- J’O"|:%(COS(2)(2mX) +1)} +2[ cos(2mx)cos(2nx) |+ E(cos(Z)(an) +1)} dx
= LE cos(4mx) + ﬂ +2[ cos(2mx)cos(2nx) |+ Bcos(4nx) + ﬂ dx

+_
8m 2 o 4dm+4n 4dm—4n 8n 2

24. DHS/2022/1/Q3

(a) Differentiate e

2
SIN“2X \with respect to x.

sin? 2x

(b) Find e sin4x

—dXx.
sin22x
\Vi+e

. & sin22x . 2
(c) Find the exact value of IO e sin4xcos” 2x dx.

DHS Prelim 9758/2022/01/Q3
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Qn | Suggested Solution

3(a) d

. .9 .
es'”z2X = 45" X gin 2 cos 2X = 2€

o
SIN“2X gin 4x

(b) J‘ e*™ > sin 4x

’ mn22x

1
sin22x )2
=|1+e +C

sin2 2x
=yl+e +C

=

in22x sin?2x 1\ 2
:EI 2e’ ? sindx || 1+e dx
2

T smz X
(c) J"‘(e ’ sin4x)cos2 2x dx

0

:—1+ e sin4x dx

[
]
+| =€

2

2
1
2
11 1
— _e__
2 2 2
et
2

sin2 2x i % sin22x .
:Fe ’ cosZZXT—I Ze™M (—4cos2xsin 2x) dx
2 02
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Solutions (Areas & Volumes)

1 [()ByG.C

Intersection point
(1.05395, -0.947453), (4.3919, 0.47976)

4.3919
Area = _[
1.05395

Area =1.68
(i)
V, = ﬂjob(xz)zdx

b =0 (rejected)
b2
2

Alternative Solution
bl 2
V=7 j O(X )de

In(x)—e*“dx [M1 - correct limits ; M1 - correct form]

; M1 - Vol of revolution abt y-axis]

—(b2 +1)—%+1
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y2 b%+1 b4 . 5
V, =" -z|"——y| =m*-z—=rx—  Therefore, b=0 (rejected) or b==
2 2 2 2
1
?i) 4 (5 11n5]
1 "2
2 5
.- . 5
(i) | Required area = L y dx
N3
= [, (Int)2t dt
2 Jg 2
=2 Uine| —[PL L
2 |, le2t
:§In5—ln2—§
2 2
5 3
Therefore, o =—, =-1 y=—
@y F=br==
(i) o1V )1 2 ]
. _ 2
Required volume = 7Z'IO (Eln5j dx—njo (Eln 2) dx—;zj2 y“dx
N3
= 10.17205 - 0.75469 - ﬁs (Int)22tdt
= 5.75 units®
3 (i) Let u=vXx-1=>x=U*+1 :?:Zu
u
Whenx=1,u=0, Whenx=2,u=1
sz\/x—l dx=I:(u2+1)(\/u2+1—1)(2u)du
=Iol(u2+1)(u)(2u)du
=I01(2u4+2u2) du
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1
= [zu5+gu3} :E
5

b B Y
(ii) Mmﬂwy=v5,(J§f=xe—1 .5
) S )
=2=xvx-1 M
x*(x-1)=22 N ,‘ R
=X -x"-4=0 ( Q XL

= x =2 (no other real solutions)

Required volume = volume of cylinder—ﬁj'l2 y? dx

=7r(\/§)2(2)—7r'[lzxm dx =47T—E7T=ﬂﬂ'

15 15
4(i) < du du
dx dx
e In2 X 2 1. 7
e u 1 2
—dx:j du ==|InWw?+3)| ==In(—
Jo e¥43e* 1 u2+3 2[ ( )}1 2 (4)
(ii) o In2 X
Area = 7de—l(ln 2)(4) = ZIn(z) -2In2
Jo e¥+3e7* 2 2 4
>
. Vol = 7[-‘. " _Te dx — 17z(4)2(ln2) =6.72 unit® (3s.f)
0 |e¥+3e7X 3 ' '
(iv) 1
7e3
y=—17—1"°°
=x —=X
g3 +3e3
5(a) J.xtan’l 2x2)dx
2x3
=—x tan* 2x2
)-I
1 1 16X
==—x’tan*(2x%)-=
2 (2¢)- 8I1+4x
1
:—x tan(2x*)==In(1+4x*)+C
H(2x)-gIn(2raxt)+
(b)

