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2021 ACJC H2 Maths Promo Paper Duration: 3 hrs Marks: 100 
Attempt all questions. 

1 State a sequence of transformations that will transform the curve with equation 
2sin (2 )cos( )y x x  on to the curve with equation 2sin (4 3 )cos(2 )y x x , 

where is a positive constant. [3] 

2   Solve algebraically the inequality 2

3 1
2

x
x x

. [3]

Hence solve the inequality 
2

2

3 1
1 2

x x
x x

. [2]

3 A curve C has equation 
2 2

2 2
4 1

2100
x y

x xy
, x , 8.x  

Show that 
2d 2

d 2 16
y x y
x xy y

.  [2] 

Hence, prove that curve C does not have any stationary point. [3] 

4 

The diagram shows the curve f ( )y x . There are two vertical asymptotes with 
equations 2x  and 2x  respectively. The curve crosses the x-axis at the point A 
and has a maximum turning point at B where it crosses the y-axis.  
The curve also has a minimum turning point at C. The coordinates of A, B and C are
( , 0)a , (0, 10)  and ( , )p q  respectively, where a, p and q are constants.  
Sketch the following curves and state the equations of the asymptotes, the coordinates 
of the turning points and of points where the curve crosses the axes, if any. Leave your 
answers in terms of a, p or q where necessary. 

(i) 1
f ( )

y
x

, and [3] 

(ii) f (2 | |)y x . [3]
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5 Referred to the origin O, points A and B have position vectors a and b  respectively. 
The modulus of a  is 2 and b  is a unit vector. The angle between a and b  is 60 . Point 
C lies on AB, between A and B, such that AC kCB , where 0 < k < 1. 

(i)  Express OC in terms of a  and b .                                                                                    [1] 

(ii)   Show that the length of projection of  on OC OA  is given by 
4

2 1
k
k

. [3] 

(iii) Find, in terms of k, the area of triangle OAC.  [3]  
 
 

6 The Cartesian equation of line 1L  is 2 2 3x y z
a b c

, where , ,a b c  are constants. 

The line 2L is parallel to the vector 4 3i j . The line 3L  passes through the origin and 
the point with position vector j k . 
(i) Given that 1L  is perpendicular to 2L , form an equation relating and .a b  [1] 
(ii) Given that 1L  intersects 3L , show that 5 2 2 0.a b c           [3] 
(iii) Hence express and in terms of .a b c                                              [1] 
(iv) Find the acute angle between 1L  and 3L . [2] 

 
 

7 The functions f and g are defined by 

 
2

1f : ,
1

x
x

,  2 1x x , 

 2g: ( 2) ,x x k ,  0x x  where k is a constant. 
(i) Sketch on the same diagram the graphs of  

(a) f y x  

(b) 1fy x  

(c) 1f fy x  
stating the equations of any asymptotes and the coordinates of any endpoints. [3] 
 

(ii)  Find 1f and state the domain of 1f . [3] 
(iii) Show that the composite function gf exists and find its range. [2] 
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8 The figure below shows a cross-section OBCE of a car headlight whose reflective surface 
is modelled in suitable units by the curve with parametric equations 
 ( sin )x a ,  (1 cos )y a  

for 0 2 , where a is a positive constant. 
 
 
 
 
 
 
 
 
 
(i) Find in terms of a  

(a) the length of OE, [2] 
(b) the maximum height of the curve OBCE. [1] 

(ii) Show that d cot
d 2
y
x

. [3] 

Point B lies on the curve and has parameter . TS is tangential to the curve at B and 

BC is parallel to the x-axis. Given that 
6

TBC , 

(iii) show that 2
3

. [2] 

(iv) Show that the equation of normal to the curve at the point B is  
2 2ky k x a , 

 where k is an exact constant to be determined. [3] 
 

9  (a) Given that 2

1

1 1 2 1
6

n

r
r n n n , find 

1
2

7
2

n
r

r
r r  in terms of n.  [4] 

 (b) (i) Use the method of differences to show that 2
2

3 ,
4

1
1 1

n

r

A A
r n n

 where A 

is a constant to be determined.  [3] 

(ii) Explain why the series 2
2

1
1r r

 converges, and write down its value. [2] 

  (iii) Hence deduce that 2 2 2

2 2 2 ...
2 3 4

 is less than 3
2

. [2] 

 
10 Referred to the origin O, the points A, B and C have position vectors 4 2i j , 

2i j k   and 7i j k  respectively, where  and  are constants.  
(i) Given that A, B and C are collinear, show that  =5, and find the value of  . [3] 

     The plane  contains the line L, which has equation 2 3 (2 )r i j i j k . The 
plane  is also parallel to the line that passes through the points A and B. 

(ii) Find the shortest distance from point A to the line L. [2] 
(iii) Show that the cartesian equation of the plane  is 5x y z .                             [2] 
(iv) Find the position vector of the foot of the perpendicular from point A to the      

plane . [3] 
(v) Hence find the reflection of the line that passes through points A and B about the 

plane . [2] 

B C 

O E 

T 

S 
x 

y 
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11 The figure below shows a container with an open top. The uniform cross section ABCD 
of the container is a trapezium with AB = BC = CD = 10 cm. AB and CD are each 
inclined to the line BC at an acute angle of  radians. 
The length of the container is 50 cm and the container is placed on a horizontal table. 
 
 
 
 
 
 
 
 
 
 
 
(i) Show that the volume V of the container is given by  

 35000 sin (1 cos ) cmV .  [2] 
 Hence using differentiation, find the exact maximum value of V, proving that it is 

a maximum. [5] 

 (ii)  For the remaining part of the question,  is fixed at 
4

. 

Water fills the container at a rate of 3 1100cm s . At time t seconds, the depth of the 
water is h cm. The surface of the water is a rectangle PQRS. When 3 cm,h  find the 
rate of change of  

(a)  the depth of the water, h, [3] 
(b)  the surface area of the water PQRS.  [2] 

 
12 Mrs Tan plans to start a business which requires a start-up capital of $700,000. She 

decided to first save $200,000 by depositing money every month into a savings plan. 
For the remaining $500,000, she intends to take a loan from a finance company. 
She deposited $3000 into the savings plan in the first month and on the first day of each 
subsequent month, she deposited $100 more than the previous month. Mrs Tan will 
continue depositing money into the savings plan until the total amount in her savings 
plan reaches $200,000. It is given that this savings plan pays no interest. 
(i) Find the month in which Mrs Tan’s monthly deposit will exceed $6,550. [2] 
(ii) Find the number of months that it will take for Mrs Tan to save $200,000 and 

hence find the amount that she would have deposited in the last month. [4] 
After Mrs Tan has saved $200,000, she took a loan of $500,000 from a finance company. 
To repay the loan from the finance company, Mrs Tan would have to pay a monthly 
payment of $x  at the beginning of each month, starting from the first month. An 
interest of 0.3%  per month will be charged on the outstanding loan amount at the end 
of the month. 
(iii) Show that the outstanding amount at the end of thn  month, after the interest has 

been charged, is 1.003 1.003 1n nA Bx , where A and B are exact constants 
to be determined.   [3] 

(iv) Find the amount of $x, to 2 decimal places, if Mrs Tan wants to fully repay her 
loan in 8 years.  [2] 

(v) Using the value of x found in part (iv), calculate the total interest that the finance 
company will earn from Mrs Tan at the end of 8 years. [2] 

50 cm 

A D 

P Q 

S 

  
B C 

R 
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1 

2021 ACJC H2 Math Promo Paper Solution 

Qn Solution
1 replace by

replace by 2

replace by

2sin (2 )cos ( ) 2sin (2 3 )cos ( )

2sin (4 3 )cos (2 )

2sin (4 3 )cos (2 )

x x

x x

y y

y x x y x x

y x x

y x x

 

1) Translation of the graph by  units in the negative x-direction, followed by
2) Scaling parallel to x – axis by a factor of ½  .
3) Reflection in the x – axis.

OR 
2

replace by 2

replace by

repla  

2 2

ce by

2sin (2 )cos ( ) 2sin (4 )cos (2 )

2sin 4 )cos (2

2sin (4 3 )cos (2 )

2sin (4 3 )cos (2 )

x x

x x

y y

y x x y x x

y x x

x x

y x x
1) Scaling parallel to x – axis by a factor of ½  , followed by
2) Translation of the graph by

2
units in the negative x – axis direction. 

3) Reflection in the x – axis.
2 

2

2

2

2

2

3 1
2

3 1 0
2

2 1 0
2

1
0

2 1

x
x x

x
x x
x x
x x

x
x x

2Since 1 0 for ,  2 1 0.
2 or 1.
x x x x

x x
 

2

2

2

2

2

2

2

3 1
1 2

3

1
1 2

1 3
1

1 1 2

x x
x x

x x
x

x x
x

x

x x

Replace x by 
1 ,
x

1 12 or 1
x x

1 0  or 0 1
2

x x  

2

00000000
2

0000000000000000

xx

2Siiiiiiiiiincncccncccnccn e  2 0.
2 oro 111111111.x 2 rrrrrorrr2 orx 22222222 222222 ororororoorooooooororoorrr

2

2

2

2

2

3 1111111111111
1 22222

3

1111111111111

xxxx xxx 33333333
x x222222222

xxxxxx3

2222222222222

cos (2

)

sin (4 3 )33 )))333 cos (s (s (s (s (s (s (s (s (s (s (((s (s (ss (s (2 )

2sin (4(4(4(4(4(4(4(4(4(4(4(444(4 3 )))))))))))) cococccocoooos (2 )

)cos (2

22222224 )cos2222222222222

3

y x2sinnnnnnnnnnnnn (4(4(4(4(4(4(4(4(4(4((4(4(4(4 3 ) ooooooocoo (s ((s ((ss (ss

)co)co

)))))) cocococooooooooooos (s (ss (s (ss (s (s (2))))))))))))))) cocococoooooooooooooos (s (s (s (s (s (s (ss (s (s (((s (s (s (s (ss 2

)cococccococoocococcos (2)cococococococococococococococococcc s (ssssssssssssss 22222222222
actor of ½  ,,,,,,,, fofofofofofofofofofofoffofoolllllllllllllllllllllowowwwwwwwwwwwwwwwwwed bbbbbbbbbbbyyyyyyyyyyyyyyyyy

2
units in the nnnnnnnnnnnnnnnnegegeegeegegegegegeggegeeegggggegggggegegegggggegegeggggggggeggeggggeggeggeeegegggggggggggggggggggggggggggggggggggatatatatatatatatatatatatatatatatatatattatttttttaaaa viivivvivivivivvivivivvivvvivivivivivivivvivvvi eeeeeeee eeeeeeeeeeeeeeeeeeeeeeeeeeeeeeee xxxxxxxxxxxxxxx – axixixixixixixixixixixiixixxixixiis didirection. 

s.

x
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2 
 

3 2 2 2 2

2 2 2

2

2 8 100

8 100
d d2 16 2
d d

x y x xy

x y xy
y yx y xy y
x x

        

2d 2
d 2 16
y x y
x xy y

  (shown)     

  
Suppose  

2d 2 0
d 2 16
y x y
x xy y

 

                                  22x y  
2

2 2
8 1

22 100
x x

x x
    

  
                 2 22 16 3 100x x x  
                    2 16 100 0x x  
                       28 36 0x  

No solution since 28 36 0x  for x .  
[Or using discriminant:    Since 216 4 1 100 144 0, there’s no real roots.]  

 There is no stationary point since 
d 0
d
y
x

 for x . 

4 (i)  
 
 
 
 
 
 
 
 
 
 
 

 
(ii)  

 
 
 
 
 
 
 
 
 
 
                                      

  

 

 

 

 

 

 

  

 x 

x = 0 

 

  

 

y 
f ( )

replace  by 2
f ( 2)

replace  by 
f (2 )

replace  by 

f (2 )

y x
x x

y x
x x

y x
x x

y x

  

0

333336 066666666662  forrrrr x .  
nant:   SSSSSSSSSSSSSininininininininininininnnnceeeeeeeee 2166666666 4 1 10000000000000000 144 0000000000002 , ththththththththththththththththere’sssss nononononononononononononononoon rrrrrrrrrrrrrreaeeaeaeeeaeeaeaeeeee l roo

no stationnnnnnnnnnnnnarrrrrrrrrrrrrrrrrrry yyyyyyyyyyyyyy popopopopopoopoopopopopoopopppp ininnininninininnininnninnnii tttttttttt tt siisisisiiisiiisiiincnnnnnnnnnnnnnnnn eee eeeeeeeeeeee
dddddddddddddddd 0
d
yyyyyyyyyyyyyydddddddd
xdd

 foroooroooorororororoo  x . 
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3 
 

5(i) Using Ratio Theorem 
1 ( )

1
OC k

k
a b  

(ii) Length of projection of OC  onto OA

 
2

1 ( )
1

2
1 ( ) since 0 <  < 1

2 1
1 ( )

2 1
1

2 1
1 4 cos 60

2 1

1 1 44 2 1 ( )
2 1 2 2 1

o

kOC k

k k
k

k
k

k
k

k
k

kk proved
k k

a b aa
a

a b a

a a b a

a b a

a b

 

 
(iii) 

 
Area of triangle OAC 

1 1 1
2 2 1

1 ( ) ( ) since 0 <  < 1
2( 1)

1 ( ( ) since 
2( 1)

3 3sin 60 2(1)
2( 1) 2( 1) 2 2( 1)

o

k
k

k k
k

k
k

k k k
k k k

a c a a b

a a a b  

a b a a=0

a b

 

6 
(i) 1

2 2 3:
2
2             --------(1)

3
r

x y zL
a b c

a
b
c

 

 
L1 is perpendicular to L2 , 

4
3 0
0

4 3 0

a
b
c

a b
 

 
(ii) 

Equation of line L3  : 
0
1     ---------(2)
1

r  

Since L1 intersects L3, sub (1) into (2): 
 

2 222 22 22 22 333333333333333:

   

x y2 2222L
a bbbbbbbbbbbbb cccccccccccccc

2 222 22222 222 222222222 222 222222 222 2222222222

2222222 aaaaaaaaaaaa
22

3
22

c3 c

AC
1

2 111111111111111
1111111111111 ( )))( )))( )))))( ))) ( )( sisisisisis cccccce 0ee 0e 0e 0e 0ee  <11111111

2(((((((((((((((((((( 1)1)11)1)1)1)111)1)1)1)))))))
111111111111111 ( ( ) s))))) ce ( ( )))) iiiiiiii

2(2((2(2(2(2(2(2 1)))))))))))))))))

sisisisisisisisinnnnnnnn 2
2(2((2((2(2(2(2(2(2((((2(2( 1)))))))))))) (

k

( )( sisiisisis cccccce 0ee 000e 0e 00e

kkk kkkkkkkkk kkkkkkkkkk kkk kk k 2i
1))1)))11)1) 2( 1

os

44444444444444444444444444444 ( )))))))))))))))kkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkk d4444444444444 (((((((((((((((44444444444444444 kkkkkkkkkkkk
222222222222

1111
2222222222222222222222222222222222222222222222

((((((((((((((

( (

iisisiisiinnnnnnnn
1)1))1)1))1)1)1)1)1))1)1)1))111) 2(222222222 1

a 1

)))))) ( )( sisissisisisisisisisssisisiincncncncncncncnccncncnnnncncnnce 0e 0e 0e 0e 0ee 0e 0e 0e 0e 0e 0eee 00 <<<<<<<<<<<<<<<<<<)))))))))))) (((((((((((((

a aaa aa aaa aaa aa aa aa aaa =====0=0=0=0=0=0==0=0=0==000000) s))))) innnnnnnce ))))))) iiiiii) s))) s)) s)) s) ss))) innnnnnnnnnnnnnnnncececececececcecececececececececee

bbba bbbbbbba ba ba ba ba bba baa ba ba ba
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4 
 

22 0          ------(3)
2                                 ------(4)
3                                 ------(5)

a
a

b
c

 

 
Sub (4) into (5): 

2 3                          --------(6)b c  
Sub (3) into (6): 

2 22 3

2 2 3 2

5 2 2 0   (Shown)

b c
a a

a b a c

a b c

 

(iii) Using results in (i) & (ii), use GC to solve: 
4 3 0 0a b c  
5 2 2 0a b c  

6
7

8
7

a c

b c
 

(iv) Using result in (iii),  

1

1

6

7
8

7

2 2
: 2 2

3 3

2 6 2 61: 2 8 2 8
73 7 3 7

r

r

c
a

L b c
c c

c
L c

c

 

Angle between L1 and L3: 

2 2 2

0

0

0 6
1 8
1 7 1cos

2 1492 6 8 7

86.7
Acute angle between the two planes is 86.7

 

7 (i) 
 
 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
 
 

-1 

(-2, ) 

x = -1 

y = -1 

( , - 2) 

y = x   

(-1,-1) 

(-2,-2) 

y =f(x)   

y =f -1(x)   
y = f -1f(x)   

x   

y  

Note that 1 ff f
D D 2, 1   

11 :LLLLLLLL11111 :

6666666666666

77777777777777777
cccccccccccccccc

2 2222222222222a 7
8

77

2 b 22 2 8 c88

3 3333333
222 22222 2

77777773 3c3 3333333333 ccccccccccccccccc

2222 622222 2 62 62222 66666666666666cccc1 888888888888888888 2822 11111 282 1
3 77777 3 777777

882882222 28888888888888888822222222
7773 777777777777 3 77777777777777777 3 777777777777773 777

AnAAAAAAAAnAAA glglglglglglglglglglgggllleeeeeee eeeeeeeeeee bebebebebbebebebebebbebebeeetwtttttt eeeeeeeeeeeeeeeeeeeeeen L111111111111111 ananaanaanananananananananaannnnd dddddddd LLLLLLLLL33333333: 

2 2 22222222222222

0

os
2222222 622222 8 788882 222222222222

0 60 60 60 60 60 60 60 600 60 60 60 600 60
1 88888888888888
11 7111

81
1 711111111111111111 71111111111

8888888888888822222222222
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5 
 

(ii) 
 
 
 
 
 
 
 
 
 
 

 

Considering the interval 2 1x , 22

1 1
11 xx

 

2

2

1
1
1

1

y
x

y
x

 

2 1yx y  
2 1 yx

y
1 yx

y
 

1 yx
y

  (since 2 1x ) 

1 1 1f ( ) 1xx
x x

 

1 ffD R = 
1[ , )
3

 

(iii) 
 
 
 
 
 
 
 
 

Since Rf = 1
3[ , ) [0, ) =Dg 

Hence gf exists. 
 
 

1
3[ 2, 1) [ , ) ( , ]f g k  

gfR ( , ]k  
 
 

8 
(i) (a) 

 
 
 
 

(b) 

 At E, (1 cos )y a = 0 . Hence cos 1   
  = 2  

2x a  
Hence 2OE a  
 
When y is a maximum,  

 cos 1  OR 
d (sin ) 0
d

y a  

  =  and  y = 2a

(ii) 
 

d (sin )
d

y a  = 2 sin cos
2 2

a  and  

 
d (1 cos )
d

x a  2(1 1 2sin )a = 22 sin
2

a  

k 

 

k - 4 

2 x 

y 

AAAAAAAAAAAAAAAAt EEEEEEEEEEEEEEEEEE, ,,,, ,,,,,, (1(1((1(((((1(1((((1( cos )ss )sss )))s )s )))ssy ay aay ay ay ay ay ay ay aay ay aaay aa ) ============= 00000000 . HeHHHHHHHHHH ncccccccce eeeee eeee eee cocococococococococococococococ s 1ssssssssssss
 = 2

2x aaaaax aaaa22222222

8 
a)

[0, )))))))))))))) =D=D=D=D=D=D=D=D=D=D=D=D=DDDDDDDggggggggggg

ts. 

32, 1))) [)))))))))))))) )))))), )))))))) ((((((((( ,((( ]33333333
f g11[ )111111111111111

ggggfggR ((((((((( , ],,,,,,,gfgfgfgfgfgfgf k

ence OEOEOOEOOOEOEEOEOEOEOEOOOEOEEOO aaaaaaaaaaaa222222222222222222

is a mamamamamamamamamamamammamammammmamm xixixixixixixixixixixixixixixxx mum

OR 
d

kk kk k kkkkkkk kk kkkkkk

k kkkkkkk kkkkkkkkkkk --------- 4444444444444444

2222222222222222 xxxxxxxxxxxxxxxxxx

yyyyyyyyyyyyyyyy
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6 
 

  

d cosd d 2 cotdd 2sin
d 2

y
y

xx
 

(iii) At B, d 1 1cot tan
d 2 6 3tan

2

y
x

 

Hence tan 3
2

. 

2 3
  

2 ( )
3

shown  

 

(iv) Since 
d cot
d 2
y
x

 

Gradient of normal at point B is tan
3

 = 3 .  

Equation of normal :  3 2 23 sin
2 3 3

y a x a  

                                            

3 2 33
2 3 2

y a x a
 

                                                  

2 3 33
3 2 2

a ay x a
 

                                                 

23
3
ay x

 

                                                      2

3 3 2

3 3 2

y x a

y x a
 

9(a) 1
2

7
1 1 1

2

7 7 7

7 5 1 6
2 2

1 1

7 5

7 5

2

2

2 2 1 5 7 1
2 1 2

1 6 52 2 1 2 2 3 7 13 8
6 6 2

1 5 8
2 2 1 2 2 3 91

6 2

n
r

r
n n n

r

r r r

n n

r r

n

n

r r

r r

nr r n

n nn n n

n n n
n n

 

 
Alternative Method: 

1

1 1n n11n n11

is taaaaannnnnnnnn
33333333

=========== 33333333333333333333333333333333333333333333333 ... . ..    

3 2 23 sin2
2 3222222222222 333333333333

y aaaaaaa x aaaa3
2

2i

                             

3 23333333333333 333333333333333
2 3222 3222222 322222 2

y ay ay ay ay ay ay ay aay ay aay ay ayy x aaax ax aaaaxxx axxxx3
222222222

2

                                                 

222222 33332 3322 33322 3322 33333 3333333333333333
3 2333333

y xxxxxxxxxxxxxxx

                                               

2222222222222223
3
aaaaaaaaaaaaaay xxxxxxxxxxxx3

                                                 
3 33333333333333 2

3333333333333333

y xyyyyyyy 3333333333333333 2

yyy
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1
2

7
1 6

2 2

1 1

1

6

2

2

2

2

2 2

2 2 1 1 11 2 2 3 1 1
2 1 6 2

2 2 1 691 1 6
2 1 2

1 212 1 2 2 3 198
6 2

1 2
2 2 3 3 198

6
12 1 2 198
3

n
r

r
n

r r

r r

n

n

n

n

r r

r r r r

nn n n n

n n
n n n

n n
n

n n n

 

9(b)(i) Using partial fractions, 

2

1 1 1
1 1

1
2 1r r r

 

2 2
2

1
2

1 1   
1 3
1 1
2 4
1 1   
3 5
1 1   
4 61

2
1 1

3 1
1 1

2
1 1

1 1

1 3 1 1
2 2 1

1 1
3 2 2
4 1

1 .

1 1 1
1 1 1

2

n n

r r

n n

n n

n n

n

n

r

n

A

r

n

r

 

1111111111111111
2222222

1
33

1 1
3

1 11 1
2 442 442 4442 4444442 4222222222222 422222 42 442 44
1 1
2 4422 422 442 44
11 111111111 1
3 5555555553

  

1 1

1

1 111111  11
4444444 6444444

111 1111 11111111111111111111111111111111
3nnnnnn 3 13

1111111
nnnnnn 3 1

1
n 1nnnnn 3

1111111 1111111111
nnnnnnnnnnnnnnnnnn222
111

1
1 111111111rr 1 1111111111111
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(ii) 
As 

1 1, 0, 0,
1

n
n n

therefore 2
2

1
1r r

 converges. 

2
2

3
4

1
1r r

. 

(iii) 
2

2 2 2 2

2 2

2 2

2 2
2 2

2 2 2 2...
2 3 4
Since 1 ,

2 2 .
1

2 2
1

r

r r

r
r r

r r

r r

 

2
2

2 2 2

32
4

3  (

2

2 2 2 ...
2 3

sho n)
24

w

r r  

10(i) 4 1
2 1 7

0 2

Since , and  are collinear, 
1

4 5 4 5 5
1 5 1 5 5
2 2 10

OA OB OC

A B C AB k AC

kk
k k

k

 

(ii) 2
3 is position vector of a point on the line L.
0

2 4 2
3 2 5
0 0 0

Distance from A to L

2
1 1

4 1 1 1

2 2
1 5 1
6 0 1

5
1 2
6

OP

AP

AP

1 93 3125 4 64
6 268

 

(ii) 
is popopopopopopopoooooooosissisisisiisiiiiiiiisisissss tionnnnnnnn vvvvvvvvvvvvvvvvvvvececececececeeececeececeecce tototototototottttttoor ofofofofofofofofofofofoofofoo  a poiiintntntntntntntntntntntntntnntttntt ooooooooonnnnnnn nnnnnnnnnnn the l

e frooooooooooooommmm m m m m mmm mmm mmmm A AAA AA AAAAAAA AAAA to L

OPOPOPOPOPOPOPOPOPPPPPP

AP

2
33333
00000000000000000

2 4442 44442 422 442 42 44444442 2
3 22222222222222 53 23 23 23 23 233 23 23 2333 23 23 2 555555555553 222222 53 2223 2223 223 233 23 233 23 2
0 000000 000000 0 00 000000 000000000

e coooo e ,
11111111111111

4 554 54 54 554 5 555555555555555
5555555555555555
10

AAAAAAAAB kBBBBBBB ACCCCCCCCCCCCCCCre cooooooooooollllllllllllllllllllllllllllll ininininiinininininininini eaeaeaeaeaeaeaeaeaeaeaeaaaaaar,rrrrrrrr  

kkkkkkkkkkkkkkkkkkkkkkkkkkkkkkkk

22222222222222 k

1
7777777777OC 77777777777777777777777777

2

4444444444444555
k 55 kkkkk1 5k1 55551 51 551 555555551 55k 5555555555555

k2 k222
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(iii) 2 1 2 3 1
Normal of plane 1 1 1 3 3 1

1 2 1 3 1

1 2 1
Equation of plane :  1 3 1 2 3 5

1 0 1
Cartesian equation is  

r

AB

x y z 5

 

 
(iv) Let F be the foot of perpendicular from A (4, 2, 0)  to the plane  

Equation of line AF :
4 1 4
2 1 2

0 1
r  

To find the point of intersection of line AF and plane , 
 substitute equation of line into equation of plane  5x y z , 
 4 2 5 3 2 5 1 

4 1 5
2 1 1 1

0 1 1
OF

 Let the reflection of A about plane be A’(x,y,z) 
'

' 2
5 4 6

' 2 1 2 0
1 0 2

AF FA

OA OF OA

OA

 

 
Alternatively: 

 
 
 
 
 
 
 
 

 
Since the line AB is parallel to , then the reflected line about  will also be parallel 
to , i.e. also parallel to the line AB. 

Equation of reflected line is: 
6 1
0 1 ,
2 2

r  

11(i) 
(a) 

 
 
 

1 (10sin )(10 10 2(10cos ))
2

A = 
1 (10sin )(20 20cos )
2

= (100sin )(1 cos )  

(50)(100sin )(1 cos )V (5000sin )(1 cos )  
 

4 5 6
2
2 1 0
2

0 1 2
2

x x

y y

z z

ane 

F and plaaaaaanenenenenenenenenenenneneenee , 
on of plane 5x yx yx yx yxx yx yx yx yxx yx yxxxx yxx zzzzzzyyyyyyyyyyyyy zzzzzzzzzzzzzzz ,,
3 111112 53 5552 555555555555555

1
111

n of A AAAAAAA AAAAA AAA AAA abababababababababababbbbbbbbououoououououououououououououut ttttt tt plpppppppp ananannannnnne be AAAAAAAAAAAAAAAA’(((x(x(((((((((((( ,y,z)

' 22' 2' 22222' 2

OF OAOAOAOAOAOAOAOAOAOAOAOAOOAAAAAA2

OAAA

OF
5 4444444444444444 66666666666
1 22 022222222 1 22222222 00000000000001 2 01 222222
1 01 00000 221 0 21 01 00000000000000 221 0

AlAAAAAAAAAAAAAAA teteteteeeeeeteteeeteteternrnrnrnrnrnrnrnrnrnrnrnrnnnnnnatatatataataataaaaaativii eleleleleleelelelelelelelellly:yyyyyyyyyyyyyyyy  

444444 5 665 65 666665 66655 65 6665 66
222222222222222222222
2 11111 0000011 000001 01 001 00000

1

xxxxxxxx

yyyyyyy yyyyyyyyyyyyy

55555

2 11111111 yyyyyyyy

1

www.KiasuExamPaper.com 
16



10 
 

(b) 
(5000cos )(1 cos ) (5000sin )( sin )dV

d
 

2 25000(cos cos sin )  
25000(2cos cos 1)  

d 0
d
V

 

2(2cos cos 1) 0  
(2 cos 1)(cos 1) 0  
Since is acute cos 1  

3
 

2

2
d 3 35000( 4cos sin sin ) 5000( ) 12990 0

2d
V

 when 
3

 

V is a maximum when 
3

 

Max V = 
3 1(5000 )(1 )

2 2
= 

15000 3
4

 

Maximum volume is 
15000 3

4
cm3 = 3750 3 cm3. 

(ii) (a) 
 
 
 
 
 
 
 
 
 
 

(b) 
 
 
 
 
 
 

Volume of water = 
1[ (20 2 tan )]50
2 4

V h h  

2[ (10 )]50 500 50V h h h h  

500 100dV h
dh

.  

When 3 cmh , 800dV
dh

 

-1100 cm s
800

dh dh dV
dt dV dt

= -11 cm s
8

= -10.125 cm s

 
When the depth of the water is h cm,  

area of water surface = (10 2 tan )(50)
4

y h = 500 100h  

100dy dh
dt dt

= 
100

8
cm2 s-1 = 12.5 cm2s-1 

 
12(i) 

th

6550
3000 1 100 6550

36.5
37  month

nU
n

n
 

12(ii) 
6000 1 100

2n
nS n  

6000 1 100 200,000
2
n n

Method 1 
By GC, 

er =
111111111111[ ((((20 2 t2 t2 t2 tttt2 t2 t2 ttttananananananananananananaanaan )]))])])))])])))))))))) 50
2 444442 42 42 42 42 442 44444

(VVVVVVVVVVVVVVVVVVV [ ([ (([ (((([[[ (20 222222222201

2)))] h0 )]])]])])]]])])]5055055505505050505555550 500 5000000000000000 0

5055555505505 0 100000000000000000000000000000 hhhhhhhhhhhhhhhhhh
dh

.  

WWWhWWWWWhWW eeeeneeeeeeee  3 c3 cccccccmh , ,, , ,, 80000000000dddddVddddddddd
ddddhddddddddddddd

-1-1000000000000 cmcmccmcccccccmcmcmcmmm ssssssss
80888080808080080800808080080808 00000000

ddddhddddd dhdhdddhdhdhdhddhddhdhddh dVVVVVVVVVVVV
dt dVdVddVdVdVdVdVdVdVdVddVdVdVVVV ddddddtddd

= -1--1-1-1-1--1-1-11-1--11111111 cmcmcmcmcmcmcmcmcmmcmmcmcmcmcmmc ssssssssssssss
88888888888

= 0.1

Whhheneenenennneneneneeneeeneneeneeeee ttttttthehhhehehhhehheh ddddddddddddepepepepepeppepepepepe ththththhththththhthththtthtththhh ooooooooooooooof f ffff ffffffff f fff the waawawawawawaawaawawawaaawawaateteteteteteteeteteteteteterrr rrrrrr rrrrrr is h c

a of wawawawwaaawawaatetetetetetetetetttttteerrrrrrrr r surfacaccacccccccaceeeeeeeeeeeeeeeee ================= y (1

dh0
dt

===========
101010010101010101010101010101 0000000000

8

) 129999999999999999999999999990 00 000 00 00 00 00 00 00 00 00 00 00 00 00 0000 0
2

wwwwwwwwwwhen 

00 3
4

000 333333333
4

cmccccc 3 = 37373737375050505050505050500000 3 cm3.

c
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When 40, 198,000 200,000n y  
When 41, 205,000 200,000n y  
 
Method 2 

2

6000 1 100 200,000
2
100 5900 400,000 0

40.287 99.287 0
99.3 (rej) or 40.3

n n

n n
n n

n n

 

41 months  
 

40
40 6000 40 1 100 $198,000
2

S  

$200,000 $198,000 $2000  
(iii)  

 
 
 
 
 
 
 
 
 

At the end of the nth month, the outstanding amount would be  
1

2

1.003 500000 1.003 ... 1.003

1.003 500000 1.003 ... 1.003

1.003 500000 1.003 1.003 ... 1.003

1.003 1.003 1
1.003 500000

1.003 1

10031.003 500000 1.003 1
3

1003500000,
3

nn

n n

n n

n
n

n n

x x x

x x

x

x

x

A B

 

n End of the month 
1 1.003 500000 x  
2 21.003 500000 1.003x x  
3 231.003 500000 1.003 1.003x x x  

  
n  

(iv) 96 9610031.003 500000 1.003 1 0
3

x  

Using GC, $5984.09x . 
(v)  

Total paid: $5984.09 12 8 $574, 472.64  
 
 
Interest: $574, 472.64 $500,000 $74, 472.64

 
 

end of fff f fffffffff hththhthhthhhhhe eeeeeeeeeeee nnnnnnnnnnnnnnth monthhhhththhhthhhhhh,,,, theeeeeeeeee ouuuuuuuuuuuuuuuuutstandnddndndndndndndndndnndndnnnn ininininninininninininininininnning ggggggggggggg amamamamamamamamamamammammmammmamoooouooooooooo nt wwwwwwwwwwwwwwwwwwououououououoouououououououoooouoooouoouououldllllllllllll be 
1003

1.1.1.1.1.1.000000000000000000 33333333 .0 ...

1....003

1.1..111.11...003

100000000000303030303030303030030303303033331.000333333
33333333333333

110111111 030000000000,,,,,,

nn

n

n

n

nnnnn 1003030303000010000000003030300300000

x

xxxxxxxxxxxxxxx...

xxxxxxxxxx

BBBBBBBBBBBBBBBBB00000000000000000000000000000,,

1111111 0000000000 3 0
2 n21 00000000000000000030303030303030000000 1 003 1 00321.......003 1 0000.0003030330003 1.111 003 ........ 1.0031 000 300000 1 003 1 00321.0.0.000000.0.0.00.00003030303030003030303 1.111111 003 ..........001 0 3000 1 00300 2

1.1111111 00000000000000000000000031.1111 0031.11111 003
1111 003

1111111111 0000000000000000000000033 13333333333331.1.1.1. 0000000000000000000000003 1

003333333

BBBBBBBBBBBBBB00000000000000000000000

nth 

00 11111.0.0.0.0.0.0.000303003030303303333033330333333030333330033333333333333333333333330333333333333333330 xxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxx
22 x
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             (ii)   It is now given that    is a real constant that is not necessary equals to 5. If the domain of f is       
restricted to     , find    in a similar form.                                                                  [4] 
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7    (a)    Find   .                          [1] 

 

 

 

 

              Hence find   .                                        [2] 

 

 

 

 

 

 

 

      (b)    Find                                          [3] 
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       (c)    For   find the value of    in terms of                 [3] 
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9     The curve   has equation  

 

       where s are non-zero constants.  

(a) It is given that  passes through the point    and has a vertical asymptote   

(i) State the value of  and show that the value of  is 2.                    [2] 

 

 

 

 

 

 

 

(ii) It is given further that the line  is a tangent to  and it does not meet the curve again. 
Find the exact value of  if  is a negative real value.                                                      [3] 
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(b) It is now given instead that    and   
(i) Sketch the curve  showing clearly the coordinates of any turning point(s), equations of any 

asymptotes and the coordinates of any points of intersection with the axes.                     [3] 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

(ii) Find the equation of the additional curve that needs to be added to the curve sketched in 
(b)(i) to determine the number of distinct real roots for the equation 

 

                        [2] 
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(ii) It is given that as  varies, the maximum value of  occurs when the ratio of the diameter of 
the pipe to its height is  Find the exact value of  and the exact maximum value of   
                                                                        [6] 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

www.KiasuExamPaper.com 
36



(b) A particle is moving on the curve with equation  

 

 
where  is the coordinate of the particle at time  relative to a fixed point  The  and  
values represent the horizontal and vertical displacements.  

When the coordinate of the particle is   , the rate at which the coordinate is decreasing 

with time  is 2 units per second. At this instant, find the exact rate at which the coordinate of 
the particle changes with time.                                           [4] 
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11     (a)    Ivy took a $40 000 tuition fee loan for her 4-year university course that commences on 1st January 
2021. The loan is interest-free during the period of study. Immediately after graduation, interest 
is charged at 4% per annum of the outstanding amount owe at the end of each year. The 
maximum loan repayment period is at most 15 years upon graduation. Ivy is planning to pay 
$550 every month upon graduation. 
(i) Show that the amount she owes at the end of the  years after graduation is         

                        [3] 

 

 

 

 

 

 

 

 

 

 

 

 

 

(ii) Will she be able to finish repaying the loan by the end of 2030? Justify your answer 
clearly.                           [2] 

 

 

 

 

 

 

(iii) Find the minimum monthly repayment Ivy should make if she intends to utilize fully the 
loan repayment period.                         [2] 
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(b) To save for her tuition fee loan repayment, Ivy wishes to start a new savings plan on the first day 
of November 2021. In this plan, she needs to invest $200 into the account on the first day of each 
month. Every $200 invested earns a fixed interest of  of $200 at the end of each month until a 
withdrawal is made from the account. The interest is added to the account and does not 
accumulate further interest.  
(i) How much interest, in terms of  will the first $200 deposited earn at the end of 2022?  

[2] 
 
 
 
 
 
 
 
 
 
 

(ii) Find the least value of  such that the total amount in the account exceed $10 000 at the 
end of 36 months.                                      [3] 
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 The line  has equation   

(ii)     Find the acute angle between the plane   and the line                  [2] 
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  The plane    has equation   

(iv)      Show that the point    lies on both   and   Hence find the vector equation of the    
line of intersection between the planes   and   .                                   [3] 
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1. 

 
The diagram shows the curve fy x . The curve has an asymptote 0y  and a maximum point 

at 2,3 . It is given that f  is concave downwards for 1 3x . 
 

 Sketch the graph of f 'y x , stating the equations of any asymptotes, the coordinatesx

of any stationary points and any points of intersection with the axisx .  [3] 

2. In a convergent geometric series that only consists of positive terms, the sum of the first 
four terms is 80 times the sum of all the remaining terms.  Find the common ratio. [4] 

3. Differentiate the following expressions with respect to x, leaving your answers in terms of 
x, 

 

 (a) 1 3cos x ,  giving your answer in non-trigonometric form, [2] 
 (b) 2cosec ln 3x  , [2] 

 (c) 2 1
x

x . [3] 

4. The points 1,0, 2A , 3, 1, 2B  and 3,7,0C  lie on plane 1p . Another plane 2p  has 
equation 3 2 3x y z . 

 

 (i) Find a vector equation of plane 1p  in the form dr n . [3] 
 (ii) Find the acute angle between 1p  and 2p . [2] 
 The equation of plane 3p  is given to be 9 3 6 7x y z .  
 (iii) Find the shortest distance between 2p  and 3p . [3] 

5. (a) (i) Express 
2

2

2 1
1

r
r

 in the form 
1 1

B CA
r r

, where A, B and C are constants to   

   be found. [2] 

  (ii) Hence find
2

2
2

2 1
1

n

r

r
r

 in terms of n. [4] 

 
(b) Express 

2
1

1
1 2

n
r r

r
 in the form 4np s t

q
, where p, q ,s and t are integers to   

  be determined. [3] 
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6. The curve C is defined by the parametric equations 
1 π πθ sin 2θ, 2 tan θ          where θ .
2 2 2

x y   

 (i) Show that d 1 ,
d cos θk

y
x

 where k is an integer to be determined.   [3] 

 
The lines T and N are the tangent and normal to C at the point where πθ

4
respectively. 

 (ii) Find the equations of T and N, leaving your answers in exact form. [3] 
 (iii) Find the area enclosed by T, N and the y-axis.  [2] 

7. It is given that sin ln 1 2y x .  

 
 
(i) Show that 

2
2

2

d d1 2 2 1 2 0
d d

y yx x ky
x x

, where k is a constant to be found.  

  Hence, find the first three non-zero terms of the Maclaurin expansion for y . [6] 

 

(ii) Using standard series from the List of Formulae (MF26), verify the correctness of  
your result from part (i) up to and including the term in 3x . 

Explain why the expansion is not valid when 1
2

x . 

 
[2] 

 
[1] 

8 (i) The arithmetic progression is grouped into sets of integers, such that the nth set 
contains n integers as shown. 

 1 ,  3, 5 ,  7, 9, 11 ,  13, 15, 17, 19 , ... ...  
 

