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@ DEPARTMENT OF MATHEMATICS
CHAPTER 13: COMPLEX NUMBERS

[Prepared by: Mr. Leong Chong Ming & Mr. Loke Weng Heng]

At the end of this chapter, students should be able to

Extend the number system from real numbers to complex numbers

Solve for complex roots of quadratic equations

Find the modulus, argument and conjugate of a complex number

Conduct the four operations of complex numbers

Understand the equality of complex numbers

Find the conjugate roots of a polynomial equation with real coefficients

Represent complex numbers in the Argand diagram

Understand the geometrical effects of conjugate, negation, addition, subtraction and
multiplication of 1.

My Notes



2 Chapter 13: Complex Numbers

The set of real numbers can be extended to complex numbers. This set of numbers arose, historically,
from the question of whether a negative number can have a square root.

For example, what are the roots of x* =—1?

From this problem, a new number was discovered: the square root of negative one. This number is
denoted by i, i.e. i= J-1,a symbol assigned by Leonhard Euler (1707-83, Swiss mathematician).

Complex numbers have applications in a variety of sciences and related areas such as signal
processing, control theory, electromagnetism, quantum mechanics, cartography, and many others.

13.1 Introduction
© Let us start by solving the equation x> —8x+20=0. Applying the formula, we have

8t64-80

2

— 4+2J-1

If welet i=+/—1, it follows that x = 4+ 2i orx= 4 —2i.

The numbers 4 +2i and 4 —2i are called complex numbers.

The set of complex numbers is denoted by C.

Symbolically, /N cZc T‘ cR C\C \

Set of natural

Set of
numbers Set of real complex
Set of rational numbers numbers

Set of integers numbers

A complex number, usually denoted by the letter z, is defined as any number of the form z = x + yi

where i=+/—1 and x,y € R, and this is known as the Cartesian form of complex numbers.

x is known as the real part of the complex number z, and is denoted by Re(z).
y 1s known as the imaginary part of the complex number z, and is denoted by Im(z).

Example Re(—3+%i) =-3, Im( —3+%i)=%

If x=0, then z = yi, so the complex number is purely imaginary.
If y=0,then z =x, so the complex number is purely real.

Note: i=+/-1 THINK ZONE:
i2 =1 Simplify

3 i°, 16,17, i%,1,1'9, ...

Do you see any pattern?



http://en.wikipedia.org/wiki/Signal_processing
http://en.wikipedia.org/wiki/Signal_processing
http://en.wikipedia.org/wiki/Control_theory
http://en.wikipedia.org/wiki/Electromagnetism
http://en.wikipedia.org/wiki/Quantum_mechanics
http://en.wikipedia.org/wiki/Cartography
https://drive.google.com/file/d/1niUv3wmLIPJTkbh9HX6eaYiw2BY1d8JQ/view?usp=sharing
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13.2 Operation on Complex Numbers

© We shall now see how we can add, subtract, multiply and divide two complex numbers.
Let z =x+y1 and 2z, =x,+y,1, where x,y,,x,,y, € R.

13.2.1 Equality of Complex Numbers

Two complex numbers z, and z, are equal if and only if their real and imaginary parts are equal.

Z,=Z, & X1+y]1:X2+y21

< x, =x,and y, =y,

For example, 2+ai=b—-31, where a,beR , then a=-3 and b=2.

Useful result: a +bi=0, where a,bc R =a=0and b=0.

13.2.2 Addition and Subtraction of Complex Numbers

Z,+z, = X +pl+ X, + Pl
= (x]+x2)+(yl+y2)i

For example, (2+3i) + (4-2i) = (2+4)+i(3-2) =6 + i

z -z, = x+yi—(x+ni)
(xl _x2)+(yl _yz)i

For example, (1 —2i)—(3 +5i)=(1-3)+ i(-2-5) =-2-7i

13.2.3 Multiplication of Complex Numbers

zz, = (x1 + yi )(x2 + i )
. . .2
= XX X V1 X501+ Y, )00

=(x1x2 _y1y2)+(x1y2 +x2yl)i since i’=—1.

For example,
(9+1)(-2+3i)=-18+27i —2i + 3i’

=—18+ 251 -3

=-21 +25i
13.24 Multiplication of Complex Numbers by a Real Number
Forany keR, kz = k(x+ iy)=hkx + kyi.

For example, —2(4 - 9i) =— 8+18i.


https://drive.google.com/file/d/1wJAEHHxtdmU3o6LE_f4JYxUDlrlXCLna/view?usp=sharing
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© Conjugate of a Complex Number

Recall when we have a surd in the form a ++/b , we can write the conjugate of the surd as a — Jb.
Likewise, when we have a complex number, for e.g. 1+ 2i, we can write it as 1+ 2+/—1 and the
conjugate of this surd is 1-— 24/-1 which is equal to 1-21.

Thus, if z=x+ yi, where x, y € R, we can denote the conjugate of z, z', to be

Z =x—yi, x,yeR.
For example, if z=-3+4i,then z =-3—4i.

Multiplication of z and z*
Let z=x+yi ,then z =x— yi.

*
zz =x"+)°

This is because
zz = (x+ yi)(x— i)
= = (i)
=x"+y" since i* =-1

This is a useful result, illustrating that zz~ gives you a real number, which is the sum of the squares
of the real and imaginary part of z.

13.2.5 Division of Complex Numbers
z _ o X4t
Z X, + Yol

(xl + yli) (Xz _yzi)
(xz + yzi) (xz - yzi)

XX, = Xyl + X, 041 =y’ Important Idea:
x," =y’ The objective is to make the denominator into a real
. number in the fraction, so that we can split it into
(x1x2 thy 2) + (xzy 1~ %) ) ! the real and imaginary parts in the final answer.
2 2
Xy ),
_ X5, +[362371 — X)) j i
2 2 2 2
X, TV, X, T,
© Example 1
. o 241, .
Express (1) N and (ii) 1—1 in the form of a + b1 where a and b are exact real values to be found.
+ 31 +1
Solution:
. 1 o 2+1
1 1) —
@ 2+3i @) I1+1
1 2-31 2+1 1-1
5 X ; = X
2+31)) 2-31 I+1 1-1
_2-3i _ 3-i
2243 1+1
2 3 3 1
13 13 2 2