?’Jo pc k= F
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1 -
—= 3m
Sin ( )

:i[sin (3x)J
%sin‘1(3m):%

=sin™(3m)===3m=

z V2
4 2

am=—
6

(©)

5k? —3x%? =2x*> = x =tk
Volume

o k
=2 5k2 —3x%)° —(2x?)" dx

7| | ) =(2¢)

=2r (25k4 —30k2x? +9x4)—4x4 dx
J 0
o k
=2 (25k4—30k2x2+5x4)dx

J o

= 27 25Kk ‘X ~10k*X’ +x5]2

= 27r(25k5 —10k® +k5)
=327k®

6(a)

2+(y—a)2 =a’
= X’ :az—(y—a)2

Volume formed :;rJ' [aZ }
2a

=7 "[a* (v ~2ay+a’) oy OR=7{6123/—%(3/—a)3}0
e -z |23 | [o-1)
= 7z-J‘OZa|:_y2 + 2ay] dy _ gﬂ_aa

B y3 2a
=r|-= +ay2}

- ’ 0
=7 _8?a +4a° }
=ﬁ;za3

3
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Volume of sphere with radius a is = gﬁa3

Therefore volume of the semi-circle obtained when rotated 27 radian about the y-axis
is equal to the volume of a sphere with radius a

(b)
When x:ln(gj =>t=2
x:ln[@j =t=5
5
) 1
t°-1)2 1
x:lnu:—ln(tz—l)—lnt
t 2
LR
dt 2\t°-1) t
d_x_ 1
dt  t{t* -1
In@
Area of required region = ; y dx
.In7
.5
[y Zgt
o2 dt
5 l
=| t(5t*-8 dt
J> ( )Xtitz—li
5 2_
_ 5t2 8dt
o2 t_l
5
Y -
o2 t—l
5
2 t+1 )
={25—§Inﬂ}{10—§ln1}
2 6 2 3
:15+§Inl OR :15—§In2
2 2 2
;

Total area of four rectangles—E 2 + 2 + 2 + 2
4 1+% 1+% 1+% 1+2

2 2 2 2
4 1+% 1+% 1+% 1+%
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4
2.2 2 2 &2

=4+ —+—+—=
9 10 11 12 §8+r

4 9 10 11 12

_ 1{2(4)+ 2(4) , 2(4) 2(4)}

Total area of n rectangles =

E 2 + 2 4.4 2 + 2
> —
n 1+(1+%) 1+(1+A) 1+(1+ %) 1+2
1 2 2 2 2
n 1 - n+2 Tt 2n-1 * 2n
n 1+(n+ j 1+(j 1+( ) 1+()
i n n n n
1[ 2n 2n 2n 2n
= + et +
ng2n+l1 2n+2 2n+n-1 2n+n
2 2 2 2
= + +...+ +
2n+1 2n+2 2n+n-1 2n+n

-y ¢

= 2n+r

Area under graph = J':% dx=[2In[L+ x|]f =2In3-2In2= 2Ing

Since Sum of Area of Rectangles < Area under graph

=o2n+r

Consider rectangles as seen in the diagram,
Total area of n rectangles

A
y
2
4 I+x
O 1 2 =X
n|1+1 1+(1+%) 1+(1+n—%) nl2n 2n+1  2n+n-1

$

o 2n+r-1
2023 Integration T23
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Since Sum of Area of Rectangles > Area under graph
- 3

2
:;m>2|n(§j """" (2)

Considering (1) and (2),
L2 3 . 2
2In| = ——— . (deduced
Z = (2j<22n+r—1 ( )

= 2n+r =
5 [0 ry
a
2y’ =a(2a-x) S
R

X

o) 2a g

(i)