  (a) Find the total number of terms in the first n sets, and hence show that the last 
term of the nth set is 2 1n n . [2] 

  (b) Find the first term of the nth set. [2] 
  (c) Show that the sum of the terms in the nth set is n3. [1] 
  

(ii) Hence, prove that 23 3 3 3 211 2 3 ....... 1
4

n n n . [2] 

9. With reference to the origin O, the points A and B have position vectors  2a i j k  and  
2 5b j k  respectively. 

 

 (i) Find a vector equation of the line l1 that passes through point A and is parallel to the 
vector a. [1] 

 (ii) Find the exact length of projection of b on l1. Hence find d, the exact perpendicular 
distance from the point B to l1.  [4] 

 (iii) Using the value of d found in part (ii), find the position vector of the point C, the foot 
of perpendicular from the point B to l1. [3] 

 (iv) The line l2 passes through point B and is parallel to vector b. Find a cartesian equation 
of l3 which is the reflection of l2 in l1. [3] 
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10. The curves 1C  and 2C  have equations 
2

2

2 9
4

xy
x

 and 
2 2

1
9 25
x y

 respectively. 

 (i) Find the equations of the asymptotes of the curve 1C . [3] 
 (ii) Sketch 1C  and 2C  on the same diagram, stating the equations of any asymptotes, 

coordinates of any points where 1C  or 2C crosses the axes and any turning points. [5] 
 (iii) Find the x -coordinates of the points where the two curves intersect. [2] 

 (iv) Hence solve the inequality 
2

2
2

1 2 95 1
9 4

xx
x

. [2] 

11. Sigmoid functions are used to model many natural processes such as population growth of 
virus. One example of a Sigmoid function f is given by  
 

1f :  ,   
1 e xx x1 ,   1
1 e x x,   . 

 

 

 (i) Sketch the graph of fy x , indicating clearly the equation(s) of any asymptote(s) 
and the coordinates of any points where the curve crosses the axes. [2] 

 (ii) Find 1f x in similar form.                                                                                            [3] 
 Another function g is given by g : 3 1,   ,  0 2x x x x3 1,   ,  0 23 1,   ,  01,   ,  01,   ,  0,  01,   ,  0,  01,   ,  0 . 

 (iii) Show that fg exists and find the range of fg, expressing your answer in terms of e.      [4] 
 (iv) Describe a sequence of transformations which transform the graph of y = f(x) onto  

the graph of y = fg(x). [2] 

12. (i) Amanda wants to make a mask holder. To do so, she cuts out 4 identical equilateral 

triangles of sides 1 cm and a rectangular strip  
1  cm

16
x

 by 
2 1  cm

4
y

from a 

rectangle of sides x cm by y cm (see Diagram A). The rectangular strip has an area 
of 5.5 cm2.  
 

 
Diagram A 
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End of Paper 

 

  

Show that A, the area of the mask holder is given by  
 

176 113
1 2 2
x xA

x  
 

Using differentiation, find the exact value of x such that area of the mask holder is a 
minimum. Hence determine the minimum area of the mask holder.    [9] 

 (ii) The area of the rectangular strip is kept at 5.5 cm2. Beth suggests that if the 4 identical 
triangle cut-outs are isosceles instead, the area of the mask holder could be made 
smaller as compared to the area found in part (i)(b). 
 
For each of the triangles, let  be the angle between two edges of length 1 cm each 
(see diagram B). Determine if Beth’s suggestion is correct. 

  
Diagram B 

 
 
 
 
 

[2] 
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2021 JC1 H2 Math PROMOS Solutions

Suggested Solution:

1.

The diagram shows the curve fy x . The curve has an asymptote 0y and a maximum point 

at 2,3 . It is given that f is concave downwards for 1 3x .

Sketch the graph of f 'y x , stating the equations of any asymptotes, the coordinatesx

of any stationary points and any points of intersection with the axisx . [3]

am mmmmmmm m m shhhhhhhhhhhhhhhhhowowowowowoowwowowowowowowowowowowowo sssssssssssssssss thththhththththththththhththththththhhthhhhhe e ee eeeeeeeeee cucuccuucucucucucucucucucucucucuc rrrvrrrrrrrrrvvrrrrrrr e e e y

.... Ittttttt is gigigigiiigigiggg vevvevvevevevvvvvvvvvv n nnnnnnnnn nnnnnnnnn thththththtthththttththhaaataaaaatt   ff is

he gggggrarrrarararrarrrrrrarrraphphphhhphphphhphphphphphphphhhhpp ooooooooooooooooooof fffffffffffff fyy

ary yy pppoi
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Suggested Solution:

Let a be the first term of the infinite geometric progression (GP), and r be the common ratio.
The sum of the first four terms is 80 times the sum of all the remaining terms,

4 4S 80 S S
4 4(1 ) 80

1 1
a r ar

r r
4 4

4

4

1 80     (

1 81
1
81

0)ar r

r

r

1
3

r

The terms of the geometric series are all positive,

common ratio r is 1
3

.

2. In a convergent geometric series that only consists of positive terms, the sum of the first 
four terms is 80 times the sum of all the remaining terms.  Find the common ratio. [4]

nite e e gegegeomomometetetrrric pr
erms isisisisisisisisisisissssss 8888888888888888888888888880000000000000000000000000 tititimememes thhhhe eee su

4

111
r

rrrrrrrr1111111111
4444

4

8000000000     ((((((((((((((((((44444444444480000000 00000000000)))aaaaaaaaaaaaaaaaa
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Suggested Solution:

3
21 3 1d dcos cos

d d
x x

x x

3
2

1
23

3

2
1 3

3

2 1

1

1
c

2
d os
d

x
x

x

x

x

x

Alternative Method 1

1 3

2

3 3

3

2
2

3
3

d cos
d

3

2 1
3

2 1

1 3
2

1 1

1
x

x
x

x

x

x x
x

x

x

3. Differentiate the following expressions with respect to x, leaving your answers in terms of 
x,
(a) 1 3cos x ,  giving your answer in non-trigonometric form, [2]

(b) 2cosec ln 3x , [2]

(c) 2 1
x

x . [3]

(a) 1 3cos x ,  giving your answer in non-trigonometric form, [2]

dddddd

1 31111 331 31 311os xxxxxxxx

nsw

,, , ,, ,,,,,,,,, gggggggggggggggivivivivivivviviviviviviviiivivii ininininiinng gg yoyoyoy ur
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Alternative Method 2

3
2

1 3

2 2

3

Let       cos

cos
Differentiating implicitly w.r.t. ,

d 3sin
d 2
d 3
d 2sin

3 3

2 sin 2 1 cos

3

2 1

y x

y x
x

yy x
x
y x
x y

x x

y y

x

x

2

,

3 333

siiiiinnnnnnnnnnnnnnnn 222 12

yyyyyyyyyyyyyyn

x333

yyyyyyyy 222 1
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Suggested Mark Scheme:

2

2 2

2

2
2 2 1 (2 )

3

d cosec ln( 3)
d

 2  cosec ln( 3) cot ln

cosec ln( 3) cot ln( 3)

( 3)  

3

xx

x
x

x x x

x

x

x

Alternative Method

2
2

2

2 2

2

2
2

2

2

1cos ln( 31

 sin ln( 3

d d 1cosec ln( 3)  
d d sin ln( 3)

 2  cos ln( 3)  

) (2 )
3

( 3) sin ln( 3  

)

)

x x
x

x
x x x

x

x x

x x

3. Differentiate the following expressions with respect to x, leaving your answers in terms of 
x,
(b) 2cosec ln 3x . [2]

22

2 2

 cooooosssssecccc

( 333) ccooot lllnnn((( 3333)2 2

 cooooooosssssssecccc

xx

3)333))) cccooot lllnnn(((3))) ccot lllnnn((( 2333))) cccooot lllnnn(((

thod
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Suggested Mark Scheme:

Let 2( 1)xy x
2

2

2
2

2
2

2

2
2 2

2

ln ln( 1)

ln ln( 1)
1 d 2 (1)ln( 1)

d 1

d 2 ln( 1)
d 1

2( 1) ln( 1)
1

x

x

y x

y x x
y xx x

y x x

y xy x
x x

xx x
x

Alternative Method

2

2

2

2

2

ln( 1)

ln( 1)

ln( 1) 2
2

2
ln( 1) 2

2

Let  ( 1)

e

e

d 2e (1)ln( 1)
d 1

d 2e ln( 1)
d 1

x

x
x

x x

x x

x x

y x

y xx x
x x

y x x
x x

3. Differentiate the following expressions with respect to x, leaving your answers in terms of 
x,
(c) 2 1

x
x . [3]

2

2

2

ln ( 1)

ln( 1)

OR    ( 1)

e

e

x

x

x

x x

y x

22

1111111111111)))))))))))))

(((((((((((((1)))))) llllln((( 22(1111)))) llln(x 22222222xxxxxxxx2222222222 (11111111111)))))) llln( 22(((((((((((((((((111111111111111)))))) llllllnnnnnn(x xxxx222
22222222222 1111111111111111xxxxxxxxx2222222222 12222222

22222222xxxxx2 ll (x ln
1

x2 llnn(llnn(
111
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Suggested Solution:

(i)
1normal to plane 

3 1 3 1
1 0 7 0

2 2 0 2

2 4
1 7

0 2

2
4

10

1
2 2

5

p

AB AC

ormal to plane

AB ACAB

OR

1normal to plane 

3 1 3 3
1 0 7 1   

2 2 0 2

2 6
1 8

0 2

2
4

10

1
2 2

5

p

AB BC

ormal to plane

AB BCAB

OR   any other correct combinations

Substitute A or B or C into 
1
2
5

d rrr 2
555

1 1
0 2 11  
2 5

d

Equation of plane 1p :
1
2 11  
5

r 1r 222
555

4. The points 1,0, 2A , 3, 1, 2B and 3,7,0C lie on plane 1p . Another plane 2p
has equation 3 2 3x y z .
(i) Find a vector equation of plane 1p in the form dr n . [3]
(ii) Find the acute angle between 1p and 2p . [2]

The equation of plane 3p is given to be 9 3 6 7x y z .

(iii) Find the shortest distance between 2p and 3p . [3]

ionnnnnnnnnn::

3p issssssss gggggggggggggggggggivivivivivivivivivivivivvvvvvviviviiiiiviviiivvivivivivvvvvivvvivvvvvvvvvvvvvvvveneeeeneneeeneneneeneeee tttttttttttttttoooooooooooooo bebbbbbbbbbbbbb  9x9

plan

betttweweweweweweweeweweweweweweweweeneneneneneneneeneneneeenenene  1ppppppppppppppppppp a

orteseesssest ttt dididistsststststtttststtsttssts ance bbbbbbbbbbbbbbbbbbetwewewewewewwwewewwwewewewwwww en
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(ii)

Equation of plane 2p :
3
1 3

2
r 3r 111

222

1 2

1

o

acute angle between  and 

1 3
2 1
5 2

cos
30 14

1.12   OR   64.0

p p

(iii)

1 3
0 1 3
0 2

and 
0 9
0 3 7
7 6
6

Hence 1,0,0D and 70,0,
6

E lie on planes 2p and 3p respectively.   

2 3shortest distance between  and 

3
1

2

14

0 1 3
0 0 1
7 20
6

14

1 3
0 1
7 2
6

14
16

3 14
1.43 units

p p

DEDE
3
111

o0
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Alternative Method

2p :
3
1 3

2
r 3r 111

222

3
1 31
14 142

r 1
14 2

r

3p :
9

3 7
6

r 7r 333
666

3
1 71

3 14 3 142
r

3 14
r

Hence, perpendicular distance = 

3 7
14 3 14

16
3 14

Alternative Method
E(1,0,0) lies on p2 and let F be the foot of perpendicular from (1,0,0) to p3.

1 3

2

1 3 9
3 7

2 6

1
OF

8
21

Shortest distance

3

2

3
8 1
21

2

EF

22 28 3 1 2
21
8 14
21

77
14141414111141414141414141414144444444433333333333333333333322

ular ddddddddddddddddddddisisisisisisisisisisisisissisiisstatatatatatatattattatatatt ncncncncncncncncncncncncccnnncncncnncceeeeee eeeeeeeeee =========

3 73 773333333333
141141414141414144141414111411 333

161
3

hoddddddddddd
d lelelettt F
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Suggested Solution:

(ai)
2

2

2 1
1 1 1

r B CA
r r r

22 1 1 1 1 1r A r r B r C r
Comparing coefficients, 2

0
1

A
B C
A B C

Solving, 3 32,  and 
2 2

A B C

Hence, 
2

2

2 1 3 32
1 2 1 2 1

r
r r r

(aii)
2

2
2 2

2 1 3 32
1 2 1 2 1

n n

r r

r
r r r

2 2

3 1 12
2 1 1

n n

r r r r

3 1 12 1 2
2 1 3

1 1
2 4
1 1
3 5
1 1
4 6

1 1
3 1

1 1
2

n

n n

n n
1 1

1 1n n

5.
(a) (i) Express 

2

2

2 1
1

r
r

in the form 
1 1

B CA
r r

, where A, B and C are constants to be 

found.
[2]

(ii) Hence find
2

2
2

2 1
1

n

r

r
r

in terms of n. [4]

(b) Express 
2

1

1
1 2

n
r r

r

in the form 4np s t
q

, where p, q ,s and t are integers to be 

determined.
[3]

tionononononnnnnnoooo ::::::

11111111111111 111
BBBBBBB CCCCCCCCCCCAAAAAAAAAAAAA

111111111111111111111111

1 2222222222222221r rrrrrrrrrr22222222222222222222222222222222222222222222222222222222222222

2

11
11r

ini ter

inininiiiiiiiiiiiiiiiiiiiiii ttthehehe fforororm mm p

ed...........

www.KiasuExamPaper.com 
76



11

3 1 1 12 1 1
2 2 1
3 3 1 12 1
2 2 1

n
n n

n
n n

(b)
2

1 1 2 3 4 2 1 2

1

1 3 2 1 2 4 2

2

2
3

2
3

1 2 2 2 2 2 ... 2 2

2 2 ... 2 2 2 ...2

2 4 1 2 4 1
4 1 4 1
4 1 2 4 2

1 4

n
r r n n

r

n n

n n

n n

n

Alternatively,
2 2

1

1 1
1 2 2

n n
r rr

r r

which is GP with first term = 2 and common ratio = 2

2( 2)(( 2) 1
( 2) 1

2 1 4
3

n

n

1n nn

3 444444444444444444444444 2 11

1 311111 31 3 2 1

22

2222222222
333333333333333

22
3

2 2 222222222 ... 2. 2. 22 3333333 44444444444444 22

2 2222 222222 222222 ... 2. 2. 2.11 31 31 311 2

222222222222222222 222
4 144 14 144 14 14 14444 1444444444
44444444

11

111

2222222

n 1

2 2 22 22 22 2222 2222 22 222222222222 ... 2. 2. 22 3333333333 44444444 22 1

2 22 222 22 22 22 2222 22 222 22 22222 2222 222 2 ... 2.... 2.. 2... 2. 2.11 311111 2 11

222
1

22222222222
3333333333 4 14 1

22
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Suggested Solution:

6. The curve C is defined by the parametric equations
1 π πθ sin 2θ, 2 tan θ          where θ .
2 2 2

x y

(i) Show that d 1 ,
d cos θk

y
x

where k is an integer to be determined.  [3]

The lines T and N are the tangent and normal to C at the point where πθ
4

respectively.

(ii) Find the equations of T and N, leaving your answers in exact form. [3]
(iii) Find the area enclosed by T, N and the y-axis. [2]

1. (i) 2d 1 d1 2 cos 2θ, 2sec θ
dθ 2 dθ

x y

2

2

2

4

d 2sec θ
d 1 cos 2θ

2sec θ
2cos θ

1
cos θ

y
x

So, k = 4

(ii) When π π 1 dθ ,  ,  2,  4  
4 4 2 d

yx y
x

Equation of tangent : π 12 4
4 2

4 π

y x

y x

Equation of normal : 1 π 12
4 4 2

1 π 17
4 16 8

y x

y x

lutiiititititiononononononnononnnoono :::::::::::

,
θ

whwheere k

the taaaaaaaannngnngnngngngngngngngngngngngngnggggggeneneeneeeneneneeneneneeneeeneeenennennneeneennnnnenennnnnnnntt t ananandd d nooormrmrmrma

quuuuuuuuuuuuuuuuuuuatatatatatatatatatatatatataataaataaattatioioioiiiiiiiii nsnsnsnsnsssssss oooooooooooooooooooofff fffffffffffffffffff TTTTTTTTTTTTTTTTTTTTTTTTTTTTTTT annd d NN, leNNN

the aaaaaaaaaaaaaarererererererrerererereeerrr a aaaaaaaaaaa enenenenenenenennenenennnneenenneneennclclclclcclcclclclclclclclccccclllosooooosososososososoosssosososssoo ededededeeededededededeeeeeeee bbby yy T

11111 111
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(iii)

Coordinates of y-intercepts are  

π 170,
16 8 and 0, π

1 π 17 π 1Area enclosed π  =3.51 
2 16 8 4 2

Alternative:
π 10 0 01 4 2Area enclosed 

π 172 π 2 π
16 8

3.51 square units 

π 1 ,2
4 2

4 πy x

ππ
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Suggested Solution:

(i)
sin ln 1 2y x

Differentiating with respect to x,
d 2cos ln 1 2 .
d 1 2
y x
x x

d1 2 2cos ln 1 2
d
yx x
x

Differentiating with respect to x,
2

2

d d 21 2 2 2sin ln 1 2 .
d d 1 2

y yx x
x x x

2
2

2

d d1 2 2 1 2 4 0
d d

y yx x y
x x

(Shown)

So 4k

Differentiating with respect to x,
3 2 2

2
3 2 2

d d d d d1 2 4 1 2 2 1 2 4 4 0
d d d d d

y y y y yx x x
x x x x x
3 2

2
3 2

d d d1 2 6 1 2 8 0
d d d

y y yx x
x x x

2 2

2 2

3 3

3 3

When 0,
0

d 2
d
d d2(2) 0 4
d d
d d6( 4) 8(2) 0 8
d d

x
y
y
x
y y

x x
y y

x x

2 34 80 2
2 3

y x x x ...
! !

7. It is given that sin ln 1 2y x .

(i) Show that 
2

2
2

d d1 2 2 1 2 0
d d

y yx x ky
x x

, where k is a constant to be found.

Hence, find the first three non-zero terms of the Maclaurin expansion for y . [6]
(ii) Using standard series from the List of Formulae (MF26), verify the correctness of 

your result from part (i) up to and including the term in 3x .

Explain why the expansion is not valid when 
1
2

x . [3]

luuuuuutioooonooooooo :

eries frfrfrffrrrrfffrfffff omomomoooooooooooo tttheheh  List
m ppppppppararrrrrrrrrrrrrrrrraraart t t tttt tttttttttttttttttttttttttttttt (i((i(i(i(i(((i(i(i(i(ii(i(i(i(i(i((i(i(i(i(((((i((i(i(i(i(i(((i((i(i(iiiii((i(iiii(ii(i(((((((( ))))))))))))))))))))))))))))))) uuuuuup p p totoo aaandndnd iiinu

why yy yyyyy y yyyy y yyyyyy yyy thththththtthththththththhhhthttthhe e e eeeee exexexexexexexexexexxxexexexxxpapapapapapapppapapapappapppppapapp nsnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnn ion n n isisis n

22

hree e e nononon-ze
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2 342 2
3

x x x ... (up to x3)

(ii)
Using standard series from MF26,

2 3

2 3

sin ln 1 2

2 2
sin 2 ...

2 3

8sin 2 2 ...
3

y x

x x
x

x x x

3
2 3 2 3

32 3

2 3 3

2 3

8 1 82 2 ... 2 2 ... ...
3 3! 3

8 12 2 ... 2 ...
3 6
8 42 2 ... ...
3 3
42 2 ...
3

x x x x x x

x x x x

x x x x

x x x

Hence correct up to x3 term.

When 
1
2

x , ln 1 2x is undefined.

Or,

Since expansion for ln 1 2x is valid only for 1 11 2 1
2 2

x x

......
33

338 333333 .........33333333333333333333

333333333333
.........

333333333

3 .... 2

1

111111 2.............
333!
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Suggested Solution:

st nd rd th th1  set 2  set 3  set 4  set  set
(1 term) (2 terms) (3 terms) (4 terms) (  terms)

 1 ,  3, 5 ,  7, 9, 11 ,  13, 15, 17, 19 , ... ... ,  ... ... 
n
n

nd rd th th2 t 3 tnd rd 4 tth t

 13, 15, 17, 19 

Total number of terms in the first n sets
1 2 3 ... n

(1 )
2
n n  

Last term of the nth set

= (1 )
2
n n th term of the arithmetic progression (AP),

2

21 ( )

1

(1 )
2
(1 2

1

)

1

n

n

n

n

n

n

 

Alternatively :

Let ku denote the kth term of the AP.
 1 ( 1)(2)

2 1
ku k

k

(1 )
th

2

2

Last term of the  set, 2 (1 )
2

1

(1 ) 1

1

n n

n nn u

n n

n n

     

8 (i) The arithmetic progression is grouped into sets of integers, such that the nth set 
contains n integers as shown.

 1 ,  3, 5 ,  7, 9, 11 ,  13, 15, 17, 19 , ... ...
(a) Find the total number of terms in the first n sets, and hence show that the last 

term of the nth set is 2 1n n . [2]
(b) Find the first term of the nth set. [2]
(c) Show that the sum of the terms in the nth set is n3. [1]

(ii) Hence, prove that 23 3 3 3 211 2 3 ....... 1
4

n n n . [2]

(a) Find the total number of terms in the first n sets, and hence show that the last 
term of the nth set is 2 1n n . [2]

Total number of terms in the first n sets
1 2 3 ... n

2(1) ( 1)(1)

(1 )
2

2
n n

n n

OR

utiiiiiononnononononn::::

e, ppppppppppppppprorororororoororororoorrroorovevvevevevevvvvevevevevev tttttttttttttttthahahahahahahahahahahahahahahhahaahahahahh t tt ttttttttt t 3 333 3333333331111111111111111111111 2223 333333 33333333 33 222333

ummbeberr of
n h seseset t t iisi  22nn nn

first tttttttttttttttereereererereererererererererrrrrmmmmmmmmmmmmmmmmm m mmmmmmmmmmmm mmmmmmmmmm ofofof ttthehehe nnthth se

w tttttttttthahahhahahahhhhhh t t tt thhhhhhheee eeeeeeeeeeeeeeeeeee sum m ofoo ttthehehe t

Findnd th
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Method 1a :

Last term of the (n−1)th set
2

2

2

( ) ( )1 1 1

2 1 2

1

n n n

n

n n

n

First term of the nth set
= Last term of the (n−1)th set + 2

2 1n n

Method 1b :

First term of the (n+1)th set
= Last term of the nth set + 2

2

2

( 1) 2

1

n n

n n

First term of the nth set, i.e. [(n−1)+1]th set
2

2

2

( ) ( ) 1

2 1

1 1

1

n n n

n n

n n

Alternative Method 2a :

First term of the nth set
= Last term of the nth set − (n−1)(common difference of A.P.)

2

2

( 1) ( 1)(2)

1

n n n

n n

Alternative Method 2b :

Let a denote the first term of the nth set.

th (last) term
of the set

2

2

2

  ( 1)( )

1 2( 1)

2

1

1
n

na

a n n n

n n

n n

th (l t) t

2  2

8 (i) (b) Find the first term of the nth set. [2]

he eee eeee nnnnnnnnnnnnnthhhhhhhhhhhh seeeeeeeeeetttttttttttt
m ofoffoffffofffofffoof ttttttheheheheheheheheheheheheheheheheeheee ((((((((((((nnnnnnnnnnnnnn−1−1−1−1−1−1−1−1−1−11−1−111−1111−1111)))))))))))))))))))))thththttthhthththththhhthhhhhhthhth sesesesesesesesssesseeseessesesesssseset ttttt t + + + 2
1111nn
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Alternative Method 3 :

Total number of terms in the first (n – 1) sets
1 2 3 ... ( 1)n

1 1 ( 1)  
2

( 1)
2

nn n n

First term of the nth set

= 1( 1)
2
n n th term of the arithmetic progression (AP),

2

1 1 ( )

1 (

21 )

)

( 1
2

1

1

n n

n n

n n

Alternative Method 4 : (Pattern observation – Guess and extend)

2 2

st nd rd t

2 2

h

2 31
3 41   9 161 4

1  set 2  set 3  set 4  se

 2

t
1 3 7 13  ,  , 5 ,  , 9, 11 ,  , 15, 17, 19 , ... ...

Set First term of set
1 21 1 0
2 23 2 1
3 27 3 2
4 213 4 3
… …
n 2 ( 1)n n

Last term of nth set 2 1n n

Sum of the terms in the nth set

Terms of the  set:   terms in A.

22

P.

2

2

3

2

 ( )  ... ... ( ) 

( ) ( )
2

2
2

       (shown)

1

1

1

1

th nn

n n

n nn

n n

n

n n

n n

T f th t t i A P

 ( )  ... ... ( ) 22

th

 ... ...  ... ... 

8 (i) (c) Show that the sum of the terms in the nth set is n3. [1]

t

teeeeeeeeeeeeeeeeermrmrmrmrmrmmrmmrmrmrmrmrmrmrmmrr oooooooooooooffff ffffffffff thththththhththhhththhhthththththtthhhee eeeeeeee eeeee araaaaraaaaaaaaarithmmhmetee ic

((((((((((( )))

)

1111111 1111111111111111111)( 1 1111111111)( 1))))))))))(
2

))))))))(
2
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Alternative Method

Sum of the terms in the nth set
2

Terms of the  set:   terms in A.P.

2

2

2

 ( )  ... ... ( 1) 

2( ) ( 1)( )
2

2 2
2

1 2

1
thn n

n n

n n

n n

n n

n

n n

T f th t t i A

 ( )  ... ... ( 1)22

th

 ... ... ( ... ... ( 2

2 2n 2

3        (shown)n

3 3 3

st nd th in the fir

LHS            1                      2            ... ...              

Sum of termsSum of termsSum of terms  ... ...  ,in the 1  set in the 2  set in the  set

n

n
sum of all terms

st  sets

2 2

 Sum of the fir

2

st
2

          (1)                 (3 5)       ... ...  ( 1) ... ( 1)

           3 5          ... ...          ... ...       ...   1 )1(
n

n

n

n n n n

n

 terms of the A.P.

last term of first  sets

2

2 2

)

2

(1

*    ( )
2

1      ( 1) 
4
1

(1 )
2

    ( 1)     RHS    (shown)
4

1 1

n

n

n n n n

n

n

n

n
n

n

   3 5          ... ...          ... ...       ...   2 )(   3 53 5  ... ...  ... ... 

( )2( )( )
t term of first setst t f fi t t

* OR Alternatively :

2 2

...      2( ) 1 ( )
2

1

(1

     ( 1) (1 )
4
1      ( 1)     RHS    (shown)
4

2 2
)

(1 )
2

1

n

n n
n n

n n n

n n

8 (ii) Hence, prove that 23 3 3 3 211 2 3 ....... 1
4

n n n . [2]

A.P.

)( )1)( )))))))))1)( ))))

A P

1) 

2 22222222222222222nnn 2222222222222

howwwwwwwwwwwwwnnnnnnnnnnnnn)))))))))))))))))))

prororovevv
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Suggested Solution:

(i) l1 : r
1 1 1

1 1 1 ,  
2 2 2

k l1 : r
1 1

1 1 ,  
2 2

k k or AEF

(ii) length of projection of b on l1 =
2 2 2

1
1

0
2

2
1 1 25

=
12

6
= 2 6  

|b| 
0
2 29
5

By Pythagoras’ Theorem,

d, Perpendicular distance from B to l1 =
22b 2 6

= 29 4 6 = 5

9. With reference to the origin O, the points A and B have position vectors 2a i j k
and 2 5b j k respectively.
(i) Find a vector equation of the line l1 that passes through point A and is parallel to the 

vector a.
[1]

(ii) Find the exact length of projection of b on l1. Hence find d, the exact perpendicular 
distance from the point B to l1.

[4]

(iii) Using the value of d found in part (ii), find the position vector of the point C, the 
foot of perpendicular from the point B to l1.

[3]

(iv) The line l2 passes through point B and is parallel to vector b. Find a cartesian 
equation of l3 which is the reflection of l2 in l1.

[3]

b
l1

B

O
C

d

luuuutititititititiononononooonononononnonnnonno :::::::::::

1111111

h

h of f f prprprojojojececectittt on
poinnnnttt tttttttt tt ttttttt BBBBBBBBBBBBBBBBB too ll11..

e ofooofoofofo    dddddddddddddddddddddddd fofoffofofoffofofofofofofofofofoffofofoffffofffofofofoffofofffoffoofoffoffoooffofofofooooooofofoooofooouuunuuuuuunuuununununununununnnunuuuuuuu d d d ininin pppararart t t (ii)
pendididddidid cuccc lalalaaaaaaaaaaaaarrr rrrrrrrrrrrrr frommm theee pppoi

l2l papapapappapapapappapapapppapapassssssssssssssssssssssssssssesesseseseeseseeseesesessseess tttttttttthrhrhrhrhrhrhrhrhrhrhrhrhrhhrhrhrhrhhrrrrrouououoouooouououoouooooooououoouooooughgggghh pppoioioin
tionnnnnnnnnnnnnnn ooooooooooooooooof fff fff f f f fff fff llllllllllll333333333333 whwhwhwhwhwhwhwhwhwhwhwwhhwhhwhwwhwhwhwhhww icicicicicicicicicccciccciciicicich hhhh h hhhhhhhhhh hhhhh hhhhh isiisiisiiisisisiiii ttthehehe r
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Alternatively,
Let C be foot of perpendicular from B to l1, using length of projection of b on l1 and O lies on l1,

0
2 6 2

5

1 0
12 6 1 2
6 2 5

2
0
1

2
0 5
1

BC OC OB

a

BC

BC OC OBOC
0
2222
555
2

BC
2
0000

(iii) 
Since C lies on l1,

c
1

1
2

for some

1 0
1 2 2
2 5 2 5

BCBC

2 5
2 5

BCBC

2 22

2

2

2

2 2 5 5

6 24 24 0
4 4 0

2 0
2

c
1 2

2 1 2
2 4

2
555
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(vi)  l2 : r
0
2 ,  
5

Let B’ be the point of reflection of B about the line l1.
By mid-point theorem, 

'
2

OB OBOC 'B OBOBOC OB

2 0
12 2 '
2

4 5
OB

2 0 4
' 2 2 2 2

4 5 3
OB ' 2OB 2

Since l3 parallel to and the origin O lies on l3,

l3 : r
4

2 ,  
3

So Cartesian equation of l3 is :
4 2 3
x y z or 4 2 3

4 2 3
x y z or AEF

l2

l1
B

O
C

l3B’

boutut ttheh lin

OB '''

00000 44444444444444444444400
222222222
33
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Suggested Solution:

(i) 
2

2

2 9
4

172
2 2

xy
x

x x
2,  2 x x ,  2y

(ii)
2 2

2 2

2
2

2

1
9 25

1
25 9

25 1
9

5 1
9

x y

y x

xy

xy

(iii) From the graph,
Intersections 1.19, 4.59  and 1.19,4.59
The x-coordinates are –1.19 and 1.19             

(iv)
3 2x or 1.19 1.19x or 2 3x
1.19 1.19x ; 3 2x , 2 3x

10. The curves 1C and 2C have equations 
2

2

2 9
4

xy
x

and 
2 2

1
9 25
x y respectively.

(i) Find the equations of the asymptotes of the curve 1C . [3]
(ii) Sketch 1C and 2C on the same diagram, stating the equations of any asymptotes, 

coordinates of any points where 1C or 2C crosses the axes and any turning points.
[5]

(iii) Find the x -coordinates of the points where the two curves intersect. [2]

(iv) Hence solve the inequality 
2

2
2

1 2 95 1
9 4

xx
x

. [2]

O x

y

O

luuutititititititiononononooonononononnonnnonno :::::::::::

asy

theee sssamaa e
y poinininnnnnnnnnnnnntstststsssststsssststsss wwwheheherer  1C1

oordididdiiid nanananaaaan tetteteteteteetetetetetetetettteteetetetteeteetteetteeeeeeeeeeessssssssssssssssssssssssssssssssssssss ofoff tttheee pppoioioint

solve eeeeeeeeeeee thththththhththththththththhththt eee iiininiiiiiiiiiniiii eqeqeqeqeqeqeqeqqqeqeqeqeqqqeqeqeqeqeeqeeeqe uauauauuauauauauauauaauauauauaauauauauuu lllill tytytyty 55

www.KiasuExamPaper.com 
89



24

Suggested Solution:

Solution:
(i)

(ii) Let y = 1
1 xe

1 1xe
y

Taking ln on both sides,                     
1ln 1

1ln 1

x
y

x
y

or equivalent

1 1f : ln 1 , (0,1)x x
x

11. Sigmoid functions are used to model many natural processes such as population growth of 
virus. One example of a Sigmoid function f is given by 

1f :  ,   
1 e xx x1 ,   1
1 e x x,   

(i) Sketch the graph of fy x , indicating clearly the equation(s) of any asymptote(s) 
and the coordinates of any points where the curve crosses the axes.

[2]

(ii) Find 1f x in similar form.                                                                                           [3]

Another function g is given by g : 3 1,   ,  0 2x x x x3 1,   ,  0 23 1,   ,  01,   ,  01,   ,  0,  01,   ,  0,  01,   ,  0 .

(iii) Show that fg exists and find the range of fg, expressing your answer in terms of e.      [4]
(iv) Describe a sequence of transformations which transform the graph of y = f(x) onto

the graph of y = fg(x).
[2]Deeeeeeeeesccscccccss rrirrrrr beeee aaaaaaaaaaaaaaa sseqeqeqqeqeqeqeqeqeqeeqeqeqeeqeqeqeeee ueueuueueeueeuuuu ncncncee e of

he grrgrgrrgrrgrrrapaaapppppphhhhh hhhhhh ofofofofoffofoffofoffofoffofofofofoofooff yyyyyyyyyyyyyyyyyyyyy

on ggggggggggggggggggggggggg iiiiiiiiiiiissss sss ssss gigigiigigiigiigggiggiggiveveveveveeveevevevevevevveveveeeevvennnnnn nnnn nnnnnn bybbybbbbybbbbbbbybbybbbbbbyybbbbbbby g ::

f

fy ff , , inindi
tes offfffffff aaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaanynnnnnnnnynynnynnnnnnnnnnnnn pppoioiointnn s whwww e

in simimiimmmi ilililililillililllililiiiliililllliii arararararararararararararararararraaraararrrraarrraararraraaaaarraaaarararrrrrrr ffffffffffffforrrm.m.m          

w ttttttttttttthaaaaaaaaaaaaaahh t tt tttttttttttt fggfgfgfgfgfgfggfgfgfgfgfgfffg exexexexexexexexeexexexexexxxxxxxxxxxxee isisisisisissisisisisisisisissisi tststttttststssttstststststststttsstssst aaaaaaaaaaaaaaaandndnd fffin

== fgfg(
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(iii) Rg = [-1, 5]    This is clearly a subset of fDfDf

Alternatively,
If student can state that since D f , so definitely fR g D so composite function fg exists. 

(i.e. do not need to find R g .)

Dfg = Dg = [0,2].  

fg(0) = f(-1) = 1
1 e

and fg(2) = f(5) = 
5

5 5

1
1 1

e
e e

Thus Rfg = [ 5

1 1,
1 1e e

].  

(iv) First, translate f(x) 1 unit in the positive x-axis direction followed by a scaling parallel to the 
x-axis with factor 1/3 . 
Alternatively, 
Scale parallel to the x-axis with scale factor 1/3 followed by a translation of 1/3 units in the 
positive x-axis direction.

incce e DD f

ind RRR gggggggggggggggg ..)

,2].].].]]]]]]]]  

f(-1)1)11))1))1)11)1)))1)))) = 111111111111111111
11111111111111111 eeeeeeeeeeeeeeeeeeeeee

anananananananananananaaananaaaaanaananananaanna d dddddddddddddddddddd fgfgfg(2(2(2( )

husssssssuusus RRRRRRRRRRRRRfgfgfgffgfgfgfffgffgfgggfg = [[[[[[[[[[[ 1 111,
1111 111

,
eeeeeeeeeeeeeeeeeee e11111 1111 11

nsllllatatatee e f(
fa
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12. (i) Amanda wants to make a mask holder. To do so, she cuts out 4 identical equilateral 

triangles of sides 1 cm and a rectangular strip  1  cm
16

x by 2 1  cm
4

y from a 

rectangle of sides x cm by y cm (see Diagram A). The rectangular strip has an area 
of 5.5 cm2.

Diagram A

Show that A, the area of the mask holder is given by 

176 113
1 2 2
x xA

x

Using differentiation, find the exact value of x such that area of the mask holder is a 
minimum. Hence determine the minimum area of the mask holder.   [9]

by y yy c
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Suggested Solution:

(i) 
(a)
Area of mask holder: 

A = 14 1 1 sin60 5.5
2

xy

1 34 5.5
2 2

A xy --- (1)

Area of rectangular strip: 

5.5 = 2 1
4

y 1
16

x

11 2 16 1 2 1x y

11 2 161 1
2 1

y
x

---(2)      

Subst (2) into (1):
11 2 161 1 3 5.5

2 1
A x

x

176 113
1 2 2
x xA

x
(shown)

(ii) The area of the rectangular strip is kept at 5.5 cm2. Beth suggests that if the 4 identical 
triangle cut-outs are isosceles instead, the area of the mask holder could be made 
smaller as compared to the area found in part (i)(b).

For each of the triangles, let be the angle between two edges of length 1 cm each 
(see diagram B). Determine if Beth’s suggestion is correct.

Diagram B [2]

gles, , lelet t b
Deterrrmimiminenene iiifff BBBeth
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2 1d 1176 1 1 1 176
d 2
A x x x
x

2

2

1176 176 1 1d 2
d 1

x x xA
x x

210 176 1
2

x

2111 16 1
2

x

211 16 2 1x

1 11 16 2 4 22x

4 22 1x (since x > 0, reject 4 22 1x )

To determine if 4 22 1x gives a minimum area: 
2d 111 16 1

d 2
A x
x
2

3
2

d 11 16 2 1
d

A x
x

When 4 22 1x ,
2 3

2

d 11 16 2 4 22 0
d

A
x

, thus 4 22 1x gives a minimum value.

Thus, area 
176 4 22 1 4 22 1 113

2 24 22 1 1
A = 188 cm2

(ii)

Area of 1 triangle = 1 1 1 sin
2

A

And when 60 , 1 31 1 sin 60
2 4

A

So for any value 60 120 , it will give a bigger value of A than when it is an equilateral triangle.

And so, the area of the face mask holder will be a minimum (with the area of the rectangular strip 
remaining at 5.5 cm2) if the areas of the 4 triangles cut-outs are a maximum, thus Beth’s suggestion is 
correct.  

222222222222222222222222222244444444

incececececeee xxxxxxxxxx >>>>>>>>>>> 0,0,0,0,0,0,000,0,0,0,0,000,0,000,00, rrrejejejecee t
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DHS JC1 Promo 2021 

1. By using the substitution exu , find e sin e sin 3e dx x x x . [4] 

2. (i) On the same axes, sketch the graphs of 2y x a and 2y x a , where a is a positive 

constant. Label all axial intercepts clearly. [3] 

(ii) Hence, or otherwise, solve the inequality 2 2x a x a , leaving your answers in terms of 

a. [3] 

3. It is given that d 2 8
d
yx y
x

.

(i) Using the substitution 2y ux  or otherwise, solve the differential equation giving your answer 
in the form fy x . [4] 

(ii) Given that 3y when 1x , show that 24y x for 0x . [2] 

4. The first three terms of an infinite series are 16, x, 9.

(i) Find the value(s) of x, if the series is

(a) geometric,

(b) arithmetic. [3] 

(ii) If all the terms in part (i)(a) are positive, calculate its sum to infinity. [2] 

(iii) Given that the sum of the first n terms in part (i)(b) is less than 64, find the least value of n.

[3]
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5. A famous entrepreneur, Elon Tusk, has designed a new rocket booster for his company SpaceY. A 
rocket booster consists of the following parts as shown in the following diagram. 

 

 The design of the Aft Skirt can be viewed using a cross sectional view with the stated dimensions (see 
dotted box above). 

 Due to the amount of heat and pressure generated from the thrust of the rocket during lift off, the sides 
of the Aft Skirt will tilt outward by a very small angle, , while keeping the slant length at 3 m (see 
diagram below). 

 

 Before the lift off, the diameter at the bottom of the Aft Skirt is given by 4 6sin
3

m. In order 

for the booster to function properly during the lift off, the diameter at the bottom of the Aft Skirt must 
be less than 9.197 m. 

 Given that  is a sufficiently small angle, find the range of values of .      [5] 
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6. The functions f and g are defined by 
2f : 4 1, ,

g : ln( 5), 5.
x x x x k
x x x

22 442 4
ln( 5ln( 555

 

(i) Determine the largest value of k such that 1f  exists. Hence find 1f ( )x  and state its domain.  

 [4] 

For the rest of the question, the domain of f is as found in part (i). 

