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1 Solution
At (-2,1),
1=(-2) +a(-2)" +b(-2)+c=4a—2b+c=9 (1)
At (2,-3),
3=(2) +a(2) +b(2)+c=da+2b+c=-11 - (2)
Since (2,1) lieson y="f(x+1),
Method 1: consider that (3,1) lies on y =f(x):
1=(3) +a(3) +b(3)+c=9a+3b+c=-26 - (3)
Method 2: use y:f(x+1):(x+1)3 +a(x+1)2 +b(x+1)+c
1=(2+1) +a(2+1) +b(2+1)+c=9a+3b+c=-26 - (3)
Solving (1), (2) and (3),
a=-2,b=-5c=7 [or f(x)=x*-2x* ~5x+7]

2 Solution

()

l1-a




(b)

x==1 4
y=0 : \(2, 0)
» X
3 Solution
a
(@ y= I;jii =1+ . i 2| . Horizontal Asymptote: y =1. Vertical Asymptote: x =2

For ln(l —;j 01 —% #0= x#2,1e. x=2 isa Vertical Asymptote.

Graph exist when 1 —g >0=x<2
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(b) From the graph, 0<x <2




4 Solution
(a) LHS= (r-p)x(r—q)
= (r—-p)xr—(r—p)xq
= rXr—pxr—-rxq+pxq
= rxp+qxr+pxq (~rxr=0andaxb=-bxa)
= pxXqQ+qxXr+rxp
= RHS
. pxq+gxr+rxp=(r-p)x(r—q) (shown)
b
(b) %pxq+q><r+r><p|:%|(r—p)x(r—q)|
1— ——\ [— ——
:5‘(OR—OP)><(OR—OQ)‘
l— —
—E‘PRXQR‘
1
prq+qxr+rxp| represents the area of APOR.
Alternative
1 . . .
5|p XQ+qXT+rXx p| represents half the area of a parallelogram with PR and OR as adjacent sides.
(©) Given pxq+qxr+rxp=0,

Alternative (to show collinear)

= (r—-p)x(r—q)=0 (from result in (a))

- ﬁx@ -0 Given pxq+qxr+rxp=0,

Area of APOR

-~ P,Q,R are distinct points,
= ﬁio, and@io,

= PR [l @72 , 1.e. P,O,R are collinear points. :l|0|
2

:%|pxq+qxr+rxp| (by part (b))

Given also that PR=30R, and PQ > PR, =0 i.e. APQR is a degenerate triangle

.. Point R divides PQ internally in the ratio 3:1, ) ) ]
i.e. P,Q,R are collinear points.

i.e. PR:RQO=3:1.
4
A

[ N

P 3 R 1 Q

. . +3
By the ratio theorem, position vector r = % .




5 Solution
(a) 3 2 1 3=2(r+1)=1(r)(r+1)
(r+1)! !l (r=1! (r+1)!
_2_
_ 20 234l Cerified)
(r+1)!
(b)
1
(r-1!
LN N2 N\
) (n2\2)! (ni@!
3 U
n! (n—Nn—\z\!\
3 2 1
J’_ —_—
(n+1)l 0! (1)
__3 1
(n+1)! " n!
(c) Method 1: change of variable Method 2: Listing

n 23 s e 1 — (1) 43 L —r+3 =37 -343 —n*—n+3
,Z:;‘ r! :,.+1:3 : )(r+(l)! : ; r! ) 3! e n!
L34 ol —(r+1) = (r+1)+3
& e :Z;' (r+1)!
_”Z‘I:—rz—3r+1_[_§j U QL e A | 3
TS e 2 4T ! _(_Ej




Solution

(2)()

d=u,—u,,

=log, 3" —log, 32D

2n-1

=log, 9 which is a constant independent of n

Therefore, the series is an arithmetic series.