When S is rotated completely about the x-axis,
2
Required volume = za’®(2a) —ﬂ_fo a%(Za— x) dx

2 2a
=27a’ Lal:—(za_ X) }

2 -2
0

=2xa’ —ﬂ—a(ZaZ)
2
= za® cu. units

(iii)
After a translation of 2a units in the negative x-direction,

2
New equation is 2y* =a(2a—(x+2a)) = x= e
a

When R is rotated completely about the line x =2a,

2
. 1 2 a
Required V0|Ume=§72'(28.) (a)-7 0(——] dy

2023 Integration T24
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(i) t=tanx = %:sec2 X=1+t°
X

1 1
- J t? (1+t2jdt
1+

1+t2
= Lt
1+2t
= itan’lxﬁt+c

N

= itan’l\/ﬁtan X+C

2

(i)
R .

y=2

volume is same as

2
Exact volume = 72'..‘()4[ N %2 de
+sin® x

1. f
=rx| —1tan \/Etan X
{ﬁ 6

= tan"2

2

y= 1
\V1+sin? X

Iy

10(i)

2
tanZ%—Zcos2%=1—2[ij -0

V2

T .
0= " is a root of the equation.

(i)

Y | a y = tan” (g}
: ly =2cos” [f]
| . 2

- N_»
AL

- —7? [9) 72 T
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tan2(§]>20032(§j:> —7z<x<—% or %<x<7z

(i) e ) )
I 3 tanz(—]—ZCos2 (—]‘ dx
0 2 2
z 2z
:—J‘ztan2 X1 _2cos?[ X dx+J.3 tan2| 2 |=2cos?| X | dx
0 2 2 % 2 2
= 2
=—| ?sec? Gj—l—[ucosx] dx +J‘ﬂ3 sec? (g)—l—[lmosx] dx
J0 E
- z 2r
= — 2tan§—2x—sin x}z {Ztani—Zx—sin x} 3
L 2 0 2 i
2
= —(2—72'—1)4{£2\/§—4?7[—§J—(2—ﬂ—1)}
_338 2z,
2 3
110

4 4
I X 2dx:j X 2dx
1+x 1+x

1
- j(xz —1+1+ x2) dx

:%xs—x+tan‘1x+c

(i) Let u=tanx
du 2 2 2
—=sec"x=tan“ x+1=u"+1
dx

1
u?+1
When

dx = du

x:E,u:tanzzl
4 4

x=0,u=tan0=0
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T . 1yt
I4tan xdx:j = du
0 ol+u

:[%u?’ —u+tan~tul}

1ot l2
3 4 3

(iii)j“tan4xdx=2j4tan4xdx=z(ﬁ_3)zﬁ_f
- 0 4 3 2 3

A parametric y =tan,x =sec?8, where 0<0<2x.

(iv) When y=Ltan0=1=06=—,x=2

T

4
2

Area of regionR = 2| ydx

1

—2[“tan0-2sec?0tan 0do
J0

= 4| *tan? 0sec20.do
.O

— 4[“*tan? 6(tan20+1)do

Jo

_a4f* (tan*0+tan?0)dd (shown)
0

_ 4!4(tan4e)de+4j4(tanze)de
0 0

T 2 B
—4E_< +4I4 sec?0—1)do
G-2)saf*ecto-1

T

=n—g+4[tan9—9]5‘

S I T
3 43

1
V) V= n(2)22—2nf X2 dy
0

=8n— 2nI4 (sec? 0)? -sec’ 0do =13.4
0
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12 1)

1 -2x

{M—

X +4-x N 4
Ja—x? N/

=244 - x?
1
2

(i)
%I\M— x2dx =

1

2

(iv)
Required area =4R withk =1

53

i

i v ()
=ﬂk\/m+4sin‘l(gﬂ = a

k

0

K

S~

=43 +4sinl(lj
2

13 | (a)

x:ZseCH:g—)(;:Zsecé?tanH

2sec@tangd @

[ o]
X2 X2 -4 4sec? O+/4(sec’ 6 -1)
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tanod @