https://drive.google.com/file/d/1Qgz4rJUrM-RJZLLSAZUqxftufzbZPKqf/view?usp=sharing
https://drive.google.com/file/d/1sjJyOenyZzSmBiUHx-i9t6sZiPnKY3wy/view?usp=sharing
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Example 2
It is given that z = ? Without using a calculator, find the real and imaginary parts of
-1
(@ z* (b) z—l.
z
Solution: Think Zone:
1+ Use GC to check answer:
@ z= 74 To enter the complex number 1,
1+i) (2+i ]
_(+D) 2+ ress (1]
2-1) (2+1)
== (1+3i) =
2+l SRR RTRRRURTRRUPRION - L1 L1 -1 8
1(1 3_) BnsrFrac
=—(1+31 1.3
o ($+34)
2B 1028240, 241
5 5 i
_ L(_g F6i)= g 6. Note: It is too tedious to evaluate
25 ) I+1 ) 1+1 . .
6 z" = pyrd | by and simplify
Re(z’) =——, Im(z")=— STUAST
25 to get its real and imaginary parts.
1 2-i
(b) —=——
z 1+1
_@-pi-i _1_3.
a+(1-1) 2 2
I 143 (1 3. 3 21,
z——= —|===i|=—-——+—=i
z 5 2 2 10 10
1 3 1. 21
Re(z——)=—, Im(z—-——)=—
( Z) 10 ( z) 10

Example 3
© Do not use a calculator in answering this question.
(a) Find the roots of the equation z° =3 —4i.

(b) Find z if ——— = —_
l1+z 1-3i
Solution: Think Zone:
(a) Let z=x+1y, wherex,yeR To solve z*=3-4i means to
22 =3_4i find the square roots of 3 — 4i.

(x+ i)’ =3—4i
X =y +2xyi=3-4i

Comparing the real and imaginary parts, we have



https://drive.google.com/file/d/1GI9MhrGIM3WEILDYNwrrt-RS3yDz0TSI/view?usp=sharing
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Substituting (2) into (1):

2
x2—(—2j =3
x

x'=3x"-4=0
(X =H(x*+1)=0
x’=4 or x*=-l(reject' x eR)

x=212 Thus y=71

.". the square roots of 3—4iare 2—1iand —2+1.

How can you use your GC to
check the answer?

b z 1 Multiplying (1 + z)(1 — 3i) on
(6) 14z  1=-3i both sides and make z the subject
. of the equation. Note that there is
Z(l—3l)=1+2 no need to write z=x+iy to
z-3iz=1+z solve for x and y.
1
zZ=— We also make the denominator
—3i ' real by multiplying both the
- L 1 numerator and denominator of
=3i\i the fraction by 1i.
l.
z=—1
3
Example 4 [N2012/1/Q6 (i) and (ii)]

© The complex number z is given by z =1+1ic, where c is a non-zero real number.

(i)  Find z’ in the form x + yi.
(ii))  Given that z’is real, find the possible values of z.
Solution: Think Zone:

() (1+ic)’ =1 + [ijlz(icﬁ@j(ic)z +(ic)’
=1+ 3ic+3i’c*+i’c?

=1—3c2+i(3c—c3)

In general, if n is a positive integer, the

expansion of (a + b)n is given by MF27
(a + b)n

=a" + " a"'b+ " a"’bh’ + " a"”’p +--
1 2 3
n n—-ryr h n-1 n
+ @b e+ ab"” +b
r n—1

(ii) Given that z’is real, the imaginary part
1s 0, i.e.,
3c—c’ :0:>c(3—cz):O
c=0 or c=+/3

Since ¢ #0, z:1+i\/§ or l—i\/§



https://drive.google.com/file/d/1bKOOZpxp2lvP_fI0IoeNCO54ZeaMVqVI/view?usp=sharing
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Example 5
© Express (2 - i)3 in the form x + yi. Hence, find a root of the equation (z - i)3 =—-11-2i.

Solution: Think Zone:
3 3
(2—if::23+(1j2%—0+(2]204f-+c4f
=8+4+3x4x(—i)+3x2xi’*—i’
=8-12i—-6+1i = 2-11i
(z— i) =-11-2i

We rewrite (—11)—2i as —i(2-11i)
to link to the previous result.

=-i(2-11) Why do we write —i=i> ?
=—i(2~- i)3 Alternatively,

S g
:13(2_ 1)3 —11—212—1(T+2)

. AP .
=[i(2-1)] =—1(¥+2j
z—1=12- 1)=1+2i 1

s.z=1+31 isaroot of the equation “V _i(_l li+ 2)

1+ 3iis just one of the roots for

(z —i)3 =-11-2i. Since this is a
cubic equation, there are 2 more roots.

We will learn how to find them in
Section 13.3.3.

13.2.6 Complex Numbers in Graphing Calculator
Press to display mode setting. Use arrow keys to select a+bi to display the complex number
in Cartesian form.

Note:
e The radian mode is to be used for calculations involving complex numbers
e To enter the complex number i, press [2nd][]

You can find operations or functions for complex numbers in the MATH CPLX menu (press

(math]D ][ ]:

1: conj( gives the conjugate of the complex number

2: real( gives the real part of a complex number

3: imag( gives the imaginary part of a complex number

4: angle( gives the principal argument of a complex number (to be discussed in 13.5)
5: abs( gives the modulus of a complex number (to be discussed in 13.5)

6: P Rect displays the result in Cartesian form

Example 6

: 2+1 :
Given z = 3—+1 , use the graphing calculator to find z
-1


https://drive.google.com/file/d/1Lp67T8Jjzj3Fvl8cPNnTmAH0lz7qLo9T/view?usp=sharing
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Solution: Think Zone:
Use the command “conj(” found under menu: MATH, MATH NUM PROB FRAC
submenu: CMPLX Hcon.J(
2ireal(
% 11, 3:imag(
2 =575 [ 2%
2 2 con.l[ ey

13.2.7 Important Properties involving Conjugates

© For the complex number z=x+ yi, x,y€R, the conjugate pair z and z* have the following

properties:
Properties Proof
(a) z4z = 2Re(z) Z+Z*=(x+ yi)+(x—yi)
=2x=2 Re(z)

(b) z-z= ZiIm(z)

z—z*:(x+ yi)—(x—yi)
=2iy = 2ilm(z)

() zz =x"+)'= |z|2
where |z| = x>+’

(to be discussed in 13.5.1)

2z’ :(x+ yi)(x+ yi)*
:(x+ yi)(x— yi)

= x> = (i)’
2, where |Z| =x°+

:x2+y2=|z

@ () =z

(=) =( (s i))*

=(x— yi)*
=x+yl
=z

(e) (Zl + zz) = Zl* +z,

® (Zl _Zz)* ~ Zl* _Zz*

€3] (lez) 2> Zl*Z2*
When z, =z, =z , then (z°)" =(z")’

In general, (z") =(z")" where n is a
positive integer.