(a)(ii)

Method 1: use S, :g(a+l)

30 ]
S, = 7[10ga 3+1log, 3 =300

15(log, 3 ) =300
900log, 3 =300

1
log 3=—
g, 3

Method 2: use S, = g[Za +(n-1)d ]

S, = %[2(10& 3)+29(log, 9) | =300

15| 2(log, 3) +29(log, 3*) | =300
900(log, 3) =300

1

log,3=—

0g,3=3

a’ =3

a=27

(b)

b+4d=cr (1)
b+7d =cr* (2)
b+9d =cr’ (3)

(Eliminate b):

2)=(): cr’—cr=3d
3)-(2): cr’—cr*=2d

(Eliminate d):




Ci"z—Cl" CI"3—C‘}"2

3 2

Since ¢, r # 0, we divide both sides by ¢ and r, and rearrange to get

3r* —5r +2 =0 (shown)

Solving, r =1 (rejected .~ d #0) or r :g

S, = % =3c

7 Solution

(a) Explanation 1 (“Horizontal Line Test™)
g is not a one-to-one function as the horizontal line y =0 meets the graph of y = g(x) more than
once.
Explanation 2 (State two inputs with same output)
g is not a one-to-one function as there are distinct inputs producing the same output under function
g.eg g)=g(2)=0.

(b) Greatest k= 0.

(© Let y=g(x), x<0. Then x=g'(y).

2 .
y=g(x)=——7, since x<0.
1+x

1+x° =£
y

x2=£_1’ xX== g—1
y VY
. 2 .
Since x<0, x=—[|——-1=g (¥)
y
g_l(x)z—Jg—l
X

D =R, =(02].




(d)

y A
2
> y=x
y=g(x),x<0
y=0 6] ‘2 ;

x=0
The line in which the graph of y =g(x) is reflected to obtain the graph of y=g'(x) is y=ux.

y=g'(x),0<x=<2

Solution

()

Method 1: Find % then simplify

Differentiating implicitly w.r.t. x,

Method A: Consider Chain Rule

1+%:2(x—y)(l—d—yj

dx

Method B: Consider product rule

x+y=(x—y)2 =x" = 2xy+)°

1+Q=2x—2xd—y—2y+2yd—y
dx dx dx

:>1+%:2x—2y—(2x—2y)%

:>1—2x+2y=—(1+2x—2y)d—y
dx
_dy 1-2x+2y
dx 1+2x-2y
Add 1 to both sides,

dy_1—2x+2y+(1+2x—2y)

dx 1+2x-2y
2

=———— (shown)
14+2x—-2y




Method 2: Consider adding 1 —% to both sides

Differentiating implicitly w.r.t. x,
dy dy j

I+—=2(x- -—
a2y )( dr

Add 1-Y 1o both sides,
&

1+d—y+1—d—y=2(x—y) Y +[1—d—y
dx dx dx dx

z:(zx_zyﬂ)(l_%j

b2

=———— (shown)
dx 2x-2y+1
(b) Diff implicitly w.r.t. x,
d’y —1-1 dy
—=-2(1+2x-2 2-2—

i)
(-2 (%)

2 3
= &y = [ - d_yJ (shown)

dx? dx
I 2
© d—y=0:>d—J;=1>0 .. minimum point
dx dx
9 Solution
(a) y:In(Z—e'“):ey=2—e'2x:>e'2x=2—ey

Eqn1 Eqn2

Method 1: implicit differentiation

Differentiating Eqn 1 implicitly w.r.t. x, e” % =2e™"

Then Y_ 2e e’ =2 (2 —e”’ )e‘y =4e™ -2 (shown)
dx

from Eqn 2

Method 2: direct differentiation




from Eqn 2
f_j%

e 2(2—-¢’
d—y = © = = ( ) = 467y _2 (ShOWIl)
dx 2-¢° e’

=~
from Eqn 1

Method 3: make x the subject, implicit differentiation

From Eqn 2, e** =2—¢” :>—2x=1n(2—ey)