1
_J.ZseCG\MtanZ@

:j 1 tangd o
2secd(2tan0)

1
:-[4sece do
=1J.cos¢9d6’

4

=lsin0+C

2
:\/x —4+C
4x

Note: x:Zsec6':>cosz9:E
X

X x2_4
2
VAT
b)V=r[2 ( ] dx
Iﬁ 1+ 2%
isax
1
2 I\E ;+x2
1
i 2
x| 1 gl X
=3 itan T
N J2 e
_ 1
:%_ﬁtan‘l(ﬁx)_ig
2
[ =) -1
_E_\/Etan (-1)-+2tan (—\@)}
T T T
(a5
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ERE

24

2{11}
T -=+=
43

14

x:g or x=3(NA)

A53) oL

To find point of intersection:
y=4x-x*——-(1)
2y =9-x————(2)
Solving (1) &(2) by G.C.

Volume of R about x-axis

(4x —x? )de =50.89 units®

15 (a) 1

S|k o

p:

J'p

o 1+ p°x?
1. }
—tan " ( px
LI) ( )

[tan’ll—tan’1 OJ =e’Ine”*—[x],

]

T _e?+1
4p

1 dx:J‘ In x dx
1

0

26’ —e’ +1

T
4(e2 +1)

=L (5 o e

2

1
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(b)(i)

Ya
(0.577, 0.570)
Jx
Y= 3
I+ x
y=0 o) > X
®)(i) | x=0=>u=0

X=n=>U=n?
, du

U=X" =>—=2X
dx

n
j X 2dx
0 (1+x2)
1

I, (t+uy (3}
:%an(uu)_zdu
1

:E[—(1+u)_l} 2

n
oot
2 1+n

0

(b)(iii) | Volume of the revolution
— lim ;zJ- *dx
n—oo 0 (1+ XZ)
= l7z(1—0) = 177 units®
2 2
16 | (i)
y4
(27,2)
2
—2r 0 X

(i) By symmetry
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Area = 4_[: y dx
= 4]0” (1+cosf)(1-cosd)db
=4[ (1-cos’ 6) do
=4[ "sin’ 0. do

:2[0 (1-c0s26) d6
= Z{H—Esin 29}

2 0
=2r

(iii) The area is 4%—% units?,

(iv) We have

A =i

Volume = njoz x? dy

2r . .
:zj (6 —sin 0)*(~sin 6) dO
=193.2

(v) We have

2023 Integration T32



River Valley High School, Mathematics Department

o— 1 =20

2 2z 2
Volume = 7(2 )(Zﬂ)—ﬂ_f y© dx

. 2 2z 2
=8r —nj (1+cosf) (1-cosO) do

27 .
=8r? —7Z'I sin® @(1+cosH) do
=74.02

Volume

- ][ I

X
e [nX

17a [ B2 6+2x _J (—4-2x)
V1- 4x X2 \/1 4x —x?
—_[ dx _J- 4 2x
V1- 4x X2 V1-4x—x?
:J‘ d j —4—2X
1/5—(x+22 V1-4x—x?
=2sin” [XJFZJ 2V1-4x—x* +c
J5
b

Point of intersection: (e, 1)
e

dx —

1

e

-2

Jog(

7(e—2)

7. -
:(In x)(—
(-

2

=7

In x
X

e

j__
_}_

Al
38

7(e—2)
3¢’

1

X

1

j_

X

z(e—2)
3¢’

dx} -
1

n(e—2)
3¢?
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18(i)

o)

x=0

To obtain x-intercepts, let y=0

= (In x)2 =1

=Inx=+1

=x=e' ore”

To obtain the turning point, find g—i =2Inx.

Let ﬂ:0:>2lnx:0:>x=1
dx

Thus coordinates of turning point is (1, —1).