(ii) Show that the composite function gf exists and find the exact range of gf.     [3] 

(iii) A function h is a decreasing function. Given that hf exists, show that hf is an increasing  

function.             [2] 

7. The graphs of f ( )y x  and | f ( ) |y x  are shown below. 

 

(i) State the nature of all stationary points of the graph of f ( )y x .      [2] 

(ii) State the range of values of x where 

 (a) f is decreasing,           [2] 

 (b) f is concave upwards.           [1] 

(iii) Sketch the graph of f ( )y x  indicating clearly the asymptotes, coordinates of the stationary 
points and the intersections with the axes.         [3] 
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8. (i) Using integration by parts, show that 2
1 1 1ln d lnx x x
x x x

, where  is an arbitrary  

constant.             [2] 

The graph of the curve C with equation ln 2 , 1x xy x
x

 is as shown below. The line 2y  is 

its horizontal asymptote. 

 

(ii) Find the area of the region enclosed by C, the line 4x  and the line 2y x .    [3] 

(iii) The region A is enclosed by C and the lines 4x  and 2y . By using a suitable 
transformation, show that the exact volume when A is rotated about the line 2y  through 

2  radians is ( ln 2 )
4

p q , where p and q are constants to be determined.    [4] 

 

9. A curve C has parametric equations 

   sinx a t t , 1 cosy a t  for 2
2

t , 

 where a is a positive constant. 

 The curve C has a maximum point at ,2a a . 

(i) Sketch C. Label, in terms of a, the coordinates of the turning point of C and the point where C  

meets the x-axis.            [2] 

 The point P on C has parameter p and the normal to C at P cuts the x-axis at 3 ,0
2

a . 

 (ii) Find, in terms of a, the exact coordinates of P.        [4] 

 (iii) Find, in terms of a, the exact area of the region enclosed by C, the normal to C at P and the x- 

axis.              [4] 
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10. (i) Find 
1

1
2

rn

r
 in terms of n.           [2] 

 A sequence is such that 0 3u  and 1
1
2

r

r ru u  for 1r . 

 (ii) By forming equations from r = 1 to r = n and using the method of differences, find nu  in terms  

of n.              [3] 

(iii) Show that 14 2 2
2

n

S n , where S denotes the sum of the first n terms of the sequence.  

 [3] 

 (iv)  Determine, with reason, whether 

  (a) nu  converges,            [1] 

  (b) S converges.            [1] 

 

11. The lengths of the sides of a triangular plot of land are ( 3)x  m, ( 3)x  m and (10 2 )x  m 
respectively. 

(i) The triangle inequality states that for any triangle, the sum of the lengths of any two sides must 
be greater than or equal to the length of the remaining side. Explain why 1 < x < 5.   [2] 

(ii) Show that the area, A m2, of the plot of land is given by 4(5 ) 1A x x .    [3] 

(iii) Use differentiation to find the exact maximum value of A, proving that it is a maximum.    [4] 

(iv) A garden in the shape of a square is to be built on the land of maximum area in part (ii). All 
four corners of the garden lie on the border of the land. Find the area of the square.   [3] 
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12. A fish pond has a surface area of 100 m2. Past observations on the growth of algae in similar ponds 
estimates that the area, A m2, of algae present at time t days is such that the rate at which A is increasing 
is proportional to the product of the area of the pond covered by the algae and the area of the pond not 
covered by the algae. 

 The owner of the pond monitors the growth of algae in his pond. At t = 2, he noted that the algae had 
grown to cover 11% of the pond and was growing at a rate of 11 m2 per day. He then decided to clear 
the algae at a constant rate of 11 m2 each day, starting from t = 3. 

 (i) Show that, from t = 3, the differential equation relating A and t is 

     d 1 11 89
d 89
A A A
t

.        [2] 

(ii) Assuming that A = 20 when t = 3, show that (3 )89 23 e
11 3

q tA
A

, where q is a positive constant 

to be determined.            [6] 

(iii) To maintain the balance of the ecosystem in the pond, the owner wishes to ensure that algae 
always covers an area less than 80% of the pond surface. Explain why this cannot be attained.  

 [2] 

 (iv)  Find the value of t when the maximum possible rate of change in the area of algae occurs.  [2] 

 (v) State one possible condition in which the model in part (i) is not valid.     [1] 

www.KiasuExamPaper.com 
101



www.KiasuExamPaper.com 
102



www.KiasuExamPaper.com 
103



www.KiasuExamPaper.com 
104



www.KiasuExamPaper.com 
105



www.KiasuExamPaper.com 
106



www.KiasuExamPaper.com 
107



www.KiasuExamPaper.com 
108



www.KiasuExamPaper.com 
109



www.KiasuExamPaper.com 
110



www.KiasuExamPaper.com 
111



2021 EJC H2 Maths Promo Paper     Duration: 3 hrs      Marks: 100 
Attempt all questions. 
[You may skip Q11 for now, as it is on Integration.  Remaining total marks is 86, Duratin is 2 hr 35 mins.] 

1 A curve C has equation 2 25 20 25 5 6 0y xy x y . 
Find the exact x-coordinates of the stationary points of C. [5] 

2 A curve C has parametric equations 4 2, 2x t t y t t .  Write down d
d
y
x

 in terms of  t. [1] 

Hence or otherwise, find the equation of the normal to C at point P 9 3,
16 4

. [4] 

 3 (i) Sketch the curve with equation 
2 3
4
x

y
x

, stating the equations of any asymptotes and the 

coordinates of the points where the curve crosses the axes. [3] 

(ii) Hence, solve the inequality 
2 3

4 1
4
x

x
. [3] 

4 (a) The graph below shows the sketch of the curve fy x .

The curve has a maximum point at A 2,0.1 , a minimum point at B 6,10 , and cuts the y-axis at 
10,
2

C . The equation of the asymptotes are 1y x  and 4x . Sketch the graph of fy x , 

stating the equation(s) of any asymptote(s), coordinates of any point(s) of intersection with the axes and 
stationary point(s) whenever possible.     [3] 

y 

A

 B

x 
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O B 

A 

x 

y 

(b) The curve gy x cuts the axes at ,0c and 0,d such that , 0c d . In the table below, state the 
coordinates of the points where the following curves cut the axes and indicate if it is not possible to do 
so. 

 
Equation of curve x-intercept(s) y-intercept(s) 

g 2y cx d  
 
 
 

 

gy x  
 
 
 

 

 
 [4] 

 
 5 The diagram shows a semi-circle with diameter OB. Point A is on the circumference of the semi-circle and 

point C lies on chord AB such that 3AC CB . 
 
 
 
 
 
 
 
 
 
  

Referred to the origin O, the points A and B are such that OA a and OB b  where a and b are non-zero and 
non-parallel vectors. 
(i) Show that 2.  = a b a . [2] 
(ii) Find the position vector of C in terms of a and b. [1] 
(iii) Hence find the length of projection of OC  onto OB  if 3a  and 2b . [4] 

 
6 The sum, nS , of the first n terms of a sequence 1u , 2u , 3u , … is given by 2 1nS kn k n , where k is a 
 non-zero real constant. 

(i) Show that 2 1nu kn . [2] 
(ii) Show that the sequence is an arithmetic progression.  [2] 
It is also given that 31u , 6u , 1u  are the first three terms of a geometric sequence.  
(iii) Find the value of k.  [3] 
(iv) Give a reason why the geometric series converges and find the value of the sum to infinity.  [2] 
 

7 (i) The first three terms of a sequence are given by 1 2007u , 2 2020u  and 3 2036u . Given that 

( 1)r
Au Br C

r r
, for all positive integers r, 

find the values of the constants A, B and C.  [4]  
   

(ii) Use the method of differences to find 
1

1
1

n

r r r
.  [3] 

 (iii) Hence, find 
1

n

r
r

u . Give your answer in the form 2

1
can bn c

n
, where a, b and c are constants 

to be determined. [3] 
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8 The function f is defined by ||2f , ,: e xx x x a  , where a is a constant. 

It is given that a is the least possible value such that 1f  exists. 
(i) State the value of a. [1] 
(ii) Hence find 1f ( )x  and state the domain of 1f . [4] 
(iii) Sketch on the same diagram the graphs of f ( )y x , 1f ( )y x and 1ff ( )y x , giving the coordinates 

of all end points. [3] 
It is now given that a is replaced by a constant such that the functions 1ff  and 1f f  are equal. 
(iv) Explain why the new value of a satisfies the equation f ( )a a , and find a. [2] 
(v)  The function g is defined by |2 |g : e ,xx x .  Explain why the composite function 2g  does not 

exist. [1] 
 

9 (a)     Fig 1 shows a glass bauble consisting of a square 
prism inscribed in a spherical glass shell with fixed 
radius a cm. The corners of the square prism are in 
contact with the spherical shell. The centre, O, of the 
prism coincides with that of the sphere. The corners 
of the square base are labelled A, B, C and D, and  
is the angle that OA makes with the base of the 
prism. 

 
 
 
 
 
 
 
 

(i) Show that the volume V of the square prism is given by 3 24 cos sinV a . [3] 
(ii) Use differentiation to find, in terms of a, the dimensions of the square prism such that the value 

of V is maximised. You do not need to show that this value is a maximum. [5]  
(iii) State the geometric shape of the square prism in part (ii).  [1] 

 
(b) Fig. 2 shows a 2.6 m long pole sliding down along a vertical wall such that the top of the pole is slipping 

at the constant rate of 0.3 m/s. Determine the speed at which the foot of the pole is moving along the 
ground when the foot is 1.0 m from the base of the wall.          [4] 

 
 

Top of pole 

Foot of pole 

Fig. 2 

wall 

O 

 

 

  

A 

a 

O 

B 

C D 

Fig. 1 
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10 A forensic study on the ricochet behaviour of bullets on a metal sheet was carried out. 
A test barrel was used to fire bullets at a metal sheet held at an angle by a target holder. The angle between the 
metal sheet and the top surface of the target holder is  (see diagram). It can be assumed that bullets travel in 
a straight line.  
When the test barrel is fired, the bullet emerges, passing through coordinates (0, -2, 1.5) and travels in the 
direction parallel to j. The bullet hits the metal sheet at point A, passes through the paper screen at point B and 
is stopped by a box lined with Kevlar fabric.  

It is given that the metal sheet is a part of the plane 1

0
: 4 1

3
r and the paper screen is part of the plane 

2 : 3 15
p

q
r . 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

(i) Show, with clear working, that the coordinates of A are 0,0.875,1.5 . [4] 
(ii) Given that the paper screen is perpendicular to the metal sheet, show that 4q . [2] 
(iii) Given that the coordinates of  B are 0.9,0.8,3.15 , show that 0p . [2] 
(iv) Given that the top surface of the target holder is part of the plane with equation 1z , find the acute 

angle  . [3] 
(v) Find a vector equation of the line of intersection between the metal sheet and the paper screen.  [2] 

 

Test barrel 

Paper screen 

Bullet capture box 

Target holder 

Metal sheet 
Bullet 

M 

Magnified view 

A 

B 

Paper screen 

Metal sheet 
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11 (a) Find 1sec 3 tan3  dn x x x , where n is a positive integer.  [2] 

(b) Find the exact value, in terms of , of 
1

20

1  d
2 1 3

x
x

. [3] 

(c) Find the exact value, in terms of e, of 
1 2 2

0
e  dxx x . [4] 

(d) Use the substitution 2sinx u  to find 
2

2

4  dx x
x

. [5] 
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2021 EJC H2 Maths Promo Paper Solution 

1 
2 25 20 25 5 6 0

d d dDiff wrt ,10 20 50 5 0
d d d

y xy x y
y y yx y x y x
x x x

For stationary points, d 0
d
y
x

20 50 0
5
2

y x

y x

Sub into C, 

2
2

2 2 2

2 2

5 5 55 20 25 5 6 0
2 2 2
125 2550 25 6 0

4 2
25 25 6 0 or 25 50 24 0
4 2

2 12or
5 5

x x x x x

x x x x

x x x x

x

2 

Since P is 9 3,
16 4

, 2 23 3 1 32 2 0  or 
4 4 2 2

t t t t t

4 49 9 10  or 1.14
16 16 2

t t t t t

Hence 1
2

t

3d 4 1
d
x t
t

 and d 2 2
d
y t
t

3

d 2 2d d
d dd 4 1

y ty x
t tx t

At P 9 3,
16 4

, 3

12 2
d 2 32 gradient of normal
d 3 214 1

2

y
x

Hence equation of normal at P 9 3,
16 4

 is 3 3 9 3 51
4 2 16 2 32

y x y x  . 

22 22 2t 2 2

444449 99999999999999994444444444 00000000
161616166666666661 1616161616161616161616166666

tt444444 0000000ttttt tttt tttttt ttttt tt ttttt44444444 0000000000

HeHeHeHeeHeeHeHeHeHHeHeeeennnnnnnnnnnncccceccccccc  1111
222222222222222

tttttttttt

nd d 2 222 22 222 22 22 22 22 222 22222 2
ddddd
yyyyyyd tttttttttt
ttttt

2

2
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3 

(i) Axial intercepts: 0,1.5 , 3, 0   

 For 
2 3 2 3 23, 2  as , 2
4 4 4
x x

x y x y
x x x

 

 For 
2 3 2 3 23, 2  as , 2
4 4 4
x x

x y x y
x x x

 

 Hence, the asymptotes are: 2, 2, 4y y x , 

 

(ii) Added in the line 1y  and 4y . 

 

 Hence, 2 3.33 or 5x x . 

 

  

x 

y 

x = 4 

y = 2 

y = 2 

(0, 1.5) 
(3, 0) 

x 

y 

x = 4

y = 2 

y = 2 

(2, 1) (3.33, 1) 

y = 4 

y = 1 

(5, 4) 

4yy

yyyyyyyyyyyyyyyyyyyyyyyyyyyy

((2,2, 11))
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4 

 (a) 

(b) 

Equation x-intercept y-intercept

g 2y cx d 2 ,0
c

cannot be determined 

gy x ,0c , ,0c 0,d  

5 

(i) 

Method 1: 

AB b a

Since 90OAB  (angle in a semi circle), 

2

2

0
0
0

( ) [shown]

AB OA AB OA
b a a

b a a a

b a a a a

a b a a b b a

y 

x 

1y  

A’ 2,0                 B’ 6,0

1:::::: 

0
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Method 2: 

Let  be the angle between a and b. 

Note that triangle OAB is a right angled triangle. 

Hence cos cosOA OB b   

Since 2.  = cosa b a b a a a [shown]

Method 3: 

Since angle OAB is a right angle in a semi circle, 

a is the projection vector of b onto a. 

2

b a
a

a

a b a

As angle between a and b is acute, 

a b a b

2a b a  (shown) 

(ii) 

33
1

ACAC CB
CB

By ratio theorem,  3 3
4 4

OA OBOC a b

(iii) 

length of projection of OC  onto OB = OBOC
OB

2 233 3 (from (i))
4 4 4

a ba b b a b b b
b b b

 

Since 3 and 2a b , 
2 23 3 3 4 15
4 4 2 8

OBOC
OB

a b
b

A 

O 

B 

333
4 4444444444444444

OA OBOBO3333333333 a bbb333

on oooooooooooof fff f f ffff OCOCOCCOCCOCOCOCOCOCOCOCOCOOCOCOCOCOCCCCCC onntoto O
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6 
 

(i)  
2 1nS kn k n  

2
1 1 1 1nS k n k n  

For 2n , 22

22

2 2

1 1 1 1

1 1 1 1

1 2 1 1
2 1 

nu kn k n k n k n

kn k n k n k n

kn k n kn kn k k n k
kn

 

1 1 1 2 1 2 (1) 1u S k k k k which follows the form of 2 1nu nk  when n =1. 

Thus, 2 1nu nk  

(ii)  

2 1nu nk  

1 2 1 1nu k n  

1

2 1 2 1 1

2 1 2 2 1
2      is a constant independent of 

n nu u

nk k n

nk nk k
k n

 

the sequence is an arithmetic sequence 

(iii) 31 2(31) 1 62 1u k k ;     6 2(6) 1 12 1u k k ;    1 2(1) 1 2 1u k k  

2

2 2

2

12 1 2 1
62 1 12 1
12 1 2 1 62 1

144 24 1 124 64 1
20 40 0
20 2 0

0 0 2

k k
k k
k k k

k k k k
k k
k k

k rej k or k

 

(iv)  12 1 25 1
62 1 125 5

kr
k

 

Since 1 1
5

r , the geometric series is convergent 

31
1
5

125 156.25
1 1
uS

r
 

 

nce

6 2(((((((((6)6))6)6)6)))6)))666))666 2u6 2(2(2(2(2(((22(2(2(2((2(22(222(2(2((22((6)6))6)6)6)6)))))))666666666))666 1 12(2(2(2((2(222(222222(2(222(2(22((2(((((((2((2(((((((6)6)6)6)6))))))))))6)66)6)6666)66))))6666666666 1 111111111111 2

2222 111111k kkk224 6666666666422122224 6666666666664422
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7 
 

(i)  

  

1 2007
2

1 2 2020
6
1 3 2036

12

A B C

A B C

A B C

 

 From GC,  12, 17, 1984A B C  

(ii)  

1 1

1 1 1
( 1) 1

1 1
    

1 2

n n

r rr r r r

1
2

1
3

1
3

1
4

        

1
1n

1
n

1
n

1
1

1
1

1

n

n

 

 

(iii)  

1 1 1

2

12 17 1984
( 1)
1212 2001 17 1984

1 2
128.5 1992.5 12

1

n n n

r
r r r

u r
r r

n n
n

n n
n

 

 

 

  

1 1111

121212121
( 1111))))
121222122122211 2012122111

11 21 211 21 221

nnnnnnnn12122121
11111 rrr((((((((

nnnn 2

121222121
( 111(( 1)))))))rrrrrr(((((((((
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8 

(i) 

2a  
(ii) Let 2| |e xy .

Since 2 2x a x x ,   2exy
ln 2y x

ln 2x y
1f ( ) ln 2x x

1 ff
D R (1,  )

(iii) 

(iv) As 1f  exists, 2a .
-1 -1ff ( ) f f ( )x x x  (same rule)

For 1ff  and 1f f  to be equal, we also need -1 -1ff ff
D D  (same domain). 

1 ff
D D

f fR D
f ( ),  ,  a a

f ( )a a  
Using GC, 3.15a  (3 s.f.). 
(v) If 2g  exists, g gR D . 

2
gg(0) e R

As 2e  is not an integer, 2
ge D .    

Hence g gR D , and so 2g  does not exist. 

y 

x 
O 

y 

xO 

s 1fff exexexexexexeexeeexxxxxexxee isisisisisisisisisisisisisisiii tttststtttts,,,,,,,,,,,,,, aaaaaaaaaa
f ( )))))))) xf ( )))))))))f ( ) (

1f

O
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9 
 

(a)(i) Let M be the centre of the square base, then 

Height of square prism = 2 sina  ;    Length of square = 2 cosa  
2 3 2base area height 2 cos 2 sin 4 cos sin    (shown)V a a a  

Alternative: Base area 214 cos
2

a , using triangle AMD 

(ii) 3 3 2d 4 (2cos sin )sin 4 cos cos
d
V a a  

3 2 3 3 3 2 2 3 28 cos sin 4 cos 4 cos 2sin cos 4 cos 1 3sina a a a  

At max V,  d 0
d
V

2

1

3

2

4 cos 1 3sin 0

cos 0 rejected since 0
2 2

OR

1 11 3sin 0 sin or sin
3 3

rejected since 0
2

1 1Hence, sin an n
3

sid
3

a

Height of square prism 1 22 sin 2
3 3

a a a

Length of square base 1 22 cos 2 1
3 3

a a a  

(iii) It is a cube.
(b) Let y  m be the vertical distance between the top of the pole and the ground.

Let x  m be the horizontal distance between the foot of the pole and the base of the wall.
2 2 22.6x y  (Pythagoras’ Theorem) and given d 0.3

d
y
t

.

When 1.0x , 2.4y .

By implicit differentiation, d d2 2 0
d d
x yx y
t t

d d2(1.0) 2(2.4)( 0.3) 0 0.72
d d
x x
t t

The foot of the pole is moving at a speed of 0.72 m/s. 

A B 

C D 

M 

M 

O 

A M

a 

rism mmmmmmmmmmm ========== 222222222222222222 sissiisisiiisiiisissisisisiiis nnnnnnnnnnnnnnnnnnnaaaaaaaaa ; ;;; ;;;;;;;;   LeLeLengnn t

Baseseseseseeeee aaaaaareeea a a 4

A

D

M
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10 
(i) Method 1

Let the path of bullet (equation of line) be l.
0 0

: 2 1 ,    
1.5 0

l r ;     1

0
: 4 1

3
p r  

A is the point of intersection between l and p1. 

A lies on l so 
0 0 0
2 1 2 ,     for some 

1.5 0 1.5
OA  

A also lies on ,  so 
0
4 1
3

OA    
0 0

2 4 1
1.5 3

11.58 4 4.5 1   2.875.
4

 

Therefore 
0 0

2 2.875 0.875
1.5 1.5

OA

So the coordinates of A is 0,0.875,1.5 [shown] 
Method 2 
Since the bullet travels in the direction parallel to j only, the x and z-coordinates remain the same. Let 

0

1.5
OA y , where y is a value to be found. 

A also lies on ,  so 
0
4 1
3

OA  
0 0

4 1
1.5 3
y  

Solving gives us 
3.5 0.875
4

y

Hence, the coordinates of A is 0,0.875,1.5 [shown] 
(ii) Since paper screen is perpendicular to the metal sheet and we know:

1

0
: 4 1

3
p r  and 2 : 3 15

p
p

q
r  

Then 
0
4 3 0 0 12 3 0 4
3

p
q q

q
[shown] 

(iii) Since B 0.9,0.8,3.15 is on p2.

2 : 3 15
p

p
q

r     
0.9

15 150.8 3 15 0.9 2.4 12.6 15 0
0.9

3.15 4

p
p p [shown] 

(iv) Since paper screen is perpendicular to the metal sheet and we know:Let equation of top surface be p3.

creeeeneeeeeeeeeeeeee iiiiiiiiissssssss ssss pepepepepepeepeppepeppepepp rprprprprprprprprprrprprprprprppenennnnenenenennenennnenenendidididididididididididiiiididdicucccccccccccccccc lalalalalalaaalalaalaaalaaaalaaal rr rr r rrrrrrrrrrrrr to

: 1111111
000
444444444444444444444444444
3333333333333333

anaaaaaaannnnnnnnnd ddd d d d d dd d ddd ddd ddd p

1 51.1..1.1...1..1.1.1.1.1 51 5

0...878787878787878787878787878777775555555555555555
4

ateeeeeeeessssssssssss ofofofofofoooooooooo  AAA issssssssssssss 
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So 1z  is actually 3

0
: 0 1

1
p r . 

The acute angle between p1 and p3 is given as  

So 

0 0
0 4
1 3 3cos

51 25

Therefore 1 o3cos 53.1
5

(v) .
Line CD is the line of intersection between

1

0
: 4 1

3
p r   and 2

0
: 3 15

4
p r

1 : 4 3 1p y z  and 2 :3 4 15p y z  

Solving SLE via GC gives:   x x , 41
25

y , and 63
25

z

So an equation of the line of intersection is  
0 1

: 41 / 25 0 ,
63 / 25 0

CDl r  

11 

(a) 
1

1 11 1 sec 3 1sec 3 tan3  d sec 3  (3sec3 tan3 ) d sec 3
3 3 1 3( 1)

n
n n nxx x x x x x x C x C

n n

(b)    
1

1 1 1 1
20

0

1 1 2 1 1 1 1 d tan tan 3 tan
3 62 3 3 2 3 3 2 3 12 32 1 3

xx
x

(c) 
1 1 12 2 2 2 2 21 1 12 2 2 2 2 2

0 0 0
0 0 0

e 1 e e 1 1 e e 1e  d e  d e  d e e
2 2 2 2 2 2 4 4

x x x x
x xx xx x x x x  

(d) 
2

2

2 2

2 2

2

2 2

2
1

4 d d 2cos
d

4 4sin 4cos 2cos  du =  2cos  du
4sin 4sin

2cos=  2cos  du
4sin

= cot  du cosec 1 du

4cot sin
2

x xx u
x u

u uu u
u u

u u
u

u u

x xu u C C
x

11111111
1

0000000
0

111111111 12 222222222 222222222222x

2222 0000000000000
eeeee dddddddx xx xxxxxxx xxeeeeee dddddddddxxxxxxxxxx222222221111111 222222222 1dxxxxxxx222222222x eeeeeeeeeee eeee dxxxxxx2222eeeex xxxxxxx xxx xxxx xxxx xxx xxxx xxxx xxxxeeeeeeeeeeee dddddddddddddddeeeeeeeee

2

(3sseeeeceeeeee 33333 t3333 a(3sssssssssseeeeeceeeeeeeeee 33333 t33333333333333 a

1

00000000000

11111111
1

1222 122222 11111111122 122222 1222 12 12 1111111111tatattaaat nnnnnnnnnnnnnn 11111111111 2 1222 111111112 112222 1222 1111111111222xxxxxxxxx

0000000000 20000000002 3333 33333333333333333333333333333333333
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2021 HCI H2 Maths Promo Paper        Duration: 3 hrs     Marks: 100 
Attempt all questions. 
[You may skip Q5, 7(iv) & 9(v) for now, as they are on Integration.  Remaining total marks 
is 85, Duratin is 2 hr 33 mins.] 
1 The diagram below shows the curve fy x .  The curve has a stationary point of 

inflexion at 2,5  and a maximum point at 7, 4 .  The curve also has vertical asymptotes 

0x , 5x  and a horizontal asymptote 4
3

y . 

Sketch the curve f ' ,y x  labelling clearly the coordinates of any axial intercepts, 
turning points and equations of asymptotes where applicable. [3] 

2 A local family consisting of adults, children and senior citizens, is planning for a trip to 
the Jewel Bird Park.  The ticket prices are listed as shown below.  If all members in the 
family purchase the Local Resident Discounted tickets, they will need to pay a total price 
of $301.20.  If all members in the family purchase the Wildlife Quest Bundle, they will 
need to pay a total price of $478.50.  Given that the number of adults is four times the 
number of senior citizens, find the number of adults, children and senior citizens in the 
family. [3] 

Local Resident Discounted Tickets  
Adult         $27.00 

Senior Citizen             $15.00 
Ages 60 and above 
---------------------------------------------- 
Child        $18.40 
Ages 3 to 12 

Wildlife Quest Bundle  
Adult  Admission +      $39.00 
Wildlife Quest 

------------------------------------------- 
Child  Admission +            $29.50 
Wildlife Quest 
Ages 3 to 12 

x 

y 

0 

b lli
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3  A curve C has equation 2 2e ey xkx k y k , where k is a positive constant.  

(i) Express d
d
y
x

 in terms of ,x y  and k . [3]  

(ii) Explain why there is no point on C where the tangent is parallel to the x-axis. [2] 
 
 

4    With respect to origin O, the distinct points P, Q, R and S have position vectors p , q , r  
and s  respectively.  It is known that q  is a unit vector. 
(i) Given that r p p q 0 , state, with justification, the relationship between the 

points P, Q and R. [2] 
(ii) Give a geometrical interpretation of q r s . [1] 

(iii) Given that 
1

2
4

p  and that q is parallel to and in the opposite direction of p , find 

q . [2] 
 
 
5 A curve has equation 

2

exy x . 
(i) The region R is bounded by the curve, the lines ey ,  ey  and the y-axis.  Find 

the exact area of R. [4] 
(ii) Find the volume generated when R is rotated about the x-axis through 360 , giving 

your answer correct to 3 decimal places. [3] 
 
 
6 The sum of the first n terms of a series is given by the expression 2 2e 2 en n . 

(i) State the first term of the series in terms of e. [1] 
(ii) By finding the nth term of the series, show that this is a geometric series. [3] 
(iii) Explain why the sum to infinity, S, of the series exists, and determine the exact value 

of S. [3] 
 
 
7 A curve C has parametric equations 2 1x  , 2sin 1y   where . 

(i) Find the exact values of  at which C crosses the x-axis. [1] 
(ii) Sketch C, labelling the coordinates of the points at which C crosses the x-axis.

 [2] 
(iii) Find the equation of the tangent to C at the point P with parameter p, where

p . [3] 
(iv) Q is a point on C such that the tangent at Q is parallel to the y-axis. Find the area 

bounded by C, the tangent at Q and the x-axis. [3] 
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[Turn over 

8 A function f is said to be self-inverse if 1f  fx x for all x in the domain of f. 

It is given that g is a self-inverse function and is defined by g :
3
x ax
x b

, for 

, 
3
bx x  , where a and b are constants and g 1 5. 

(i) Find the value of b and show that 9a . [3] 
(ii) Find 2021g (1).                                                                                                             [1] 

   The function h is defined by h : 1 ( 5),  for , 2.x x x x x  
(iii) Given that 1h  exists, find 1h  in similar form. [4] 
(iv) Show that gh exists and find the exact range of gh. [3] 

 
 

9 The curve C  has equation 2

1 2
.

2 8
x x

y
x x

 

(i) Find the value of x when 1y . [1] 
 

(ii) Sketch C, showing clearly the equations of any asymptotes and coordinates of any 
turning points and axial intercepts.  [3] 
 

(iii) Solve the inequality [1] 
2

2

3 2 1.
2 8

x x
x x

 

(iv) Using the result in part (iii), solve the inequality [2] 
 

2

2

1 3 2 1.
1 2 8

x x
x x

 

(v) Find the area bounded by the curve C and the x-axis, leaving your answer in the form 

ln ba
c

, where a, b and c are integers.      [5] 

 
2 34It is given that a sphere of radius  has surface area 4  and volume .

3
R R R  
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10 A perfume maker designs a prototype of a perfume bottle of fixed volume 3cmV  for a 
new fragrance as shown in the diagram below.  

 

The prototype comprises 2 different segments where the vertical axis of the prototype,OY , 

is 1 cm
2

h r .  The bottom segment is a glass cylinder of radius r cm and height h cm.  

The top segment is a chrome-plated plastic hemisphere of radius 1
2

r cm. It is assumed that 

the prototype is of negligible thickness and there is no gap between the 2 segments. 
(i) Find h in terms of V, r and . [2] 
(ii) Given that the cost of manufacturing the glass cylinder is $8 per 2cm  and the 

chrome-plated plastic is $3 per 2cm , show that the total cost of manufacturing the 

prototype is 285 16$
6

Vr
r

. Hence, using differentiation, find the exact value of 

h
r

 such that the cost of manufacturing the prototype is minimum. [7] 

It is now given that the diameter of the chrome-plated hemisphere is 3 cm and the height 
of the glass cylinder is 5 cm. 
 
(iii) A crack at the bottom of the prototype causes the perfume to leak out of the prototype 

at a constant rate of 31.5 cm / s .  Given that perfume is initially filled to the brim of 
the top segment of the prototype, find the exact rate of decrease of the height of the 
perfume in the prototype 5 seconds after the prototype has cracked.   [3] 

 
 
11 The points A, B and C have coordinates 1, 12, 4 , 5, 0, 7  and 6,1, 4  respectively. 

The line 1l  has equations 1 2 , 4
2 3

x y z  and the line 2l  passes through A and B. 

(i) Find the coordinates of the foot of perpendicular from C to 1l . [4] 
(ii) Find the acute angle between 1l  and 2l . [3] 
(iii) The point D is on 2l  such that the distance from D to A is twice the distance from D 

to B.  Find the possible point(s) D. [4] 
(iv) The line 3l  passes through point A  and is perpendicular to both 1l  and 2l . Find the 

equation of 3l . [2] 

  

  

    

O  

 Y 

www.KiasuExamPaper.com 
132



 
 

5 
      

   
   

   
   

D
O

 N
O

T 
W

R
IT

E 
IN

 T
H

IS
 M

A
RG

IN
   

   
   

   
   

D
O

 N
O

T 
W

R
IT

E 
IN

 T
H

IS
 M

A
RG

IN
   

   
   

   
   

D
O

 N
O

T 
W

R
IT

E 
IN

 T
H

IS
 M

A
RG

IN
   

   
   

   
   

D
O

 N
O

T 
W

R
IT

E 
IN

 T
H

IS
 M

A
RG

IN
   

   
   

   
   

D
O

 N
O

T 
W

R
IT

E 
IN

 T
H

IS
 M

A
RG

IN
   

   
   

   
   

D
O

 N
O

T 
W

R
IT

E 
IN

 T
H

IS
 M

A
RG

IN

[Turn over 

12  A couple takes up a housing loan of $L and the interest is charged before each monthly 
repayments at a fixed rate of p% per annum.  Their monthly repayment commences on 1 
September 2021.  Monthly repayments of $x are due and payable on the first day of 
subsequent months until their housing loan is fully repaid.  
(i) State an expression in terms of L and p for the interest charged before their first 

repayment on 1 September 2021. [1] 
(ii) Show that the outstanding loan at the start of the nth month after their monthly 

repayment is given by 

                               
12001 1 1

1200 1200

n np x pL
p

. 

 [3] 
The couple is taking a housing loan of $504,000 at a fixed interest rate of 2.6% per annum. 
(iii) Calculate the monthly repayment if the couple plans to repay the loan in 30 years.

 [2] 
(iv) Given that the couple decides to pay monthly repayments of $4000, find the date at 

which the couple will be able to fully repay their housing loan and the amount that 
the couple pays for their final monthly repayment. [3] 

The couple decides to start adopting a savings plan on 1 September 2021. The couple 
decides to deposit $k on 1 September 2021 to the savings plan and for each subsequent 
month, they will deposit $a more than the previous month.  Each month, the savings plan 
gives a fixed interest of 0.1% for the amount deposited for that month.  The total amount 
that the couple will have in the savings plan after n months is given by 

1
450.45 50.05

n

r
r . 

(v) Find the values of k and a. [2] 
(vi) Assuming that the couple intends to pay monthly repayments of $4000 for their 

housing loan, find the least number of months that is needed so that the couple can 
use the amount in their savings plan to make a one-time repayment to fully repay 
their outstanding housing loan. [2] 
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2021 HCI H2 Maths Promo Paper  Solution 
No. Suggested Solutions 
1 

2 Let A, C and S be the number of adults, children and senior citizens in the local family. 

27 18.4 15 301.2A C S ------------- (1) 
39 29.5 39 478.50A C S ----------- (2) 

4 0A S  ------------------------------- (3) 

By GC, 
8
3
2

A
C
S

 

8,A  3C , 2S  
The family consists of 8 adults, 3 children and 2 senior citizens.  

3(i) 2 2e ey xkx k y k  

Differentiating with respect to x , 

O 

----------------------- ---
8.500000 ----------- -------------------- ----------------------

---------------------------------------------- ------------------------------------- ----------------------- (3((((((((( )

2

333333333CCCCC ,,,,,,,,,,,,, SSSSSSSSSSSSSSS
cons
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No. Suggested Solutions 
d de e e 2
d d

d 2 e e e
d
d e e
d 2 e

y y x

y x y

x y

y

y yk kx k y
x x

y y kx k k
x
y k k
x y kx

   

3 
(ii) 

 

For tangent to the curve to be parallel to the x-axis, 
d 0
d
y
x

 

e e 0x yk k  
 
For all , , e 0 ,e 0x yx y   
Hence,  e e 0x yk k  

d 0
d
y
x

 for all ,x y   

Therefore, there is no point where the tangent is parallel to the x-axis. 
4(i) 0r p p q

0

/ /

PR QP

PR QP
  

Common point P,  ,  and P Q R  are collinear 

Alternative method 
,

,

r p p q

r p p q
 

R  is a point on line passing through P  and Q   
4(ii) Since 1q   

q r s SR q  

q r s  is the length of projection of SR  onto q   

4(iii) 1
2
4

p  

2 2 2

1 1
1 12 2

211 2 4 4 4
q  

ce 11111111111111qqqqqqqqq  

SSSSSSSRRRRRRRRRRRRRRRR qqqqqqqqqqqqSSSSRRRRRR

ddddddddQ RRRRRRRRRRRRRRRRRRannnnnnnnd d dddddddd d dddd ddd arararararrarararararararrare c

od
,,,

,,,,,,,,,

,,,,,

,,,

,,,

,,,
s a a a a popopoooinnininnnnninnnnnt tt tttttttttt on llllllininininnniinnininnnnininne eeeeeee pppapapaaapaaappaaasssssssssssssssssssssssss iniiii
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No. Suggested Solutions 
5(i)  

 

 

 

 

 

 

 

 

Since 
2

f exx x  is an odd function, i.e. symmetrical about the origin, 1
1 2 2R R R

Area of R 
21

0
2 e e dxx x  

21

0
2 e e d1 2

2
xx x  

2 1

0
2e ex 22e e 1 e 1 units   

5 
(ii) 

 

 

 

 

 

 

 

 

Volume generated by R
2 212 3

0
2 xx x  

Method 2 

Volume generated by R
2 212 3

1

xx x  

y = 
2

exx   

y = 
2

exx   

R2 

R1  

x 

y 

y = e 

y = – e 

1 – 1 1
P 

 

 

R2 

R1 

x 

y 

y = e 

y = – e 

1 – 1 11111
P 

ee 11 unitee

y ==
2

eexxx

RRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRR222222222222 22

RRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRRR111111111111111111111111111 11111

yyyyyyyyy yyyyyyyy ======= eeeeeeeeeeeeee

PPPPPPPPPP

www.KiasuExamPaper.com 
137



Page | 4  
 

No. Suggested Solutions 
6(i) 2 2= e 2 en n

nS  
2 2 1 2

1 1 e 2 e e 2eT S  

6(ii) 1

12 2 2 2 1

1 2 1 2

1 2

1 2

     = e 2 e e 2 e

     = 2 e 2 e

     = 2 e e 2

     = 2 e e 2

n n n

n nn n

n nn n

n n

n n

T S S

 

Since 
1

1
1 2

2 e e 2 2
e2 e e 2

n n
n

n n
n

T
T

 is a constant, this is a Geometric Series with 

common ratio 2
e

. 

6(iii) 
Since 2 0.736 (3 s.f.) 1

e
r   

Sum to infinity exits. 

2

1
e 2 e

21
e

e 2 e
e 2

e
e

aS
r

  

7(i) When C crosses the x-axis , 0y   

2sin 1 0
1sin
2

y
 

5,
6 6

 since   

 

C crrrroosososososososo sesesesesssss s sss sssssss ththththhththththtthththtthtththe

11

2222e

22
eeeeeeeee
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7 
(ii) 

 

 

 

 

 

 

 

 

 

7 
(iii) 

d 2
d

x  , d 2cos
d

y    

d d d cos
d d d
y y
x x

 

d cosAt ,
d
y pP
x p

  

Equation of tangent at P : 2

2

cos2sin 1 1

1 coscos 2sin 1

py p x p
p

p px py p
p p

  

7 
(iv) 

 

Tangent parallel to the y-axis:  d cos
d
y
x

 is undefined at 0  , Q 1,1   

y 

x O 

1 Q(1,1) 

y 

x 
 

(7.85, 0)   

 , d 2c
d

yd

 
  

(1.27, 0)   

coxx ccosy
pp

QQQQQQQQQQQQQQQQQQQ(1(1(1(1(1(1(1(1(1(1(1(1(1(1(1111( ,11,1,111,1,1,1,1,1,1,1,1,111)))))))))))))))
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 Method 1: Using parametric equations 

Required Area  

=
2

361

1
dy x   

= 6

0
1 2sin 2 d  

= 0.087955042 

= 0.0880 units2 (3 s.f.) 

 Method 2: Using Cartesian equation 
2 1

1

x

x
 ,   

 
2sin 1

2sin 1 1

y

y x
 

 
Required Area  

=
2

361

1
dy x   

= 
2

361

1
2sin 1 1dx x  

= 0.087954559 
= 0.0880 units2 (3 s.f.) 
 

8(i) Method 1 
1g(1) 5 5 5 14
3

a a b
b

 

Since g is self-inverse, 5g(5) 1 1 10
15

a a b
b

 

Using GC, 9,  1.a b  
 Method 2 

Let 3
3 3 1
x a a byy xy by x a x
x b y

 

 
1g ( )

3 1
a bxx

x
 

Since g is self-inverse, 
3 1 3
a bx x a

x x b
 

1
1111) 5 55555511
33333333333333

aaaaaaaaaaa
bbbbbbbbbbbbbbbbbb

5 55555555

is ssssssselelelelelellee fffffffffffffff-invnvvnvnvnvnvnvnvnvnvnvvnvnvnveersfffff

a

1dxxxxxxxxxxxxx1dd

(3 sssss.f. .)))
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1b
g(1) 5  
1 5 1 15 5 5 14
3

a a b a b
b

 

14 5 9a  
 Method 3 

1 1
3 33 1 3g

3 3 3 3 3
x b b ax a b ax

x b x b x b
  

Since 1
3

y  is the horizontal asymptote, by symmetry 1
3

x is the vertical asymptote. 