Differentiating implicitly w.r.t. x, -2 = ! (—e)’ d_yj

2—¢” dx
-2(2-¢’
Then Y = M =4e™” —2 (shown)
dx —e’
(b) Method 1: further differentiation of result in (a)
. .. dy _ o
Differentiating ™ =4e™” -2 implicitly w.r.t. x,
2
d—J; =4e™ (_d_yj = —4d—ye‘y
dx dx dx
2
When x=0, y=0, Yy ,d—f=—4(2)e*° =-8
dx dx
y=(0)+(2)x+(_?!)x2 = 2v—dr
Method 2: direct differentiation of 1% derivative in x
dzy _4e—2x (2_6—2)()_267216 (267216)
dx’ (2-e)
B 86—2;(
(2 —e )2
2 Qa0
When x=0, y=0, d_y:2 ,d_);:8—e2:_8
T P
y=(0)+(2)x+ -3 X4 =2x—4x" +
Y .
(© (—2x)

From MF26, ¢ =1+(-2x)+

Then

+.o.=1-2x+2x* +...




y=1n(2—e'2")
111[,2—(1—2x+,2x2 +)]

In[ 1+(2x-2x" +...)

2
2x—2x% +...
PSS e
2
Using the expansion for ln[1+f(x)]
2

=2x-2x" —4i+...

2
=2x—4x" +...

This is the same expression as found part (b) and hence we can conclude that the expansion is
correct.

10

Solution

(@)

Isin3xcosxdx=%J-2sin3xcosxdx
=%J.sin(3x+x)+sin(3x—x)dx
:ljsin4x+sin2xdx

2
1 . .
:5 Us1n4xdx+.|.s1n2xdx]
1]1 . 1 )
=— [—I4s1n4xdx+—j2s1n2xdx}
214 2
1

=3 [%(—cos4x) + %(—cos2x)} +c

= —lcos4x —lcos 2x+ec,
8 4

where c is an arbitrary constant.

(b)

[Since %(x2 +4x+ 13) =2x+4,were-writex as x=A(2x+4)+ B in order to split the

numerator into 2 parts. Compare coefficients to get 4 and B.]
1
N —(2x+4)-2
J—Z dv= 25—
x"+4x+13 x“+4x+13
1 2x+4 1
:_f : x+ dx—2f : d
2) x“+4x+13 X" +4x+13
:lln‘x2+4x+13‘ —2J%dx
2 (x+2)"+3
=lln(x2+4x+13)—%tan_1 x_+2 +c,
2 3 3

where c is an arbitrary constant




) Let x=3sin@ . Then %:%os&.

Substituting,

[NVo-x* dx=[\/9-(3sin0)" -3cos0 do
:.|‘1/9(1—sin2 9) -3cosd db

=J\/9cos2 6 -3cosd db

=I3cos€-3cos0 do
=J‘9cos2 6 do

= % I cos20+1d6# (double angle formula)

=2 lsin26 +0 |+c
21 2

:gsin900s9+29+c
22— 2

2 2
x:3sin9:>sin9:£:>cosﬁz 1—(£J = 9-x
3 3 3

So Im d_xz%[%)[WJ+%sinl[§j+c

3

=29y +gsin_l(£ +c,
2 2 3

where c is an arbitrary constant.

11 Solution
@) vV =7rr2h+g7zr3 =k
2
k_gﬂ'r k o)
Sh=—"F—=—s—7r
r zr- 3

C=3(27r")+2.5(27rh)

=671’ +57rr( k2 —%rj
zre 3

N Sk (shown)
3 r

(b) dC _16zr Sk
dr 3 P

dC l6zr 5k

— 0
dr 3 P’




5 15k
= =—
167

Check min using second derivative method

2
d §:16—ﬂ+ﬁ>0 ok, r>0)
dr 3 r

So C is minimum when r = 3/ 15k .
167

Check min using first derivative method

dC _16zr 5k _16zr' -15k

E 3 r 3r?
' J[15k 1Sk sk
l6x lox 167
Signof | 167/° 15k <0 0 1677 =15k >0
€ 13250 312 >0
dr 167r° 15k 1677° 15k
.‘. —2 < 0 .‘. —2 > O
3r 3r
Slope \ - /
So C is minimum when r = 3/ 15k .
167
() When k=50,
15(50
po 560 2.4619 =2.46 (3s.f.) and
167
h=— 2(4619)=0.985 3 s.£)
7(2.4619)" 3
(d) [Since the leak is at the joint between cylinder and hemisphere, we need to consider only the

volume in the cylindrical part.]
Let V., be volume of water in the cylindrical part and / be level of water in the cylindrical part.
Note that » =2.4619 is a constant, so V, = (2.4619)2 7l