*

(h) [—] -4

Exercise: Derive the proof of the results (f)-(h).



https://drive.google.com/file/d/1TPwRg88I2kz3dCP0sfZrQU3rtFLQcXGQ/view?usp=sharing

* 1 *
w=z or —=-1=>wz =-1
wz

But since wz" # -1, w==z".
Thus,

=0
w=| —
2+1

1 3. :
=—+—i using GC).
s 2 (using GC)

*

9 Chapter 13: Complex Numbers
Example 7
O If z:% , find z—l. Hence, or otherwise, find the complex number w in cartesian form
+1 z
a + bi such that w—i=—i+2i where wz" #—1.
w 10 10
Solution: Think Zone:
1 -1 2+i
Z—— = T
z 2+1 1-1
3 21
= ————1 (using GC
10 10 (using GC)
1 3 21.
w—— = ——+4+—i
w 10 10
_(L3ay
10 10
)
= zZ——
z Use the property of conjugate:
* 1 * % %
- ETs (z,£2z,) =2 *z,
w—z*+é—l20
zZw
w—z"
(w z*)+( - )=
wz
. 1
(- )(1+—*j:0
wz

Method if GC is not allowed:

()
w=l—
2+i1
L+
2
(1) (2+1)
C(2-i)(2+i)
1 3.
=—+=i
55
Upon getting the answer for
w, use GC to check your

answer!



https://drive.google.com/file/d/1no76i3UktwyPmfGeWPslvQSLcdODzJ_w/view?usp=sharing

10 Chapter 13: Complex Numbers

Self-Review 1: If z=4-31, express z + 1 in Cartesian form. Hence, find the complex number

z
w in Cartesian form such that —w — 1 = 104 + Bi where wz" #—1. [w=—-4-31]
w 25 25

Solution:

13.3 Solving Equations Involving Complex Numbers

13.3.1 Solving Equations in 1 Unknown

Example 8

© Find the two roots of the equation ww" =4 + 2i+ 2iw", giving your answers in the form a +1b,
where a, beR.

Solution: Think Zone:

Let w=a+bi, wherea,becR. Since w" occurs in the
equation, we let w=a +bi.
ww =442i+2iw
* 2
(a+bi)(a=-bi)=4+2i+2i(a-bi) ww' =[w| =a’+b°
a’+b*=4+2b+i(2+2a)

Equating real and imaginary parts,

a’+b*=4+2b —(1) and  0=2+2a --~(2) | When equating the real and
imaginary parts, the problem
From (2), a=-1 develops into a system of 2
unknowns and subsequently 2
Sub. a=-1in(1): equations.



https://drive.google.com/file/d/1up3e9sFaK1vwIPqTE2bjxJDx2eBNE0FZ/view?usp=sharing
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(-1) +b*—4-2b=0

b*-2b-3=0
(b-3)(b+1)=0
b=-1or b=3

Hence the two roots are —1—1 and —1+ 31.

13.3.2 Solving Simultaneous Equations with 2 Unknowns

In the O Level syllabus, we solve simultaneous equations in two variables (involving real
numbers) using the substitution and elimination methods. By doing so, we can reduce the
simultaneous equations into one equation with just a single variable.

When solving simultaneous equations involving complex numbers, we do the following.
Step 1: Using substitution or elimination, express the equations into one single variable.

Step 2: If z is the remaining variable, and

(a) if z can be made the subject easily, solve for z directly;
(b) if z cannot be made the subject easily, substitute z=a + bi into the equation. Equate
the real and imaginary parts on the LHS and RHS.

Example 9
© Two complex numbers w and z are such that z—iw=2

giving each answer in the form x + yi.

and 2w+(1 + 2i)z =1. Find w and z,

2w+(1+2i)z=i - (2)

Substitute (1) into (2):

2w+ (1+2i)(2+iw) =i

= 2w+2+iw+4i-2w=i

= iw=-2-31
-2-3i

i
Substitute w=-3+ 21 into (1):

= w= =-3+2i

using GC

using GC

Solution: Think Zone:
z—iw=2 = z=2+iw---(1) We DO NOT let z=a+1b and
w=c+id , as we would

z=2+i(-3+2i)=-3i

eventually end up with solving
for 4 unknowns.

If there are 2 or more unknown
complex numbers involved, this
method would be too tedious as
an approach and inadvisable in
general.

Example 10 [RVHS/Prelim 2020/1/Q9]

© Solve the simultaneous equations z —2w* =i, iz—w=1,

x+1iy, where x, ye R.

giving your answers in the form

Solution:

Think Zone:

z=2w¥=i (1) iz-w=1 -
From (2), Z=w+i1

z=1-wi (3)
Sub (3) into (1): 1—wi—2w*=i

Letw=a+bi,

(2)

Since z is the common variable in
both equations, we can eliminate
it by making it the subject.

Note that it is not easy to make w,
the remaining variable, the



https://drive.google.com/file/d/1DhoahC2f_9PQtwVZyr2N0GQ36ESlfvZ6/view?usp=sharing
https://drive.google.com/file/d/1W2-GfJ-I3bzDrVTjRl3x0j0uoQZJlpTx/view?usp=sharing
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1—(a+bi)i—2(a—bi)=i
l—ai+b—-2a+2bi=1
l—2a+b+(2b—a)i:i

Comparing real part, Comparing imaginary part,
1-2a+b=0
2b—a=1--(5)
2a—b=1---(4)

Solving (4) and (5) using GC, a=1,b =1
Therefore, w=1+1,
z=1- (l + i)i
=2-i

subject in the equation (due to
presence of w and w*).

Example 11

© The complex numbers p and ¢ satisfy p =gi+2 and p°

otherwise, solve the simultaneous equations.

—q+6+21=0. By eliminating g or

1 1 -1

Sub ¢ =2i— pi into p>—g+6+2i=0.

Solution: Think Zone:
p=qi+2-—(1)
g=P=2_P=2 7 i i

We have
p’—(Q2i-pi)+6+2i=0
p +ip+6=0
e —(1) (i) —4(1)(6)
2(D)
_—i++/-25
2
_ —i+5i =51
2 o T
=2i =-3i
Thus,
if p = 2i, if p=-3i,
q=2i—(2i)i q =2i—(=3i)
=2+4+2i =-3+2i

To solve az*+bz+c=0, we
use the quadratic formula

L —b++b* —4dac

2a
This is still true if a,b,c e C.