1b  
g(1) 5  
1 5 1 15 5 5 14
3

a a b a b
b

 

14 5 9a  
 

8 
(ii) 

Since 1g( )  g ( ),x x  
          2g ( )x x  
          3 2g ( ) g g ( ) g( )x x x  

          2021 2020g (1) g g (1) g(1) 5  
8 

(iii) 
h : 1 ( 5),  for , 2.x x x x x  

 
Since 2x  , 1 1x x .  h 1 ( 5)x x x  

2Let    4 5y x x  
2 4 5 0x x y  

4 16 4 5
2

4 36 4
  

2
  2 9

y
x

y

y

  

Since 2x  , 2 9x y   
1h : 9 2,   , 7.x x x x  

 

(2,7) 

y = h(x) 

x 

y =y 

gg

, 2,,,,

ceeeeeeee 222222222222xxxx ,,,, 1111 1xxxxxx xx
2 4444444444444444 5552222222222 4444444444444444222 4444444444444

5 0yy5

(2(2(2(2(2,777))))))

h(xxxxxxxxx(( )))))))))))))))))

xxx

= 
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8 
(iv) 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

hR 7,  and g
1D ,
3

 

Since h gR D , gh  exits 

h g
h h gh

1 4D 2, R 7, R ,
3 5

 

gh
1 4R ,
3 5

 

9(i) Method 1: (solve algebraically) 
When 1y , 

2 2
2

(1 )( 2)
2 81

2 8 3 2
10

x x
x x

x x x x
x

 

Method 2: (solve graphically using GC) 
Using GC, 10x  

 

 

 

 0 

 

1

1
3

x  

ebraiccccccccccccalalalalallalalalllalalalalaaalalaalaaaaa lylylylllllllllllllll )

22 22
22

(1(1(1 )()()( 2)2)2)
2 8211111111111111111111111111

888888888 32

1100

)()(
xx2 22

xxxxxxxx 22 888888888
xxxx

)()(
22111111111111111111111111111111111111

2222 2 8 32xxxxxxxxxxxxxxxxx 2 888888888888888888888888 3
xxxxxxxxxxxxxxxxxx

d 222::::::::::::: (ssssssssssssoloololololoolololollololoooo veveveveveveveevvevevveveeeeeee ggggggggggggggggggrararaararaaaraararararararrrrrrrrarraaraphphphphphphphphphphpphphppphppphphppppphphhhp iciciciiciciciiicicciciiciccci alalallylyly u
g GCGGCGCGCGCCCCGCC, 10101010010101000101100xxxxxxxxxxxxxxxxxxxxxx
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9(ii)  
 

 
 
 
 
 
 
 
 
 
 
 

 
9 

(iii) 
Method 1: [using graph in part (ii)] 

2

2
3 2
2 8 1 Curve 1x x

x x C  

 
 

 
 
 
 
 
 
 
 
 
 
 

 from graph in (ii), 2 4x   or 10x
 
Method 2: (solve inequality directly) 

2

2
3 2
2 8 1x x

x x  

10
( 2)( 4)1 1x
x x  

10
( 2)( 4) 0
( 10)( 2)( 4) 0, 2, 4

x
x x
x x x x

 

 2 4x   or 10x  
 

9 
(iv) Replace x with 1

x  in (iii): 
2

2

1 1
1 1
( ) 3( ) 2

( ) 2( ) 8 1x x
x x

 

    
2

2
2

2

1 3 2

1 2 8 1
x x
x
x x
x

 

y 

 

i t (i
 

  

  
 x 
 

C 

 
O

Use simplified form after 
long division from part (ii) 

10 4 –2  

+ + – – 

y 

  

 

x 

C 

 
O

2
2

2

(1 )( 2)
2 8
3 2
2 8

10
( 2)( 4)1

x x
x x
x x
x x

x
x x

y 2 2

2

1
2 8 3 2

2 8
10

x x x x
x x

x

graphphppphphhphphhhhphhphhphphphhphph iiiiin (i(i(i(i(i(i(i(i(((i(ii(ii(((( i)i)i)i)i))i)i)i)i))i)i))i))i)i)ii))))), 2 42222 4442222222222 x22222222222222222222

thodooooooo 2222222: (s(s(ssololololollloollolloollllolvevevevevevveeeeeeeeeeee iiiiiiiiiiiiiiinenneneneeneenenenequququalalallit
3 22222222222222

8888 111111111111111111333

100000
4)4)

1010
4)4)

C
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2

2
1 3 2

1 2 8 1x x
x x  

Hence using result in (iii): 
12 4x   or 1 10x  

Method 1: (using graph of 1
xy )  

 
 
 
 
 
 
 
 
 
 
 
From graph, 

1
2x   or  1

4x    1
100 x  

 
Note that 0x  is also a solution to 2

2
1 3 2

1 2 8 1x x
x x  

 
Hence the final solution is 1

2x   or  1
4x  or  1

100 x   

 
Method 2: (solving algebraically) 
For 12 4x : 

12 x            and 1 4x  
1 2 0x    1 4 0x  
1 2 0

(1 2 ) 0

x
x

x x
   

1 4 0
(1 4 ) 0

x
x

x x
 

 
 
 

1
2x  or 0x  …(1)   and 0x  or 1

4x    …(2) 
Combining (1) and (2), ie. taking intersection: 
 
 
 
 
 
Hence 1

2x  or 1
4x    (*) 

For 1 10x : 

0   

+ – + 

0   

+– –

0      

(1) (1)
(2) (2)
Intersection of (1) and (2) 

p
y 

x O 

10 

4 

–2  
 

 

2

gebraaaicicicaaallyyy)))

       and 11 44xx
 11 4xx 4

2 ) 0002 )2
 

1

x

0000000000000

–––––––––– ++++++++++++++++++
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1 10 0x  
1 10 0

(1 10 ) 0

x
x

x x
 

 
 
 

1
100 x    (**) 

 
Hence combining (*) or (**), ie. taking union: 
 
 
 

 1
2x   or  1

100 x   or 1
4x  

 
Note that 0x  is also a solution to 2

2
1 3 2

1 2 8 1x x
x x  

 
Hence the final solution is 1

2x   or  1
4x  or  1

100 x   
9 

(v) 
From graph in (iii): 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Method 1: (using partial fractions) 
Area  

2

1

2
2

3 2
2 8 dx x

x x x  

 

2

1
2

1

2
10
2 8

10
( 2)( 4)

1 d

1 d

x
x x

x
x x

x

x
 

Let 10
2 4( 2)( 4)

x A B
x xx x  

10 ( 4) ( 2)x A x B x  
When 4x , 1B  

0  

+ – – 

0      0  

y 

  

 

x 

C 

 
O   

Required 
area 

Use simplified form after 
long division from part (ii) 

si

O
Reqeqeeqqeeqqeqeqeeqqquiruuuuuuuuuuuuuuu ed R i d

aaaaaaararareararaaraaaaaaaaa aaaaaaaaaaaaaaaaaaaa
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When 2x , 2A      

 Area
2

1

2 1
2 41 dx x x  

 
2

1
2

1

2 1
2 41 d

2ln 2 ln 4
x x x

x x x
 

 2 2 ln 4 ln 2 1 2ln 3 ln 3 
 1 3ln 2 ln 3  
 1 ln8 ln 3  
            23

81 ln unit    where 1a , 3b , 8c  
 
Method 2: (using f '( )

f ( ) dx
x x  and MF26) 

Area  
2

1

2
2

3 2
2 8 dx x

x x x  

 
2

1 2
10
2 81 dx

x x x  

 

2

1
2 2 2

1 1 1
222 2

1 1 1

2

2 2

1
2(2 2) 9

2 8
2 2 11

2 2 8 ( 1) 9
1 31 1

2 1 32(3)

1 d

1d d 9 d

ln 2 8 9 ln

x
x x

x
x x x

x
x

x

x x x

x x x

 

 

31 1
2 2 2
3 3
2 2

1 ln8 ln 9 ln ln1

1 ln 2 ln 3 ln 2

1 ln 3 ln8

 

 23
81 ln unit where 1a , 3b , 8c     

 
10 
(i) 

3
2 1 4

2 3 2
rV r h   

3
2 2

3 8
rV r h  

2 12
V rh
r

 

10 
(ii) 

Let C  be the total cost of manufacturing the prototype. 
 

8 Cylinder's: Base area + Curved Surface  Top

                     3 Curved Surface of hemisphere

C
 

Can also use partial fractions: 
 

From MF26 

Use simplified form after 
long division from part (ii) 

2 11111111111
222222

hhhhhh2
3334444444444444 rrrrrrrrrrrrrrhhhhhhhh2 4444 rrrrrrrrrrrrrrr

33333 2222222222223333333 2222222
r hhhr hhhhhhhh2  

2 22222222222222
3333333333

h
33rrhh rr

8

2
3
222222222222222222222

2

lllnnn 233
222

ln 88888888

113
2 22

1
2llnn 1
2

3

222
8888888888888888888 uuunnnnniit3
8 whererere ee 1aa
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2

2

2 2

2 2

2

2

2 2

2
2

2

18 2 3 4
2 2

8 2 3 2
4

7 38 2
4 2

19 2 38
12 2

16 85 (shown)

2

2
4

1

6

2

rC rh

rC r

r

rr r

rr

r r

r V r
r

h

V r
r

V r
r

 

 
2

3
2

d 85 16
d 3
d 1 85 16
d 3

C Vr
r r
C r V
r r

 

 

For stationary value, d 0
d
C
r

 

3 48
85

Vr  

3
48
85

Vr  

 
 Using 2nd Derivative Test: 

 
2

2 3

d 85 32 85 32 85 048d 3 3
85

C V V
Vr r

 

Thus, C is a minimum when 3
48
85

Vr . 

 
2 12

V rh
r

 

rivavaavavavavavavaavaavavvav titititttitttitittitiivevevevev TTTTTTTTTTTTTTTeeeseeeeeeeee tttttt:

3

33222 88888 3
3333 3333333333333333333333333

VVVVVV85555555 33333333333333322222222222222 8888888888885555555555555555 3
333333 33

s a aa mimmmimimimimimimiimimiimiiiiminininininininininininininnn m
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3

1
12

1
48 12
85

85 1 27
48 12 16

h V
r r
h V

Vr

h
r

 

 

2
3

2

d

0

85
3

85 16
d 3

d

6d 11
d
d

r V

C Vr
r r
C
r r
C
r

 

 
Using 1st Derivative Test: 
 

r  3
48
85

V  3
48
85

V  3
48
85

V  

d
d
C
r

 – 0 + 

Shape \ – / 
 

10 
(iii) 

After 5 seconds, amount of perfume leaked is  
31.5 5 7.5 cm   

Total volume of hemisphere is 
3

32 3 9 7.06858 cm
3 2 4

 < 7.5 

 
After 5 seconds, perfume is in the bottom segment, i.e. cylinder.  

2 9V r h h  
d 9
d
V
h

 

d d d 1 11.5 cm / s
d d d 9 6
h h V
t V t

   

Height of perfume decreases at 1 cm / s
6

. 

11(i) 
 
 
 
 

C(6,1,4) 

F 
  

  

(1,2,4) 

of ppperererfufufumememe le

emiimiiimimimmisppppppppppppppsppspppppppphehehehehehehehehehehehehehehehehehehehehehehehhehhehehhehhehhhehehehhheeehheheheheheheeheheheheheeeheeheheeeeheeeheeeererrererrerrerrerererererererererererrererrrrrrrrrrrrrrrrrrrrrrr iiiiiiiiiiiisss

377777777777777777.0000000000000000666666666666666668888888888888888855555555555555555555558888888888888888888 ccccccccccccmmm
4444444

<< 77 5

r 5 sesssss cooonddnddddddddndddndnddndnddddss,ssssssssssss pppppppppppppppppppererererrereerererrfuffffff memememe is
22222hhhhhhhhhhhhh hhhhhhhhhhhhhhhhhhhhhhhh22222222 999999999999999rrrrr hhhhhhhhh222 9999999rrrrr hhhhh

hapapee
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Let the foot of perpendicular be F.  
Since F lies on 1l , 

1 2
2 3
4 0

OF  for some   

1 2 6 5 2
2 3 1 1 3
4 0 4 0

CF  

Since 1CF l , 
5 2 2

1 3 3 0
0 0

10 4 3 9 0
1

 

1 2 3
2 1 3 1
4 0 4

OF  

(3, 1, 4)F   
 

11 
(ii) 

5 1 6 2
0 12 12 3 4
7 4 3 1

AB  

 

2

5 2
: 0 4   

7 1
l r  

1 1

2 2
4 3
1 0 8cos cos 61.0
21 13 21 13

 (1 d.p) 

11 
(iii) 

 
 
 2 
A B D B

1 
A D 

1 
B D

1 

22
3 44333 44433 44

3 13 113 11

  
22222222222222222222
4444444   444444444444444444444444444444444444

7 177777777 177 1111111111111

222222222222222 2222222222222
4444444444 333444444 3334444 333
1 0111 0
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2         or         
3 2

1 5
12 2 0
4 7

   or      2
3

3 5
4                  or      2 0

6 7

OA OB OA ODOD OB

OD OD OB OA

OD OD
1 11

12 12
4 10

 
(3, 4,6)D  or (11,12,10)D  

 
Since D lies on 2l  and 2

5 2
: 0 4   

7 1
l r , 

5 2
4  

7
OD for some 

2
3 4

1
AD  and 

2
4
1

BD  

 
2 3 2 1

2 3 2 3

AD DB

AD BD
  

(3, 4,6)D  or (11,12,10)D  
 

Since D lies on 2l  and 2

5 2
: 0 4   

7 1
l r , 

5 2
4  

7
OD for some   

ce DDDDDDDDD lililililililiiilililililiiieseseseseeseseeseesssss ooooooon nnn nnnnnnnnnnnn n 2222222222lllllllllll22222 aaaaaaaaaaandndndndndndndnnndndndndndndndnnd l

2

44444444444
1111111111111111111

22222222222222222222222222222222222222 1

3333 222222222

3 22222222222222222222222222222222222222222222222222222222222222222

333333333333 2222222222222222
4,6)))))))))))))) oooooooooooooooorrr rrrrrrrrrr (((((((((((((((1111111111111111111,,,,,,,,,1111111111111111122222222222222222222,1111111111111100000000000000)))))))))))))))))))DDDDDDDDDDDDDDDDDDD
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6 2
12 4

3

2
4

AD OD OA

BD OD OB

  

2 2

2 2 2 2 2 2

2

4

6 2 12 4 3 4 4 16

AD BD

AD BD   

From GC, 
1 or 3  

(3, 4,6)D  or (11,12,10)D  
11 
(iv) 

Direction vector of 3l   

=
2 2
3 4

0 1
 

3
2

14
 

 

3

1 3
: 12 2   

4 14
l r  

 
12 
(i) 

Interest rate for 12 months = p% 

Interest rate per month = 1
100 12

p  

Interest before 1 Sept
1200

pL  

12
(ii) 

Month Outstanding Loan 
0 L 

1 1
1200

p L x  

restttstst rrrrrrrrrrratatatatatatatatataaataaaattteeeeee eeeeeeeee fofoffofofofofofofooooor rrr rrrrrrrrrrrr r 12121212212112221111 mmmmmmmmmmmmmmmmmmooooonooooooo th

rattte eee e ee pepppper rr rrrr rr rrrrr mmmmmommmmmmmm

  
3
2222   222222222222222222222222222222222222222

4 11444444 1444444444444 1111111114444444444
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1 2

1 1 ... 1 1
1200 1200 1200 1200

n n

n
p p p pL L x x x x  

1 2

1 1 1 ... 1
1200 1200 1200

n n np p pL x  

1 1
12001

1200 1 1
1200

n

n
p

p L x
p

 

12001 1 1
1200 1200

n np x pL
p

 (Shown) 

2 2

1 1
1200 1200

1 1
1200 1200

p p L x x

p pL x x

 

3 

2

3 2

1 1 1
1200 1200 1200

1 1 1
1200 1200 1200

p p pL x x x

p p pL x x x

 

n 

1

2

1 1
1200 1200

... 1 1
1200 1200

n np pL x

p px x x

 

12 
(iii) 

In 30 years, n = 360,  
360 3602.6 1200 2.6504000 1 1 1 0

1200 2.6 1200
x  

360 3601200 2.6 2.61 1 504000 1
2.6 1200 1200

x  

1098534.707
544.4457028
2017.712145

x  

 
OR  

Outstanding loan, 1Y
360 3602.6 1200 2.6504000 1 1 1

1200 2.6 1200
x  

By GC, when 1 0Y , 2017.712146x  

s, nnnnnnnnnnn === 363636363636336363636363633 0,0,00,0,0,0,0,0,0,000,00  
3336033333

00
36002.22.22222222222.6 16 16 166 16 116666 120202022022022020202020202020022022202200000000000000036000000

1111 2.2222 6 1202022220202202 011 .6 00
12122221222 000000000000000000000 2

1
12121222122222200000000000000 2

360363633633363333603333333333332222222222222222 6222.2222 666666666222222 61 22.22222 66666661 .666661
120202020002020200020000

1
12020200200202022000200011120222222222222222 0111111111202022022222222222220012020202020202020200220200

11111111111111111

0

1p
122222200000000000000000000000121212122121212221221 000000000000000000000012222220000000000000000000

pppp

nnn20000000200xxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxx120000000012000000 ppppppppppppppppppppppp11111 ppppppppp12000000 111111111111
ppppp

1
1212111122000000000000000000012121111111 00000000000000000000012112121212121211111112121 00000000000000000000000000012121112112122200000000000000000000000000
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Check: When 2017.71x , 1 1.1684474 0Y  
 

Their monthly instalment is $2017.72. (nearest cent)
Or  
Their monthly instalment is $2020. (3 s.f.) 

12 
(iv) When 2.6 1200 4000 2.6504000 1 1 1 0

1200 2.6 1200

n n

,  

by GC table, 
 

 
 148n  12 years 4 months 
 
The couple will fully repay the loan on 1 December 2033. 
 
Final repayment = $1245.38 

12 
(v) 

1
450.45 50.05

n

r
r  

1

1

1

1.001 1

1.001 450 50

1.001 500 50 1

n

r
n

r
n

r

k n a

r

r

 

 
Hence, 500k  , 50a   

 Alternative solution 
when 1,
1.001 450.45 50.05

500
when 2,
1.001 1.001 450.45 50.05 450.45 50.45 2
2 1050

50

n
k

k
n

k k a
k a

a

 

Hence, 500k  , 50a  

e sosolu

111111111
01

n

rrrrr

a

01 50000000000000000 50550555555050505555555500000000000000000 5055050005505555555500000000000000000000000000000 50505050550505055055055555

5055505050050505005050005 000k , a
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12 
(vi) 1

2.6 1200 4000 2.6450.45 50.05 504000 1 1 1
1200 2.6 1200

n nn

r
r  

Let 1
1

2

450.45 50.05

2.6 1200 4000 2.6504000 1 1 1
1200 2.6 1200

n

r

n n

Y r

Y

 

Use GC directly: 

 

 
 Least number of months = 87 

 
Or use 

50.05 1 1200 40006013 6013450.45 504000 1
2 6000 2.6 6000

n nn n
n  

To be keyed into GC to solve 
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1 The parametric equations of a curve C are 

2e , 2 e , 2.t tx t y t t  

(i) Sketch C.  [2] 

(ii) Find the equation of the normal to the curve at the point P where  t = 0.  [4] 

2 A curve C has equation 
3

ay bx c
x

, where a, b and c are constants.  It is given that C 

passes through the point with coordinates (1, 3) and has a stationary point ( 5, 21). 

(i) Find the values of a, b and c.  [4] 
(ii) Hence find the equations of the asymptotes of C.  [2] 

3  It is given that 2 1 3tan
4

x y y  . Find d
d
y
x

 in terms of x and y.  [4] 

 Hence, find the exact value of d
d
y
x

 when y = 1 , given that x > 0.  [3] 

4 (i) Sketch the curve with equation ln( 1), 1y x x , stating the equation of asymptote
and intercepts with the axes.  On the same diagram, sketch the curve with equation

29 , 3 3,y x x stating the intercepts with the axes.                [4]

(ii) Use your answer in part (i), solve the inequality 2ln( 1) 9x x .  [2] 

(iii) Hence solve the inequality 2 4ln( 1) 9x x . [3]  

5 The function  f   is defined  by  21f : e 1 , 2
3

xx x . 

(i) Find f 1  and write down the its domain.  [3] 

(ii) Explain why the solution of f(x) = f 1(x) satisfies the equation 2e 3 1x x and find the
value of this solution.                                                                                       [3]

The function g  is defined by  2g : 1x x ,  x .

(iii) Show that gf exists . Hence find the composite  function gf , stating its domain and the
corresponding range.                                                                                                       [4]
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2 
 
6 (a)      Given that u v = 0 , what can be deduced about the vectors u and v? [2] 

(b)    Referred to an origin O, the position vectors of two points A and B are a and b 

respectively. A line l has vector equation given by r = 1
3

a 2b a , where .

  

 The point N is the foot of perpendicular from A to l.  It is given that  2, 1a b  
and a is perpendicular to b. 

              (i)     Find the position vector of N in terms of a and b.                                              [5] 

                         (ii)    Find the exact area of triangle OAN.                                                                             [3] 

 

7         (a)      The graph of  y = f(x) has asymptotes x = 1, y = 2  and a minimum point at (–1, –1) as 
shown in the diagram.  It cuts the x-axis at the origin and at (–2, 0).  

 

 

 

 

 

 

 

 

 Sketch the following graphs on separate diagrams, labeling clearly the asymptotes, 
turning points and intercepts on the axes where applicable.   

(i) y = f 2x + 1,                                                                                                 [3] 

(ii) y = 
)f(

1
x

.                                                                                                        [3] 

 

(b) The curve whose equation is y = 1
1x

undergoes, in succession, the following 

transformations: 

 A:   A reflection in the y  axis. 

 B:   A translation of 5 units in the negative x  direction. 

 Give the equation of the resulting curve.                      [3] 

 

 

y = 2 

x = 1 

0 
x 

(–1, –1) 
–2 

y 

[Turn over 
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3 
 
8 (a) 

 

A closed container is constructed using a sheet of metal with area 100  cm2. The container 
comprises 2 shapes, a cone and a cylinder. The slant height, l, of the cone is 10 cm. Given that 
the  cylinder has height h, and radius r, and the height of the cone is kh, where k is a positive 
constant. 

(i) show that 
r

rrh
2

10100 2

,                                                                        [1] 

(ii) use differentiation to show that the exact maximum volume of the container 

is given that 1 25001
3 27

V k  cm3, proving that it is a maximum.         [6]                    

           [Volume of Cone = hr 2

3
1 , Curved Surface Area of Cone = rl ] 

(b)   The height of an upright cone is twice the radius, r, of its circular base.  It is known 
that the volume of the cone is increasing at the rate of 15 cm 3 min 1  when the radius 
is 3 cm. Find the rate of increase of the base area of the cone at this instant.             [4] 
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4 
 
9 A plane 1   has equation x + y + z = 3. A line passes through the points P and Q with 

position vectors i + j + 2k  and 4i + 2j − k respectively. 

(i)         Find the exact length of projection of PQ  onto 1 .                                         [3] 
(ii)         Find the position vector of the point of intersection of line PQ and 1 .          [3] 

 

 A plane 2  is parallel to the y-z plane and contains the point (− 2, 1, 4).  

(iii)         Find the cartesian equation of 2 .                                                                  [2] 
(iv)          A point S(a , 7, b) lies on both 1and 2 .Write down the values of  a and b .        

                                                                                                                                   [2] 
(v) Hence or otherwise, find a vector equation of the line of intersection of 1  and  

2 .                                                                                                                   [2] 

 

 

  10  (a)          Find  
1sin

2

e d .
1

x

x
x

                             [2] 

       (b)          Express 
2

2

6 1f ( )
3 1 3

x xx
x x

 in the form  

23 1 3
A Bx C

x x
, 

                      where the values of A ,B and C to be determined.                                    [3] 

                      Hence find  f  dx x .                                                                        [2] 

        (c)          Find the exact value of 
2 2sin d

8
x x .                                                           [3] 

                                                               

 

 
- END OF PAPER - 
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 ur  Pi r u i r  

2 Ma a ic  1-2021 
E d- - ar E a  P1 u i  

u i  u i  
1(i) 

1(ii) d d1 2e , 2 e
dt dt

t tx y

d 2 e
d 1 2e

t

t
y
x

At P, d 1
d 3
y
x

Gradient of normal at P = 3 
At P, x = 2, y = 1 
The equation of normal is 
y  1 = 3(x – 2) 
y = 3x + 7 

2(i) 
(1, 3): 3 (1)

4
a b c  

( 5, 21): 5 21 (2)
2

a b c

2

d
d ( 3)
y a b
x x

  

At x = 5: d 0 0 (3)
d 4
y a b
x

 

Using GC: 
a = 8, b = 2, c = 7 

So the equation of C is 8 2 7
3

y x
x

 

(ii) The two equations of asymptotes are: 
x = 3  
y = 2x – 7  

( 1.73,3.39) 

x 

y 

O 

33333c 33333c

5 25 25 25 255 2555555555555 1
2222

a 2222215555555555555555555

d
d (ddddd (((ddddddddd
y aaayyd

d (ddddddddddddd

AtAAAA  xxxxxxxxxxxxx ==== xxxxx 5:555:5:555555:5::::: dddddddddddddd 0000
dddddd
yyyyyyyyyyyyyddddddddddd 0000

dd
00000000

UsUsUsUsUsUsUUUsUsUsssininininininnii g ggg g gg g ggg ggg GCGCGCGCGCGCGGGGCG :
aaaaaaaaa ========== 88888888888888,,,, ,, bbbbbbbbbbb ===== 2222

the
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2 
 

u i  u i  
3 2 1 3tan

4
x y y  

Differentiate wrt x, 
2

2

d 1 d2 0
d 1 d

y yx y x
x y x

 

2
2

d 1 2
d 1
y x xy
x y

 

2
2

d 2
d 1

1

y xy
x x

y

2

2 2 2

2 1
1

xy y
x x y

 

 when y = 1 
2 1 3(1) tan 1

4
x  

2 3
4 4

x  
2x  

x  
Since x > 0,  x  

2

2

2 1 1d
d 1 (1)
y
x

 = 4
1 2

(exact) 

 
4(i)  

 

 
 
 

(ii) The point of intersection is (2.70, 1.31) 
So the solution is 1< x < 2.70 

(iii) Replace x by x2: 1< x2 < 2.6997 
 
Method 1 
 
 
 
 
 
Using Graph, 1.64 < x < 1.64 

x

y

x=-1 

(2.70,1.31) 

O (3,0) ( 3,0) 

(0,3) 

y=2.6997 

1y   
1.64          1.64 

y

(((((((((((( 3,3,3,3,3,3,3,3,,,,0)0)0)0)0)0)0)00000000  

(((((0,0,0,0,0,3)33
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3 
 

Method 2 
Since x2  0, 1< x2 < 2.6997 can be simplified to 
                            x2 < 2.6997 
  (x – 1.64)(x + 1.64) < 0 

1.64 < x < 1.64 
 

u i  u i  
5(i) 

Let y = 21 e 1
3

x  

      

2e 1 3
2 ln(3 1)
ln(3 1) 2

x y
x y
x y

 

 
f 1(x) = ln(3x + 1) + 2, x > 0 

(ii) As the graph of f 1 intersects the graph of f in the line y = x, the solution of f(x) = 
f 1(x) is the same as the solution of f(x) = x.  Hence 

2

2

1 e 1
3
e 3 1

x

x

x

x
 

Use GC, the solution is x = 4.72 
 

(iii) Rf = (0,  and Dg = ( , ) 
So Rf  Dg, gf exists 

gf(x) = g( 21 e 1
3

x ) = 
221 e 1 1

9
x , x > 2 

 
Rgf = (1,   

  
RRRRRRRRRRgf =========== (((((((((((((((1,1,1,1,11,1111111111  f  

) ) =
9
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4 
 

u i  u i  
6(a)  

u v 0   u v or u  is a zero vector or  

v  is a zero vector  

(b)(i) 
Since N lies on l,  1

3
ON a 2b a  for some   

Since AN is perpendicular to l, 2 0AN b a     
 

2 2 2 0
3

a b b a         

2 22 4 0
3 3

a b a a b b 2 a b    

Since a and b are perpendicular, 0a b     
2 4 0
3

a a b b  

2 22 4 0
3

a b
 

2 (4) 4 (1) 0
3

 

1
3

   

1 1 2 2
3 3 3 3

ON a 2b a a b     

 
(ii) 

Area of triangle OAN = 1
2

OA ON  

                                          = 
1 2 2
2 3 3

a a b  

                                          =  1
3

a a b

                                          =  
1
3

a a a b  

                                          =  1
3

0 a b  

                                          = 1 sin 90
3

a b M  

                                          =  1 (2)(1)(1)
3

 

                                          = 2
3

 

 
  

triaaangngngggngleleleleleleleeleelelellleeeelelelleelelleeleeeeee OAOOOOAOOAOAOAOOAOAOAOAOAOAOAOAOAOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOAOOOOOO NNNNN ===== N 11111
2222

OAOAOAOAOA O

2
3 33333
2 a
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u i  u i  
7a(i) y = f 2x  + 1 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

(ii) y = 
)f(

1
x

  

 
   
 
 
 
 
 
 
 
 
 

 
(b)                       A                             B 

      1 1 1 1
1 1 ( 5) 1 4

=
( )

    y
x x

y
x

y
x

 

 
  

x =  

0 
x 

(– , 0) 

(0, 1) 

y 

y = 3 

y 

y = 1/ 2 

0 x –2 1  
(–1, –1) 

                    A AAA AAAAAAAAAAA                

 111111111111
1111111111111111

  yyyyyyyyyyyyyyy
xxxxxxxx

y
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6 
 

u i  u i  
8(a) 2

2

2 (10) 100
100 10

2

r rh r
r rh

r

  

 2
2 2 2

3 2

2

2

2

1 1 100 101
3 3 2

1 1 100 10
2 3

d 1 1 100 3 20 0
d 2 3

20 400 4(3)(100) 20 40 1010(NA),
2( 3) 6 3

d 1 1 6 20 0 since 0
d 3

 is max when 

r rV r kh r h k r
r

V k r r r

V k r r
r

r

V k r r
r

V r 10
3

1 100 100 2500 11 100 1  
3 9 3 27 3

V k k

  

8(b) Volume of Cone 2 2 31 1 2(2 )
3 3 3

V r h r r r 2d 2
d
V r
r

 

Base area 2A r d 2
d
A r
r

 

 
2

2

2 1

d d d d2
d d d d

d15 2 (3)
d

d 5
d 6
d d d d 52 2 (3) 5 cm min
d d d d 6

V V r rr
t r t t

r
t

r
t
A A r rr
t r t t

 

 
Alternatively, 

2 1
2

d d d 12 (15) 5cm min
d d d 2
A A r dV r
t r V dt r  

  

d
dddddr

222

ddddd
d ddddddd

ddd2 (2 (2 (2 (2 (2 (2 ((2 (2 (2 ((3)3)3)3))33333
dddddddddddddddd

d 55555
d 6ddd
d ddd ddd ddd dd ddd ddd
d dd dd dd dddd dddd dddd

rrrrrddddd
tttttd dddddddd

rrrrrrrr
tttttttttt

d dd dd ddd dd dddd ddddd ddddddddd ddd
ddddddddd ddddd

Alteeern
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7 
 

u i  u i  
9(i)  

PQ  =
4
2
1

−
1
1
2

 = 
3
1
3

 

The length of projection  

= 

3 1
1 1
3 1

3
4

1 6
3 2

56 14 22 42
3 3 3

 

 
9(ii)  Let M be the point of intersection. 

 
 

1 3
1 1
2 3

OM  for some  

1
1 3
1

OM
1 3 1
1 1 3
2 3 1

                            

 + 4  = 3       = 1 

  

1 3 2
1 ( 1) 1 0
2 3 5

OM  

(iii) 

Use normal vector 
1
0
0

 

1 2 1
0 1 0 2
0 4 0

r  

 
2x  

  

3 3
1 33333 1
11111 1111 11111111111111 11
22222222222 3 1111122 32 32222222 32 32 3222222222222222 1111122 32222222 3222 33322222 11111

4  =========== 3 33 33333333    = 11111

 OMOMOMMOMOMOMOMOMMOMOMOMOMOMOM
111 3111 31 33333
1 ((((((((( 1)))) 11 (((((( 1))) 11 (111111111 1)1)1)1 ((1 (1 (1 (1 (1 (1111111 1)1)1)1) 1(1 ((((( 1)))) 1
222222222222222222

UsUsUsUUsUsssseeee nonononormrrr
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u i  u i  
(iv)  1

7 1 3
1

a

b
7 3a b  

 
1

7 0 2
0

a

b
2a

2b  
9(v) Direction vector of line of intersection 

 = 
1 1 0
1 0 1
1 0 1

Vector equation required is 
 

r = 
2 0

7 1
2 1

 ,  

 
Alternatively, 
 
Solve x + y + z = 3 and 2x , 
Using GC,  

Obtain r = 
2 0

5 1
0 1

 ,  

 
10(a) 1

1

sin

2

sin 1

2

e d
1

d 1e  since sin
d 1

x

x

x
x

c x
x x

 

(b) 2

2

6 1f ( )
3 1 3

x xx
x x

 

        23 1 3
A Bx C

x x
 

        
2

2

3 3 1

3 1 3

A x Bx C x

x x
 

2 2 26 1 3 3 3x x Ax A Bx Cx Bx C  

                 23 3 3A B x C B x A C  

nd 

00000
5 111115 111115 111
0 100000 1000 10 10000000

, 

1111111

11111111

sininnininininiinnnnn

222222222

sinnnn

eeeeeeeeeee dddddddddddddd
111111111111

e ssssinsinnnnnnnnnn

xxxxxxxxx

xxxxx

xxxxxxxxxxxxxdddddddddddd
xxxxxx

eesinnnnnnn

( ))))
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9 
 

Comparing coefficients, 

                      A + 3B           = 1                      

                               B + 3C = � 6                       

                      3A          + C = 1 

From GC,   A = 1,  B = 0,  C = 2 

                        
2

2 2

6 1 1 2f ( )
3 13 1 3 3

x xx
xx x x

 

Alternatively 
2 2

2 2

2 2

6 1 3 6 2f ( )
3 1 3 3 1 3

1 2(3 1) 1 2
3 1 3 3 1 3

x x x xx
x x x x

x
x x x x

 

So A = 1,  B = 0,  C = 2 

Alternatively 
2 23 3 1 6 1

1 28 1 28: 2 1 1
3 9 9 9

0 : 3 1 2
1: 4 ( 2)(4) 4 0

A x Bx C x x x

x A A

x C C
x B B

 

 

f  dx x =
2

1 2  d
3 1 3

x
x x

 

11 2ln 3 1 tan
3 3 3

xx c

 
(c) 2

2

2

2

sin d
8

1 1 cos d
2 4

1 2sin
2 4

2 2
2

x x

x x

xx

 

 

 

222
2

222222222222

siisiiiiiiiisin dnn dnn dnnnnnn dnn dn dn2

1111111111 1111
2222

xxxddddxxxxxxxx dddddddddddddd
8888888

dddd
888

44

=
22222

11111 211111 d
33 13 13333333333333333 13 13 13333333333333333333333 3333322222 xdd

1111111 222211111
111 2222lnlnl 3 111113333333 2
33333333333333

lnllnlnllnnlnlnlnnll 3 1111133333333

1111
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NYJC 2021 JC1 End-of-Year Examination 9758/01 

1 (a) Differentiate 1 2sin 1x x x  with respect to x, expressing your answer in its simplest form.

Hence, find 21 dx x . [4] 

(b) Find
2

3
 d

4 1

x x
x

. [2] 

2 (i) By using an algebraic method, solve the inequality 3 5
4 1 2

x
x x

. [4] 

(ii) Hence, solve the inequality
2

2 2
3 5
4 1 2

x
x x

. [2] 

3 Referred to the origin O, points A and B have position vectors a and b respectively.  Point P lies on OA 

such that OP = 2PA and point Q lies on AB such that 5AQ = 4QB.  Show that the equation of the line l 

passing through P and Q can be written as 

r = 2 4
3

a b a , where . [3] 

Point X lies on l such that AX is perpendicular to l.  If 
13,
2

a b  and a is perpendicular to b, find the 

position vector of X in terms of a and b. [4] 

4 The function f is defined by 

2
1f( )

1
x

x
, x , x k . 

(i) State the minimum value of k for which the function 1f exists. [1] 

For the rest of the question, use the value of k found in part (i).

(ii) Sketch the graphs of f ( )y x  and 1f ( )y x  on the same diagram, showing clearly the relationship

between them. [3]

The function g is defined by 
2 1g( ) xx
x

, x , 0x . 

(iii) By finding fg(x) or otherwise, solve 1 1g( ) f
5

x . [4] 

5 (i) By writing 2
1 2

r
r r r

 in partial fractions, show that 
1

2
1 2 1 2

n

r

r An
r r r n n

, where 

A is a constant to be determined. [4]
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 (ii) Using the result in part (i), find 
0

1
1 2 3

n

r

r
r r r

 in terms of n. [2] 

 (iii) Hence find the exact value of 
10

1
1 2 3r

r
r r r

. [2] 

 

6 (a) The curve C1 and C2 have equations 
2 1
xy

x
 and 25

4
y x respectively. 

  (i) Sketch C1 and C2 on the same diagram, stating the exact coordinates of any points of 

intersection with the axes and stationary points, and the equation(s) of any asymptote(s). [4] 

 (ii) State the coordinates of the point of intersection of C1 and C2. [1] 

 (iii) Hence solve the inequality 2
2

5
41

x x
x

. [1] 

 

 (b) The diagram below shows a sketch of the graph of y = f (x).  The graph meets the origin (0, 0), has a 

turning point at (1, 1) and the equation of the asymptote is y = 0. 

 

 

 

 

 

 

  On separate diagrams, draw sketches of the graphs of 

 (i) fy x , [2] 

 (ii) f '( )y x , [2] 

  stating the coordinates of the turning point(s), point(s) of intersection with the x-axis and equation(s) 

of asymptote(s) when it is possible to do so.  

 

7 It is given that 1 ln(1 sin 2 ).y x  

 (i) Show that d cos2 .
d 1 sin 2
y xy
x x

  [1] 

 (ii) Show that
22

2
d d ,

d (1 sin 2 )d
y y ky

x xx
where k is a constant to be determined. [3] 

 (iii) Hence show that the Maclaurin series of y is 2 33 131 ...
2 6

x x x . [3] 

 (iv) Expand 
2

2 33 131
2 6

x x x  in powers of x up to and including the term in 3x , simplifying the 

coefficients.  By using the standard series expansions of sin x and ln 1 x  from the List of Formulae 

y 

x 

(1, 1) 

(0, 0) y = 0 

y = f (x) 

www.KiasuExamPaper.com 
173



4 

NYJC 2021 JC1 End-of-Year Examination 9758/01  

(MF26), explain briefly how the result can be used as a check on the correctness of the first four 

terms in the series for y. [3] 

 

8 A curve C has parametric equations  

23x t ,   3 1y a t , 

 where a is a positive constant. 

 (i) Sketch C, giving the coordinates of any point(s) where the curve meets the axes. [2] 

 The tangent to C at point A 3,2a  makes an angle of 
3

 with the positive x-axis. 

 (ii) Show that 2 3a , and find the equation of the tangent to C at A in the form y = mx + c, where m 

and c are constants to be determined. [5] 

 (iii) The tangent and the normal to C at A meet the x-axis at T and N respectively.  Find the exact area of 

triangle ATN. [3] 

 

9 The planes 1  and 2  have equations given by  

  1 : 4x + 3y +5z = 7 and 

   2 : 2 ( ) ( ),r i j j k i j k  where ,  . 

 (i) Find a vector equation of the line l1 where 1  and 2  meet.  Verify that point P with position vector 

2i j k  lies on l1. [3] 

 (ii) The line l2 which passes through P, lies in 2  and is perpendicular to l1.  Find a cartesian equation 

of l2. [3] 

 (iii) A point Q (a, b, c) lies on l2 where a, b and c are negative constants.  Given that the distance from Q 

to 1  is 3 2 , find the coordinates of Q.  Hence or otherwise, find the exact length of projection of 

QP  on 1 .  [5] 

 

 

10 Mrs Tan wants to build a wooden fence using vertical planks of equal width and thickness but different 

lengths.  In her plan, the length of the first wooden plank is 2 metres and the length of the planks forms a 

geometric progression.  The length of the 10th plank is 1.5 metres. 

 (i) If the cost of wooden plank is $18 per metre, show that the cost of the fence will never exceed $1200.

 [4] 

 Mrs Tan realised that her plan is not feasible and now wants to build her fence using several identical 

panels.  Each panel comprises 10 vertical planks with identical dimensions to the first 10 planks in her 

original plan. 

 (ii) Find the total length, T metres, of the planks to be used in each panel. [2] 

 (iii) She hires a contractor to install the fence.  The contractor misunderstands her instructions and uses 

10 planks to construct a panel so that the lengths form an arithmetic progression with common 
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difference d metres.  If the total length of the planks to be used for one panel is still T metres and the 

length of the first plank is still 2 metres, find the value of d. [2] 

 The contractor offers to paint the fence for Mrs Tan.  He buys a 5-litre can of paint to do the paint job.  To 

save costs, he fills the can to the 5-litre mark with turpentine to form a uniform mixture when the level of 

paint in the can falls to the 4-litre mark. He then repeats this process whenever the level of the mixture falls 

to the 4-litre mark. 

 (iv) State, in terms of n, an expression for the volume of paint remaining in the mixture after the nth refill.

 [2] 

 (v) Find the minimum number of refills taken before the mixture is more than 80% turpentine. [2] 
 

 

11 A designer wishes to create a piece of artwork with painted area of 21200 cm  on a rectangular piece of 

canvas.  The painted area measures x cm by y cm and is surrounded by an unpainted border with top and 

bottom margins of 3 cm each, and side margins of 4 cm each on the canvas, as shown in the diagram below. 