Method 1 — differentiate w.r.t. ¢

dv.,
dt

dl
—(2.4619) 7—.
( ) 7




a1 4

C

dt r(2.4619) dr
1

= (~0.002)

- z(24619)

=-1.05x10"" m per minute

So the water level decreases at 1.05x 10 m/min.

Method 2 — connected rate of change

d?‘ = 7(2.4619)’

d_dldy,
&t AV dt
o
- 7(24619)

(~0.002)

=-1.05x10"" m per minute

So the water level decreases at 1.05 x 10~ m/min.

Method 3 — consider proportionality

Since surface area is a constant,

ar, _ di
dt dt
a1

—=————(-0.002
dt - z(2.4619)’ ( )

=-1.05x10"" m per minute

12 Solution
@ | pG-00-0p PR—-OR-OP
-2 -1 -1 -2 -1 -1
={-1|—-| 0 |=|-1], =1 1[-]0]|=|1
1 2 -1 3 2 1

Angle OPR = cos™' EQ:—EQ:
|PQ||PR|




Angle OPR = cos™

1+ (=1) + (1)

V343

=cos™

)
=cos | ——
3

=109.47° (2d.p.)

(b)

0S*>=RS* (. OS=RS)
(0= (=2)) +(=1=(=D) +(a=1)"=(0-(=2))" +(-1-1)" +(a~3)
MW 102+ (a—1)? = R+(=2) +(a—3)

(R —2a+1) = 4+(2R —6a+9)
4a=12
a=3 (shown)

2

(©)

-1 -1
P—QL—IJ and ﬁ[ 1 J from (a)

-1 1

A vector normal to plane 7 is

- (1) [ GDO=EDO) 0 0
x| 1 |=| (DED==DA) =] 2 [=2| 1
- L) \EDO-EDED) (-2 -1

Tiy—z=-2

(@)

F is the foot of perpendicular from S to plane 7, and
SF is parallel to a normal vector used for plane z.

0 0
oo LineSF:r=|-1|+A| 1 |, AeR.
3 -1




(d)(ii) 0 0 0

'.'FliesonlineSF,ﬁz -1 |+A4| 1 |=|-1+A4|, for some A eR.
3 -1 3-1
0
.+ Flieson r, OF-| 1 |=-2.
-1
0 0
= -1+A || 1 |==-2,
3-1 ) (-1
= (-1+1)-3-1)=-2,
—4+21=-2
A=1
0 0
LOF =|-1+4]|| =|0
3-1 2

A=1

F(@, 0, 2) (shown)

Alternative;
-1 -1 -1 0 0
O |+u|-lj+a| 1 [=|-1|+1]| 1
2 -1 1 3 -1
-1-py—-a=0
—U+a=-1+41
2—u+a=3-1
1 1
=——,a=——7,1=1
a 2 2
(d)(@iii) | - T is the mirror image of S'in 7,

the foot of perpendicular from Sto 7, i.e. point F, is the midpoint of S and 7.

By the midpoint theorem (special case of ratio theorem),

W:OSwLOT (PT
. +
OT =20F - OS :
=0 @ :
0 0 0 O, R EF plane z
=2/ 0|~ -1]|=|1 1
2) (3] U1 Os

Alternatively, *.© T is the mirror image of S in plane 7,




SF=FT

OT =OF + FT o or
= OF +SF Fr L
=OF +OF -0S =Q’CR 70; i F planer
0) (0) (0 F|%
—200|-[-1|=|1 Os
1

2 3