Self-Review 2 [HCI/Prelim 2018/1/Q9(a)]

Showing your working clearly, find the complex numbers z and w which satisfy the simultaneous

equations
4iz-w=91-13,
4+20)w*=z+31.

[w=1-i, z=2+3i]



https://drive.google.com/file/d/1TJz41PYU3Bln8rAEFhhhUxDHuDhgyz9b/view?usp=sharing
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Solution: Think Zone:

Make z the subject and eliminate it.

To solve for w, let w=x+1iy

13.3.3 Solving Polynomial Equations

© The following results are useful in solving polynomial equations.

Useful result 1: Fundamental Theorem of Algebra
The Fundamental Theorem of Algebra states that any polynomial of degree n has n roots.

Note: These n roots can be real or complex, and some of which may be repeated.

Useful result 2: Factor and Remainder Theorem (Refer to Chapter 0 Notes)
Consider the equation P(x) =0, where P(x) is a polynomial of degree n.

Remainder Theorem states that:
If we divide P(x) by (x—a), then the remainder is P(a).

Thus, if the remainder is 0, then (x —a) is a factor of P(x).

This leads us to Factor Theorem:
If P(a)=0,then (x—a) is a factor of P(x).

Useful result 3: Conjugate Root Theorem
Let f(z) be a polynomial in z with real coefficients. If @ is a complex root of f(z)=0 , then &* is

also a complex root.

Example, Suppose the equation az* + bz’ + cz> + dz+e=0 , where a, b, ¢, d and e are real numbers,
has a complex root « .


https://drive.google.com/file/d/1muCrSAM1VWY4EqhTnVH3n3qSGfq0S9hu/view?usp=sharing
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Then aa* +ba’ +ca’ +da+e= 0

= (aa* +ba’ +ca’ +da+e) =0"=0

= (aa*) +(ba’) +(ca®) +(da) +e =0

— a* (@) +b* (@) +c* (@) +d* (@) +e=0
= a(a”)' +ba’) +c(a’) +d(@)+ e=0

Then " is also a root.

In general, whenever a polynomial equation with real coefficients has complex roots, by Conjugate
Root Theorem, the complex roots will occur in conjugate pairs.

13.3.3.1 Solving Quadratic Equations (Polynomial Equations of degree 2)

Useful result 4: Formula for solving quadratic equations

Consider a degree 2 polynomial, i.e. the general quadratic equation az’ + bz +c =0 where a, b, ¢
can be real or complex.

~b+b* —4ac

Using the formula, z = 5 , we find that if the discriminant b*> —4ac < 0, the
a

solutions are not real. Thus, we say that the roots of the given equations are complex (non-real).

In fact, the solutions of a quadratic equation with real coefficients will form a conjugate pair,

—b b*-4ac or —_b_\/b2—4ac (b

lLe. z=—+ *—4ac<0)
2a 2a 2a 2a
~ EXTENSION
B‘T& . This formula has been expanded to find not only real roots but also complex roots.
e While in ‘O’ level, a quadratic equation with *> — 4ac < 0 would be said to have no

real roots, in ‘A’ level, it would be stated that the equation has complex roots instead.

Example 12 (degree 2 polynomial with real and complex numbers as coefficients)
© Solve the equation z> +iz+1=0.

Solution: Think Zone:

Z2+iz+1=0

—ityit—4 -z =5

z= 5 5 We can use the quadratic formula.
—i44510  —i+iV5 Note:
- 2 - 2 1) We cannot use the GC to solve
the equation.
2) The roots are not conjugate pairs
Hence z:[_“_\/g}' or Z:(_l_\/g}' of each other.
2



https://drive.google.com/file/d/15diDFyTXV-eKS3q8Efu31uj4VfYA-MOD/view?usp=sharing
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Useful result 5: Relationship between Roots and Coefficients of a degree 2 polynomial
© Suppose a and S are two roots of the quadratic equation ax’ +bx+c=0 (a#0)

Dividing by a(#0) gives x° +2x +< = 0and still have roots & and j3.
a a

We can therefore write
b ¢
= x+—=(x—a)(x-p)
a a
=x’—(a+f)x+af
Equating coefficients of x and the constants, we have the useful results:

b c
Sum of roots, a + f =——; Product of roots, aff =—.
a a

Example 13 [AJC/Prelim 2018/1/7] (degree 2 polynomial with real & complex coefficients)

© Given that z=-2+3i is a root of the equation 2z> +(—=1+4i)z+c=0, find the complex
number ¢ and the other root.

Solution: Think Zone:
Let @ =—-2+3i and the other root be S Recall that, if «, § are the roots of the
a+f=- - ; il quadratic equation ax” +bx +c =0, then,
. b c

-1+4 . o ==

= f=- > — (=2 +3i) a+p = af »
Alternative Method:
“2 s (using GC) eratve e
2 Since z=-2+3i is a root of the equation
c 227 +(-1+4i)z+c=0,

aﬁ = 5 5
~ ctoap 2(—2+3i) +(-1+4)(-2+3i)+c=0

c=20+351 (using GC)
Let
=20+35i (using GC) 22% + (=1 + 4i)z + 20+ 35i

=[z-(-2+3i)][2z-<]

Comparing coefficients of z,

—a—2(-2+3i)=—1+4i

a=5-10i

Alternatively, comparing constants,

a(—-2+3i)=20+35i

o 20+ 351
-2+3i

=2(-2+ 3i)(§ — 5i)

=5-10i (using GC)

Hence the other root is %— 51

Why can’t we use Conjugate Root Theorem?



https://drive.google.com/file/d/1MjF3TFOThZLR6ZTZg2s0jp0r32JWNXmQ/view?usp=sharing
https://drive.google.com/file/d/1aHU8xAQ-GMI-0s8vTLLKI-og-nm1kc6w/view?usp=sharing
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13.3.3.2 Solving Polynomial Equations of degree 3 and higher

Example 14 (degree 4 polynomial with all real coefficients)
© Without the use of GC, solve the equation z* +z° —8z* +14z -8 =0 given that 1+1i is one of
the roots. Hence solve the equation z* —iz’ +8z% +14iz—8=0.

Solution:

Think Zone:

Since z*+z’ —8z% +14z—8=0 has real
coefficients, by Conjugate Root Theorem, 1—1
is another root.