 

 

 

 

 

 

 (i) By differentiation, find the dimensions of the canvas with the smallest area. [6] 

 (ii) What is the largest possible area of the canvas if 30 50x ? [2] 

 At an exhibition, a spotlight illuminates a circular region of radius 2  cm on the artwork.  The area of 

this circular region then increases at a constant rate of 220 cm  per minute. 

 (iii) Find the rate of change of the radius after 3 minutes. [4] 
 

 

 

  
BLANK PAGE 

x 

y 

3 

3 

4 4 

www.KiasuExamPaper.com 
175



www.KiasuExamPaper.com 
176



20
21

 N
Y

JC
 J

1 
H

2 
M

at
he

m
at

ic
s E

nd
-o

f-Y
ea

r E
xa

m
in

at
io

n 
97

58
/1

 A
ns

w
er

s

1 
of

 3
0 

Q
1 

Su
gg

es
te

d 
A

ns
w

er
s 

G
ui

da
nc

e 
(a

) 
1

2
2

2
2

2
2

2 2
2

2

d
1

2
si

n
1

1
d

1
2

1

1
1

1 1
1

2
1

x
x

x
x

x
x

x
x

x

x
x

x x
x

x
2

1
2

1
1

 d
si

n
1

2
x

x
x

x
x

C

To
 d

iff
er

en
tia

te
 

2
1

,
x

x
2

2
2

1
2

2
2

2

d
d

d
1

1
1

d
d

d
1

1
d

1
2

d
1

x
x

x
x

x
x

x
x

x

x
x

x
x

x

N
ot

e 
th

e 
us

e 
of

 c
ha

in
 ru

le
 fo

r 
2

d
1

d
x

x
. 

To
 si

m
pl

ify
 th

e 
ex

pr
es

si
on

: 
2 2

2
2

2
2

2
1

1
1

1
1

1
1

x
x

x
x

x
x

x

C
om

bi
ne

 th
e 

fir
st

 a
nd

 la
st

 te
rm

. 
(b

) 
1

2
2

3
2

3

1
3

2

3

1
 d

12
4

1
 d

12
4

1

4
1

1
1

12
2

1
4

1
6

x
x

x
x

x
x

x
C

x
C

N
ot

e 
th

at
 th

e 
po

w
er

 o
f 

3
4

1
x

 is
 

1 . 2
 In

te
gr

at
in

g 
it 

w
ou

ld
 n

ot
 g

iv
e

3
ln

4
1

x
.

C
o m

m
on

 a
lg

eb
ra

ic
 e

rr
or

 le
ad

s t
o 

a 
co

ef
fic

ie
nt

 
1 24

. 

1
2222222

2222222222
1

d
12

d
22222222222

22222222222222
1 121212121212212121212121212111

1

1111111111111 1212122212121212212221222111 1

dd
d

22222
1212121221221221212212211

2222

111111111 2

1111

222222222222222 xxxxxxxx
CCCCCCCCCCCCCCCCCCC

2222222222222 xxxxxxxxxxxxxx2
1

www.KiasuExamPaper.com 
177



20
21

 N
Y

JC
 J

1 
H

2 
M

at
he

m
at

ic
s E

nd
-o

f-Y
ea

r 
Ex

am
in

at
io

n 
97

58
/1

 A
ns

w
er

s

2 
of

 3
0 

 

Q
2 

Su
gg

es
te

d 
A

ns
w

er
s 

G
ui

da
nc

e 
 

2 2

2

3
5

1
,

4,
4

1
2

2
3

5
0

4
1

2
3

1
2

5
4

0
4

1
2

2
10

17
0

4
1

2 17
2

5
2

0
4

2
1

5
9

2
2

4
0

4
2

1x
x

x
x

x x
x

x
x

x
x

x

x
x

x
x

x
x

x
x

x

x
x

Si
nc

e 
2

5
9

0
2

4
x

 fo
r a

ll 
x

, 

   
   

   
   

  
2

0
4

2
1

x
x

 

    
1

4
2

x
  

D
O

 N
O

T 
cr

os
s m

ul
tip

ly
 a

t t
he

 st
ar

t a
s 

4
x

 a
nd

 1
2x

 a
re

 n
ot

 a
lw

ay
s 

po
si

tiv
e.

 
      Th

er
e 

ar
e 

ca
re

le
ss

 m
is

ta
ke

s m
ad

e 
w

he
n 

co
m

pl
et

in
g 

th
e 

sq
ua

re
. E

xp
an

d 
ou

t t
o 

ch
ec

k 
be

fo
re

 p
ro

ce
ed

in
g.

 
 Y

ou
 M

U
ST

 ju
st

ify
 w

hy
 th

e 
nu

m
er

at
or

 is
 a

lw
ay

s p
os

iti
ve

 o
r a

lw
ay

s 
ne

ga
tiv

e 
be

fo
re

 y
ou

 o
m

it 
th

em
 fr

om
 y

ou
r w

or
ki

ng
. D

O
 N

O
T 

di
re

ct
ly

 

ju
m

pe
d 

fr
om

 
2

2
10

17
0

4
1

2
x

x
x

x
 to

 th
e 

fin
al

 a
ns

w
er

 w
ith

ou
t c

le
ar

 

ev
id

en
ce

 th
at

 th
e 

nu
m

er
at

or
 is

 a
lw

ay
s n

eg
at

iv
e.

 
    

x 
 

 

 
+ 

+ 

0 00000000000000

99999999999999 44
22

44444444444444
222

e
222

999999999999999
22222

00000000
44444444444444444

5
xxxxx

5 22222222222222222222222222
xxxx

ffffffo
rrororrrorrorrrrrorrrr

aaaaaaaaaaaal
l

22222222222222222222

www.KiasuExamPaper.com 
178



20
21

 N
Y

JC
 J

1 
H

2 
M

at
he

m
at

ic
s E

nd
-o

f-Y
ea

r E
xa

m
in

at
io

n 
97

58
/1

 A
ns

w
er

s

3 
of

 3
0 

 

 
2 2

2

3
5

4
1

2
x x

x
 

R
ep

la
ce

 x
 w

ith
 

2 x
 in

 in
eq

ua
lit

y 
in

 (i
), 

   
2

1
4

2
x

 

Si
nc

e 
2

0
x

, 
2

2
1

1
0

0
2

2
x

x
 

1
1

0
2

2
x

x
 

1
1

2
2

x
   

 

 It 
is

 W
R

O
N

G
 to

 d
o 

2
1

1
2

2
x

x
 

www.KiasuExamPaper.com 
179



20
21

 N
Y

JC
 J

1 
H

2 
M

at
he

m
at

ic
s E

nd
-o

f-Y
ea

r E
xa

m
in

at
io

n 
97

58
/1

 A
ns

w
er

s

4 
of

 3
0 

 

Q
3 

Su
gg

es
te

d 
A

ns
w

er
s 

G
ui

da
nc

e 
 

Si
nc

e 
O

P 
= 

2P
A,

 
2 3

O
P

a 

 U
si

ng
 R

at
io

 T
he

or
em

, 
 

5
4

9
O

Q
a

b
5

4
9

9
a 

+ 
b

1
4

9
9

PQ
O

Q
O

P
a

b
1

4
9

b
a

 

Si
nc

e 
th

e 
lin

e 
pa

ss
es

 th
ro

ug
h 

P 
an

d 
is

 //
 to

 4
b

a  
th

er
ef

or
e 

an
 e

qu
at

io
n 

of
 l 

is
  

 
r =

 2
4

3
a

b
a

   
wh

e re
 

 

D
o 

ta
ke

 n
ot

e 
of

 th
e 

pr
es

en
ta

tio
n.

 1
4

4
9

b
a

b
a 

Th
es

e 
tw

o 
ve

ct
or

s a
re

 p
ar

al
le

l t
o 

ea
ch

 o
th

er
 b

ut
 n

ot
 e

qu
al

. 

 
Si

nc
e 

X 
lie

s o
n 

l, 
w

e 
ha

ve
 

2
4

3
O

X
t

a
b

a
 fo

r a
 p

ar
tic

ul
ar

 v
al

ue
 o

f t
 

Si
nc

e 
AX

 is
 p

er
pe

nd
ic

ul
ar

 to
 l,

 
4

0
AX

b
a

 

2
4

4
0

3
t

a
b

a
a

b
a

 

1
4

4
0

3
t

t
a

b
b

a
 

Si
nc

e 
a 

an
d 

b 
ar

e 
pe

rp
en

di
cu

la
r, 

0
a

b
 

2
2

1
16

0
3

t
t

a
b

,  
 

1
3,

2
a

b
 

1
3

4
0

3
t

t
, 

In
 g

en
er

al
: 

2
2

2

2

2

co
s 1

4
4

3
2

b
b

b
b

b
b

b
b

a
b

a
b

a
b

b
a

 

on
 l,

 w
e

w
e

w
e

w
e

w
e

w
e

w
e

w
e

w
e

w
e

w
e

w
e

w
e

w
e

w
e

ww
hhhhhhhhhhhha

vaaaaaaaaaaaaaaa
e

222222222222 33333333
O

X
O

X
O

X
O

X
O

X
O

X
O

X
O

X
O

X
O

X
O

X
O

X
O

X
O

X
O

X
O

X
O

X
O

X
O

X
O

22222222

AX
iiiiiiiis

 p
eeepepepe
rprprppprpppppppp

eneeeeeeeeeeeee
dididiididididiididiididddd

cucucucuuucuccc
la

r r r r r rrt
otototototototottotototootttt
 

X
l

44

9
gh

 PPPPPPP
aaaaaaaaaaaaan

dndndndndndndndndndndndndndndndnd
iiiiiiiiiiiiiisssssss

//////////////////
to

PPPPPPP
li

s  
l   

wwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwhhhhhhhhhhhhhhhhhhhhhhhhhhhhhhhhhhhhhhhhhhhhhhhh
eeeee rrrrrrrrrrrrrreeeeeeeeeeeeee

 

www.KiasuExamPaper.com 
180



20
21

 N
Y

JC
 J

1 
H

2 
M

at
he

m
at

ic
s E

nd
-o

f-Y
ea

r E
xa

m
in

at
io

n 
97

58
/1

 A
ns

w
er

s

5 
of

 3
0 

 

1 7
t

 2
1

1
4

17
12

3
7

21
O

X
a

b
a

a
b

  

www.KiasuExamPaper.com 
181



20
21

 N
Y

JC
 J

1 
H

2 
M

at
he

m
at

ic
s E

nd
-o

f-Y
ea

r 
Ex

am
in

at
io

n 
97

58
/1

 A
ns

w
er

s

6 
of

 3
0 

 

Q
4 

Su
gg

es
te

d 
A

ns
w

er
s 

G
ui

da
nc

e 
(i)

 
k 

= 
0

 

(ii
) 

 
Th

e 
gr

ap
h 

of
 y

 =
 f(

x)
 sh

ou
ld

 sh
ow

 th
at

 th
e 

ta
ng

en
t a

t (
0,

1)
 is

 p
ar

al
le

l t
o 

th
e 

x-
ax

is
, i

e.
 (0

,1
) i

s a
 m

ax
im

um
 p

oi
nt

 (N
o 

ne
ed

 to
 d

ra
w

 th
e 

ta
ng

en
t l

in
e)

. 
Th

e 
gr

ap
h 

of
 y

 =
 f 

1 (
x)

 sh
ou

ld
 sh

ow
 th

at
 th

e 
ta

ng
en

t a
t (

1,
0)

 is
 p

ar
al

le
l t

o 
th

e 
y-

ax
is

 (N
o 

ne
ed

 to
 d

ra
w

 th
e 

ta
ng

en
t l

in
e)

. 
U

se
 th

e 
sa

m
e 

sc
al

e 
fo

r b
ot

h 
x-

ax
is

 a
nd

 y
-a

xi
s s

o 
th

at
 th

e 
tw

o 
gr

ap
hs

 a
re

 
sy

m
m

et
ri

ca
l a

bo
ut

 y
 =

 x
.  

(ii
i)  

2

2
4

2
2

1
fg

(
)

3
1

1
1

x
x

x
x

x
x

 

1
1

g(
)

f
5

x

1
fg

(
)

5
x

 

2

4
2

1
3

1
5

x
x

x
 

4
2

2
1

0
x

x
 

2
2

(
1)

0
x

 

 
2

1
x

 

M
an

y 
al

ge
br

ai
c 

er
ro

rs
 w

er
e 

ob
se

rv
ed

 in
 fi

nd
in

g 
fg

(
)x
 o

r d
ur

in
g 

th
e 

pr
oc

es
s 

to
 fo

rm
 th

e 
qu

ar
tic

 e
qu

at
io

n 

y 

x 

y 
= 

x 

y 
= 

f(
x)

 

y 
= 

f –1
 (x

) (1
, 0

) 

(0
, 1

) 

y 
= 

0 

x 
= 

0 

22222222222222

4
2

4
1111

3
111111111111

2

111111111111

xxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxx
xxxx

33
2

3

1111111
f

1111111111 555555555555 1111111

x

f(
xxxxxxxxxxxxxxxxx((
)))))))))))))

0)
 

y yyyyyyyyyyyyy
================

0000 0000000000

www.KiasuExamPaper.com 
182



20
21

 N
Y

JC
 J

1 
H

2 
M

at
he

m
at

ic
s E

nd
-o

f-Y
ea

r E
xa

m
in

at
io

n 
97

58
/1

 A
ns

w
er

s

7 
of

 3
0 

 

Si
nc

e 
D

g =
 (0

, 
), 

x 
= 

1 
is

 re
je

ct
ed

. 
 x

 =
 1

 

(ii
i) 

A
lte

rn
at

iv
el

y,
 

2
2

1
fg

(
)

1
1

x
x

x

 

1
1

g(
)

f
5

x

1
fg

(
)

5
x

 

2
2

1
1 5

1
1

x
x

 

2
2

1
4

x
x

 

2
1

2
x

x
   

or
   

2
1

2
x

x
 

2
2

1
0

x
x

   
or

   
2

2
1

0
x

x
 

2
(

1)
0

x
   

   
  o

r  
  

2
(

1)
0

x
 

   
   

   
x 

= 
1 

   
   

  o
r  

   
x 

= 
1 

M
an

y 
al

ge
br

ai
c 

er
ro

rs
 w

er
e 

ob
se

rv
ed

 in
 fi

nd
in

g 
fg

(
)x
 o

r d
ur

in
g 

th
e 

pr
oc

es
s 

to
 fo

rm
 th

e 
tw

o 
qu

ad
ra

tic
 e

qu
at

io
ns

. 

1 5555555555555
1111

222

44444444444

www.KiasuExamPaper.com 
183



20
21

 N
Y

JC
 J

1 
H

2 
M

at
he

m
at

ic
s E

nd
-o

f-Y
ea

r E
xa

m
in

at
io

n 
97

58
/1

 A
ns

w
er

s

8 
of

 3
0 

 

Si
nc

e 
D

g =
 (0

, 
), 

x 
= 

1 
is

 re
je

ct
ed

. 
 x

 =
 1

 

(ii
i) 

O
th

er
w

is
e 

m
et

ho
d:

 

Le
t 

21
1

y
x

  

 
1

1
x

y
 

Si
nc

e 
0

x
 

 
 

 
1

1
x

y
 

 

 
1

1
f

1
x

x
  

 
1

1
f

5
1

2
5

 
 

 
2

1
2

x
x

 
 

 
 

 
 

 
2

2
1

0
x

x
 

 
2

(
1)

0
x

 

 
1

x
 

 

It 
is

 w
ro

ng
 to

  s
ta

te
 th

at
  

1
1

f
4

2
5

.  

It 
sh

ou
ld

 b
e 

4
2

, a
s 

4
is

 a
 p

os
iti

ve
 n

um
be

r. 
Th

e 
gr

ap
h 

of
 y

 =
 f 

1 (
x)

 in
 

pa
rt 

(ii
) a

ls
o 

sh
ow

s t
ha

t i
t l

ie
s a

bo
ve

 th
e 

x-
ax

is
, s

o 
f 

1 (
x)

 
 0

 fo
r a

ll 
va

lu
es

 
of

 x
.  

1
1111111111

1 xxxxxxxxxxxxxx
 

1
f

55
f

555
f

5
f

55555555
ff

1
2

1
22222222222222

111
1

11
5555555

1111
1 55555

 

1
222222

 

www.KiasuExamPaper.com 
184



20
21

 N
Y

JC
 J

1 
H

2 
M

at
he

m
at

ic
s E

nd
-o

f-Y
ea

r E
xa

m
in

at
io

n 
97

58
/1

 A
ns

w
er

s

9 
of

 3
0 

 

 Q
5 

Su
gg

es
te

d 
A

ns
w

er
s 

G
ui

da
nc

e 
(i)

 
2 1

2
1

2
r

A
B

C
r

r
r

r
r

r
 

M
et

ho
d 

1:
 U

si
ng

 c
ov

er
-u

p 
m

et
ho

d,
 A

 =
 1

, B
 =

 
3,

 C
 =

 2
. 

 M
et

ho
d 

2:
  

2 1
2

1
2

2
1

2
2

1

r
A

B
C

r
r

r
r

r
r

r
A

r
r

Br
r

C
r

r
 

 Pu
t r

 =
 0

: 2
 =

 2
A,

 th
en

 A
 =

 1
 

Pu
t r

 =
 

1:
 3

 =
 B

(
1)

(
1+

2)
, t

he
n 

B 
= 

3 
Pu

t r
 =

 
2:

 4
 =

 C
(

2)
(

2+
1)

, t
he

n 
C

= 
2 

 
 H

en
ce

,
2

1
3

2
1

2
1

2
r

r
r

r
r

r
r

 

                             

A 
= 

1 
)(

1+1++++++++11
2)2)2)2)2)2)2)2)2)2)2)2)2)2)2)2)2))2)))2)2)))2)2))2)2))2)2)))2)))2))))))2))2)))2))2)2))2))2222222222222

,,,,,,,,,,,,,,,,,,,,,,,,,,,
hhhhhththththththhhhhhthhhhhhththhhthththttt

nenenenenenenenenenenenenenenenenneeeeeeeeeeee
  BBBBBBBBBBBBBBBBB

================ 
333333333333333333

(
2))2)2)2)2)

((((
2+++2+2+

11)111111111
, t

he
neneeneneneenenenenenenenenenen
 CCCCCC

==========
222222222222222222

 
CCCC

2
11111111111111

333 1
r

11

www.KiasuExamPaper.com 
185



20
21

 N
Y

JC
 J

1 
H

2 
M

at
he

m
at

ic
s E

nd
-o

f-Y
ea

r E
xa

m
in

at
io

n 
97

58
/1

 A
ns

w
er

s

10
 o

f 3
0 

 

1
1

2
1

3
2

1
2

1
2

1
3

2
1

2
3

1
3

2
2

3
4

1
3

2
3

4
5

...
..

1
3

2
2

1
1

3
2

1
1

1
3

2
1

2

n
n

r
r

r
r

r
r

r
r

r

n
n

n

n
n

n

n
n

n

 

 
 

 
2

3
2

1
1

2
n

n
n

1
2

1
2

n
n

 

 
 

 
2

2
1

1
2

n
n

n
n

 

 
 

 
1

2
n

n
n

, A
 =

1 

   

 

5

1
333333333333333333

2
2

1
2

1
2

1
2

11
2

11
222222222222222222222222

1
3

1
3

1
3

1
33

1
33333

1
3

1
3

1
333

1
3

1
3

11111111111111111111111111111111111111
2222222222

1
1

1
3

1

n
nnnnnnnn

n
2

11111
2

111111
22222222222222222222

n
n

nnnnnnnnnnnnnn
nnnnnnnnn

nn
n

n
n

nnnnnnnnnnnnnnnn
nnnnnnnnnn

2222222222 1
n

nnnnnn
111111111

11

 
22222222222 n

 

www.KiasuExamPaper.com 
186



20
21

 N
Y

JC
 J

1 
H

2 
M

at
he

m
at

ic
s E

nd
-o

f-Y
ea

r E
xa

m
in

at
io

n 
97

58
/1

 A
ns

w
er

s

11
 o

f 3
0 

 

(ii
) 

M
et

ho
d 

1:
 

Fr
om

 p
ar

t (
ii)

, 

0

1
1

2
3

n r

r
r

r
r

(L
et

 r 
= 

k 
– 

1 
)

1 1
0

1
1

1
1

1
2

1
3

k
n

k

k
k

k
k

 

1 1

2
1

1
2

2
3

n k

k
n

k
k

k
n

n
 

Fr
om

 p
ar

t (
i),

 c
ha

ng
in

g 
du

m
m

y 
va

ria
bl

e 
r t

o 
k,

 

1

2 1
2

n k

k
k

k
k

1
2

n
n

n
 

N
ow

 re
pl

ac
e 

n 
by

 n
 +

 1
,  

1 1

2 1
2

n k

k
k

k
k

1
2

3
n

n
n

 

    
(ii

) 
M

et
ho

d 
2:

 
Fr

om
 p

ar
t (

i),
 

1

2 1
2

1
2

n r

r
n

r
r

r
n

n
 

Le
t r

 =
 k

 +
 1

, 
1

1
1

1

2
1

2 1
2

1
2

3

n
k

n

r
k

k
r

r
r

r
k

k
k

 

1 0

1
1

2
3

1
2

n k

k
n

k
k

k
n

n
 

C
ha

ng
in

g 
du

m
m

y 
va

ria
bl

e 
k 

to
 r,

 
1 0

1
1

2
3

1
2

n r

r
n

r
r

r
n

n
 

N
ow

 re
pl

ac
e 

n 
by

 n
 +

 1
, 

0

1
1

1
2

3
2

3

n r

n
r

r
r

r
n

n

 

  

11111111
kkk

1
111

nnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnn

, 
1

2222222222222
kkkkkkkkkkk

nnnnnnnnnnn
r

1 1
1

11

2
rrr 111111

kkkkkkkkkkkkkkkkkkkk

m
m

y
mmmm

www.KiasuExamPaper.com 
187



20
21

 N
Y

JC
 J

1 
H

2 
M

at
he

m
at

ic
s E

nd
-o

f-Y
ea

r E
xa

m
in

at
io

n 
97

58
/1

 A
ns

w
er

s

12
 o

f 3
0 

 

(ii
i) 

10

9

0
0

0

1
1

2
3

1
1

1
2

3
1

2
3

1
9

1
lim

1
2

3
9

2
9

3

1
5

5
5

lim
0

2
3

66
66

66

r

r
r

n

n
r

n

r
r

r
r

r
r

r
r

r
r

r
r

r
r

r
r

n
n

n

 

Th
e 

w
or

d 
“ h

en
ce

” 
in

 th
e 

qu
es

tio
n 

m
ea

ns
 th

at
 y

ou
 h

av
e 

to
 u

se
 th

e 
re

su
lt 

in
 e

ith
er

 p
ar

t (
ii)

 (r
ec

om
m

en
de

d)
 o

r e
ve

n 
pa

rt 
(i)

.  
Th

e 
su

m
 in

 p
ar

t (
ii)

 st
ar

ts
 fr

om
 r 

= 
0,

 so
 a

dj
us

t t
he

 g
iv

en
 su

m
 in

 
pa

rt(
iii

) s
o 

th
at

 it
 st

ar
ts

 fr
om

 th
is

 sa
m

e 
va

lu
e,

 ie
 r 

= 
0.

 

6666666666666666

www.KiasuExamPaper.com 
188



20
21

 N
Y

JC
 J

1 
H

2 
M

at
he

m
at

ic
s E

nd
-o

f-Y
ea

r 
Ex

am
in

at
io

n 
97

58
/1

 A
ns

w
er

s

13
 o

f 3
0 

 

Q
6 

Su
gg

es
te

d 
A

ns
w

er
s 

G
ui

da
nc

e 
(a

)(i
) 

 
Se

m
i-c

irc
le

 C
2 p

as
se

s t
hr

ou
gh

 m
ax

im
um

 p
oi

nt
 o

f C
1.

 

N
ot

e 
th

at
 th

e 
eq

ua
tio

n 
of

 C
2 r

eq
ui

re
s o

nl
y 

th
e 

se
m

i-c
irc

le
 a

bo
ve

 th
e 

x-
ax

is
. I

t i
s n

ot
 th

e 
eq

ua
tio

n 
of

 a
 fu

ll 
ci

rc
le

; d
o 

no
t d

ra
w

 a
 fu

ll 
ci

rc
le

.  
La

be
l a

xi
al

 in
te

rc
ep

ts
 a

s c
oo

rd
in

at
es

 a
s r

eq
ui

re
d 

by
 th

e 
qu

es
tio

n;
 n

ot
 

ju
st

 
5 2

 o
r 

5 2
. 

(ii
) 

1
1,

2
 

 

(ii
i) 

5
1

2
x

 
M

an
y 

ju
st

 g
av

e 
1

x
 . 

N
ot

e 
th

at
 fo

r 
5 2

x
 , 

it 
is

 o
ut

si
de

 th
e 

va
lid

 

do
m

ai
n 

of
 th

e 
se

m
i-c

irc
le

, h
en

ce
 fo

r 
5 2

x
 it

 is
 n

ot
 d

ef
in

ed
 a

nd
 a

ny
 

an
sw

er
 sh

ou
ld

 n
ot

 in
cl

ud
e 

th
at

 re
gi

on
. 

(b
)(i

) 

 

 

y 

x 

(1
, 

) 

(–
1,

 –
) 

 

(
,0

) 
(0

, 0
) 

(
,0

) (0
,

) 

x 
(0

, 0
) 

y 

y 
= 

0 

(1
, 1

) 
(

1,
 1

) 

www.KiasuExamPaper.com 
189



20
21

 N
Y

JC
 J

1 
H

2 
M

at
he

m
at

ic
s E

nd
-o

f-Y
ea

r 
Ex

am
in

at
io

n 
97

58
/1

 A
ns

w
er

s

14
 o

f 3
0 

 

(ii
) 

           

G
ra

di
en

t a
t t

he
 o

rig
in

 is
 n

ot
 d

ef
in

ed
 in

 y
 =

 f(
x)

 si
nc

e 
th

e 
lim

it 
fr

om
 th

e 
le

ft 
of

 th
e 

or
ig

in
 is

 n
ot

 d
ef

in
ed

.  
y 

x 
(1

, 0
) 

y 
= 

0 

www.KiasuExamPaper.com 
190



20
21

 N
Y

JC
 J

1 
H

2 
M

at
he

m
at

ic
s E

nd
-o

f-Y
ea

r E
xa

m
in

at
io

n 
97

58
/1

 A
ns

w
er

s

15
 o

f 3
0 

 

Q
7 

Su
gg

es
te

d 
A

ns
w

er
s 

G
ui

da
nc

e 
(i)

 
2

1
ln

(1
si

n
2

)

1
ln

(1
si

n
2

)
d

2c
os

2
2

d
1

si
n

2
d

co
s2

d
1

si
n

2

y
x

y
x

y
x

y
x

x
y

x
y

x
x

 

It 
is

 e
as

ie
r i

f w
e 

sq
ua

re
 b

ot
h 

si
de

s o
f t

he
 e

qu
at

io
n 

be
fo

re
 

di
ff

er
en

tia
tio

n.
 

(ii
) 

2
2

2
2

2
2

2

2

d
d

2s
in

2
(1

si
n2

)
2c

os
2

(c
os

2
)    

   
   

   
   

 
d

d
(1

si
n2

)
2s

in
2

2s
in

2
2c

os
2

   
   

   
   

   
   

   
  

(1
si

n2
)

2(
si

n2
1)

2
   

   
   

   
   

   
   

   
=

   
   

   
(1

si
n2

)
(1

si
n2

)

y
y

x
x

x
x

y
x

x
x

x
x

x
x

x x
x

   
   

   
   

   
   

   

 

 

(ii
i) 

3
2

2

2
3

2
2

d
d

d
d

d
4c

os
2

2
d

d
d

d
d

1
si

n2
y

y
y

y
y

x
y

x
x

x
x

x
x

 

Le
t 

f(
)

1
ln

(1
si

n2
)

x
x

 
f(

0)
1

f '
(0

) =
 1

f '
'(0

) =
3

f '
''(0

)
13

 

Th
e 

M
ac

la
ur

in
 e

xp
an

si
on

 o
f  

2
3

2
3

3
13

1
ln

(1
si

n2
)

1
...

2!
3!

3
13

1
...

2
6

x
x

y
x

x x
x

x
 

 

U
se

 c
ha

in
 ru

le
 w

he
n 

di
ff

er
en

tia
tin

g 
2

d dy x
 

      Th
e 

qu
es

tio
n 

re
qu

ire
s y

ou
 to

 sh
ow

 th
e 

M
ac

la
ur

in
 se

rie
s;

 y
ou

 n
ee

d 
to

 S
H

O
W

 y
ou

r w
or

ki
ng

s c
le

ar
ly

. 
 

2

2

d
4c

os
22s2s2s2s222s222s22s

22222222 ddd
2

y
x

d
4

d
4

d
4

d
44

d
4

d
44

dddddddd
co

s22s2s22s2s2ss2s2s22s2s222ss
2

xxxxxxxddddddddddddddddd
ddddddddddddddd

22
2y

yyyyyyyyyyydddddddyy ddddddddddddddddd

)
1

lnlnlnlnll
(11(1(1(11(1(11((

siisiiisiisisiisisiii
n2n2n2n2n2n2n2n222n2nnnn

)
1

lnlnlnlnll
(1((1(1(11(1(1(111(1(

1

2
2

2

22

in
2222222222222

)))
n

2
2c2cc

ososoososoo
2

2

(1
si

n2n2n2n2n2n2n222222n2n2n22n2nnnnnnnnnnnnnnn
)))))))))))))))

2
1)1)1)1)1)1)1)))))))))))))))))

2222222222222
   

 
2222))))

si
n2n2n2n2n

)
(

))
ssssssssss

1
si

niiiiiiiiiiiii
2

)
2

)
22

)
2

)
2

)
2

)
2

)
2

)
2

))
2

)
2

)
2

))))
2

in
222222

2c2c2c2222222222222
osososoososossososososooooo

2

)
(

sssssssssssss
1

si
niiiiiiiiiiiii

222222222222222

n
2

2
1)1)1)1)1)1)1))))))1)1))))))))))))))))))))))))))

siiiii
n2n2n2n2nn

)
(1

22 )
(1

www.KiasuExamPaper.com 
191



20
21

 N
Y

JC
 J

1 
H

2 
M

at
he

m
at

ic
s E

nd
-o

f-Y
ea

r E
xa

m
in

at
io

n 
97

58
/1

 A
ns

w
er

s

16
 o

f 3
0 

 

(iv
) 

2
2

3

2
3

2
3

2
3

2
3

2
3 3

2
3

3
13

1
...

2
6

3
13

3
13

1
...

1
...

2
6

2
6

3
13

1
2

6
3 2

3
3

2
2

13
...

6
4

1
2

2
...

3

x
x

x

x
x

x
x

x
x

x
x

x

x
x

x

x
x x

x
x

x

 

U
si

ng
 st

an
da

rd
 se

rie
s e

xp
an

si
on

 fr
om

 M
F 

26
, 

3
2

2
3

3
3

3

2
3

3 2
3

(2
)

1
ln

(1
si

n
2

)
1

ln
1

2
...

   
   

   
   

   
   

   
   

3!

8
1

8
1

8
1

2
2

2
...

6
2

6
3

6
4

1
1

1
2

2
2

..
3

2
3

4
1

2
2

...
3

x
y

x
x

x
x

x
x

x
x

x
x

x
x

x
x

x

 

      

                R
ep

la
ce

 si
n 

2x
 b

y 
th

e 
st

an
da

rd
 se

rie
s e

xp
an

si
on

 fr
om

 M
F 

26
. T

he
n 

ap
pl

y 
st

an
da

rd
 se

rie
s e

xp
an

si
on

 o
f l

n(
1 

+ 
x)

, b
y 

re
pl

ac
in

g 
x 

by
 

3
8

2
6x

x
 . 

  

N
ot

e 
th

at
 th

er
e 

is
 n

o 
co

ns
ta

nt
 te

rm
 in

 th
e 

ex
pa

ns
io

n 
of

 
3

8
2

6

n
x

x
 

       

......

d
s

rrerrrrrrrrrr
ieieieieieieieieieieeeieiei

s ss s s ssssssssssse
xexexexexexxxexxexxxeee

pappppppppppppppp
ssnsssssssssssssss
iooioiooioioiooioioioiooiooioioi

n nnnnnnn
frrrrfrrrrrrfrrrfrrrr

omomomomomommommomoooooo
M

i
2

))
2

)
2222222

1
l

1
l

1
l

1
l

1
l

1
lll

111
(

s
)

1
sssi

n
2

))
2

)
22222

l
1

lll
1

lll
1

nnnnnn
(1

ssssiii
ni

2
))

2
)

2222222222
1

lll
1

l
1

ll
11

nnnnnnnnnnnnnnnn
11111111111111

222222222222

3333
888

1
8888

1
8

1
8888888

3
1111111

2
2

8
2

222
8

1
222

1
2

22

1
3

1
36

2222
6

2222222222222
6666666

22222
6

222222222
6666

www.KiasuExamPaper.com 
192



20
21

 N
Y

JC
 J

1 
H

2 
M

at
he

m
at

ic
s E

nd
-o

f-Y
ea

r E
xa

m
in

at
io

n 
97

58
/1

 A
ns

w
er

s

17
 o

f 3
0 

 

A
lte

rn
at

iv
el

y,
 

2
3 2

3
3

3
3

2
3

3 2
3

1
1

1
ln

(1
si

n2
)

1
si

n2
si

n2
+

si
n2

+.
.. 

   
   

   
   

   
   

   
  

2
3

2
2

2
1

1
1

2
2

2
...

3!
2

3!
3

3!

8
1

1
1

2
2

2
..

6
2

3
4

1
2

2
...

3

x
x

x
x

x
x

x
x

x
x

x
x

x
x

x
x

x

 

Si
nc

e 
th

e 
ex

pa
ns

io
n 

of
 y

2 
fr

om
 th

e 
st

an
da

rd
 se

rie
s i

s s
am

e 
as

 th
e 

ea
rli

er
 

re
su

lt,
 th

er
ef

or
e 

th
e 

fir
st

 4
 te

rm
s i

n 
th

e 
se

rie
s f

or
 y

 is
 c

or
re

ct
. 

 

A
lte

rn
at

iv
el

y,
  

A
pp

ly
 st

an
da

rd
 se

rie
s e

xp
an

si
on

 o
f l

n(
1 

+ 
x)

, r
ep

la
ci

ng
 x

 b
y 

si
n 

2x
. 

Th
en

 re
pl

ac
e 

si
n 

2x
 b

y 
th

e 
st

an
da

rd
 se

rie
s e

xp
an

si
on

.  
 

N
ot

e 
th

at
 th

er
e 

is
 n

o 
co

ns
ta

nt
 te

rm
 in

 th
e 

ex
pa

ns
io

n 
of

 
3

2
2

3!

n
x

x
. 

...

m
 th

eheheeheheheeheheeeeheheee
sssssssssssssssst

atatatatatatatatatatatattttt
ndnddddndnddndndddddndd

ar
te

mmmmmrmmmmmmmmmm
ss s s s s s sssssi

ninnininininininininninininini
tttttttttttttttth

eheheheheheheheheheheheheheheehehh
se

rie
s 

www.KiasuExamPaper.com 
193



20
21

 N
Y

JC
 J

1 
H

2 
M

at
he

m
at

ic
s E

nd
-o

f-Y
ea

r 
Ex

am
in

at
io

n 
97

58
/1

 A
ns

w
er

s

18
 o

f 3
0 

 

Q
8 

Su
gg

es
te

d 
A

ns
w

er
s 

G
ui

da
nc

e 
(i)

 
W

he
n 

0
x

,  
 

2
3

0
t

  
  

0
t

 
 

y
a  

 W
he

n 
0

y
,  

 
3

1
a

t
  

  
1

t
 

 
3

x
 

   

(ii
) 

 
  

2
3

x
t

  
  

3
1

y
a

t
 

 
d

6
dx

t
t

 
2

d
3

dy
at

t
 

d
1

d
d

d
d

d
2

y
y

x
at

t
t

x
 

 A
t A

3,
2a

, 
3

2
1

a
a

t
 

 
   

   
   

  
3

32
1

1t
t

 

 
 

1
t

 

H
en

ce
 d

1
d

2
y

a
x

 

A
lte

rn
at

iv
e 

m
et

ho
d 

to
 so

lv
e 

fo
r t

: 
2

3
3 1t

t
 

W
he

n 
1,

t
2

.
y

a
 

R
ej

ec
t 

1
t

 a
s i

t c
or

re
sp

on
ds

 to
 th

e 
po

in
t (

3,
 0

). 
G

iv
e 

a 
re

as
on

 to
 re

je
ct

 
1

t
 if

 th
e 

ab
ov

e 
m

et
ho

d 
is

 u
se

d.
 

x

y

 
333333333333333333333333333

11111111111111111
aaaaaaaaaaaa

y
a

y
aaaaaaaaaaaaaa

yy
ttttttttttt333333333333333

aaaaaaaaaaaaaaaaaaaaaa
ttttttttttttt

t
2

dddd
33333333333333

dddddddddddddddddyyyyyyyyyyyydddddd
ataaaaaaaaaaaa

t

111111
d

d
222222222222222222

d
d

dddd
xxx

y
xdddddd

atttt
d

222222aaaaa

www.KiasuExamPaper.com 
194



20
21

 N
Y

JC
 J

1 
H

2 
M

at
he

m
at

ic
s E

nd
-o

f-Y
ea

r E
xa

m
in

at
io

n 
97

58
/1

 A
ns

w
er

s

19
 o

f 3
0 

 

1
ta

n
3

2
3

a
 

H
en

ce
 

2
3

a

Eq
ua

tio
n 

of
 th

e 
ta

ng
en

t a
t A

, 

 
1

2
3

2
4

3
3

3

y
a

a
x

y
x

 

3
3

y
x

 
(ii

) 
A

lte
rn

at
iv

e 
m

et
ho

d 
us

in
g 

ca
rte

si
an

 e
qu

at
io

n:
  

3
1

y
a

t
1 3

1
y

t
a

   
 --

--
--

(1
) 

Su
bs

tit
ut

e 
(1

) i
nt

o 
2

3
x

t
: 

 
2 3

3
1

y
x

a
   

--
--

--
(2

) 

D
iff

er
en

tia
te

 (2
) w

ith
 re

sp
ec

t t
o 

x:
 

 
1 3

1
d

1
2

1
d

y
y

a
a

x
 

   
   

   
1 3

d
1

d
2

y
a

y
x

a
 

A
vo

id
 c

on
ve

rti
ng

 th
e 

pa
ra

m
et

ric
 e

qu
at

io
ns

 to
 c

ar
te

si
an

 fo
rm

 u
nl

es
s 

th
e 

qu
es

tio
n 

re
qu

ire
s y

ou
 to

 d
o 

so
.  

It 
is

 v
er

y 
te

di
ou

s t
o 

w
or

k 
ou

t 
d dy x

. 

g
ca

rteteteteteteteeteteeett
sisisisisisisisisisisiiii

ananaaaaaaaaaaaa
eeeeeeeeeeeeeeeeq

uququququqqqqqqqqqqq
at

io
n

11111111111 33333
ttttt

1
yyyyy

1
yyy

1
yyyy aaaaa

1
a

   
 -----

--------
-------------------

(1((((((((((((
)

(1
)iiiiiiiiiiiii

ntntntntntntntntntntntntntnnnnn
ooo ooooooooooo

2222222222222
33333333333333

xxxxxxxxxxxxxxx
ttttttttt

::::::::
22222 33333

333333333333333
xxxxx

1
yyyyyyy

3333
1111111

aaaaaaaaaaaaa
111

 
---------

--

te
(222(2222(((((

) ) ) ) ) ) ) ) ))))))w
i

w
i

w
i

w
i

w
i

ww
i

ww
i

w
i

wwwwwww
th

www.KiasuExamPaper.com 
195



20
21

 N
Y

JC
 J

1 
H

2 
M

at
he

m
at

ic
s E

nd
-o

f-Y
ea

r E
xa

m
in

at
io

n 
97

58
/1

 A
ns

w
er

s

20
 o

f 3
0 

 

A
t A

3,
2a

,  

   
   

   

1 3
d

2
1

d
2 2

y
a

a
x

a
a

 

1
ta

n
3

2
3

a
 

H
en

ce
 

2
3

a
 

Eq
ua

tio
n 

of
 th

e 
ta

ng
en

t a
t A

, 

 
1

2
3

2
4

3
3

3

y
a

a
x

y
x

 

3
3

y
x

 

at
 A

,,,,,,,,,,,

222222222222222
3

33333333333aaaa
2

4
3333333333

333333333333
4

33333333333
3 3333

33333333333333333
y

xxx
y

xx
yyyy

3333333333333333333333

www.KiasuExamPaper.com 
196



20
21

 N
Y

JC
 J

1 
H

2 
M

at
he

m
at

ic
s E

nd
-o

f-Y
ea

r 
Ex

am
in

at
io

n 
97

58
/1

 A
ns

w
er

s

21
 o

f 3
0 

 

(ii
i) 

Eq
ua

tio
n 

of
 th

e 
no

rm
al

 a
t A

, 

 

1
4

3
3

3 1
5

3
3

y
x

y
x

 

W
he

n 
0

y
,

0
3

3
x

1
x

1,
0

T

1
0

5
3

3
x

15
x

15
,0

N
 

H
en

ce
 a

re
a 

of
 tr

ia
ng

le
 A

TN
 

1
15

1
4

3
2

 

 
 

 
   

   
   

32
3

 sq
. u

ni
ts

 

         

 

x

y

1515151515151515151555151551
xxxxxx

NNNNNNNNNNNNNNNNNN

ng
leeelele

 A
TTTATAT

NNNNNNN
11111111111 2

 
   

   
 

3232222222222222222222
3

yyyyyyyyyyyyyyyy

www.KiasuExamPaper.com 
197



20
21

 N
Y

JC
 J

1 
H

2 
M

at
he

m
at

ic
s E

nd
-o

f-Y
ea

r E
xa

m
in

at
io

n 
97

58
/1

 A
ns

w
er

s

22
 o

f 3
0 

 

Q
9 

Su
gg

es
te

d 
A

ns
w

er
s 

G
ui

da
nc

e 

(i)
 

N
or

m
al

 o
f 

2
 =

0
1

0
1

1
1

1
1

1
   

or
 

0 1 1
 u

si
ng

 G
.C

. 