(it) | Areaof region R

:.[91 ((Inx)z—l)dx
[x (Inx) } +je XL:XdX +[x ]
=~

e—e™)+ (xlnx] J.ldx] (e-e)
=—(e-e?)+ ((e+e )-(e-e ))+(e—e‘)

=4e™

(iif) | Make x the subject:
y=(In x)z—l
=Inx=+y+1
= x =gV

0 2 2
Thus the volume obtained = zj (em) —(e’m) dy=12.2 (to3s.f.)

-1
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19
(1)

Area of region R

=5x+/3 - J.JT ri 2+3J dx

=137 (to3s.f)

(ii)

Equation of new curve
2 +3-5
4—x*
2

Y= V4 - X

y:

-2

(i)

Volume of revolution

\/§ 2
:ﬂj [ 2 —%]dx
0 4—x?

22
2-3

=4 In

_2_”+@}

B 2
= 47;'[ L = — +1j dx  (Shown)
0 4-X 4-x?

20(i)

=

r=-—1 x=1
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— : .
(i) Required area =I§f(|x|) dx
4
3
:—Isz (Z—LJ dx+I§ [Z—LJ dx
2 x-1 2 x—1
3
:—[2x—ln|x—1|]§+[2x—|n|x—1|]§
n 2
=— (3—In1j—[§—ln1j + (4—In1)—(3—|n1j
2 2 4 2
:—[%—In2j+[1—ln2]
:—1+In2+[1—ln2] _L
2 2
(iii) | Need to find the equation of the reflected portion of the graph:
e
x-1
1
—=2+
x-1 y
X:L+1
2+y
3V o 1 Y
Required VO|=7Z’(EJ (2)—7rj0 (erlj dy
=271
21(a) | C, isacircle centred at (0,0) with radius 5.

2 2
C,: SR S is an ellipse centred at (0,0) with length of the horizontal axis Z(E)
10% 10%

N

: N |
and vertical axis Z(Tg).
Note : a <b = length of the horizontal axis > length of vertical axis
To get 4 points of intersection, we need :

£>5:>O<a<4 and £<5:>b>4
Ja Jb
OR

X2 y2 ) X2 yZ
Compare C:X* +y* =25= —+2-=1 with C, i ———+ =1.

100/ 100

25 25 A A
For them to intersects at 4 points,

100 <25and 100 > 25

b a

b>4and 0<a<4 since a> 0 is given.
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(b)

++/25 - x?

2 2 2

CZ;X_2+y_2:1 — y:i—qlc)()—x
o 3

C, and C, intersect at X = +3.9528 (5s.f) (from GC)

C: X +y'=25 = y

Thus area of the required region

/ 2
_9 J.73.9528 100 - x dX—J.j%ZB\/ZSfXZ dx

10 3 .
=223 (3s.f)

OR

C: X+y*=25 = X =44/25-y?
C,:x*+9y*=100 = X = +,/100 - 9y?

C, and C, intersect at y=+3.0619 (5s.f) (from GC)

Thus area of the required region

_ 2[ [ J100-9y* —f25-y? dy}

0

=223 (3s.f)

(©)

C: X+y*=25 =  x*=25-y°
2 2

C, X+ Y -1 o x-100-4y

()

= 7r_[_55x2 dy — %7:(5)3 Note : %72’(5)3 is the volume of sphere

= 7zf5(100 - 4y2) dy — %7[ formed when rotating the circle

5
4 3} _S0 about the y — axis.
-5

Required Volume:ﬂ{looy—gy 3

_x (500_@j_(_5oo+@j -0,
3 3 3

=500z
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22(i) 2
xzz(m—éj :4ﬁ+~%—4
t t
, 1y, 1
yo=|2t+- | =4t"+—+4
t t
y2_X2:8
(if)

NORHAL FLOAT AUTO REAL RADIAN HF I:I

Since

y?=x>+8

As X — 0, y* — X
Sy o X

1 2
=2t+-=——+2=22
y {2

y_,
dx
2t2-1=0
= L

J2
Min point =y intercept = (0,2\/5)
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(i) [ax_, 1. dy_, 1
dt t ot t?

dy T 2P-1
- - 2
dx 2+£2 2t> +1
t

(iv) Equation of tangent at P:

1) 2p2-1 1
—|2p+—|= X—|2p—=
g (p p] 2p2+1( (p IOB

substitute x =0,y =1
2_
o3l
p) 2p°+1 p
2
—1+2p+1 2p° - [2p _l]
p 2p°+1 p
(~p+2p?+1)(2p2 +1)=(2p* -1)
2P —p+4pt+2p*+2p*+1=4p*—4p*+1

2p°-8p*+p=0
p(2p°-8p+1)=0
p=0(reject as p>0), 2p*-8p+1=0

=36.7 units® (correct to 3 s.f.)