Then [z—(1+1)] and [z—(1—1)] are factors of
the expression on the LHS of the given equation.

Hence, [z—(1+1)][z—(1—1)] is also a factor of
it.

[z-(A+D)][z-(-1)]

=[(z-1)-DI[(z—1)+1)]

=(z-1)"= (i)

=z’ —22+1—(—1)

=z2-2z+2

Therefore

42— 82+ 14z 8

=(z*=2z+2)(z* + Bz—4) by inspection
Comparing coefficient of

z2: 1=B-2 =B=3

Thus
42— 8%+ 14z- 8
= (2" =2z+2)(z" +3z-4)
=(z2" -2z+2)(z+4)(z-1)

The roots of the equation are 1+1, 1-1,—4, 1.

2t =iz’ +82* +14iz—-8=0
= (iz)' +(iz) -8(iz)’ +14(iz)-8=0
=w'+w —8w +14w—-8=0 where w=iz

By previous result,
w=1+1l1-1,-4,1

iz=1+11-1,-4,1

Alternatively, we can obtain the expanded
result for the quadratic factor using result 5,
since 141 and 1—1 are roots of equation,
[z—(+1)] and [z—(1—-1)] are factors of
polynomial.

Sum of roots

= (1+i)+(1-1)=2

Product of roots

={+1)(1-1)=2

So, the quadratic
[z—(1+D)][z—(1-1)] is 2" =2z +2.

factor

P42 - 82+ 14z 8
=(z" =2z+2)(Az* + Bz +C)
By inspection (coefficient of z* and

constant), 4 =1 and C = -4

Use of GC to check answer:

press APPS > S:PlySmlit2 >1: POLY
ROOT FINDER

select ORDER 4 and a+bi

and press

I FOLY KOOT FINDEF NODE
ORDER 1 zzES6E7 B9 10

a4 "1+ +a1x+an=8
ay=1

nonl EODR werosid az=1

[DEC] Coliree az=-0
ZCI ENG ai =14
ENTH ©izz456780 an=-%8

FADIAN
|iHATm THELFIRERTI
a4 M+ a1 x+an=H

=1 B-4

xz=1+1i

(HATRIHOCENCLEIL DROIE0LYED

wr=1—-11.
wy =1

|(HATRNAODENCOEFY 70 1



https://drive.google.com/file/d/10JuRzK10nosgPk7gaoQ2cfrBvxzUecXM/view?usp=sharing
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Example 15 (degree 4 polynomial with all real coefficients)

© Find the real value of k such that 2x* —4x’ +3x” + 2x + k =0 has a complex root 1—i. Hence
factorise 2x* — 4x’ + 3x* + 2x + k into a product of one quadratic and two linear factors with real
coefficients.

Solution: Think Zone:

k= _(2(1 —i) —4(1-i) +3(1-i) +2(1 —i)) _ Use of GC to get answer.
i

(using GC) 1-i,
-[2Z-azF 432z

2
Since 2x* —4x’ +3x* +2x—-2=0 has real coefficients,
by Conjugate Root Theorem, 1+1 is also a complex root.

Then [x—(+1)] and [x—(1-1)] are factors of the Sum of roots = (1 + i) + (1 \ i) =2
expression on the LHS of the given equation.

Product of roots = (1+1)(1—1) =2
Hence, the quadratic factor is x* —2x+2. roduet oT Toots ( 1)( 1)

We can use the GC to check the
Thus, we can let,

2x* 42’ 4307+ 20— 2= (x* = 2x+2)(2x° +ax+b) | Accuracy of our answers t0o:

| FOLY KOOT FINDEF HODE 3y x4+, +31x+an=H
ORDER 1zzES67B910 ay =2

. TSI o+ bi I LT az=-4
Comparing constants: -2=2b = b=-1 W g ome az=3
] s SCI ENG a1 :2_2.
Comparing coeffof x°’: -4=a-4 = a=0 ;',;E:;n m“m"”’” 2
[(HATT HELFITEZT!| (NATNIKODENCLEVLOADIZOLYE]
ay i+ a1 tan=H
e e ege e
xE=la ) 1.
2 _4.x +3.x +2x_2 wx =, A7

®4y=-,7d7

(x2—2x+2)( X —1)
(x2—2x+2)[(\/_x)2—12}
(x2—2x+2)(\/—x 1)(\/_x+l)

|[HATRIRDDENEOEFY 10 1

Self-Review 3 [N2021/11/Q1]

One of the roots of the equation x° +2x”> +ax+b =0, where a and b are real, is 1+ %i. Find the

other roots of the equation and the values of @ and b. [a=-6.75;b=5;1- %i, -4]


https://drive.google.com/file/d/1ttEVSosX_YpPOPnfHi0BQzpVxt_FBqXI/view?usp=sharing
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| Solution:

Think Zone:

Use GC to obtain

3 2
1+li +2 l+li :Z+£i
2 2 4 8

Alternatively, after getting the a and b
values, you can use GC to solve for the

roots.
INORHAL FLOAT AUTO a+bi DEGREE MP n INORHAL FLOAT AUTD a+bi DEGREE MP n
PLYSHLTZ APF PLYSHLTZ APF

POLY ROOT FINDER MODE

ORDER 12E45678910 3t 24- "
REAL re~(gi) X 2xee6. o
DEC

SCI ENG

2123456789

RADIAN 5

MAIN HELP | NEXT | [MATN T MODE ICLERARI LORD ISOLVEI

[NORMAL FLOAT AUTOD a+bi DEGREE HP n
PLYSHLTZ APP

1x3+  2Zx2+-6..x+ 5=0
g4
xz=1—%u

—1+i
x3=1+51

MATN T MODE ICOEFFISTOREIF 4+ 1

Example 16 [ACJC/Prelim 2017/11/Q1 Modified]

© Explain why a cubic polynomial equation with real coefficients must have at least 1 real root.
Given that 1+1 is a root of the equation z° —4(1+1)z°+(=2+9i)z+5—1=0, find the other roots

of the equation.

Solution:

Think Zone:

complex roots).