2

0
2

0
:

1
1

1
1

1
0

1
r

 

 U
si

ng
 G

.C
. t

o 
so

lv
e 

4
3

5
7

x
y

z
  

   
   

   
   

1
y

z
  

W
e 

ob
ta

in
  

1

1
2

:
1

1
,

0
1

l
r

  

 
1

1
2

2
1

1
1

0
1

 

Si
nc

e 
1  

sa
tis

fy
 th

e 
ab

ov
e 

eq
ua

tio
n,

 
1,

2,1
P

 li
es

 o
n 

lin
e 

1l  

A
LW

A
Y

S 
us

e 
G

C
 to

 c
he

ck
 th

at
 th

e 
cr

os
s p

ro
du

ct
 is

 d
on

e 
co

rr
ec

tly
 

be
fo

re
 p

ro
ce

ed
in

g 
to

 su
bs

eq
ue

nt
 p

ar
ts

 o
f t

he
 q

ue
st

io
n,

 w
hi

ch
 re

ly
 o

n 
th

e 
ac

cu
ra

cy
 o

f t
hi

s r
es

ul
t. 

 

 

(ii
) 

D
ire

ct
io

n 
ve

ct
or

 o
f 

2l

2
1

0
2

2
1

1
1

2
2

1
1

1
2

1
no

rm
al

to
di

re
ct

io
n

ve
ct

or
of

l

 

U
se

 G
C

 to
 c

he
ck

 if
 th

e 
cr

os
s p

ro
du

ct
 is

 c
or

re
ct

.  

22222222222222
,,,,,

0
11

,
1

,
1

,
1

,
1

,
1

,
1

,,
1

,
1

,
1

,
1

,
11

 

111
2222222222222 111111

www.KiasuExamPaper.com 
198



20
21

 N
Y

JC
 J

1 
H

2 
M

at
he

m
at

ic
s E

nd
-o

f-Y
ea

r E
xa

m
in

at
io

n 
97

58
/1

 A
ns

w
er

s

23
 o

f 3
0 

 

1
1

2
1

,
1

1
r

 

1
2

1
x

y
z

 

 

(ii
i) 

Po
si

tio
n 

ve
ct

or
 o

f a
ny

 p
oi

nt
 o

n 
l 2 

ta
ke

s t
he

 fo
rm

 
1 2 1

D
is

ta
nc

e 
,

1
,2

1
 fr

om
 

1
  

1
4

2
3

7
1

5
50

4(
1

3(
2

7
)

)
5(

1
)

12
50

50

  

W
he

n 
12

3
2

50
 

   
   

   
   

  
30

5
12

2
  

Th
us

 
5 2

  o
r 

5 2
  

Po
in

ts
 o

n 
l 2 

ar
e 

3
9

7
,

,
2

2
2

, 
7

1
3

,
,

2
2

2

Si
nc

e 
a,

 b
 a

nd
 c

 a
re

 n
eg

at
iv

e,
 th

us
 

7
1

3
,

,
2

2
2

Q
  

Le
t x

 b
e 

th
e 

le
ng

th
 o

f p
ro

je
ct

io
n 

of
 Q

P
 o

n 
1 

Th
er

e 
w

er
e 

a 
fe

w
 a

pp
ro

ac
he

s t
o 

th
e 

qu
es

tio
n.

  S
om

e 
ar

e 
lo

ng
er

, 
ot

he
rs

 a
re

 sh
or

te
r. 

Th
is

 is
 p

rim
ar

ily
 a

 p
ro

bl
em

 o
f d

is
ta

nc
e 

be
tw

ee
n 

a 
po

in
t a

nd
 a

 p
la

ne
. T

he
re

 is
 a

 m
od

ul
us

 si
gn

 w
hi

ch
 y

ou
 n

ee
d 

to
 h

an
dl

e 
pr

op
er

ly
.  

ffr
orororororororororooororororr

m
 

mmmmmmmmmmmmmmmm

333333333333333(
2(2(2(2(2(2(2(2(2(2((2(((

7
500505005005555

7

12121212111
3

22
3

2
3

2
3

2
3

2
3

22
3

22
3

2222222
33

500050000000050
30000300000003333

5
12

www.KiasuExamPaper.com 
199



20
21

 N
Y

JC
 J

1 
H

2 
M

at
he

m
at

ic
s E

nd
-o

f-Y
ea

r E
xa

m
in

at
io

n 
97

58
/1

 A
ns

w
er

s

24
 o

f 3
0 

 

U
si

ng
 P

yt
ha

go
ra

s T
he

or
em

 

2
2

2
(3

2)
Q

P
x

 , 
w

he
re

 

7
5

2
2

1
1

1
5

5
2

1
2

2
2

1
1

3
5

2
2

Q
P

  

 

2
2

2

1
5

5
5

1
1

1
1

3
2

2
2

1
Q

P
 

x
 

3 2
  

A
lte

rn
at

iv
el

y,
 

Le
ng

th
 o

f p
ro

je
ct

io
n 

=
2

2
2

4
1

4
5

3
1

3
2

5
1

5

50
4

3
5

PQ

 

 
 

1
4

2
5

5
1

3
1

2
2

1
5

1
6

3 2
5

2
5

2
2

2
 

 

555555555555555
1

3
2

55555555555 2222222222222222

y,
 

of
 p

rprprrrrprprprrpppp
ojojojojojjjojoo

ecececcecececcecececceccececccce
titititititiitititititttttt

nonnnonnnonnonnnnnnn
======

PQPQPQPQPQPQQPQPQPQPQPQPQPQPQPPPPP
4

www.KiasuExamPaper.com 
200



20
21

 N
Y

JC
 J

1 
H

2 
M

at
he

m
at

ic
s E

nd
-o

f-Y
ea

r E
xa

m
in

at
io

n 
97

58
/1

 A
ns

w
er

s

25
 o

f 3
0 

 

 Q
10

 
Su

gg
es

te
d 

A
ns

w
er

s 
G

ui
da

nc
e 

(i)
 

10
1.

5
u

  
9

1.
5

ar
 , 

a 
= 

2 
9

0.
75

r
  1 9

(0
.7

5)
0.

96
85

4
r

  

1 9

2
63

.5
74

1
0.

75
S

  o
r 

2
63

.5
73

1
0.

96
85

4
S

 

 M
ax

im
um

 a
m

ou
nt

 to
 p

ay
  

18
$1

14
4.

33
S

 o
r  

 $
11

44
.3

1 
H

en
ce

 th
e 

co
st

 w
ill

 n
ot

 e
xc

ee
d 

$1
20

0.
 

Si
nc

e 
0 

< 
r <

 1
, t

he
 m

ax
im

um
 a

m
ou

nt
 to

 p
ay

 w
ill

 n
ev

er
 e

xc
ee

d 
 

18
 ×

 S
. 

 A
lw

ay
s u

se
 e

ith
er

 th
e 

ex
ac

t o
r m

in
. 5

 si
g.

 fi
g.

 v
al

ue
 o

f r
 fo

r a
ll 

w
or

ki
ng

s. 
       

(ii
) 

10 9

10
1 9

2
1

0.
75

17
.3

94
17

.4
m

1
0.

75
T

S

or
 

10

10

2
1

0.
96

85
4

17
.3

94
17

.4
m

1
0.

96
85

4
T

S
 

 

 

(ii
i) 

M
et

ho
d 

1 
(c

on
sid

er
 U

1=
 2

): 
10

2
2

10
1

17
.3

94
2

d
  

0.
05

79
m

d

A
lw

ay
s u

se
 m

in
. 5

 si
g.

 fi
g.

 o
f T

 fo
r a

ll 
w

or
ki

ng
s. 

(ii
i) 

M
et

ho
d 

2 
(c

on
sid

er
 U

10
 =

 2
): 

10
2

10
1

17
.3

94
2

a
d

 

5
2

9
17

.3
94

a
d

--
--

--
-(

1)
 

 

11111111111 9999999

1711771117117
.3

9494949494949494949494949
1

0
1

00
1

0
1

0000000
777.77777777
55555555555555

17717171717171777771717
3333333339

44444444444444444444
1

101010101 9999
0..0....

757575757575575757575757575757777
999

0
75

1717177171717171771771171
.3

949494949494944444494444949494494

10111
2

1
2

1111
2

111111
2

0.00.0.0.00..000.0.0000
969696969669696969699999999

8585858585858558585855855888
44444444444444

1
0000000000000

111111
9.9.9.99.99.9999999999.9
6866666666666

  $
11

4141414141414444441414144144141411111
4.4.4.44.4.4.444.4.4.4.4.44444444444444444

111311111111111111
 

no
t t t e

xexxxxxxxxxxxxxxxxxxxxxxxxxee
cecececececeeecececececececeeceeeceeceeceececeeceeeceeeceeeeeceeceeeceececeeeeecccccccccccccccccc

edededededededddddededededededededeeeeeeeeeeeeeeeeeee
$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$$1

2121212121212121222212121111
0000000000000000000000000000000000

. 

www.KiasuExamPaper.com 
201



20
21

 N
Y

JC
 J

1 
H

2 
M

at
he

m
at

ic
s E

nd
-o

f-Y
ea

r E
xa

m
in

at
io

n 
97

58
/1

 A
ns

w
er

s

26
 o

f 3
0 

 

9
2

a
d

 --
--

--
--

--
--

--
--

--
(2

) 
Su

bs
t. 

(2
) i

nt
o 

(1
): 

5(
2)

17
.3

94
a

  
a 

= 
1.

47
88

 

H
en

ce
, 

2
1.

47
88

0.
05

79
m

9
d

  

(iv
) 

M
et

ho
d 

1:
 

O
rig

in
al

 v
ol

um
e 

of
 p

ai
nt

 =
 5

 li
tre

s 
Le

t u
n d

en
ot

es
 th

e 
vo

lu
m

e 
of

 p
ai

nt
 in

 li
tre

s r
em

ai
ni

ng
 a

fte
r t

he
 n

th
 

re
fil

l. 

B
ef

or
e 

th
e 

1st
 re

fil
l, 

th
e 

qu
an

tit
y 

of
 p

ai
nt

 is
 re

du
ce

d 
by

 a
 fa

ct
or

 o
f 

4 5
. 

th
e 

vo
lu

m
e 

of
 p

ai
nt

 is
 re

du
ce

d 
to

 
1

4
5

5
u

  

2

2
1

4
4

5
5

5
u

u
 

4
4

5
5

5
5

n
n

nu
 

 

(iv
) 

M
et

ho
d 

2:
 

Le
t u

n d
en

ot
es

 th
e 

vo
lu

m
e 

of
 p

ai
nt

 in
 li

tre
s r

em
ai

ni
ng

 a
fte

r t
he

 n
th

 
re

fil
l. 

u 1
 =

 4
 

B
ef

or
e 

th
e 

2nd
 re

fil
l, 

th
e 

qu
an

tit
y 

of
 p

ai
nt

 is
 re

du
ce

d 
by

 a
 fa

ct
or

 o
f 

4 5
. 

th
e 

vo
lu

m
e 

of
 p

ai
nt

 is
 re

du
ce

d 
to

 u
2 =

 
1

4
4

4
5

5
u

   

u 3
 =

 
2

2
4

4
4

5
5

u
   

 

nt

ua
ntttttt

ititititititittty
 y y y yyyyyyyy
offfffffffffffffff

pppppppppppppppppa
iaiiaiiiiaiiaiaiiaiaiai
nt

is

in
t i

sssisis
rrrrrrrrre

dddedededdededddedededededededddedededdeddddedddddededddededddedddededddedededdddddedddddededdeddeddedddddeddeeeeee
ucucuccucucucucucucucucucucuccucuccucucucucuccuccccucuccuccucucucucuccucuccuuuuuuuuuuuuuuuuuuuuuuuuuuuuuuuuuuuuuuuu

ededddddddddddedddddddddededed
tttttttttttttttttto

 
1

444444444444444444
5

5
uuuuuuuuuuuuuuuuu

2

5555555555555555
44 55555555555555555

n
nnn

n
nnn

n
nnnnnnn

4
44444444

nnnnn
444

555555555555
4

4
5

5
5555555555555

55
5

5
55

5
5

5
5

555
5

55555
555

d
2::2:2:2:

  
n

ttot
esessesssesese

tttttth
eheheheheeeeeeeeeeehh

vvvvvvvvo
l

www.KiasuExamPaper.com 
202



20
21

 N
Y

JC
 J

1 
H

2 
M

at
he

m
at

ic
s E

nd
-o

f-Y
ea

r E
xa

m
in

at
io

n 
97

58
/1

 A
ns

w
er

s

27
 o

f 3
0 

 

1
4

4
5

n

nu
  

(v
) 

If
 th

e 
m

ix
tu

re
 is

 m
or

e 
th

an
 8

0%
 tu

rp
en

tin
e,

 th
en

 it
 is

 le
ss

 th
an

 2
0%

 
pa

in
t, 

ie
 0

.2
 

 5
 =

 1
 li

tre
 o

f p
ai

nt
. 

4
5

1
5

n

nu
 

or
 

1
4

4
1

5

n

nu
 

U
si

ng
 G

C
, m

in
im

um
 n

 =
 8

 
Th

e 
m

in
im

um
 n

um
be

r o
f r

ef
ill

s t
ak

en
 b

ef
or

e 
th

e 
m

ix
tu

re
 is

 m
or

e 
th

an
 

80
%

 tu
rp

en
tin

e 
is

 8
. 

> 
80

%
 tu

rp
en

tin
e 

m
ea

ns
 <

 2
0%

 p
ai

nt
. I

t s
ho

ul
d 

be
 <

 0
.2

 
 5

 a
nd

 n
ot

 
ju

st
 <

 0
.2

. 

ak

www.KiasuExamPaper.com 
203



20
21

 N
Y

JC
 J

1 
H

2 
M

at
he

m
at

ic
s E

nd
-o

f-Y
ea

r 
Ex

am
in

at
io

n 
97

58
/1

 A
ns

w
er

s

28
 o

f 3
0 

 

Q
11

 
Su

gg
es

te
d 

A
ns

w
er

s 
G

ui
da

nc
e 

(i)
 

         
 

12
00

xy
   

 
   

  
12

00
y

x
 

 Le
t A

 b
e 

th
e 

to
ta

l a
re

a 
of

 th
e 

ca
nv

as
. 

To
 m

in
im

iz
e 

8
6

A
x

y
  

 
 

 

12
00

8
6

96
00

12
00

6
48

96
00

6
12

48

x
x

x
x

x
x

 

  
   

   
  

2
d

96
00

6
dA x

x
 

 
   

   
  

d
0

dA x
   

 
   

  
2

16
00

x
 

 
 

 
   

   
   

 
40

x
  

 
0

x
  

 
 

 
   

   
   

 
30

y
 

 

“…
 c

re
at

e 
a 

pi
ec

e 
of

 a
rtw

or
k 

w
ith

 p
ai

nt
ed

 a
re

a 
of

 
2

12
00

 c
m

 o
n 

a 
re

ct
an

gu
la

r p
ie

ce
 o

f c
an

va
s. 

 T
he

 p
ai

nt
ed

 a
re

a 
m

ea
su

re
s x

 c
m

 b
y 

y 
cm

 a
nd

 is
 su

rr
ou

nd
ed

 b
y 

an
 u

np
ai

nt
ed

 b
or

de
r…

 o
n 

th
e 

ca
nv

as
, a

s 
sh

ow
n 

in
 th

e 
di

ag
ra

m
 b

el
ow

.”
 

 R
ea

d 
th

e 
qu

es
tio

n 
ca

re
fu

lly
 to

 u
nd

er
sta

nd
 th

at
 th

e 
ar

tw
or

k 
co

ns
is

ts
 o

f 
th

e 
pa

in
te

d 
ar

ea
 (

12
00

xy
) s

ur
ro

un
de

d 
by

 a
n 

un
pa

in
te

d 
bo

rd
er

 a
nd

 
th

e 
to

ta
l a

re
a 

of
 th

e 
ar

tw
or

k 
is

 th
at

 o
f t

he
 c

an
va

s. 
 St

ep
 1

: C
on

st
ru

ct
 a

n 
eq

ua
tio

n 
to

 li
nk

 th
e 

th
re

e 
va

ria
bl

es
 A

, x
, a

nd
 y

. 
8

6
A

x
y

 
 St

ep
 2

: F
or

m
 a

no
th

er
 e

qu
at

io
n 

to
 li

nk
 th

e 
va

ria
bl

es
 x

 a
nd

 y
. 

12
00

xy
 

A
s w

e 
w

an
t t

o 
m

in
im

is
e 

A,
 u

se
 th

e 
ab

ov
e 

re
la

tio
n 

to
 o

bt
ai

n 
an

 e
qu

at
io

n 
in

vo
lv

in
g 

A 
an

d 
x 

(o
r A

 a
nd

 y
). 

 W
e 

ne
ed

 to
 d

o 
ei

th
er

 a
 fi

rs
t o

r s
ec

on
d 

de
riv

at
iv

e 
te

st
 to

 sh
ow

 th
at

 A
 is

 
in

de
ed

 m
in

im
is

ed
 fo

r t
he

 v
al

ue
s o

f x
 a

nd
 y

 o
bt

ai
ne

d.
 

 
x 

39
.9

 
40

 
40

.1
 

d dy x
 

0.
03

01
 

0 
0.

02
99

 
 

\ 
_  

/ 
Sh

ow
 th

e 
va

lu
es

 u
se

d 
in

 y
ou

r c
al

cu
la

tio
n 

in
 th

e 
ta

bl
e.

 
 

x 

y 

3 3 

4 
4 

20
0 xxxxxxxxxxxxxxxxx

of
 th

eeeeeeeeeee
cccccccccccccccca

nnnnnnnnnnannnnnnnnnnnnnanannnannnannnananannannannannananaaaaaaaaaaaa
vavavavavavavavavvvvvvv

s.s.s.s.s.s...s.s.ss 
 

 
9699999999999999

0
12

00000000000000000000
666666666

9

969999999999999
0

66666666
96

xxxxxx

xxxxxxxxxxx

1212121212121212212121212212211
00000000000000000000000000

6
12111

00000000
6666666666666666666666666

1211111
00000000 xxxxxxxxxxxxxxxxxx

6
xxxx

12222222222
0000000000000000000000

66

6

www.KiasuExamPaper.com 
204



20
21

 N
Y

JC
 J

1 
H

2 
M

at
he

m
at

ic
s E

nd
-o

f-Y
ea

r 
Ex

am
in

at
io

n 
97

58
/1

 A
ns

w
er

s

29
 o

f 3
0 

 

2

2
3

d
19

20
0

0
d

A x
x

 si
nc

e 
0

x
 

 H
en

ce
 A

 is
 m

in
im

um
 w

he
n 

48
x

 c
m

  a
nd

 
36

y
 c

m
 

(ii
) 

G
ra

ph
 o

f 
96

00
6

12
48

A
x

x

Fr
om

 g
ra

ph
, l

ar
ge

st
 p

os
si

bl
e 

ar
ea

 o
f t

he
 c

an
va

s i
s 

2
17

48
 c

m
 w

he
n 

30
x

cm
. 

 

 
 

 
 

Si
nc

e 
th

er
e 

is
 o

nl
y 

a 
m

in
im

um
 p

oi
nt

 (a
t 

40
x

), 
th

e 
la

rg
es

t p
os

si
bl

e 
va

lu
e 

of
 A

 is
 a

t e
ith

er
 e

nd
 o

f t
he

 in
te

rv
al

 3
0

50
x

. 
          

30
  5

0 
 

x 

A 

30
,1

74
8

  
50

,1
74

0
  

rg
esessesesesssessessseseseeee

t ttttttttttttp
opopopopoppppppppp

sssssssssssss
ibbbbbbbibibbibibbibbbbii

lelelelellllllllllll
aaaaaaaaaaaaaaaaaaaaar

ea
 o

fofofofofofofofofoffofofoff
ttttttttttttth

ehhhhhhhhhh

0 
 

x

 

www.KiasuExamPaper.com 
205



20
21

 N
Y

JC
 J

1 
H

2 
M

at
he

m
at

ic
s E

nd
-o

f-Y
ea

r E
xa

m
in

at
io

n 
97

58
/1

 A
ns

w
er

s

30
 o

f 3
0 

 

(ii
i) 

 
  

2
A

r
 

 
d

d
2

d
d

A
r

r
t

t -
--

--
--

(*
) 

 W
he

n 
0

t
, 

2
2

4
A

 

W
he

n 
3

t
, 

4
3

20
64

A
 

 H
en

ce
 

2
64

r
   

 
   

  
8

r
 

 Su
b 

d
20

dA t
, 

8
r

 in
to

 (*
): 

 
8

d
20

2
dr t

 
d

0.
70

5
dr t

 (3
 s.

f.)
 

W
he

n 
3

t
, r

at
e 

of
 c

ha
ng

e 
of

 ra
di

us
 is

 0
.7

05
 c

m
/m

in
 

W
e 

ar
e 

gi
ve

n 
d

20
dA t

, a
nd

 a
re

 a
sk

ed
 to

 fi
nd

 d dr t w
he

n 
3

t
. 

 N
ot

e 
th

at
 d

20
dA t

 is
 a

 c
on

st
an

t, 
an

d 
d dr t is

 n
ot

 a
 c

on
st

an
t (

si
nc

e 
ar

ea
 o

f 

th
e 

ci
rc

le
 in

cr
ea

se
s a

t a
 c

on
st

an
t r

at
e,

 th
e 

ra
te

 a
t w

hi
ch

 th
e 

ra
di

us
 

in
cr

ea
se

s i
s a

ct
ua

lly
 d

ec
re

as
in

g)
. 

W
e 

ne
ed

 to
 fi

nd
 th

e 
va

lu
e 

of
 r 

at
 th

e 
in

st
an

t 
3

t
in

 o
rd

er
 to

 su
bs

tit
ut

e 

in
to

 th
e 

re
la

tio
n 

d
d

2
d

d
A

r
r

t
t. 

 

 

iiiiiii
ttntntttttttttttttntnt
oooooooooooooooooooooooooooooooooooooo

(*(*(*(*(*(*(***(((*(*(*(***(***((*(*(**(**(*(**(*(*(*(*(*(*(*(**(***(*(***(*(*((((((((((((((((((((((((((((((((((
):):):):):)))))) 

8
d

8
d

8
d

8
d

8
d

8
d

8
dd

8
dd

8
ddd

88888888
2

ddddddddddddddddddddrrrrrrrrrrr tttttttttttttt
2

d
0.000.00

700070707070070707070707070070
5

ddddrrr tttt
((((((((((((((((3333333333333

s.sssssssf
.) )) ) ) )) ) ))))))

3333333
t

,,,,,,r
aaaraaaaaraaaarrr
teteteteteeteteteteeeteteteet

oooooooooooooooooof
 ffffffffffffffc

hchchchchhchhchchchchhchcc
anaaaaa

g

www.KiasuExamPaper.com 
206



www.KiasuExamPaper.com 
207



 RI2021 [Turn over

                       
 

  

CANDIDATE  
NAME 

CLASS   22  

MATHEMATICS              9758 

  2.5 hours 
Candidates answer on the Question Paper. 

Additional Materials:   List of Formulae (MF26) 

READ THESE INSTRUCTIONS FIRST 

Write your name and class on all the work you hand in. 
Write in dark blue or black pen. 
You may use an HB pencil for any diagrams or graphs. 
Do not use staples, paper clips, glue or correction fluid. 

Answer all the questions. 
Write your answers in the spaces provided in the Question Paper. You may use the blank pages on page 
21 and 22 if necessary and you are reminded to indicate the question number(s) clearly.  
Give non-exact numerical answers correct to 3 significant figures, or 1 decimal place in the case of angles in 
degrees, unless a different level of accuracy is specified in the question. 
You are expected to use an approved graphing calculator.  
Unsupported answers from a graphing calculator are allowed unless a question specifically states otherwise. 
Where unsupported answers from a graphing calculator are not allowed in a question, you are required to 
present the mathematical steps using mathematical notations and not calculator commands. 
You are reminded of the need for clear presentation in your answers.  

The number of marks is given in brackets [ ] at the end of each question or part question. 
The total number of marks for this paper is 85. 

For examiner’s use only 
Q1 Q2 Q3 Q4 Q5

  / 4   / 5   / 6  / 8  / 8 

Q6 Q7 Q8 Q9 Q10  TOTAL

    / 10    / 10   / 10    / 12   / 12    / 85 

This document consists of 20 printed pages and 2 blank pages. 
RAFFLES INSTITUTION 
Mathematics Department

RAFFLES INSTITUTION 
2021 YEAR 5 PROMOTION EXAMINATION  

www.KiasuExamPaper.com 
208



2 

H2 MA 9758/2021 RI Year 5 Promotion Examination

 
1 A curve C has equation 

2
ax by
cx

, where a, b and c are constants. It is given that C 

passes through the points with coordinates 1,  5  and 8,  0.5 .  The curve C is 

translated 1 unit in the positive x-direction.  The new curve passes through the point with 
coordinates 0,  0.2 .  Find the values of a, b and c. [4] 
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2 The curve C has equation 
2

3 4
2

xyy . 

  

(i) Show that d
d 6 2
y y
x y x

.  [2] 

 (ii) Find the equation of the normal to C at the point P where 1y .  [3] 
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3 The points A, B and C have position vectors a, b and c respectively. 

  

(a) Show that the area of triangle ABC is 1
2

a b b c c a .  Hence show that the 

shortest distance from B to AC is  

a b b c c a
c a

.  [4] 
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(b) Given that a and b are non-zero vectors such that a b a b , find the value 
of a b .  [2]  
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4 A sequence 1 2 3, , ,...u u u  is defined by  

1
(2 1).

n

n
r

u r n  

Another sequence 1 2 3, , ,...v v v  is given by 2
n

n

v
u

, where n . 

 
 

(i)  Find nu  in terms of n.  [2] 

  

(ii) Show that 1 1
1nv

n n
. [1] 

 
 

(iii)  Describe the behaviour of the sequence 1 2 3, , , ...v v v . [1] 
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(iv) Find the sum, NS , of the first N terms of the sequence 1 2 3, , , ...v v v . [2] 

 
 

(v) Give a reason why the series NS  converges, and write down the value of the sum 
to infinity. [2] 
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5 
 

(i) Using standard series from the List of Formulae (MF26), expand cos3
4

x
x

as far 

as the term in 3.x  Give the coefficients as exact fractions in their simplest 
form. [4] 
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 (ii) It is given that the third and fourth terms found in part (i) are equal to the third 
and fourth terms in the series expansion of 5 ,a bx  in ascending powers of x, 
respectively.  Find the values of the constants a and b. [4] 
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6 
 

(i) On the same axes, sketch the graphs of 12
1

y x
x

 and 2 2 ,y x  stating 

the coordinates of any points of intersections with the axes, turning points and 
the equations of any asymptotes.  [5] 

  

 (ii) Hence solve the inequality  
12 2 2

1
x x

x
, 

giving your answers in exact form.  [5] 
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6 [Continued]  
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7 
 

(a) An arithmetic sequence 1 2 3,  ,  ,...a a a  has common difference d, where 0d . 
The sum of the first n terms of the sequence is denoted by nS . Given that 

8 13a a , find the value of n for which nS  is maximum. [4] 

www.KiasuExamPaper.com 
219



13 

H2 MA 9758/2021 RI Year 5 Promotion Examination [Turn over

 
 

(b) The terms 1 2 3,   and u u u  are three consecutive terms of a geometric progression. 
It is given that  

1 2 3,   and 32u u u
form an arithmetic progression, and that 

1 2,  4u u and 3 32u
form another geometric progression.  Find the possible values of 1,u 2u and 3.u

[6] 
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8 The diagram below shows the graph of f ( )y x with asymptotes 2,  3x x and
 1y x . The curve intersects the x-axis at points B and D, and has turning points at 

points A, B, C and E. The coordinates of A, B, C, D and E are 3, 3 , 1,0 , 3 3, ,
2 4

2,0  and 5,8  respectively. 

 
 (i) By showing clearly the equations of asymptotes and the coordinates of any 

turning points and the points where the curve crosses the axes, where possible, 
sketch, on separate diagrams, the graphs of  

  
 

(a) fy x , [4]

   

 B   

C   

D   O   

y 

x 

E 

1y x

A 
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(b) 1
f

y
x

. [4] 

 (ii) By drawing another suitable graph on the same diagram in part (i)(b), determine 
the number of solutions to the equation  

 
2

2
1 1

36 16 f
x

x
. [2] 
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9 Distances in this question are in metres. 
 
Harry and Tom’s model airplanes are taking off from the horizontal ground, which is the 
x-y plane. Tom’s airplane takes off after Harry’s. The position of Harry’s airplane t 
seconds after it takes off is given by (5 6 ) ( 4 2 4 )tr i j i j k . The position of 
Tom’s airplane s seconds after it takes off is given by ( 39 44 ) (4 6 7 )sr i j i j k . 

 (i) State the height of Harry’s airplane two seconds after it takes off and find its 
distance travelled in the two seconds. [3] 

 (ii) Find the acute angle between the path of Harry’s airplane and the ground.    [2] 

 (iii) Show that the paths of the airplanes are perpendicular. [1] 
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 (iv) Given that the two airplanes collide, find the coordinates of the point of collision. 
How long after Harry’s airplane takes off does Tom’s airplane take off? [3] 

 (v) Find the cartesian equation of the plane in which both paths of the airplanes lie. 
 [3] 
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10 Functions f and g are defined by 
 
                               f : 4 2x x k       for x , where k is a constant, 

                               9g :
2

x
x

         for x , 2x . 

 
 (i) Explain why gf does not exist. [1] 

 
 

(ii) Find the range of values of k for which the equation fg( )x x has real roots. [4] 
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 For the rest of the question, let 5k . 
  
 

 

(iii) Sketch the graph of fg( )y x  for 2x .  Hence sketch the graph of 1(fg) ( )y x   
on the same diagram, showing clearly the relationship between the two 
graphs.  [4] 
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10 [Continued] 
 

 The function h represents the height in metres of an object at time t seconds and is defined 
for the domain 0 t b  by 
 

30 g( 9) for  0 ,
h( ) 7

2 f ( ) for ,

t t a
t

t a t b
 

 
where a and b are constants.  At 0t , the object was thrown up from 3 metres above 
the ground level.  When t a , the object started to descend and finally reached the 
ground at t b . 

 (iv) Find the values of a and b. [2] 

 
 

(v) Sketch the graph of h( )y t  for 0 t b . [1] 
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BLANK PAGE 
 

You may continue your working on this page if necessary, indicating the question 
number(s) clearly. 
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BLANK PAGE 
 

You may continue your working on this page if necessary, indicating the question 
number(s) clearly. 
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 RAFFLES INSTITUTION 
2021 Year 5 H2 Mathematics Promotion Examination 
Questions and Solutions with comments 

Page 1 of 17 

1 A curve C has equation 
2

ax by
cx

, where a, b and c are constants. It is given that C 

passes through the points with coordinates 1,  5  and 8,  0.5 .  The curve C is 

translated 1 unit in the positive x-direction. The new curve passes through the point with 
coordinates 0,  0.2 . Find the values of a, b and c. [4]

Solution Comments 
1 

[4] 2
ax by
cx

Sub 1,  5  and 8,  0.5  into equation, 
5 10    ----- (1)

8 4 1  ----- (2)
a b c
a b c

After transformation, the translated curve is 
1
1 2

a x b
y

c x
. 

Substitute 0,  0.2 , we get    5 5 2  ----- (3)a b c   
Alternatively, 
Since 0,  0.2  lies on the translated curve, then 1, 0.2  should 

lie on the original curve.  Substitute  1,  0.2  onto the original 

curve, we get 0.2
2

5 5 2    -----(3)

a b
c

a b c

From GC, 2,  3 and 3a b c  , i.e. 2 3
3 2

xy
x

Most students 
were able to 
substitute the 
given 
information in 
the question and 
form the 3 
equations before 
using the GC to 
solve for the 
values of a, b 
and c. 

es onnnnnnnnnnnnnnnnn tttthehehhhhhhhhhhhhhhhh tra

nal cuuuuuuuuuuuuuurvrvrrvrvrvrvrvrvrvrvrvrvrvvrrrrvvvvvvee.eeeeeeeeeeeeeee   SuSuSuSuSuSuSuSuSuSuSuSuSuuSSuSuSubsbbbbbb titute

get 00000.222222222222222
2

5 55555 55 5555555 5555 55 2

a ba ba ba ba bba ba ba ba ba ba bbbbb
ccccccccccccccc

bbbbb555555555555

aaaaaaaaaa0 222222222222
cccccccc

55555555555555555

FrFrFrFrFrrFrFrFrrrrrrroooooooooooooooooom mm m mm mmmmmmmmm GCGCGCGCGCGCGCGGCGCGCCGCGCCGCC,,,, ,aaaaaaa 2,2,22,22222,222222222222222222
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2 The curve C has equation
2

3 4
2

xyy . 

 (i)        Show that d
d 6 2
y y
x y x

 .  [2] 

 (ii)      Find the equation of the normal to C at the point P where 1y . [3] 
 

Solution Comments 
2(i) 
[2] 

Method 1 
2

3 4
2

xyy  

Differentiate with respect to x: 
2

2

2
2

2

2

d d3
d 2 d
d3
d 2
d  (shown)
d 6 2 6 2

y y yy xy
x x
y yy xy
x
y y y
x y xy y x

 
Method 2 

2
3

2

84 2 (1)
2

xyy x y
y

 

Differentiate with respect to y:     
3

3 3

d 16 16 22
d

x y
y y y

Then, 

  
3

3

2

d
16d 16 2 2

, using (1)
2 4 2

 (shown)
6 2

y y y
x y y

y
y

x y y
y

y x

Method 3 
1

2 3

2

2
2 3

2

2

4
2

d 1 d
d d 2

3 4
2

d 1 d
d 3 d 2

xyy

y y yxy
x xxy

y y yxy
x y x

 
Students should 
use implicit 
differentiation to 
solve part (i). 

y

respepeeeeepeeepeeepeeectctcctctctctctctctctctctctctctc ttttttttttttto yyyyyyyyyyyyyyyyyy:  

33333333333333

333

d
dddd 1d 6 22222222222222

2

y yyy yyyyyyyyyyyyy3333d
x yx yyyyyyyyyyyyx yd 11d 1d 1d 16 22222222222222666666666ddd

d
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d d 1
d 3 d 6

d 1 1
d 6 1

3
d (shown)
d 6 2

y x y
x y x

y
xx
y

y y
x y x

(ii) 
[3] At 1y ,  6x and d 1

d 18
y
x

  

 
Gradient of normal = 18  
 
Hence equation of normal 

1 18 6
18 107

y x
y x

 

 

 
Very standard 
question and most 
students are able to 
get this correct. 
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3 The points A, B and C have position vectors a, b and c respectively. 
 (a) Show that the area of triangle ABC is 1

2
a b b c c a . Hence show that the 

shortest distance from B to AC is 
a b b c c a

c a
.  [4] 

 (b) Given that a and b are non-zero vectors such that a b a b , find the value of 
a b .  [2]    

   
Solution Comments 
3(a) 
[4] area of triangle ABC  = 1

2
b a c a   

    = 1
2

b a c b a a  

    = 1
2

b c a c b a a a  

    = 1
2

b c c a a b 0  

    =  1
2

a b b c c a    (shown) 

 
Let shortest distance from B to AC be h (which is also the 
perpendicular distance from B to AC). 
AC AC c a   

 
area of triangle ABC = 1 ( )( )

2
AC h  =  1

2
a b b c c a  

Thus h
a b b c c a

c a
. (shown) 

 
As this is a 
“show” question, 
students need to 
pen down more 
working to get 
full credit for the 
first part. 
 
 
 
 
The second part 
of (a) is a ‘hence’ 
question. Students 
need to use the 
result from the 
earlier part to 
show the shortest 
distance from B 
to AC. 

(b) 
[2] 

2 2 2 22 2
0

a b a b
a b a b a b a b

a a b b a a b b
a b

Alternative 
Consider a parallelogram OACB with OA a  and OB b .  
Then the lengths of its diagonals are given by

 and AB OCa b a b .
If a b a b , then OACB forms a rectangle and thus 0a b . 

Students need to 
apply the 
properties of the 
dot product 
correctly before 
any credit is 
given. 

A C 

B 

h 

areaaaaaaaaaaaa ooooooooooooooooof ffff fff ffffff trtttrttrtrttrtrtrttrrrriaaiaiaiaaiaaaiaiaiiiaiaiaaangngngngngngngngggngnnngggleleleleleleleeleeeell  ABABAABABABABABABABAABAABABAA C C C C C C CCC CCCCC =========== 1

ThThThTThThTThThThTThThThThTThThThT ususuusuususuuusuuusss hhhhhhhhhhhhh
a baaaaa bbbbb bbbbbbbbb

a bbbbb a

CCCCCCCCCCCCCCCCC

B

hhhhhhhhhh
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4 A sequence 1 2 3, , ,...u u u  is defined by 

1
(2 1)

n

n
r

u r n . Another sequence 1 2 3, , ,...v v v  

is given by 2
n

n

v
u

, where n . 

 (i)  Find nu   in terms of n.  [2] 
 (ii) Show that 1 1

1nv
n n

. [1] 

 (iii)  Describe the behaviour of the sequence 1 2 3, , , ...v v v . [1] 
 (iv) Find the sum, NS , of the first N terms of the sequence 1 2 3, , , ...v v v . [2] 
 (v) Give a reason why the series NS  converges, and write down the value of the sum 

to infinity. [2] 
Solution Comments 
4(i) 
[2] 

1
(2 1) 3 3 1 2 ( 1)

2

n

n
r

nu r n n n n n  nu  is the sum of n 
terms of an AP:  
first term 3n , 
last term 3 1n . 

(ii) 
[1] 
 

2 1 ( 1) 1 1
( 1) ( 1) 1n

n

n nv
u n n n n n n

(shown) Show working 
clearly as it is a 
“show” question. 

(iii) 
[1] 

The sequence 1 2 3, , , ...v v v  decreases and converges to zero as 
1 10,  and 0

1n n
 . 

Question is asking 
about the sequence, 
not the series. 

(iv) 
[2] 

1

1 1
1

1[ 1
2

1 1
2 3
1 1
3 4
...
...

1 1
1

1 1 ]
1

N

N
n

S
n n

N N

N N

  

 = 11
1N

  

Question is asking 
for NS , not nS . 

(v) 
[2] As N , 

1

11 1
1

N

N n
n

S v
N

 , since 1 0
1N

. 

Thus, the series NS  converges. 
 
Sum to infinity of the series = 1   

Answer the 
question, i.e. state 
explicitly the sum 
to infinity. 

2
1 111 11 11 111111
2 32 32 32 32 32 322 32 32 322 32 32 332 3
1 11 11 11 11 11 11111 11 111111
3 4443 444443 43 43
............... .
..............

11
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5 

 

(i) Using standard series from the List of Formulae (MF26), expand cos3
4

x
x

as far as 

the term in 3.x  Give the coefficients as exact fractions in their simplest 
form. [4] 
 

 (ii) It is given that the third and fourth terms found in part (i) are equal to the third 
and fourth terms in the series expansion of  5a bx , in ascending powers of x, 
respectively. Find the values of the constants a and b. [4] 

 

Solution Comments 
5(i) 
[4] 

1

1
1

22 3

2 3 2

2 3 2 3

2

4 cos3

14 1 cos3
4

1 2 1 2 3 31 1 1 11 1
4 4 2! 4 3! 4 2!

1 1 1 1 91 1
4 4 16 64 2
1 9 1 9 1 11
4 2 4 8 16 64
1 1 71 711
4 4 16

x x

x x

x
x x x

x x x x

x x x x x

x x 3

2 3

64
1 1 71 71
4 16 64 256

x

x x x

  

 
When applying 
the standard 
series from MF 
26, replace the 
‘x’ in the 
standard series 
correctly. 