+
8 :1/__2 £ r2—£ (reject since the point P is in the first quadrant)
x-coordinate of the point P = 2 2+\/1_4 I =4+14 - 2 =214
2 2+@ 4+\14
2
Required area
N 2+@ @
2414 2
f y dx = J. (Zt jd—xd = j (2t+%(2+12] dt
= d t) d ] t t
2 2

23(1) —x? +4x+12
X+3
x> +(y—-4)x+3y-12=0

When C does not exist, there is no real x.
Discriminant < 0
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(y—-4)" -4(1)(3y-12) <0
y’ -8y +16-12y+48<0
y? 20y +64<0
(y-16)(y—4)<0
4<y<16

(ii)

X +Ax+12
X+3

Asymptotes: y=—-x+7, X=-3

(i)

Volume generated

—n(4)(2)- nj_"z(wjz dx

X+3
= 34.8 units® (to 3 s.f)

24

(i) y A

3 3
(i) Requiredarea = —J. y dx =—j sec260(cos@+sind) do
Nl
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cos@+sind

————dé
cos’> @ —sin’ 0

S‘g"—nw\ﬁ

cos@+sin@
(cos@+sin#)(cosd—sinb)

dé

'S\é,“'—.mm

1

—————dé& [Shown]
sin@ —cos @

—_— oy

5

SIS

(iii) RHS:ﬁsin(a—%]

= \/E(sin ecos%—cos @sin %j

=sinf—cosd
=LHS
% 1
(iv)  Hence required area = [ ————
g sin@—cosé
i
3
= | L do
5”\Esin(é’—”j
12
2
=£jcosec(0—zjde
2 5z 4
Y
2
=£ ~In cosec(6—£]+cot(9_£j

12

] s £ ) e )0 )

——2_—In 2+1)+In(2++/3 =£In (2+\@)(\/§_1)
<[z )en(ze )] e

V2-1)(2+43)

V2

=—In
2

—_
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25
(@)

Method 1:
Isin 2Xcos X dx

COS3X

=£I5in3x+sinxdx:l — 1( cos3x
2 2

—cosxj+c =—=
3

+cosx)+C
2

Method 2:
jsin 2Xcos X dx

- J'23in xcos® xdx  [use If(x)[f(x)] dx = [f(X)]n+1 ]
n+1

2
=—=cos®x+C

(b)

Q) d_x =Ccost+1, d_y =2C0s 2t
dt dt

dy dy dt  2cos2t

dx dt dx cost+1

When dy =0,
dx

3
2
1

—+—, y=1

N

..y =1 is the equation of the tangent to the curve at point A.

cos2t=0 = 2t= = t:%,%ﬂ = X=—F=+

r 1
4" 2 4

1
N

BRI

At point A, x=

Or

Since 0<t <, the maximum and minimum values of y (i.e. y =sin2t) is 1 and —1.

The y-coordinate of point A is 1 and since the tangent to this max pt is a horizontal

line (% =0, ), therefore the equation of the tangent to the curve at point Aisy = 1.
X
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(i)

yA

>
()

vil-
— il 4
—+|=
g
<\\<\
<V %
=

Area = Z L1—ydx

— 4

5
3z 1 T
=————|,sin2t(cost+1)dt
7L [isinat(eost
zsl_i_j:sinZtcosHsintht
4 2
3r 1 1( cos3x i cos2t |
L S +cosx || —| -
4 2 2\ 3 z 2 s
4 4
371 2 1 1
4 2 3 32 2
3 1 22
4 6 3
26(i) X2 y?
4V 22
3)
9x> +4y% =16