By Fundamental Theorem of Algebra, a cubic polynomial
equation has 3 roots. Since polynomial equation has all
real coefficients, if there are complex roots, they must
exist in conjugate pairs, i.e. even number of complex roots.
Hence equation must have at least 1 real root (or at most 2



https://drive.google.com/file/d/1uIYc8SDvt2Coal-w_gHs-1TyvuCsy_fw/view?usp=sharing
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2 =41 +1)z*+(-2+9)z+5-i=0
(z=(1+1))(42’ +Bz+C)=0
By comparing coefficients,
2:iA=1

5-i
—(1+1)
22 B—(1+1)=—-4(1+i) = B=-3(1+i)
(z—(+)(2* -3(1+i)z—2+3i) =0

2 —(1+i)C=5-i=>C= =—2+3i

Solving (2% =3(1+i)z - 2+3i) =0,

(=301 1)) £4(-3(1+1))’ - 4(1)(~2 + 3i)

2(1)
~3+3ixy8+6i
2
L .
=—3+3l_(3+1)=3+2i or i

.. The other 2 roots arez=3+21 or z=1

Notice that not all the coefficients
are real. Hence, we cannot use
Conjugate Root Theorem here.

When 1+1i is a root, [z—(l+i)] is

a factor.

You can use the GC to solve for
8+ 61 .

Alternatively, let
w=+/8+6i = w’ =8+6i

solve for w.

and

Self-Review 4 [TJC/Prelim 2020/I/4(a)]

The complex number w is such that w’ = —8i. Given that one possible value of w is 2i, use a non-
calculator method to find the other values of w. Give your answers in the form a + bi, where a and

[\/g—i or —\/g—i]

b are exact values.

| Solution:

Alternative Solution
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13.4 The Argand Diagram

© The x-axis of the Cartesian plane can be used to represent the real part of a complex number,
while the y-axis represents the imaginary part. Hence, the x-axis is called real axis while the y-axis
is the imaginary axis.

We represent the complex number z = a + b1 using the point P with coordinates (a,b) as shown

below.
Im(z)
4 P=z
2 *
: » Re(2)
0] a

This way of representing complex numbers using a diagram was an idea introduced by the French
Mathematician Argand, hence this diagram is known as the Argand diagram. We say that the
complex number z is represented by the point P. We label the complex number as P = z.

- DIAGRAMS
BV" The Argand diagram provides a way to represent and visualise complex numbers
oei geometrically, like the Cartesian coordinate system and the number line for real numbers.

Example 17
© Illustrate on an Argand diagram the following complex numbers 4 =3+2i, B=-4+1,

C=-3-5and D=3-2i.

Solution: Think Zone:

It is always good to draw to
A scale for all Argand diagrams.

A distorted diagram will distort
B=_4+i T your view.

AR R . Notice, 3+2i and 3-2i are
——— L — » Re(z) . .

T reflections of each other in the
real axis. Recall that they are

1 D=3-2i also conjugates of each other.

C=-3-51



https://drive.google.com/file/d/1vpKnZKZU976jSk0hejZBpJDVVZZF8Cb3/view?usp=sharing
https://drive.google.com/file/d/17oAst5t6JjjaSjXXKuxjAjIIVstdOzEY/view?usp=sharing
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13.4.1 Geometrical Representation of z* and — where 7 is a complex number
© Forsimplicity,let z=a+bi where a> 0and b> 0. Let P=z.
(a) The conjugate of z, z =a — bi.
LetQ==z"
z" will be represented by Q (a,—b). Geometrically, point Q is the mirror image of point P
reflected in the real axis.
(b) Let R = —z.
—z will be represented by R (—a,—b). Geometrically, point R is the mirror image of point P

(a,b) representing z in the origin.

Im(z)
A
b P=z
— a > Re(@
R=-—zx —b Q= z*

13.4.2 Geometrical Interpretation of complex number addition and subtraction

© Addition of Two Complex Numbers in an Argand Diagram
If P and P> represent the complex numbers z1 and z> respectively, then P3 = z1 + 23 is the vertex of
the parallelogram OP;P3P> as shown in the diagram.

Im(z)

v
M
L

L
A
\

Y
\
\
A

F, =z,
» Re(z)

Subtraction of Two Complex Numbers in an Argand Diagram
If Py and P>’ represent the complex numbers z; and — z2 respectively, then P4 = z1 — z2, also written
as z1 +(— z2), is the vertex of the parallelogram OP1P4P>" as shown in the diagram.


https://drive.google.com/file/d/1O7LwJGoGFSFkKolAoKkXcxMBadGn1UP6/view?usp=sharing
https://drive.google.com/file/d/1dXTubrAUhk3CmkzOe67mpNjRmdshaqzc/view?usp=sharing
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Im(2)
4= A=z
Po=z—z,=z+(-2,) %" p.
’,‘ 0 Re(z)
P'=-z,

. YECTORS:
(,;" Complex numbers can be thought as 2-dimensional position vectors. Thus, addition and
EDIF E‘. subtraction of complex numbers are analogous to addition and subtraction of position
I
vectors.

13.4.3 Geometrical Interpretation of kz where t e R\{0} and zeC
© If k> 0, then the complex number iz =k(a +bi) is represented by the point Q such that the
points O, P (=z) and Q (= k z) are collinear and OQ = k OP.

Note that P and Q are on the same side as O.

Im(z)
A
kb xO=kz
L) Y
! ? : » Re(z
) a ka @)

In general, for any point P representing z € C, the point Q representing kz where k is a non-zero
real number lies on the straight line passing through the origin O and the point P. If £ <0, then Q is
obtained by rotating P 180° about O and scaled by a factor of |k| so that P and Q are on opposite
sides of O such that OQ = |k|OP.

13.4.4 Geometrical Interpretation of Multiplication of a complex number by i
© For the sake of simplicity, let z=a+bi where a,be Randa>0,b>0.

iz=i(a+bi)=ai+bi® =—b+ai

Let P=z and O=1iz.

Im(z)
Q=iz=i(a+ib) _b“
=—b+ia\
), P=z=a+1b
\ |4 S
\x'\‘//\( b
- Re(2)

10) a


https://drive.google.com/file/d/1BjqRoOtU4P5P-BIvxYPNJLHEzuDBYgQn/view?usp=sharing
https://drive.google.com/file/d/1RL0v5mqmmfplD_ewjjj24_8LXYVZUhXO/view?usp=sharing
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From above, we see that £ POQ =90° and
lengthoP= |iz| = |il lz| =|z| = Va*+b*> =length OO

Therefore, the vector representing the complex number iz (i.e. O—Q ) is obtained by rotating the

vector representing z (i.e. OTJ) about O through 90° in an anticlockwise sense.

In fact, we have the following:

1z: Rotation anticlockwise by 90° about the origin.
i’z (or—z):  Rotation by 180° about the origin.