(ii) 
[4] 

5 5 4 3 2 2 2 3 3 5 55 10 10 ...a bx a a bx a b x a b x b x

3 2 2 371 7110  -----(1)      10  ----- 2
64 256

256(1) (2),  4
64

4

a b a b

a
b

a b

 

 
Substituting into  (1) 
 

3 2

5

5

7110 4
64
71640
64

71
40960
0.280 (3s.f.)       1.12(3.s.f.)

b b

b

b

b a

  

 

 

5 55 4 345 25 0000aaaaa5 55 4 345 25 11100004 3444 3444444 24aaaaaaaaaaaa5 5 155555555 15555555 11111100000000000000004 344 334 344444

3 2222222222222 7171717171717171711717771717171000 ---------------------------------------(1(1(1(1(1(1(1(1(1(1(1(1(1(1(1( ))) ))))))))))   3 22222222222 71777777777777
6464464446446444444644644

2525252525255252525252525252566666666(1(1(1((1(11(11(1111( ) () ()) () () ())) (() () (())) 2)2))2)2)2))2)22)222 ,,,,,,,,, 225222222 6
6

3

aaaaaa
bbbbbbbbbbbb

a bbbbbbbbbbbbbbbbb444444444

((((2))2)2)2))))2)2)))))2)2),,,,,,

2 333333333333717171717171717171711112
644 222222222222224444 556565665666566655655556655555656555556555566555555556566

x xxxxxxxxxxxx

1 33xxxxxxxxxxxxxxx71 3
64644646446464646444646446444644444444444444

xx

2x
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6 
 

(i) On the same axes, sketch the graphs of 12
1

y x
x

  and 2 2 ,y x stating 

the coordinates of any points of intersections with the axes, turning points and 
the equations of any asymptotes.  [5] 

 (ii) Hence solve the inequality 12 2 2
1

x x
x

, giving your answers in exact 

form.    [5] 
Solution Comments 
6(i) 
[5] 

 

 
 
 

Take note that the 
y-intercepts of both 
oblique asymptote 
and modulus 
function are the 
same. 
 
Maximum point is 
on the y-axis. 
 
Drawing of graphs 
can definitely be 
improved. Many 
students drew 
graphs with all the 
points so close to 
each other that it is 
difficult to decipher 
the handwriting and 
the details. 

(ii) 
[5] 

Intersection between 
12

1
y x

x
 and 2 2y x   

2

12 2 2
1

1 1

1 0

1 5
2

x x
x

x x

x x

x

  

 
 

Intersection between 
12

1
y x

x
 and 2 2y x  

2

12 2 2
1

13 4
1

3 4 1 1

3 3 0

1 37
6

x x
x

x
x

x x

x x

x

 

From the graph, the intersection 

occurs at 1x . So, 1 37
6

x  

This is a “Hence” 
question. The 
expectation is to 
solve points of 
intersection with 
the correct 
equations. There 
is no need to 
solve with the 
inequality signs.  
 
The question also 
specified exact 
solution – means 
GC answers will 
not be accepted. 
 
 
 
 

 
From the graphs in (i), the solution is  1 37 1 5

6 2
x   or   

1 51
2

x . 

y 

2 2y x   
2y x   

x 

12
1

y x
x

 1x   

tweennnnnnnnnnnnnnnnnnnnnn 
1

1xxxxxxx
aaaaaaaaaaaaaaaaaaaaaaaaaaandndndndndndndnddnndnndndndndndnddndnddndndndnddnddddndnndnddndndndnddndnddnddnndndddddddddndnddnndddnddnddddnddnnndddnddddd 2 2222222222222222222yyyyy x22  

222222222222

111111111111122222222 2222222222222
1111111111111111

111111111

1 01 01 01 001 001 011

11111111111111

x x
xxxxxxxxxxx

xxxxxxx

x xx xxxxxx xxxx x

xxxxxxxxxxxxxxx

222222 2x22222222222222

1111111111xxxxxxxxxxxx

I

1x
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7 (a) An arithmetic sequence 1 2 3,  ,  ,...a a a  has common difference d, where 0d . 
The sum of the first n terms of the sequence is denoted by nS . Given that 

8 13a a , find the value of n for which nS  is maximum. [4] 
 (b) The terms 1 2 3,   and u u u  are three consecutive terms of a geometric progression. 

It is given that 1 2 3,   and 32u u u form an arithmetic progression, and that 

1 2,  4u u and 3 32u form another geometric progression. Find the possible 
values of 1 2 3,   and u u u . [6]  

Solution Comments 
7(a) 
[4] 

8 13

1 1

1 1 1 1

1

1

7 12
7 12      or     7 12

7 12                2 19 0
190                               
2

(rejected since 0)

a a

a d a d
a d a d a d a d

d d a d

d a d

d

8 13

2 2
1 1

2 2
1 1

1

1 1

1

7 12

12 7 0

2 19 5 0
2 19 0, since 0

19
2

a a

a d a d

a d a d

a d d
a d d

a d

 

Thus, 12 1 19 20
2 2 2n
n n dS a n d d nd d n n   

To find n for max nS   

20
2n
dS n n  is a quadratic expression with negative coefficient 

of 2n   0
2
d . When 0nS  , 0n  or 20n .  

Hence, nS  is maximum at 0 20 10
2

n  . 

OR 
d 10
d

nS nd d
n

  

When d 0, 10 0
d

10  since 0

nS n d
n

n d

  

2

2

d 0
d

nS d
n

 

Hence, maximum nS  at 10n  .  
 

OR 
nS  will keep increasing when each term added is positive, until a 

maximum, and decrease when the next term added is negative. 

Consider 0na , then 19 1 0
2

19 1 0   since  0
2

10.5

d n d

n d

n

  

 
 
 
 
 
 
 
 
 
 
 
When using the 
differentiation 
method, it is 
necessary to use either 
second derivative test 
or a complete first 
derivative test to show 
that the stationary 
value is a maximum 
value. 
 
 
 
Other methods 
should be 
accompanied with 
complete and 
thorough 
explanations, 
showing and 
explaining 1 0a , 

10 0a  and 

Or 

enn  nnnnnnnnnnnSSSSSSSSSSSSSSS

maximumummumumumumumumummummummuummuuuuuuuuuummmmuummummm m mmmmmmmmmmmmmmmmmm atatatatatatatatatataatatataaa  0
2

nn

ndndndnddndnddddddndndnndnnnn ddddddddddddddd10001010000000000
n

ndndndndnndnnddndndnndnddndnd  

WhWWWWhWhWWW enenenneneneenenenenenenenn ddddddddddddddd 0,0,0,0,0,0,00,0,00,00,0000,
d

nnnnnnnnnnSSSSSSSSSSSSSSS
nnnnnnnnnnn

00000000000000

222

222222222

dddddddddddd 0
d

nnnSSSSSSSSSSSS ddddddddddddddd
n

dddddddddddddd

ce
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nS  is maximum when 10n  since 10 0.5 0a d  and 

11 10 0.5 0a a d d .  
 
Note that 1a  has to be positive.  If 1a is negative (and with negative 
d), then ra  will just get smaller and smaller (more and more 
negative) as r increases.  Then, it would not be possible that 

8 13a a .  And so, 1a  has to be positive.  In fact, 8a  is positive and 

13a is negative, and we can say that 8 13a a . 

11 0a  , and 
drawing link to 
how this affects 

nS  in order to 
obtain full credit.  

(b) 
[6] 

Let a and r be the first term and common ratio of the geometric 
progression. 
Then, 2

1 2 3,  ,u a u ar u ar  
2

2

2

2

32 (*)
2 32

1 32
321      -------------- (1)

ar a ar ar
ar ar a

a r

r
a

  

2

2 2 2

32 4 (**)
4

32 8 16

32 8 16
8 32 16

2   --------------- 2
4

ar ar
ar a

ar a a r ar

a ar
a r

a
r

  

Substituting (2) into (1), 
2

2

2 1 16 64
18 65 0

5     or     13
22     or    
9

r r r
r r

r r

a a

  

 
 
 

Hence 1 2 32,  10 and 50u u u  or 1 2 3
2 26 338,   and 
9 9 9

u u u . 

One of the key 
learning points in 
this question is 
that students 
should strive to 
reduce the number 
of variables they 
are dealing with. 
Those that started 
with only a and r 
have more success 
than those who 
dealt with

1 2 3,  and u u u . 
  
Also, do read the 
question carefully, 
there is no 
mention of the 
terms needing to 
be integers. 
 
Solutions that 
used the guess and 
check method did 
not give the 
second set of 
answer and the 
calculators are 
usually set to 
show integer 
values only.  
 

 

  

2

2

2

2 323

2 3 32

9 20 4 0

a a

a a

a a
22     or    
9

a a  

2  --------------------- ---------------- --------- 
44444444444444444444r

ing ((((2)2)2)))))))2 iiiiiiiiiiiiiiiiiiiiiiiiiiiintntntntntntntntntntnttttntntntntnttntntntnttntntttntntntnnttntnntnntnnntnntnnnttnntntnttnnttnnnnntnnntnttooooooooooooooo oooooo oooooooooooooooooo ((((1(1111111111111111),),),),),),),),),),),),),)),)),))  
2 112 12 112 1611616161661611166 6444444444444444

1811 6565665656665566565555 0000000000000000
555555555    oooro

2

rrrrrrrrrrrrrrr 555555555     ooorooo

aaaaaaaaaaaaaa 2

2 112 12 112 1661166662 112 12 12 1222222222 16661661666666
1811 555655555555551811

555555555 or

2
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8 The diagram below shows the graph of fy x with asymptotes 2,  3x x and
 1y x . The curve intersects the x-axis at points B and D, and has turning points at 

points A, B, C and E. The coordinates of A, B, C, D and E are 3, 3 , 1,0 , 3 3,
2 4

, 

2,0  and 5,8  respectively. 
 

 
 

 (i) By showing clearly the equations of asymptotes and the coordinates of any turning 
points and the points where the curve crosses the axes, where possible, sketch, on 
separate diagrams, the graphs of  

  (a) fy x , [4]
  (b) 1

f
y

x
. [4] 

 (ii) By drawing another suitable graph on the same diagram in part (i)(b), determine 

the number of solutions to the equation 
2

2
1 1

36 16 f
x

x
. [2] 

Solution Comments 

     

 B   

C   

D   O   

y 

x 

E

1y x  

A 

showiiiiiiiiiiiiinnnnnngngngngngngngngngngngngngngngggggg ccccccccccccccleleeleeleleleleelelelelelleleeleellellllelllllllllllllelllleleeararararararararrararararararaaara lylyylylylyylylylylylylylylylylyy tttttttttttttttttthehehehehhehhhehe eeeeeeeeeeeeeeqqqquqqqq a
pointsss aaaandndnddndnddddddddddddddndndddddddddddddnn tttttttttttttttttttttttttttttttttthhhhhhhhhhhhehhhhhhhhhhhhhhhhhh pppppppppppppppppppooooiooooooooooo ntntntntntntntntntntntntntttts s ss s s ssssssss whwwwwhwhwhwhwwwwwwww e
seseeseseseseseseeseessss papapapapapppppppppppp rarararateeeeeeeeeeeeee diaiiiiaiiiiiiagrrrrrrrrrrrramamamamamamamamamaamamaamamamammmssssssssssss, th
(a(a(a(a(a(a((a((a(aa(a((a(aaaa) ))))))))))) ffffffffffffy xyy xyyyyyyyy xxxy xxy xxxy xy xxxxy xxxxy xxffffffffffffffffff ,
(b(bb(b(bbb(b(bb(b(b(b(b(b(bb) ) ))) ))))) ))) 11

f
yyyyyyy

(((((iiiii )  ) )) ) ByBBByByByByByBBBBBBBBBByyyyyyyy dddddddddddddddrrrarrrrrrrr w

thththhthththt e
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8(i) 
(a) 
[4] 

 
 
 
 
 
Note that there 
is a sharp point 
at the y-
intercept, and  
not a stationary 
point. 

(b)  
[4] 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

The graph 
should be drawn 
such that it 
approaches the 
x-axis as x  
and x .  
 
Since the point 
C is lower than 
the point E, C’ 
should be higher 
than E’ 

(ii) 
[2] 
 

 
2

2
1 1

36 f 16
x

x
 

By drawing 
2 2

1
36 16
x y  and 1

f
y

x
, number of solution is 6 

Since we’re 
drawing on the 
diagram for the 
graph of 

1
f

y
x

, we 

should substitute 
1

f x
 in the 

given equation 
with y  to get 
the equation of 
the ellipse. It 
should not be 

fy x . 

  

    

  O x 

y 

  

  

O 

y 

x 

  

 
3 

 

  

1' 3,
3

A   

1' 5,
8

E   

]
222

2
1111111111111 1

36363633636363636363636363663636366 1111111111111116666666666666
2

xxxxx
222

ffffffffffffffffff

By ddddddddrarararararrrr wiwiwiwiwiwiwiwiwiwiwiiiwiwww ngnnnnnnnnnnn
2x

'A 13333333333333333333333333333333333333333333333333333,,,,, 1333333333333333333333333333333
333333333333333333

33333333333,,,,,,,
33
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When drawing 2 
graphs on the 
same diagram, 
we need to 
consider their 
relative position 
to each other. 
Here, all 3 
turning points 
are inside the 
ellipse. 

 

  

O 

y 

x 3 

4 

 

 
6 
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9 Distances in this question are in metres.  
 
Harry and Tom’s model airplanes are taking off from the horizontal ground, which is the 
x-y plane. Tom’s airplane takes off after Harry’s. The position of Harry’s airplane t 
seconds after it takes off is given by (5 6 ) ( 4 2 4 )tr i j i j k . The position of Tom’s 
airplane s seconds after it takes off is given by ( 39 44 ) (4 6 7 )sr i j i j k . 

 (i) State the height of Harry’s airplane two seconds after it takes off and find its 
distance travelled in the two seconds. [3] 

 (ii) Find the acute angle between the path of Harry’s airplane and the ground.    [2] 

 (iii) Show that the paths of the airplanes are perpendicular. [1] 

 (iv) Given that the two airplanes collide, find the coordinates of the point of collision. 
How long after Harry’s airplane takes off does Tom’s airplane take off? [3] 

 (v) Find the cartesian equation of the plane in which both paths of the airplanes lie. 
 [3] 

Solution Comments 
9(i) 
[3] 

When 2t ,  (5 6 ) 2( 4 2 4 ) 3 10 8r i j i j k i j k  
Height of Harry’s airplane = 8 m 

Distance travelled = 2 2 2

3 5 8
10 6 4 ( 8) 4 8
8 0 8

 = 12 m 

Since the ground 
is the x-y plane, 
the height is given 
by the z-
component. Note 
that the airplane 
did not start 
flying from the 
origin but at point 
(5, 6, 0). 

(ii) 
[2] 
 

Let the angle of takeoff of Harry’s airplane from the ground be . 
4 0

2 0
4 1 2sin  = 

6 3
  

o41.8   

Vector 
perpendicular to 
the x-y plane is k. 

(iii) 
[1] 

The paths of Harry’s airplane and Tom’s airplane are parallel to  
4 4

2  and 6
4 7

  respectively. 

Since 
4 4

2 6 16 12 28 0
4 7

, the paths of the airplanes are 

perpendicular. 

 
 
 
 
 
 

(iv) 
[3] 

Since the airplanes collide, 
 

 
 
 

ThThhhTThhhhe eee eeeee pappppppap ththththhththththththhhtht sssssssssss of
4

8

ngle ee offffffffofofffffffffffffo ttttttttttttttttttttttttttttttttakakakakaakakakakakakakkakakakakakakakakakakaakakakakakakkakkkkkkakakakkkakkakakakakakkkaakaakakaakkkakkakkakakkkaakkaaaaaaakakkakkkkkeeeeeeeeoeoeoeoeeee fffffffffffffffffffffffffffffffff of f ffffffffffffffff HaHaHaHaHaHaHaHaHaHaHaHaHaHaHaHaHaaarrrrrrrrrrrrrrrrrrrrrrrrrrr y’

2sisisinnnnn =========== 
6

4 04 04 04 000000000004 000
2 022 02222 0022 02 02 0002 002 02 02 02 02 02 00002 02 02 02 02 00222 02
4 14 144 14 14444444444 14 111114 114 14 14

oooooooo444111414141114114141414114141.8.8.8.8.8.8.8.8.8.8.88.888888  
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5 4 39 4
6 2 44 6
0 4 0 7

t s   for some ,s t  

 
4 4 44   --- (1)

2 6 38        --- (2)
4 7 0          --- (3)

t s
t s
t s

  

From the GC, t = 7, s = 4. 

Position vector of the point of collision = 
5 4 23
6 7 2 20
0 4 28

  

Thus coordinates of the point of collision = ( 23, 20, 28) .  
 
Tom’s airplane takes off 3 seconds after Harry’s airplane takes off. 

 
 
 
 
 
 
 
 
 
 
Note that question 
requires the 
answer to be 
given in 
coordinates. 

(v) 
[3] Vector perpendicular to the plane = 

4 4 38 19
2 6 44 2 22
4 7 16 8

 

Equation of the plane containing both paths of the airplanes is 
19 5 19
22 6 22
8 0 8

19
22 227
8

r

r

  

Cartesian equation of the plane is 19 22 8 227x y z .  

 

 

  

7

 

siaaaaaaaaaaaannnnnn n n nnnnnnnn eqeqeqeqeeeeeeee uuauu tiiiiiiiiiiiiiionoonoooonoonooon ooof thththththththththththththhthhhhhee e eeeee plplplplplplplplplplplplplpppp an
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10 Functions f and g are defined by 
 
                               f : 4 2x x k       for x , where k is a constant, 

                               9g :
2

x
x

         for x , 2x . 

 
 (i) Explain why gf does not exist. [1] 
 (ii) Find the range of values of k for which the equation fg x x has real roots. [4] 
 For the rest of the question, let 5k . 
 

 

(iii) Sketch the graph of fgy x  for 2x . Hence sketch the graph of 1fgy x   
on the same diagram, showing clearly the relationship between the two graphs. [4] 

 The function h represents the height in metres of an object at time t seconds and is defined 
for the domain 0 t b by 
 

30 g 9 for  0 ,
h 7

2 f for ,

t t a
t

t a t b
 

 
where a and b are constants. At 0t , the object was thrown up from 3 metres above the 
ground level. When t a , the object started to descend and finally reached the ground at 
t b . 

 (iv) Find the values of a and b. [2] 
 (v) Sketch the graph of hy t  for 0 t b . [1] 
Solution Comments 
10 
(i) 
[1] 

fR ,   gD , \{2}  
 
Since f gR D  , gf does not exist. 

Some only state down the 
condition and did not 
explicitly give the range and 
domain, thus, not awarded 
any marks. 
 
Common errors in writing 
sets: 

 fR  
 fR x  
 gD , /{2}  
 gD 2x  

(ii) 
[4] 
 
 
 
 
 
 
 
 
 

f 4 2x x k ;  9g
2

x
x

 

So, 9 36fg 4 2 2
2 2

x k k
x x

 

Method 1 
fg x x  

                                           36 2
2

k x
x

 

                                     36 2 2 2k x x x  
                                       236 4 2 2k kx x x  
                       2 2 2 36 4 0x k x k  

There are a few who gave 
9fg

2 (4 2 )
x

x k
when 

this is actually gf(x). 
 
 
 
 
There are quite a few 
careless mistakes in arriving 
at this quadratic equation, 
either the sign is wrong or 
36 is mission or -4k is 
missing. 

44

o

g ,,,,,,,,,,,, \{\\\\\\\\\\\\\\\ 2}g ,,,,,,,,,,

gggDDDD ,,, ggggggggggggggggggggggggggggggggggggggggggggf f fffffffffffffffffffffffff f f ff fff ffffffffffffff fffffffffffffffffff ffffff ddoddddddodododododododddddddddddddddd eseseseseseseseseseseseesesesess nnnnnnnnnnnnnnnotototototototototototototoooooo eeeeeeeeeeeeeeexixixixixixixixixixixixixixixxixx st

4

www.KiasuExamPaper.com 
245



2021 Year 5 H2 Mathematics Promotion Examination: Questions and Solutions with comments 
 

Page 16 of 17 
 

For real roots, discriminant 0 , 
                        22 2 4 36 4 0k k  
                                                                2 2 35 0k k  
                                      7 5 0k k  
Therefore  7k or 5k  
Method 2 

fg
36 2

2
1 18
2 2

x x

k x
x

x k
x

By considering the intersection  
between 1 18

2 2
y x

x
 and y k ,  

fg x x has real roots is equivalent  

to the graphs of 1 18
2 2

y x
x

 and y k intersect.  The range of 

the graph of 1 18
2 2

y x
x

 is , 7 ) 5, .  Thus, the range 

of k is , 7 5, .                                            

Note that if the quadratic 
equation has 2 real and 
different roots, then 
discriminant > 0. 
If the quadratic equation has 
2 real and equal roots, then 
discriminant = 0. 
Thus, if the quadratic 
equation has real roots, then 
discriminant 0 . 

(iii)  
 [4] 

9 36 16 10fg 4 10 10
2 2 2

xx
x x x

fg( )y x  has asymptotes 2x  and 10y . 

 
 
 
 

1) fg( )y x  is a rational 
function of the form 
linear/linear, and so, it has 
vertical and horizontal 
asymptotes.  However, many 
did not give the equation of 
the horizontal asymptote. 
 
2) Although the domain of 
fg is ( , 2) , quite a few 
thought that the domain of 

1fg  is also ( , 2) .  
However, recall that 

1 fgfg
D R 10, .  
 
3) When k = 5, fg x x  
has equal roots.  Thus, the 
line y x  is a tangent to the 
graph of fg( )y x . 
 
4) It is crucial that when we 
draw the graphs of 

functiony   and 
1functiony  on the same 

diagram, the x and y scale 
should be the same. 
 
5) The lines y = x, y = 2 and 
x = 2 should be concurrent.  
Likewise y = x, y = -10 and 
x = -10.  

             

         

 (8, 0)  

(0,8)  

( 1.6, 0)  

(0, 1.6)  

(0((((((((
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(iv) 
[2] 

30 9 for  0
7 2 9h
2 4 10 for 

t a
tt

t a t b

When t = a, 30 9 2 4 10
7 2 9

9 54 4
7 7

a
a

a
a

 

Using GC, 2.1738 2.17 (3s.f.)a
 
At t b  , 0h t .   

Thus, 2 4 10 0  3b b . 

As the height h is a 
continuous function, 
30 g 9
7

t  at t = a is 

equal to 2 f t  at t = a. 

(v) 
[1] 

 
 
 
 
 
 
 
 
 
 
 

Very few are able to draw 
the correct graph.   
 
Note that when 0 t a ,  

30 30 9g 9
7 7 7

y t
t

and the graph should be 
concave downwards.  It can 
be seen from the graph 

( 30 9
7 7

y
x

) below: 

 
 
 
 
 
 
 
 
 
 
 
Note that when a t b ,  

2 f 12 4y t t  is a 
straight line. 

 

 

 

 

 
 O 

3.30  
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2021 SAJC H2 Maths Promo Paper Duration: 3 hrs Marks: 100 
Attempt all questions. 

1 (a) Let nu  and nS  denote the nth term and the sum of the first n terms of a sequence 

respectively. Given that where 1 1u , 2 5u , the sum of the first twelve terms is 

276 and nS  is a quadratic polynomial in n, find nS  in terms of n.    [3] 

(b) A sequence nv   is defined by 
2

1
3 2 , 2
5 5

n

n nv v n  and 1 4v . By 

considering 1
2

N

n n
n

v v , find Nv . Hence, explain, with a reason, whether the 

sequence is convergent or divergent.       [5] 

2 The sum of the first n terms of a series, Sn , is given by 1 2
2

n

n

a . , where a is a non-zero 

constant and 2a . 

(i) Show that Tn , the nth term of the series, is 
1

2
2

naa . Hence show that the

given series is a geometric series. [4] 

(ii) Find the range of values of a for the sum to infinity to exist. [2] 
(iii) Given that a = 1, find the least value of n for Sn to be within 0.2 of the value of

the sum to infinity.         [3] 

3 The function f is defined by 
e 1f ln ,      0
e 1

x

xx x . 

(i) Show that 1f fx x . [3] 

(ii) Find 2f x  and hence evaluate 2021f 3 , leaving your answer in exact form. [3]

4 (i) Given that ,p q 0  what can be deduced about the vectors p and q? [1] 

(ii) Find the unit vector r such that ( 6 3 2 ) .r i j k 0 [2] 

(iii) Find the sine of the acute angle between 6 3 2i j k and the x-axis, leaving your

answer in exact form. [3]
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5 (a) (i)  Show that 2d 3 9 ln 9
d

x x

x
. [1]  

(ii) Hence, differentiate  1 2tan 3 x ,  x > 0  with respect to x.                      [2]    

(b) Given that  2 3 2eey xy , where 1ey , show that 
32

2

d 2 d
d 3 d

yy
x x
y .           [5]      

6 (a) The graph of hy x  , where 3h e xx , was transformed to a new graph with 
equation gy x .  

(i) Given that 1g
h '

x
x

 , express g x  in the form of emxk , where k and 

m are exact real constants. [1] 
(ii)  Describe a sequence of two transformations which would transform the 

graph of hy x  to the graph of gy x . [2] 
(b) The diagram below shows the curve y = f(x). The curve has a minimum point 

3 4,  and passes through the origin. The lines 3x  and 2y  are the 
vertical and horizontal asymptotes to the curve respectively.  

(i) Sketch, including the coordinates of the point(s) of intersections with the 
axes, turning point(s) and equation(s) of asymptote(s), if any, the 
following: 

(a) 1 f 3
2

y x   [4] 

(b) 1
f ( )

y
x

 . [3] 

 (ii) State the coordinates of the point(s) where the curve f 'y x  cuts the 
axes. [1] 

y 

x O 

x = 3

X 
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7 A curve C has equation fy x , where 
22 6f

3
x x kx

x
, k is a non-zero real 

constant. It is given that the gradient of the curve C is always positive. 

(i)   Find the range of values of k.                                                                                [3] 

(ii)  Sketch the curve C for the range of values of k in (i), showing clearly, if any, the 
equation(s) of the asymptote(s) and axial intercept(s).       [3] 

(iii)  By adding a suitable curve to the graph of fy x  in (ii), deduce the number of 

distinct real roots of the equation 
22

2
2

2 61 1
4 3

x x k
x

x
.                         [2] 

(iv)   Given that k = –1 and drawing two suitable graphs, solve the inequality 
f 3x x .   [4]                      

 

8 A curve C has parametric equations 

2 ,2sin 3cos 1x y  , 

 where ,
2 2

. 

 (i)   The point P 2 12 , 3
2

2  lies on the curve C. Without converting the 

parametric equations into cartesian form, show that the equation of the normal 
to the curve C at P is 6 4 14 5 2y x .  [5] 

(ii) Find the area of the quadrilateral bounded by the y-axis,  x-axis, the normal at the 
point P and the horizontal line passing through P , correct to 3 decimal places. [3] 

 (iii)  What can be said about the tangents to C as 
2

 ? [1] 

 (iv)  Draw the curve C, showing clearly the features of the curve at the points where 

2
  and 

2
. [2] 
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9 When referred to the origin O, the points A and B have position vectors 5 15j k  and 
3i j k  respectively. 

The line 1l   has equation 
2 1

1 2 ,
3 3

 r .  

(i) Find a vector equation of line 2l  passing through the points A and B.  [2]
(ii) Find the coordinates of the point C, where 1l  and 2l  intersect. [3] 
(iii) Find the position vector of the point F, the foot of the perpendicular from A to the 

line 1l . [4] 
(iv) Find the vector equation of the line of reflection of 2l  in the line 1l . [3]
(v) Find a cartesian equation of the plane that contains the lines 1l  and 2l .  [3] 

 
10  A property developer wants to 

develop a triangular plot of land 
PQR as shown in the diagram 
below.  

 One section, NQM, is to be used for 
residential development and the 
other section, PNMR, is to be used 
for commercial development where 
M is on RQ and N is on PQ.  

 It is given that NQ x km, 
QM y km, MN z km, RQ = 1.5 
km, PQ = 1.8 km, and a fixed angle

NQM  radians where 

2
0 , . 

 
(i) To achieve the requirements set out by the government on the use of the plot, the 

developer plans the use such that the residential development and commercial 
development takes up the same area each in the plot PQR. 

Show that 2 2
2

1.8225 2.7cosz x
x

. [4] 

The developer wants to build a fence on the boundary MN. In order to minimize the 
construction costs, he decides that the boundary MN should be of minimum length.  

 
(ii) Using differentiation, find the value of x which will minimise the length MN, 

giving your answers correct to 3 decimal places.   [7]

(iii)  Given that 
3

NQM , sketch the graph showing the relationship of the 

square of the length MN as the length of NQ varies.  [3] 

P  

R 

M 

N 

1.5 
 

km 

km km
N

1.8 
Q  
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2021 SAJC H2 Maths Promo Paper Solution 
1(a) Let 2

nS an bn c
When n = 1,   1 a b c   --- (1) 
When n = 2,  2 1 2

4 2 6 (2)
S u u

a b c
When n = 12,  276 144 12a b c  --- (3) 

Using GC to solve equations (1), (2) and (3), 
 2, 1, 0a b c . 

22nS n n
(b) 2

1
2 2

3 2
5 5

nN N

n n
n n

v v

LHS: 

1
2

2 1

3 2

4 3

1 2

1

 

 ...

4

N

n n
n

N N

N N

N

v v

v v
v v
v v

v v
v v

v

RHS: 
1

2 1

2

21 1
53 2 3 2 125 5 5 51
5

N

n NN

n
 

Therefore 
1

1

24 1
5

2 3
5

N

N

N

N

v

v

As 
12, 0

5

N

N . Hence 3nv , a constant/unique finite value. 

Therefore the sequence is convergent.  

2nnnn 23333333 22222222222 nnnnnnnnnn 222222NNNN 23333 22222
2222222222255555 55555555555555222222222222nnn 555555555555555555555

forreeeeeeeeeeeee
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2(i) 
 1 2

2

n

n n

aS ;         
1

1 2 2
2

n

n n

aS  

  For 2n ,  
1

1 1 22 2
2 2

n n

n n n n n

a aT S S   
    

                  
=  

1

1

1
2 2

na a =  
1

2
2

naa
  

When n = 1, 
1 1

1 1 0 2 2 2
2 2
a aT S a a  which follows the form of 

1

2
2

n

n
aT a   when n = 1.  

 

Thus,
 

1

2 for 1 (shown)
2

n

n
aT a n

       

   1

n

n

T
T

 = 

1

2

2
2

2
2

2

n

n

aa
a

aa
    (constant independent of n) 

Series is a geometric series.  (shown)
(ii) For the sum to infinity to exist, 1

2
a

 

2 2 0a ,a        [or 2 0a ,a ] 

(iii) Need to find the least value of n such that 0.2nS S  

1 1

1 1 11  2  Common ratio= ;  212 2 1
2

n nT , S , S
 

 For  0.2nS S  

1

1

1

1

1 2 ( 2) 0.2
2

1 0.2
2

2 5

2 5
ln 51
ln 2
3.32

n

n

n

n

n

n

 

 
Least n = 4 

e llleaeeeaeeae stststststststtststtstttsttstttstststttststssttttttttssssssstssttstttttttttt vvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvvalaaalalaaalalalaaalalalallalalaaaaaaaaaaaaaaaaaaaaa uuuueueueueueueueueuuueueueueueueueueuu  of f ffff fffffff f ffff nnnnnnnnnnnnnnn sususuusususususususuusuusususuccchcccccccccc
1111 CoCCCCCCCCCCCCCCCCCCCCCC mmmmmmmmmmmmmmmmmooonooooooooooo111

2222222222222222 11111n 22222222222222222211111111

1111111
1

or  0.00.0.0000.2nSS SS SS SS SSSSSS SSSSn SSSSSSSSSSSSSSSSS

1 2222 (((((((((((((((( 22222222)))))))))))))) 0

1

2222 ((((((((((((((((( 2)))))))))))))

xi

   [o[ooo[o[o[o[ooorr rrr r r r rrrrrrr aaaaaaaa 2aaaaaaaaaaa 2
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 Alternatively,  

1 1

1 11  2  Common ratio=
2 2

1 211
2

n nT , S ,

S
 

For  0.2nS S  

1

1

1 2 ( 2) 0.2
2

1 0.2
2

n

n

 

n 
1

1
2n  

3 0.25>0.2
4 0.125<0.2
5 0.0625<0.2

Hence, the least n = 4 

3(i) 
Let e 1ln

e 1

x

xy  

e 1e
e 1

x
y

x   

e e e e 1y x y x  
e e e e 1y x x y  
e e 1 e 1x y y  

e 1e
e 1

y
x

y  

e 1ln
e 1

y

yx  

Since 1 e 1f ( ) ln
e 1

y

yx y  , 

1 e 1f ( ) ln f
e 1

x

xx x  

(ii) Since 1f fx x , 
1ff ( ) ff ( )x x x .  Thus, 2f ( )x x . 

3
2021

3

e 1f 3 f (3) ln
e 1

  

e 1111111e
eee 111yeeeeeeeeee
ee 111111111yyyyeeeeeeeeeeeeeeeeeeeeee

eeeeeeeeeee 11111111111111eeeee
eeee 111111111111111

yyyyy
x

y

lllllnnnnnnnx eeeeeeeeeeeeeeeeee 11111111111111yy

yyyyy

eee 1111111
eeeeeeeeeeeeee 1e 1yyyyy
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4(i) Vectors p and q are parallel or either p or q (or both) is a zero vector. 
(ii) 

2 2 2

6
Since 3

2

6
 is parallel to the vector 3 .

2

6
1     3

( 6) 3 2 2

6
1 3
7

2

r 0

r

r

 

(iii) 6 1
3 0
2 0 6 6cos   

749 1 49 1
 

Using the trigonometric identity, 
2 2

2

2

sin

1 c

cos

os

1

sin

1
7

7

61
7

49 36

13

  

sin 0  since  is an acute angle. 

Alternatively 
Let  be the required acute angle. 
 

6 1 0
3 0 2
2 0 3

sin
49 1 49 1

13   
7

 
denti

2222

22222222222222

11111111111111
7777777

1
77777777777

44444444444444444444449999999999999999 36

1111111113

2222222222221 cccccccooooooooooooooooooooooooooooooooooooooosssssssssssssssssss

66666666666666666666
77777777777777777
6  

0000 sisisisisisisiisiisisisiisisisincnnnnnnnnnnnnn e
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5(a) 
(i) 

2 2

2

d 3 3 2 ln 3
d

9 ln 3
9 ln 9 (Shown)

x x

x

x

x
 

 

Alternatively, 

Let 23 xy .  Then, ln 2 ln 3y x  

Differentiate both sides with respect to x,   

2 2

1 d 2ln 3
d
d 2 ln 3 2 3 ln 3 3 ln 9
d

x x

y
y x

y y
x

 

(a) 
(ii) 

Let 1 2tan 3 xy  

2 42

d 1 9 ln 99 ln 9
d 1 31 3

x

x
x

x

y
x

 

(b)  2 3 2eey xy  
Taking ln on both sides,    3 eln 22y y x  
Differentiating both sides with respect to x, 

1 d d2 ln 3
d d

d2 1 ln 3 (1)
d

y yy y
y x x

y y
x

  

Differentiating (1) with respect to x, 
2

2

2 2

2

22

2

d 1 d d2 1 ln 0
d d d

d 1 d1 ln 0
d d

d 1 d
d 1 ln d

y y y
x

y

y

y

y x x

y y
x y x

yy
x y x

  

From (1): 
2 d 1
3 d 1 ln

y
x y

 

Hence,  
2 32

2

d 1 d 2 d
d 1 ln d 3 d

y yy
x y x x
y  

h rrrrrrrrrrrrrreseseseseseseseseseseseseseseese peppppppppppppppp c

0

1111111111111111y

2d yd y
2d
yd yd y
2

y
2ddd 2dxxxxxxxxxxxdd 2d 2d

222222222222222dddddddddddddddddddddddd yyyyyyyyyyyyy
2222222222222222222d

dddddddddddd
2222222222y 2222222dxxxxxxxxxxxxxdddddddddddd 2222222222222d

2dddd2 d
222d 2222

yyyyddddd yyy
d 2ddd 2222

Fromomommm (((((((1)1))1)1)1))1))))1)))1)1)1)))1):::::::
1ddyyd
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6(a) 
(i) 

3

3

h' 3e
1 1g e

h' 3

x

x

x

x
x

 

(a) 
(ii) 

3

3

3

e
 Replace  with 

e
 Replace  with 3

1 e
3

x

x

x

y
x x

y
y y

y

 

The graph of y = h(x) undergoes the transformations: 
1. Reflection about the y-axis, followed by 

2. A scaling parallel to the y axis with a scale factor of 1
3

  

to obtain the graph of 1
h '

y
x

. 

(b)
(i) 
(a) 

replace  by 3 replace  by replace  by 2 1f ( ) f 3 f 3 f 3
2

x x y y y yy x y x y x y x  

y 

x 
O 

x = 6 

  

X 

  

  

  OO

XXXXX
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(b) 
(i) 
(b) 

(b) 
(ii) 

03 ,   

[Note: (-3,0) on f 'y x corresponds  to the stationary point on fy x , and 
there are no other x-intercept on f 'y x .  However, there would be a y-
intercept on f 'y x , but there is insufficient information from the question for 
us to determine the value of the y-intercept since we do not know the gradient of 
the graph fy x  at x = 0.] 

y 

x O 

x = 0

  

X 

  

  

(3 , 0) 

f 'f ' cocorrrresp
her xxxxxxxxxx-----------inininininininininininininiininiinnninnnininnnnnnnnnnnnntetttttetetttttttetttttttttttttttttt rcccepepept tt onnnn y

n fff 'yyyyyyyyy ffff ' , bububut thththereere
etermrmrmrrrmrmrrmrmrmmmrmrmrrmrmrmrmrmrmmininininininininininiinnininininini e ee eeeeeeeeeee ee e ththththththhththththththththtthhhhhthhhe e e e ee eeee eee eee vavvvvvvavvvvvavvvavvavvv lue e e ofofof t

grappppppppppppppppph hh hhhhhhhhhhhhh hhhh fffffffffffffffffffyyyyyyyyyyyyyyy fffffffffffffffffff  at tt xx ==xx
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7(i) 2

2

2

2

2

2

2

2 6
3

d (4 6)( 3) (2 6 )
d ( 3)

2 12 18=  >0
( 3)

2 12 18 0 for all real values of , 3
Discriminant < 0

12 4(2)(18 ) 0
0          

x x ky
x

y x x x x k
x x

x x k
x

x x k x x

k
k

 

Alternatively, 
2

2

2 6
3

2
3

d 2
d 3

x x ky
x

ky x
x

y k
x x

 

For 2

d 2 0,
d 3
y k
x x

 

k < 0 

(ii) 22 6
3

2 , 0
3

x x ky
x

ky x k
x

 

Equations of asymptotes:   2 ,  3y x x  
Intercepts:

2

0
3

0 2 6 0

6 36 8 3 9 2        
4 2

kx y

y x x k

k kx

 

 
 
 
 
 
 

f ( )y x  
 
 
 
 
 
 
 
 
 
 
 
 
 

 

x 

y 

 

3x  

O 

0,
3
k

 

 000
3

0

3 9 2 ,0
2

k  
3 9 2 ,0

2
k  

y=2x 

For (iii) 

y=–2x 
)

yyyyy3xxxxxxxxxxxxxxxxxxy=================–––––––22222222222222xxx
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(iii) 22

2

2 6
3

1
4

x x k
x

x -----(*) 

Add the hyperbola 
2 2

2 2 1
2 1
y x . 

Asymptotes are 2y x  and y-intercepts are 0, 2  

Since the graphs fy x  and  
2 2

2 2 1
2 1
y x  have two intersection points, the equation 

(*) has two real roots. 
 

(iv)  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
The x-coordinate of the intersection points are between the graphs 

22 6 1  and  3
3

x xy y x
x

 are –3.0817 and 1.0817.  

For 
22 6 1 3

3
x x x

x
,      –3.08 < x < –3  or  x > 1.08.  

 

x 

y 

 

3x   

O

 

 

 

  

y=2x xx 3y x  

22 6 1
3

x xy
x

 

x-cooooooooooooooooordrdrdrdrdrdrdrdrddrdrdrdrdrdrdrdrdrddrr inininininininininininiinnininnnataatatataatataatatatatattatttattaateeeee eeeeee ofoofofofofofofofoofofofofoffofoooofoooo tttttttttttttttthhhehhhhhehhhhhhhhhhhhhhe iiinnnte
222222222222 666666666666 1111111122222

 aaannnddd 
3333333333333333333333

66666y
xxxxxxxxxxxxxxx

66666666666666666666

2222222 66666666666666666 111222222

33
6

x
666666666666666666666666666

O
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8(i) d 2cos
d

x   ,  d 3sin
d

y   

sd id
d

1 1 33 n tand 2cos 2d
d

y y
x x

At P, 22 2 2 s
4

2sin in
2

  

Check: 33cos 2
24

1 1y  

Gradient of normal at P 

4

1 2
3 3tan
2

  

Equation of normal at P: 2 1 2
2

23 2
3

y x   

              

2

2 4 5 2 7 51
3

2 2

6 4 1

3 3

5

3 2 3 6

4

y x x

y x

  

(ii) When the normal at point P intersects the x-axis, y = 0 
2

14 5 7 52 2

0

4 4

14 5

2 4

4x

x
      

 
Area of quadrilateral 

2

1 7 5 3
2 2 4 2

2.8854 2.885 units )

2 2

 (3 

2

p.