(i)
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(i)

Required volume

1.08729 2
J‘ 16—9x
T
. 4

1.08729 3x
dx—r ( >
0 4—X

2
J dx =9.487 (3d.p.)

27 (i)

x=1tant - %:lseczt
2 dt 2

I
(1+ 4%* )2

1+tan®t
( )

ﬁ
AreaR = _[02 dx

:choszt dt
2 0

> 1+cos2t

1 T
Zgﬁf

1{ sinZtT
=—|t+ =
4 2 |

dt

a
12

(lsec2 tjdt
2

f

units?

20(ii)

1
Volume = njl
16

%
3

= == =0.589 units®
16

—1]dy+

ﬁzl
"2 ] 16

28 (i)

x=x@cos£:>dX ﬁ i

— =———3

dt 2

y= fsmt:> \/70051:

Cdy 2cost

dx sinL
2

Att=2
2

T
2C0S —
— 2 _ (verified)
sin =

dy _
dx

t
2

When t:%, x:ﬁcos(%J:

Equation of normal: x=1
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(ii) A
il /(f)\
(—ﬁ,o)v 0,0) (\5,0)> X
(1) 1)
(iii)

NA
Area=4j02ydx
0 = . V2t
=4 \/Esmt- ——sin— | dt
['asint| - Zsin |
7, .t
=4I sint-sin— dt
0 2
=8J.”sin2£cosl dt
0 2 2

=8Fsin3£}
37 2],

_16 units?
3

Alternative Method
NG
Area =4 IO y dx

0 . \/E ot
:4L\Esmt-[—75m EJ dt

:4rsint-sin£ dt
0 2

:—2'[”cos§—cosl dt
0 2 2

=-2 Zsing—Zsin1
3 2 2

V4

0

_16 units?
3

ACJC Prelim 9758/2018/01/Q7

29

()
1 11
x(x+1) x x+1
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(i)

Total area of rectangles = 1 1 1

n

1
= :Z,b:
Zx(x+1) >04 "

X=2
=i[i_ij
X X+1
X=2
(1 1) (1 1) (1 1) (1 1]
=\lz—Z |z |H |t o
2 3/ \3 4) (4 5 n n+l
_1 1
2 n+1
no1 ng 1
Actual area:I dx = J -_
1 X(x+1) 1x (x+1)

=[Inx=In(x+D)]]
=Inn-In(n+1)—Inl1+In2
=Inn-In(n+1)+In2

Area of rectangles < actual area

1—i<lnn—ln(n+1)+ln2
2 n+1
l—In2<—1 +In(—n )
2 n+1 n+1
l—|n2<i+ln(1—ij (shown)
2 n+1 n+1

Using MF26,

1 1 1/ 1Y (1Y
In| 1— L . ] T
n+1 n+l 2\n+1 rin+1

1 1 1 1( 1\ 10 1Y
L Zoln2<— = _= ] T
2 n+l n+1 2\n+1 rin+l1

Ry P - L1

2 Ty
1 > -1
:E—In2<2— (shown)

~r(n+1)

22+ 33+ T at+D

2023 Integration

T46




River Valley High School, Mathematics Department

30. Suggested Solutions

fx°\/9—x2 dx :
o x=3sing
= [, "V9-9sin?6 (3cos6 o) dx =3cos6 do

X=X,,3sIn 6 = X,

:Jsmﬁo?,cosaﬁcos@ do -
= @ =sIn
—9f “cos’0 do X =0,3sin0 =0
J' ¥ 0s20+1d0 = 0=0
{st& Tn*g
[ os@+6’] 4
{ +sm1x0}
3

9 Xo
= 2 9—(x) +23|n (3) (shown)

ooh\:

Since tana
Equation of line above x-axis: y =§x -- (1)
X2 yZ
20 122
9 i 4 @)
x> x?
Substitute (1) into (2): 3+3 =1=2x*=9
3 . 2 3
X=—= (since x>0), =—><—=\/§
JE( ).y 372
A(%,ﬁ) (shown)
9 9 . 1 9 97
f 9-x* dx=—+ —sm’1 — ===
e 2’ S
3 2
Area of shaded region =2 f 9—x dx——(—j(— —J}
{ e o3 5
_5)2 2 9 97| 3
3 4 8] 2

3437 3
2

=§7r wherek =2
2
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Volume =2 ? 9 1—y—2 d +1 i 2\/5
= ﬁjﬁ 4 Yy 37[ \/5
=22.1 unit®

1
Exact answer: 24rx [1 — —j

NA

The smallest possible dimensions of the cylindrical container will be of radius % and height 4 units.

31G) | v

'(as/—\(m)

o x

8131 | [sin’t(1-cos2t)dt
- %I(l—cos 2t)° dt
= %Il—ZcosZtJrcos2 2t dt

= %jl—Zcos 2t+%(1+ cos4t) dt

:l §t—sin2t+£sin4t +C,CeR
282 8

3A1(iii) X =2t—sin2t
%=2—2c032t
dt
2
Area:J.0 y dx
= [ (5+2sint)(2-2cos2t) dit

=2_|'0”5—5c032t+25in2t(1—c052t)dt

5 . 3 . 1. i ..
:Z[St——sm 2t+=t—sin 2t+—sm4t} (from part (ii))
2 2 8

0
=137 m?
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Alternative method
Area =5x 2n+j02” y —5dx

:107z+_|.0”(25in2t)(2—20052t) dt

3 . 1. ..
:107r+2{§t—sm 2t+§sm4t} (from part (ii))

0
=137 m*

31(iv)

y=5+2sin’t

((jj_)t/ =4sintcost = 2sin 2t

z (" dx )’ dy 2
Surfacearea=—| vy,||— | +| — | dt
4], dt dt

= %IO”(5+ 2sin? t)\/(z— 2c0s 2t)2 +(2sin 2t)2 dt

Note that
\/(2—20032t)2 +(2sin 2t)2 — 24/1—2c0s 2t +0s? 2t +sin2 2t

=242—-2cos2t

=24/2—2(1—25in2t)

=44/sin’t

=4sint (since sint>0 for 0<t<rz)

Surface area = 7zJj(5+ 2sin? t)sint dt
= ﬁj:(? —2cos? t)sint dt

- rrIO’Z?sint—Zsintcoszt dt

= 7{—7 cost +§cos3t}
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32. ACJC/2022/1/Q4
(a) The continuous function f(x), where f(X) >0, is strictly decreasing for x >1. Sketch

the curve Y =f(x) for k < x <k +1,where k is an integer and k >1.
By comparing the areas of appropriate rectangles and the area under the curve y =f (X)
show that for any integer k >1,
f(k+1)<["F (x)dx < F (k). [2]

(b)  The region under the curve y = 1 between x =1and x =10, is split into 9 vertical strips
X

of equal width. Use the result in part (a) to prove

0] |
i —dx<) —, 1
Ol Zk [1]
2.1 91
i —<1+| —dx. 2
(i) 2 <t+] 3 [2]
1 1 1
Hence show that In10<1+5+§+....+§<1+ln9. [1]
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fk) Rectangle

f(k+1)

_

k 1 k+1
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k+1

Area under curve = Ik f(x)dx

Area of rectangle A= f (k+1) x 1

Area of rectangle B= f(k) x 1

As seen from diagram:
fk+1)<[f(x)dx< (k)

k
k

(b)
(i)

Imldx: J'Zldx+.faldx+rldx+....+.[loldx
1 x 1 X 2 X 3 X 9 X
< f(1)+f(2)+f(3)+.....+f(9)

(ii)

1 1 1 1 1
Lg;dx = L ;dx +Jj;dx+J‘:;dx+....+ Lg;dx

> F(2)+(3)+f(4)+.... +F(9)

23 9 &
9
1+J.19%dx >kz_;%
9
kZ=1:%<1+'[19§dx
9
J.lloldx< Z%<1+J.9%dx
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