—iz (ori’z): Rotation clockwise by 90° about the origin.

13.5 Modulus and Argument

© Let point P represent the complex number z = x +1iy.

Let the length of the line segment OP be r and the angle made b
0.

Im (2)
4 P=z
A
// |
O
/ Y
/0 '
/7 1
O * Aﬁ —» Re(2)
X

Thenx =rcos@, y=rsind and r =/x" + )" .

r is called the modulus of z and is denoted by |z

Im (z)

»Re (=)

1Z A
,'X \X z
SN e N
i
: N \/, “
I \/\/ "
1
'.‘ {0 N '
\ N\ ‘
\\ 7 N\ ’.r
= x‘ A fij _

,1.€. r:|z|:|x+iy|:\/x2+y2.

0 is called the argument of z and is denoted by arg z , i.e. § =argz =arg(x +1y).

© Finding argument of 7

Convention:
X P
/’,/’ W 0 =arg(z) >0
< » Re(z)
\\\J 0 =arg(z) <0
\\X P=:z

Conventionally, we restrict @ to the range — 7 < @< 7, called the principal range.
The unique value of @ lying in the principal range is called the principal argument.
Thus, in order that the argument is in the principal range, this is how we will measure the

argument.


https://drive.google.com/file/d/1F1vcda7cnCkDzWIWUcWb108Fk8WVoKIB/view?usp=sharing
https://drive.google.com/file/d/1v6SywJqFhCO5ctjuIRElYZVfZvrwI-Cx/view?usp=sharing
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If P lies above the real axis, € is measured in
an anticlockwise direction and 4 is positive.

Im (z)

N

» Re (2)

If P lies below the real axis, € is measured in
a clockwise direction and 6 is negative.

Im (2)

A

< » Re(2)
s

o

Following are the steps (ABS) to get the principal argument correctly.

Step 1.

Argand diagram: To find the argument of a complex number, always draw an Argand

diagram and indicate on the diagram the quadrant where the complex number lies.

Step 2.

Step 3.

Basic angle: Find basic angle=a = tan"l[

y

X

|

Sign: Find the sign and magnitude of the argument of a complex number. This depends

on the quadrant that the complex number is in.

2" Quadrant:

Im(z)
A
X
a/ N } » Re(z)

arg(z) =7 -«
Argument is positive and obtuse.

15t Quadrant:

Im(z)

A

XZ

,/ﬁ\a
|
(0

Re(z2)

arg(z)=a
Argument is positive and acute.

374 Quadrant Im(z)
A

@)

a\éj

> Re(z)

arg(z)=—(r—a)
Argument is negative and obtuse.

4™ Quadrant I mAEZ)

\’4\)“ > Re(z)

arg(z) =—a
Argument is negative and acute.
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o Argument of:

Real number kx
Positive real number 2k
Negative real number ( 2k+1)7
P - -
urely imaginary number 1 .
2
Purely positive imaginary number 1 2
Purely negative imaginary number 1 Y.
2
z — arg(2)
where k € Z.
Example 18
© Find the modulus and argument of each of the following complex numbers:
(a) z=1++/3i (b) z=2i () z=—3 +i d) z=-3
() z=—1-1i f) z=-2i (g) z=1-+3i (h) z=5
Solution: Think Zone:
(@) z=1+ J3i Always represent the complex
=133 =2 In}Ez) n \/5 number on an Argand diagram
"= |Z| =vito= X ! to visualize.
. —1 ’\/g /,l
basic £ = tan 1 ‘% Re(z) Followed the ABS approach.
_r 0 Use of GC to check/find the
3 modulus and argument of a
T complex number
agz == rad @1is in the 1% quadrant. It is
positive and acute.
(b)) z=2 Im(z) z =21 is purely imaginary.
|Z| =2
2i
argz =—
» Re(z)
‘0
() z=—3+i Im(z)
A
|Z|:«/3+ =2 —/3 +i
1 7)[(\ A (
basic £ =tan” — — Re(2)
NE) 6 ( A >
0
_T
6



https://drive.google.com/file/d/1X_giFsqoLqNrXYmsJV_fa7YWh-FbvIpC/view?usp=sharing
https://drive.google.com/file/d/1yqu4yazD_GHH5T7qISkmvouW25F7NHd2/view?usp=sharing
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argz =g = Rl @is in 2™ quadrant.
827 6 6 It is positive and obtuse.
d z=-3 Im(z) z =-3 is purely real (and
|2 =3 4 negative).
argz =1 vl BN > Re(2)
(0]
z=3(cosx +isinr)
e) z=-1-i @is in the 3™ quadrant. It is
| z| —J1+1=+2 IH}SZ ) negative and obtuse.
» Re(z
basic £ =tan"'— >// P4 2 When asked to write in
e trigonometric form, we do not
_Z 1 simplify cos(—@) to cos@ and
4 i - sin(—6) to —sin(0).
argz=—|r——|=—"—.
4 4
) z=-2i Im() z =-2i is purely imaginary.
|2[=2 T
argz = —— » Re(z)
& o«
—2i
z=1-+3i
(8) Im(2)
A
|2 =v1+3=2 >
o ) Re(z)
B 7 | x
b - —1 NN _¥
basic £ = tan ( . 3 43
argz = — i @1is in the 4™ quadrant. It is
3 negative and acute.
(h) z=5 Im(z) z =15 is purely real (and
A z positive).
|7 =5
argz =0 *¥—» Re(2)
0 5
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Remark:

5

It is important to remember the trigonometric ratios of special angles: i.e. 0, e

W[y

z
>

7]

Example 18 illustrates the relationship between “special” complex numbers with these

angles.

GC Basics to Calculate | z| and arg(z)

You may use the GC to calculate the modulus and the argument of a complex number.

For instance. in Example 18(c), z=—v3 +1.

To find the modulus, we can key [math]»]»][5] to access the
modulus function, and type in our complex number
accordingly.

(note: if it is a irrational number, you can square the number,
then square root it back to get the exact surd form)

HORMAL FLOAT AUTO REAL RADIAN MP []

| -{3+i]
|

To find the angle, we can key [math]»][»][4] to get the
argument of the complex number

(Note: the number given is usually irrational, we can divide
our answer by 7 to see if arg(z) is an exact number in terms of

, change the mode in your GC to Degree.

HISTORY

MATHPRINT cLassGIc analel -[3+i)

HORHAL B o) |

AT 0123456789 158

i
8 HORIZONTAL GRAPH-TRELE

LANGUAGE:

Then convert the angle to radian to give 5%

analel -{3+i)
v 22017993878

i ereren e @0 8333333333,
AnsrFrac

ﬁﬁg;iuuu
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© Properties of modulus and argument of complex numbers:

The table below is a summary of the useful properties of modulus and argument of complex
numbers.

Modulus Argument
z,)| arg(z,z,) =arg(z,) +arg(z,)
arg(z”) =narg(z)

ETME] arg[ij - arg(5) - arg(=

|le2 :|Zl|

z, |zz| z,
1| 1 1

—|=— arg[—j=arg(1)—arg(z)=0—arg(z)=—arg(z)
z |Z| z

z =|Z| argz =—argz

zz" :|Z|2 arg(zz*)=0

TRANSORMATION:
] |z*| = |z| means that the modulus of a complex number is invariant when we take conjugate
Ev of a complex number.

IDEA . . . .
Geometrically |z | = |z| holds because z and z* are mutual reflections in the real axis

and  therefore they have the same modulus. Can you also explain geometrically why
argz’ =—argz?

Proof of |le2| = |Zl||22| :

Let z, =x, +1y,, z, =x, +1y,. Then

|lez| = |(x1 +iy1)(x2 +1y, )| = |x1x2 mpARe) +i(x1y2 +x2y1)| = \/(x1x2 —W )2 +(x1y2 X0 )2

= \/xlzxzz + 3,70, = 2x00,0, + X9, + 5,707 + 250,000,
= \/(xlz +y12)x22 +(x12 +y12)y22

= \/(xlz +ylz)(x22 +y22)

ol e

=[z]|=.|

You can treat is as an exercise to prove the rest of the properties.

Note:
1) It is worth noting that the complex function ‘arg’ behaves just like the logarithmic function
‘In’ in view of the properties above.

Z

i1) The values of arg (zlz2 ), arg [—j and arg(z") obtained may not be the principal argument. If
2
this occurs, we have to add or subtract multiples of 27 to obtain the desired principal
argument (i.e. — 7 <0< 1).


https://drive.google.com/file/d/1IDjLfnNt7nTKKMb7OmsLlHCUIgL5msVZ/view?usp=sharing
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Example 19

© The complex numbers p and g are given by p = J3-1 and g = —4+ 41. Without the use of GC,

by finding the modulus and argument of p and ¢. Using the geometrical significance of
multiplication by i and a real number, find the modulus and principal argument of

(a) ip (b) —ip (c) 2ig.
Solution: Think Zone:
| p| =3+1=2 Im(z) Use your GC to check and verify
| your answers!
basic £ = tan™' (—j _Z >
V3) 6 o >~y Re(2)
~ \x

arg p = ——
gp p

J3-i
|q|=\/16+16=4\/§ 4+ 4 III’}SZ)

X
basic £ =tan™' (%) =% N
N
s ( T,
g 27 O  Re(z)
agg=mr——=—
29 12
(a) Sinceip is an anticlockwise rotation of p about O through | Note that we can use the
90°, therefore properties in the above table to
|ip| = | p| =2 and obtain the modulus and argument
iz:
T T\ «w- . .
arg(ip)= 2o [ -2 |=Z gl =[] p|=2
elir)=3 ( 6 j 3

arg(ip) =argi+arg p

T T T
:—+ _ | = —
(55

(b) Since —ip is a clockwise rotation of p about O through |—ip| - |—i| | p| =2
90°, therefore

. . . - o arg(—ip) = arg(—i)+arg( p)
|—1p|:|p|=2andarg(—lp):—5+[—gj=—7 ju ( ﬂj 1

(c) Since 2ig is an anticlockwise rotation of ¢ about O | |2ig| = |2il|g]

through 90° followed by a scaling of factor 2, 2(4\/5)
|2iCI|:2|q|=8\/§ and arg(Ziq):£+3_ﬁ:5_ﬁ B
2 4 4 _82

Since — 7 <arg(z) <z, the principal argument arg (2iq) = arg (2i) +arg(q)

3—” T 3n Swm
4 =t —=—
2 4 4

Since — 7 <arg(z) <z, we

arg(Ziq) :STﬁ—Zﬂ =—

have

arg(2ig) = 5%—27[ = —377[



https://drive.google.com/file/d/1m94BBeFFORG-WKxF0OngjNUlT_pywVsa/view?usp=sharing
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Example 20 [NO08/11/3(a)]

© The complex number w has modulus » and argument €, where 0 < @ < %zr, and w" denotes

N
Zy

the conjugate of w . Given

|ZZ| 2

_ m and arg (ﬂj =arg(z)—arg(z,), state the modulus and

argument of p, where p = Mi . Given that p’ is real and positive, find the possible values of 6.

w
Solution: Think Zone:
w| |w| |w| Note that:
wil [wl [w]

w
s

arg(p) = arg( j = arg(w) — arg(w") = arg(w) + arg(w)

w
=2arg(w) =26

For p’ to be real and positive, p’ would lie totally on the
Real axis on the 1% quadrant.

arg(p’) = 5arg(p) =100, which is out of the principal
argument range.

Since p’ is real and positive, arg(p’) =0.
: 1
Since 0 <8 < 572’,

0<100 <57

Thus 10680 =2x, 4x

0<0<%7r:> 0<20<rx

So 26 is in the principal

argument range.

Im

Re
4

Self-Review 5:

Without the use of calculator, find the modulus and argument of E and illustrate the complex

numbers 1+1, 1—-1and F on an Argand diagram.
-1

1-1

T
[1, 5]

| Solution:



https://drive.google.com/file/d/1IK_QvUfuhzW7a8vYFRIT7R8VPv1FzlUi/view?usp=sharing

31

Chapter 13: Complex Numbers




	13.2.1  Equality of Complex Numbers
	13.2.4  Multiplication of Complex Numbers by a Real Number
	For any ,

	Conjugate of a Complex Number
	Multiplication of z and z*
	Useful result 1: Fundamental Theorem of Algebra
	Useful result 2: Factor and Remainder Theorem (Refer to Chapter 0 Notes)
	Useful result 3: Conjugate Root Theorem

	13.4.3 Geometrical Interpretation of kz where  and

	13.4.4  Geometrical Interpretation of Multiplication of a complex number by i
	Therefore, the vector representing the complex number iz (i.e.  ) is obtained by rotating the vector representing z (i.e. ) about O through 90( in an anticlockwise sense.