2 1

d.
  

(iii) 
As 

2
, 3 tan

2
d
d
y
x

. Hence, the tangents will become/approach vertical 

lines. 
(iv) 

 

y 

x O 

(0 ,  ) (4 ,  ) 

, 

 

AsAsAAsAAssAsAAAAAs
22222222222222222222222

, , , , 3dddddddddd
dd
yyyyyyyyyyydddddd
xxdddd

22
4

     

latettttetteraaaaaaaaaaaaaaaaaaallllllllllllllllllllllllllllll

22.88888888888888555544444444444444444 22222222222222222.8888888888888888888888888888888888888888555555555555555555555555 uuuuuuuuuuunnnnnnnnnnnnnniiitttsss22

335 222 335 2222222222222222222222
2 444444444444444 244444444444444444444444444444

222

8854444444444444

s.
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9(i) 0
5
15

OA  ; 
1

1
3

OB   

AB OB OA
1 0 1
1 5 6

3 15 12
 

Equation of line l2 :     
0 1
5 6 ,
15 12

r   

(ii) Let the point of intersection between 1l  and 2l be X. 
2 1 0 1

1 2 5 6
3 3 15 12

OX OX and  for some ,  

Since 1l  and 2l  intersect,   
2 1 0 1

1 2 5 6
3 3 15 12

  

2     2   (1)
1+2 5 6 2 6 4   (2)
3+3 15 12  3 12 12   (3)

 

Solving (1) , (2) and (3) using GC,   4; 2  
2 1 2

1 ( 4) 2 7
3 3 9

OC  

Coordinates of C is (2, 7, 9)  
(iii) 

Since F is a point on 1l :   
2 1

1 2
3 3

OF     

2 1 0 2
1 2 5 4 2
3 3 15 12 3

AF OF OA  

Since AF is perpendicular to 1l ,  
1

2 0
3

AF  

6
3 111111111111122

6
3 111111111111111112

nd (3333333)))))))))))))))))))))))))))))))))))))))))) usususususususususussususuuuuuuuuuuuuuuuuusinnnnnnnnnnnnnng gg g g g gg gggggg GGGGGCGGGGGGGGGG ,  
1111111111111111111111111111111111111111111111111111111111 222222

( 4444) 22222222222 7( 4444) 2222222((((((((((( 444))) 2222 7777777777777(((((((((( 44444)))) 222222222222222( 4444) 22222222
3 3333 9

( )))
33333 333333333333333333 93 33333333333333 9

orrrdidiiidiididdid nannanan tetetetetetetetetetteeteteesss ss ofofoffofofofofff CCCCCCCCCCCCCCCCCCCCCC iiiiiiiiiiiiiiis ssssssssssss (((((((((((((((((22222222222222222222222, 7

ce FFFFFFFFFFFFFF iiiiiiissssss sss a aa aaa aaaa aaaaaa popopopopopoopopopopoooopoppooiniinininininiininininiiii tFFFF
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2 1

4 2 2 0
12 3 3

2 8 4 36 9 0
14 42

3

 

Therefore  
2 1 5

1 3 2 7
3 3 12

OF  

(iv) Let  'A be the point of reflection of A 
along the line 1l  

Using Ratio Theorem, '
2

OA OAOF   

' 2
5 0 10

2 7 5 9
12 15 9

OA OF OA

 

Let 3l be the line of reflection of 2l  in 
the line 1l  

' '
10 2
9 7
9 9

12 6
16 2 8
18 9

CA OA OC

 

Direction vector of 3l =
6

8
9

 

equation of the line 3l : 
2 6
7 8 ,
9 9

r   

Alternatively, 
Let  'A  be the point of reflection of A along the 
line 1l  
Using Ratio Theorem, 

'
2

CA CACF  

' 2

2

2
5 2 0

2 7 7 5
12 9 15

12 6
16 2 8
18 9

CA CF CA

OF OC OA OC

OF OC OA  

Let 3l be the line of reflection of 2l  in the line

1l  

Direction vector of 3l =
6

8
9

 

equation of the line 3l :  
2 6
7 8 ,
9 9

r   

 
 

o

222222
777

9 999999999 9999999999 999999999

11111111111111222222222222222 6666666666666666111112222222
1116666 22222 8888881116666666 22222222 888888888888888881116666 222222 88888888816666666
1888888 91111111111888888888888111111888888888888888888 9
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(v) 
The normal of plane = 

1 1 6
2 6 9
3 12 4

 

Using 
0
5
15

OA  as a point on the plane 

6 0 6
9 5 9

4 15 4
r  

Cartesian of the required plane is 6 9 4 15x y z  
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10(i) By cosine rule, 2 2 2 2 cosz x y xy  ---------- (1)  
By considering the area of the triangle and the quadrilateral, 

 1 12 sin 1.5 1.8 sin
2 2

xy  

   1.35xy  ---------- (2) 

    1.35y
x

 --------- (3)  

 
Substitute (2) and (3)  in (1):  

2
2 2 1.35 2 1.35 cosz x

x
 

2 2
2

1.8225 2.7cosz x
x

  (Shown)  

(ii) Differentiating with respect to 
x, 

3

d 3.6452 2
d

zz x
x x

   

For the stationary values of z, 
d 0
d

z
x

 

3

3.6452 0x
x

    
42 3.645 0x  

4 1.8225x   
4 1.8225
1.16189 1.162 m (3 dp)

x
  

or 4 1.8225x  (N.A, 0x ) 
 
 
   

Alternative solution 
1
22

2

1.8225 2.7cosz x
x

 

1
22

2 3

3
2

2

2 1.8225d 1 1.8225 2.7cos 2
d 2

2 1.82251 1 2
2 1.8225 2.7cos

z x x
x x x

x
x

x
x

 

For stationary values of z, d 0
d

z
x

 

 3

3.6452 0x
x

  
42 3.645 0x  

4 1.8225x   
4 1.8225 1.16189 1.162 m (3 dp)x   

or 4 1.8225x  (N.A, 0x ) 
 Method (Second Derivative Test)  

Differentiating with respect to x: 
2 2

2 4

d d 10.9352 2 2
d d

z zz
x x x

  

For the value of z to be minimum,  d 0
d

z
x

 

2

2 4

d 10.9352 2
d

zz
x x

 

od (

 

255555
16111111111188888888888888888889999999999999 111111111111111.1111111111111116666666666666662222222222222222 mmmmmmmmm ((((((33333333333 ddddddddddddddddp)1611111111118888888889

 

444444444444 1.1.111.111.11111.1 82828282828228282822882822888 25252552525252525255252522522522x (N(N(N(N(N(N(N(N(N(N(N(N(N(N(NNNNNNNNNNNN( .AA.A.AAAA.A.A.A.AA.AAAA.AAA, 

 

F
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2

2 4

d 1 10.9352
d 2

z
x z x

  

For 4 1.8225x ,   
2

2

d 1 10.9352
d 2 1.8225

z
x z

>0 since z > 0 given that z is a length. 

Hence the length of MN is a minimum when 1.162 m (3 decimal places)x  
(iii) 

 

(1.16, 1.35) 
x 

z2 

(1.8, 2.45) 

(O 

  

x = 0 x == 00
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1

2021 JC 1 H2 Mathematics Promotional Examination

1 (a) Describe a sequence of transformations which would transform a curve f ( )y x

onto the curve f 1 2y x . [3]

(b) Sketch the graph of 2 3e ,xy showing the relevant features. [2]

Without the use of a calculator, hence find the exact range of values of x that satisfy
the inequality 22 3e e ,x x for 0x . [4]

2 The position vectors of the points A and B relative to O are a and b respectively, where a
and b are non-zero and non-parallel vectors. The point C, with position vector c, is the 
reflection of A in the line OB.  Given that b is a unit vector, 

(i) show that c = 2(a.b)b a, [2]

(ii) show that c a = 2(a.b) (c b). [2]

3 In the Emazon forest, trees are chopped down and the wooden logs are transported to the 
timber factory where they are cut into beams. In the figure shown below, it is assumed 
that the cross-section of each wooden log is a circle. Each beam is cut such that the cross-
section is a rectangle and the 4 corners of the rectangle touch the circumference of the log 
to reduce wastage. It is given that the strength, S, of a beam is proportional to the product 
of its height h and the square of its width x.

A particular wooden log of radius r has been sent for cutting.

(i) Show that 2 2 24 ,S kx r x where k is a real constant. [2]

(ii) Using differentiation, find the exact width, in terms of r, of the strongest beam that
can be cut from the log. [5]

beam wooden log

x

h
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2 
 

 

4 In the figure (not drawn to scale),  POQ is a rail and .
6
πPOQ   AB is a rod of fixed 

length 1 m which is free to slide on the rail with end A on OP and end B on OQ.  It is 
given that OA = x m, OB = y m and OAB θ radians. 
 
 
 
 
 
 
 

 
(i) Express x and y in terms of . [2] 

 (ii) Given that S is the area of triangle OAB, find S in terms of . [1] 

Given that B is moving towards O at a rate of 0.2 ms 1 at the instant when 
4
πθ ,  

(iii) find the rate of change of S at this instant.  [4] 
 
 

5 A curve C has equation 
2

1
α xy

x
 where  is a real constant and 1.   

 (i) Find the equations of the asymptotes of C. [2] 
 
 It is given that C has positive gradient for all .x .   

 (ii) Find the range of values of . [4] 

 (iii) Sketch C, giving the equations of the asymptotes and the coordinates of the axial 
intercepts.  [2] 

 
 

6 (a) Find sin sin  d ,px qx x  where p and q are real constants. [2] 

 (b) Find the exact value of 
20

2ln 2

e  d ,
e 1

x

x x  giving your answer as a single logarithm. 

 [2] 
 
  (c) By considering 1 (1 2 ) ,x A x B  where A and B are constants to be determined, 

find 
2

1 d
6

x x
x x

. [5] 

  

y 

x 

1 

O 

Q 

P 

B 

A 
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3 
 

   

 

7 (a) The function g is defined by  

    1g : ,    0.x x x
x

,11 ,  
x

,   

(i) Explain why g does not have an inverse.                    [2] 
(ii) If the domain of g is restricted to the subset of  for which x p , find the 

minimum value of p such that 1g  exists. Using this value of p, find an 

expression for 1g ( )x , stating the domain. [5] 
 

(b) The functions f and h are defined by 

    
2f : 1 ,  2 2 and  is a constant,

h : ln 3 ,    0.

x k x x k

x x xln 3ln 333
 

Find the minimum value of k such that the composite function hf exists.          [2] 
 

 

8 (a) Find  
1
2e  d .

x
x x   [2] 

 
 (b) A curve has parametric equations 

            
1
2e 2 ,     e ,    where 0 2.t t

x t y t   

  (i) Sketch the curve, giving the exact coordinates of the end-points. [2] 

 (ii) Find the exact x-coordinate of the point on the curve where the tangent to the 
curve is parallel to the y-axis. [4] 

(iii) Find the exact area of the region bounded by the curve, the lines  y = 1 and      
y = e, and the y-axis.  [4] 

 
9 An ellipse C has equation 2 2 23x y a  where a is a positive constant. 
 

(i) Sketch C. [1] 
 

         (ii)  The region enclosed by C, the line y x and the positive x-axis is denoted by R. 

                  By using the substitution sinx a , find the exact area of R in the form 2k a  
where k is a constant to be determined.                     [7]   

 
 It is given that 10a . The region enclosed by C and the line 2x , where 0x  is 

denoted by S.  
 

(iii) Write down the equation of the curve obtained when C is translated 2 units in the 
negative x-direction. Hence or otherwise, find the volume of the solid formed when 
S is rotated through 2 radians about the line 2,x  giving your answer to 3 
significant figures.               [4] 
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4 
 

 

10 
 
 
 
 
 
 
 
 
 
 

 

 
 
A pyramid has a horizontal rectangular base ABCD, where AB = 4 units and AD = 2 units. The 
vertex T is 5 units vertically above the centre of the base, O. Perpendicular unit vectors i, j and 
k are parallel to AB, AD and OT respectively. The point N is on TB such that TN : NB = 5 : 1. 

(i) Find a vector equation of the line AB. [1] 

(ii) P is a point on AB such that PN is perpendicular to TB. Find the position vector of P. [4] 

(iii) Find a cartesian equation of the plane TBC. [3] 

A line l has cartesian equation  2
5

x zy
k

,  where k is a positive real constant.  

(iv) Find the exact range of values of k such that l is inclined at an angle of less than 45  to 
the horizontal plane.    [3] 

 

11 (a) The sum, ,nS  of the first n terms of a sequence 1 2,  ,  . . . . , ,  . . .nu u u  is given by 

2 11 ,
3 nk

where k is a non-zero constant and 1.k   

(i) Show that the sequence is a geometric progression, and state the values of the 
common ratio and the first term in terms of k. [4] 

 

(ii) The sum of the first n terms of another geometric series is given by 

1 2

1 1 1... .
nu u u   

State the range of values of k for the sum to infinity of this 

series to exist and find the sum to infinity in terms of k. [3] 

 (b) An arithmetic progression has first term a and common difference d. The sum of the 
first n terms is one-third the sum of the next n terms of the arithmetic progression. 

(i) Show that 2 .d a  [3] 

It is also given that a and d are positive integers, and 1.n   

(ii) Hence find the value of n if the sum of the first n terms is 98.  [2] 

O 

A

D C

B 

T

k j 
i 
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1

2021 JC 1 H2 Mathematics Promotional Examination (Suggested solutions)

[Solution] Comments
Q1(a)

f ( ) f ( 1)
f (2 1)
f ( 2 1)

T

S

R

y x y x
y x
y x

A sequence of transformations is:

1 A translation of 1 unit in the negative direction of the x-axis

2 A scaling parallel to the x-axis by factor 1
2

3 A reflection about the y-axis

- Use proper phrasing, eg
translation instead of
shift, reflection instead of
flip, scaling…by factor
1
2

instead of 1
2

units.

- Generally well done for
students who did
translation first, some
errors made are those
highlighted in yellow.

OR
f ( ) f (2 )

1f 2 f (2 1)
2

f ( 2 1)

S

T

R

y x y x

y x x

y x

A sequence of transformations is:

1 A scaling parallel to the x-axis by factor 1
2

2 A translation of 1
2

units in the negative direction of the x-axis

3 A reflection about the y-axis

- Students who did scaling
first tend to get the
translation in the second
step wrong. Note that we
only replace x as
highlighted in green.

OR
f ( ) f ( )

f 1 f ( 1)

f ( 2 1)

R

T

S

y x y x
y x x

y x
A sequence of transformations is:

1    A reflection about the y-axis
2 A translation of 1 unit in the positive direction of the x-axis

3    A scaling parallel to the x-axis by factor 1
2

- Students who did
reflection first tend to get
the translation in the
second step wrong. Note
that we only replace x as
highlighted in green.

1111
2222

s in tttttttttttttttheheheheheheheheheheheheheheeeehe neg

the yyyyyyyyyyyyyyyyyyy-------axaaxaaxaaxaxaaxaxaxaxaxaxxxxxxaaxaxxaaxaaaaxaaaxaaxaaxaxxxxxxxxxxisiiiiiiiiiiiiiii

fffffffffff (((((((( ))
fffffffffff

ffff ((((((((( 2 1

T

SSSSS

yyyyy ((((((((
yyyy

y ((((((((((

f ((((((((fffffffffff ((((((((
fffffffffT yyyyyyyyyyy fff

ffff (((( 2SSS yyyyyyyyyyyyyyy fffffffffffffff ((((((((((( 2222222222222
ce ooooooof f f ffff ff trtrtrtrtrtrtrtrtrtrtrrrtrrrraaananaaaaaaaannnnnnsffsfsfsfsfsfsffsfsfsfsfsfffs oroooooooo m

ab
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[Solution] Comments

Q1(b)

Things to take note:

1. Horizontal asymptote
y = 2 must be drawn.

2. Sharp point at 2
3(ln ,0) .

Add the graph of 2e xy on the same diagram.        
At the intersection point A, 22 3e ex x

2e 3e 2 0

e 2 e 1 0

e 2  or  e 1
ln 2  or  0

                 (rej. since 0 for )

x x

x x

x x

x x
x A

For  22 3e e ,   where  0x x x ,  the solution is  0 ln 2x

- Hence means need to 
make use of the graph
above to solve.

- Since 0x , only need to 
solve for the intersection 
point A.

- Algebraic errors made in 
the process of solving for 
intersection, eg

2 23e e e 3 ex x x

- Note that the solution 
must be given in exact 
form.

y

x

y = 2
1

2

A

1

Let x = 0, y = 1
2
3Let  2 3e 0  lnxy x

Asymptote:  y = 2  
(As ,   e 0  2xx y )

 000 , , tthehe s

www.KiasuExamPaper.com 
276



3

  

Q2 [Solution] Comments

(i) Let N be the foot of perpendicular from A on line OB.
ON bON bbbb for some 

2

0
0
0

   since 1

AN b
b a b

b b a b
a b
b

a b b

0AN bb 0
0

b
b
b 0bb

0
0

b
b a b

b 0bb
0b b a b
a b

b a bb a 0b a bb a bb a

2
a b
b
a b
b

a b since

b

   since 1a b   since aa b sincea b sincea b since

Therefore, ON a b bON b

Since N is the mid-point of AC,

2
OA OCON A OCOAON OA

2
2

c ON OA
a b b a

ON OA
2

c ON2ONON2
2
ONON

b ab

Alternative to find ONON :

ONON is the projection vector of a on bb

Since bb is a unit vector, ON a b bb

Note:  

1)   We cannot assume that point B is the foot of the 
perpendicular from A to the line OB as it is not stated in the 
question.  In fact B is not the foot of the perpendicular.
Instead we have to let N be the foot of the perpendicular and 
find it as given in the above solution.

Use correct notation:
Vector bb or ONON
ON without is treated as the 
length of ON.

Use the usual procedure to find c
1) first find the position vector of 

foot of perpendicular from A to 
OB

2) then use ratio theorem to find 
the point of reflection of A
about OB

As ‘numbers’ are not given, you 
need to use vector algebra and 
notation well.

Use the alternative method only if
you know the direct formula for 
projection vector of aa on bb
(not to be confused with length 
of projection).  Note this formula 
is often poorly understood or 
wrongly quoted.

A

C

O BN

Note that can 
be negative

A

C

O B

2b b bb b bb

n veeectctctoroo ooof f f aaa on

nit vevvevvevev ctctctttctcttctcttctcttctcttttcttctctttttccctttttoroororoororororororororororororororororororooorororoororooroororooorororororrorrrororroroorororrrooroooro ,,,,,,,,,,,,,,,,, OOONNNOOOOOOOOOOOOOOOOOOOOOOONNN

otee::  

e cccacc n
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2)      Many students used

(length of projection of  on )

incorrect as  can be negativ

        since 1

e

bON a

b

a

b
b

a b b
b

ba b b

ba b b

(lenON b on )
bbbb

b
a b b

b b
b

sinc

bb

bb ncbb

bb bb

   sinsin

ncorr

sinb sinbba b

b

ba b

b

bb

i

     b

b

b

inb

b

 can be as can

1b

as canincob incob ncoinb inb

Cannot assume that ONON is in the same direction as OBOB .
As ONON can be in the opposite direction to OB, hence it is 
possible 0a b 0a bb and a b a ba ba and the above method 
is not complete.  
The above method works only if angle AOB is acute and ONON
is strictly in the same direction as OBOB .

(ii) From (i)           2

Rearranging     2

c a b b a

a a b b c

a b b a2

a a b b c2

a b b2

a b b c2 a b b2 b c2 a b b2

2

2

2 ( ) 0   

2 ( )        (shown)

(0 is zero vector, not 0 (scalar))

c a c a b b c

c a b b c c

a b c b

a b c b

c aa ca c

n)

0 is zero v

b b

a b b c2 a b b2

b bb b2 b bb bb bb b2

a ca cc

2 ( ) 0 (0 is zero

c a b b c c

(

c ca b ba b ba b ba b b2 b2

2 ( )(( ) 0   

( )

(0(

(

)(

( hown

0 is z

( )     (( )(

Alternative

    expand

2 ( ) 0   

2 ( )           ----- (1)

(0 is zero vector, not 0 (scalar)

2 from (i)

)

2

c a b b a

a b b

a a

a a

a b b a

a b b a

a d

m (i)

expand

ero ve

2

c a b b2 b

2  exp

0 is ze(0 is ze

(1)

ero v

(

0 is ze

          

2 ( ) 2

2

2 0

2    ----- (2)

2 from (i)

2 expand

c a b b a

a b

b

b

a b b a b

a b b b

a b a

a

a

b

a b b

from (

2

fb

b2 b b

2 b ab

expand2

(2)

expandbbb bb

-- (2(2   ---

From (1) & (2), 
2 ( )c a a b c b2 ( )c a 2 (aa 2 ( (shown)

Cross product is a vector:
0a a 0a aa

Common mistakes:
1) Wrongly concluding that 
because cc is the reflection of aa
about OB a ca c . As seen in 
diagram below, a ca c .

2) Wrongly equating vector to 
area (scalar):

r

1 Area of triangle

vect c
2

or s ala

OACc a Area

l

Formula should be
1 = Area o rf t iangle 
2

OACc a = Areac a

A

C

O

A

C

O BN

ho((ssh     ((ss((ss

e

22 )))))))) 00

22222222

(

froooommmm (ib aaaaaaaaaaaaaaaaaaaaaa

aaaaaaaa

(

b aab aaa

bbbb

frrrrroooooommmmmmm (

(((((((((((

(((((((

((((((((((((

bb

aaaaaaaaaaaaaaaaaaaaaaaaaaaaab aaaaaaaaaaab

bbb

(

aaaaaaaaaa

(

aaaaaaa

(

bbbbbb     e

)))))))))))))))) 00 (0

aaaaaa aaaaaaaaaaaaaaaaaaa

00    ())))))))))))))))))))) 000

))(((((((((( )))    (((((((((((((((((((((((((( )
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Q3 [Solution] Comments
(i) Using Pythagoras theorem, 2 2 2(2 )x h r

2 2 4h r x
2 2 2 24S khx kx r x where k > 0,  k is a real const

As this is a “show” question, do 
not skip steps.

(ii) 2 4 64S k r x x
1

2 4 6 2 3 52d 1 4 16 6
d 2
S k r x x r x x
x

Let  
2 3 5 3 2 2

2 4 6 2 4 6

8 3 8 3d 0
d 4 4

k r x x kx r xS
x r x x r x x

3 2 28 3 0x r x

80 (rej. since 0)  or     
3

x x x r

Alternative method
2 2 24S kx r x

1
2 2 2 2 2 2d 12 4 4 2

d 2
S xk r x kx r x x
x

3
2 2

2 2

2 2 3

2 2

2 22 3

2 2 2 2

2 4
4

2 4

4
8 38 3

4 4

kxxk r x
r x

xk r x kx

r x
kx r xkxr kx

r x r x

2 28 3 0x r x

80 (rej. since 0)  or     
3

x x x r

x 8
3

r 8
3

r
8
3

r

3 2 2

2 4 6

8 3d
d 4

kx r xS
x r x x

> 0
since 
2 28 3r x >

0,  x3 > 0
and k >0

0
< 0
since 
2 28 3r x

< 0, x3 > 0
and k >0

shape

Hence S is max i.e the beam is the strongest when the 

width 8
3

x r

Common mistakes:
-Forget chain rule
-treat r as a variable instead of 
constant (see the word particular 
highlighted in blue)

-careless mistakes in algebraic 
manipulation

-Not enough explanation is given 
for using the first derivative test

33

2 22444rr xxx444r444

000

0 ((((((((((((rrrrrrrrrrreeeeeeeeeeeeeeeejjjjjjjjjjjj. siiiiiiiiiiiinnnnnnnnnnnnnnnnccccccccccccccccccccceeeeeeeeeeeeeeeeeee 000000000000000))) o0))  or0000000) oooor00000000000000))    oooorr

xxxxxxxxxxxxxxxxxxxxxx
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Q4 [Solution] Comments 
(i) Using sine rule,

1
5sin sinsin

66

y x
ππθ θ

.  (Note that  1sin
6 2
π )

2siny θ
52sin
6
πx θ

Note: Sum of angles in a
triangle is not 2

Use sine rule to find x and y,
choose appropriate equality:

 =2
sin

y
θ

 2
5sin
6

x
π θ

(ii) 1 1 5 51 sin 2sin sin sin sin
2 2 6 6

π πS x θ θ θ θ θ

There is no necessary to 
further breakdown

5sin
6
π θ .

(iii) At the instant when 
4
πθ , d

d
y
t

= 0.2

d 2cos
d

y θ
θ

Using d d d
d d d
y y θ
t θ t

,

d0.2 2cos                          
4 d

d 1   or  0.141          
d 5 2

π θ
t

θ
t

d 5 5sin cos sin cos
d 6 6
S π πθ θ θ θ
θ

Using d d d
d d d
S S θ
t θ t

,

d 7 7 1sin cos sin cos
d 4 12 12 4 5 2
      = 0.122     

S π π π π
t

Thus the rate of change of S is 0.122 ms 1

Given B is moving towards O
y is decreasing. 

Therefore, d
d
y
t

is negative

Thinking:

We need to find d
d
S
t

and we 

have S in terms of .
Therefore, we need to use
d d d
d d d
S S θ
t θ t

Hence, we must get d
d
θ
t

first.

Since we have d
d
y
t

and d
d

y
θ

,

we can use find d
d
θ
t

from

d d d
d d d
y y θ
t θ t

.

Thinking:

    

or  000.111444111       
2

or  

osos 5555555555555 55ππππππππππππππ πππ55iii 5555 iiiiiiii 5555 sssssssssssssssssinininiii
666666666666666 6

ssssinininin
6666666666666 6

ssssinininin

d dddddd ddddddddddddddddddd
ddddddd ddddddddddd ddddd
S SSSd dddddddddddddddddd d θθθθθθθθθθθθθθθθθθθθθθθθ

tttttttttdddddddddddd
,

ππππππn cccoco
4444
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Q5 [Solution] Comments 
(i) 2 11

1 1
α x αy x

x x
Equations of asymptotes:  x = 1,  y = x + 1

Perform long division till the degree 
of the remainder is less than the
degree of the divisor.

(ii)
2

d 11
d (1 )
y α
x x

Given C has positive gradient for all ,x , d 0
d
y
x

2

11 0
(1 )
α

x
2

2

(1 ) 1 0
(1 )
x α

x
2

2

2 0
(1 )

x x α
x

Since  21 0x , 2 2 0  for all ,  1x x α x x,  1,  ,  ,  

Discriminant = 22 4(1)( ) 0α
 1α

Students must differentiate y w.r.t. x
correctly to obtain the inequality 

2 2 0  for all ,  1x x α x x,  1,  ,  

Remember the objective is to find the 
range of value of , not x.

(iii)
Note: Since the question requested 
for ‘the coordinates of the axial 
intercepts’, it is required to labelled 
the axial intercepts with the correct 
coordinates form.

Also it must be shown that the graph
approaches to the asymptotes 
appropriately. 

y

x

y = x + 1

x = 1

(0, )

1
1

x

)

111111111111111
111
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Q6 [Solution] Comments 

(a) sin sin  d

1 cos( ) cos( )  d
2

px qx x

p q x p q x x

sin sin1
2

p q x p q x
c

p q p q

Use Factor Formula
1sin sin cos( ) cos(
2

A B A B A B

Be familiar with integration techniques
1cos d sinax b x ax b c
a

(b) 20 0

2 2l ln

2

n 2 2

e
2

e d  d
e 1 e 1

1 2x

x x

x

x x

02

ln 2

0 2ln 2

1 ln e 1
2
1 ln e 1 e 1
2
1 ln 2 ln 1
2
1 8ln
2 5

1
4

x

2 2d e 1 2e
d

x x

x

Use f '( )  d ln f ( )
f ( )

x x x c
x

2 2 2ln e 1 ln e 1   since e 1 0x x x

2

ln

ln 22ln 2 2

Use result  e
1 e e 2
4

x x

(c) 1 (1 2 ) 2 ( )x A x B Ax A B

Equating coefficients, 12 1
2

A A

11 1
2

A B B A

1 1  1 (1 2 )
2 2

x x

2

1 d
6

x x
x x

2

1 11 2
2 2 d

6

x
x

x x

2

2

1
21 1 11 2 6 d d

2 2 6
x x x x x

x x

2 2

2
1
21 1 1   d

2 2 5

6

1
2 2

1
2

x
x

x

x

2 11 2 16 sin
2 5

xx x C

Split into 2 integrals using the suggested 
form

1f ( )
f '( ) f ( )  d

1

n
n x

x x x c
n

Note that 2 26 1 6x x x x

BUT 1 is undefined.

2 2

1 1 d sin
( )

px qx c
p aa px q

1
2

A

1112 )
22222222222222222222222222222

)))22 )2

2222222222222

1 ddddddddddddddddddxxxxxxxxxdddddd
x xxxxxxxxxxxxxxx

2

1111111111 111
2222222 2

6666666 xx xxx
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Q7 [Solution] Comments 

(a)(i)

Since the horizontal line y = 3 cuts the graph of
y = g(x) twice, g is not one-one.
Thus g does not have an inverse.

Your sketch should indicate the 
coordinates of the min point 
(1, 2).

Give proper argument!
Give equation of a particular 
line eg, y = 3 to show that g is 
not 1-1.

(a)(ii) For g to be 1-1, 1,x

Minimum value of p is 1.

1

2

2

2

2
1

gg

1Let  

1 0

4
2

4
Since   1,

2
4g ,     D R 2,

2

y x
x

x yx

y y
x

y y
x x

x xx

Need to answer to the question
on what is the min value of p.

Use quadratic formula to
express x in terms of y.

Always state the reason why 
we rejected one of the answers.

(b) For hf to exist, Rf Dh.

Rf = 9,k k

Dh = 0,

Hence, the minimum value of k is 9. 

Sketch the graph of f to obtain 
the range of f (for the smallest 
and largest value of y) in the 
given domain.
Unless the function is strictly 
increasing or decreasing, the 
range should not be obtained 
by substituting the min/max x-
values.

Need to answer to the question
on what is the min value of k.

x

y = 3

x = 0

(1,2)

y = xy

y

x

( 2, k 1)

(2, k 9)

( 1, k )

gg

2
4 ,,     DD 1gg2

to  exexexexexexexexxexexexexeexexxeeexissisisisttt,,,,,,,,, RRRRRRRRRRRRRRRRRRRRRRRRffffffffffffff DDhh.

yyyyyyyyyyyyyyyyyy

((((( 2,2,2,2,2,2,2222 kkkkkkkkkkkkkkkkkkk 11111)111111111)1111)

((((((( 1,, kk )
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(e2 4, e)

(1,1)

Q8 [Solution] Comments 
(a) 1 1 1

2 2 2

1 1
2 2

1
2

e  d 2e 2e  d           

2 e 4e     

or  2e 2

x x x

x x

x

x x x x

x c

x c

Integration by parts: ensure you 
know how to decide which term 
to integrate and which term to 
differentiate.

Be careful of careless mistakes 
such as
1) writing ‘+’ instead of ‘–’
2) forgetting constant of 
integration ‘ +c ’

(b)(i)

Ensure you answer the question 
by giving the coordinates of the 
end-points in exact form.

(ii)
e 2tx t ,

1
2e
t

y
Tangent is parallel to y-axis:

1
12
2

d 1 ed ed 2
dd e 2 2(e 2)
d

t
t

t t

y
y t

xx
t

is undefined     

2(e 2) 0
e 2

ln 2

t

t

t
ln2 e 2ln 2 2 2ln 2x

When the tangent is parallel to 
the y-axis, we have a ‘vertical 
line’, 
i.e. the gradient approaches .

i.e. put denominator of d
d

y
x

to 0 

to solve for t.
Do not confuse with tangents 
parallel to the x-axis where we 

put d 0.
d
y
x

(iii) y

x

y

x

(1, 1)

(e2 4, e)

is

(e 2222222222))))))))))))) 0000000000000000000000
eeeeeeeeeeeeeee 222222222222

llnn 22

t

t

tttttttttttttttttttt

222222222222222)

y-axaxisis:
1

112
22e eeee

2
eee 222222222222222 222(eee 222)

tt
t

t tt tt22222222222222222222222222222222222222222222 222(eee2 222(e
dttttttttttttttttttttdt

lnlnlnnln2e 2lnllnln2eeeeeeeeeee 2ln22
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When y = e, 
1
2 21e e 1

2
t

t t

When y = 1,
1
2 011 e ln1

2
t

tt

Area 
e

1
 dx y

1
22

0

1e 2  e d
2

tt t t

1
2

32
2

0

1 e d e
2

t t
t t

 23
2

 0

1 2 e
2 3

t
2

0

1
22e 2

t
t

using (a)     

= 31 e 1 2 0 ( 2)
3

= 31 e 13
3

units2

Students to be careful to use
the correct formula

 d  or   dx y y x as using the 
wrong formula from the start 
may mean not being awarded 
any mark at all.

For areas involving parametric 
equations, use integration by 
substitution to find the integral.
There is no need to find the
cartesian equation.

DO NOT FORGET to change 
the limits to values of t as well.

Students can make use of the 
result in (a) without having to 
integrate by parts again.
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[Solution] Comments 

Q9(i)

 
 
  

Note: the line y = x is for part (ii) 
only.
Remember to always label all 
vertices (calculate the coordinates 
carefully!), and try to draw a 
symmetrical diagram.

2 2
2 2 23   

3
a xx y a y  

(ii) Area = 2 2

2

1 1 d
2 2 2 3

a

a

a a a x x

=
2 2

2 2 2

6

1 sin cos d
8 3
a a a a

                  =
2 2

2 2

6

1 cos  d
8 3
a a

                    =
2 2 2

6

cos 2 1  d
8 2 3
a a

                   =
2 2 2

6

1 sin 2
8 22 3
a a

=
2 2 3

8 2 4 62 3
a a

=  
2

6 3
a

Thus, 1
6 3

k

 

(iii) 2 22 3 10x y  

y x

2
a

y

xaa

1 1When  ,  sin   
2 2 6

When  ,      1 sin   
2

x a

x a

2 2

2

2 3 10

 2 10 3

x y

x y

Since x > 0, 22 10 3x y

When y = 0, 2x

At intersection: sub y = x into 
x3 + 3y2 = a2 4x2 = a2.

Since x > 0, 1 1   and  
2 2

x a y a

Use the diagram in (i) to see that 
the first portion on the left is a 

triangle (use 
1
2

base height), 

and to ensure that the limits of 
integration are correct.

A lot of careless seen here with 
the integral of cos 2 and also 
using +/− signs.

It is given that 10a , so 
do not continue using a in 
the equation.

y

x

− 2

22

6
2 333

1 iiiiiiiiiiiiiiiiiiii 2222222222222iiiiii 222222222222sssssssssssssssssssssssssiiiiiiiiiiiiiiiiiiiiiiiiiiiinnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnn 2222222222222222222222222222222222222222222222iiiiiii 2222222222222
2

sinnnnnnnnn 2222222
222

sinnnnnnnnnnnnnn 2222222222222

2 2222222222

8888888 2 33333
a aaaaaa 333333333333

222222222222222222222222 4444222222222222222222222 44

=====  
222222

33333333333333333336666666666
aaaaaaaaaa

11
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Volume of solid formed 

(= Volume of solid formed when the region between
2 22 3 10x y and the y-axis is rotated about the 

y-axis)

=
2

2

2

dx y or
2

2

0

2 dx y

=  
2 2

2

0

2 2 10 3  dy y

= 6.80 units3                         
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Q10 [Solution] Comments 

(i) 2 2
1 , 1

0 0
OB OAOB

2 2
1OA1 11 111

Since  is in the direction ofAB iis in tAB , a vector equation of 

the line AB is

2 1
1 0 ,

0 0
rr 11

000

Observe the direction of i
and j carefully:
For example, the y-
coordinate of B is
negative not positive. 
Also,

 is in the direction ofAB iis in tAB
and not i .

(ii) 5
6

2 0
1 5 1 0
6

0 5

10
1 5
6

5

OB OTON B OT5OBON OB

Since P lies on line AB,

2 1
1 0

0 0
OPOP

2
1111  for some

2 1
1 0

0

1
310 1

1 15 0
6 6

5 0 05
6

PNPN

2 0 2
1 0 1

0 5 5
TBTB

2
1111

Students must learn to use 
ratio theorem to find ONON
as this can help to save a 
lot of time during exam.

DO NOT use 
x

OP y
z

OP
x
yyy

unless you recognise that 
in this case the y-
coordinate of P is 1 and 
z-coordinate of P is 0, i.e. 

1
0

x
OPOP

x
111 .

T

N

B

N

B

O

0
forr  sssooommmeee

66666666
N

10000000000000000000
55555555555555555555

555555555555555

2 11111111
11111111111111111111111111111111

00000000000000000000000000000

1

22
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0

1
3 1 2

1 0 1 0
6

0 55
6

55 2 0
2

PN TB PN TB 0PN TB PN TBTB PN TBTB

1
22 1 1

5 11 0  1   or  2
2 2

0 0 0 0
OPOP

2
1111

Alternative method:
Since P lies on line AB (y-coordinate is 1) and is on the 

horizontal plane ABCD (so z-coordinate is 0), 

we can let 1
0

x
OPOP

x
111 .

5
310

1 15 1
6 6

5 0 5
6

x
x

PN 1PN

0
5
3 2

1 1 0
6

55
6

10 1 252 0
3 6 6

PN TB PN TB

x

x

PN TBTB

1
2

x ,

1
2
1

0
OPOPOP

111
66666
55
66

00 555555
6666

0TB PPPPPPPPPPPPPNNNNNNNNNNNNNNNNNNN TBBBBBBBBBBBBBBB
555555
3

xxxxxxxxxxxxxxxx
22222233333333333

11111111 111
6666666666

0B PPPPNNNN TTTTTTTTTBTB PPPPPPPPPPPPPPPPPPPPPNNNNNNNNNNNNNNNNNNNNN TTTTTTTTTTBBBBBBBBBBBBBBBBBBBBBB
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(iii) Since  / /BC / /BC j ,

A normal to plane TBC is
0 2 5
1 1 0
0 5 2

BC TBBC TB
0
1TB 111

5 0 5
0 0 0 10
2 5 2

rr 0 00 00 0
2 52 52 5

A Cartesian equation of the plane TBC is 5x + 2z = 10

Remember to simplify 
your Cartesian equation 
(remove common factor).

(iv)
l :

5 1
2

k
yx z

Let be the acute angle between l and the horizontal 

plane with equation 
0
0 0
1

r .

2 2

5 0
1 0

1
sin

25 1 1 26

k k
k k

Since sine function is an increasing function for acute 

angles,

0 45   0 sin sin 4545 0 sin sin 45isin

2

2

2 2

2

20
226

2 2 26
4 52 2

52 26
2

k
k

k k
k k

k

26 26 0k k

26 26k

Since k > 0, 60 2k

Note that when 
2

5
x zy

k
,

we have 

0
0

1
2 5x

y
z k
So direction vector of line 

l is
5
1
k

. It is NOT 
5
0
k

.

Note that 26k is 
WRONG!

k

You must define the symbol or that you use.

2221
kk

kkk 2 26611111111111111111111111111111111111111111111112221

e ffffffffffffffffffffffffffffunuununuunuununununununununuunuuunnu ctctctctcccc ioioioiooiooooioioooion nnnn nnnnn n nnnnn n n n sisissisisiissssssssss an ininccre

es,

0 4444444444444445    000 si4444444444444555555555555555 0 i444444444444445555555555555555 000 s

226
kkkkkkkkkkkkkkkkkk

kk
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Alternatively method 1

Let be the acute angle between l and the normal k to the 

horizontal plane.

2 2

5 0
1 0

1
cos

25 1 1 26

k k
k k

Since cosine function is a decreasing function for acute 

angles,

45 < 90  0 cos cos 45< cos cos 4590 0 coscos90 0 cos90 0

2

2

2 2

2

20
226

2 2 26
4 52 2

52 26
2
26 26 0

Since  0,    0 26

k
k

k k
k k

k

k k

k k

Alternative Method 2

Since 
2

sin
26

k
k

, using the right-angled triangle

Since tangent function is an increasing function for 

acute angles.

0 4545

0 tan tan 45

  0 1
26

0 26

k

k

k

d 2

222222222222222222222222266262
k

k
, uususinining gg thththe ee ri

ange
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[Solution] Comments For Students

Q11(a)(i) nth term, 1n n nu S S

1

12 1 21 1
3 3n nk k

1

2 1 2 1
3 3

2( 1) 1

1 1

3

n n

n

n nk
k

k k k k

k
k

( 1)

1
1

2( 1) 1
1 13

2( 1) 1
3

n

n n
n

n
n

k
u k

u k kk
k

0k

which is a constant independent of n.

Hence the sequence is geometric with

common ratio 1r
k

and

first term,      
1

1
2( 1) 1 2( 1)

3 3
k ku

k k

or 1 1
2 11
3

u S
k

To prove the existence of a GP, we 
need to show that the ratio of

1

1

 or n n

n n

u u
u u

is a constant 

independent of n. This means that 
the working should start in terms of
n and ultimately show that ratio
obtained does not contain n.

Showing 32

1 2

uu
u u

is insufficient as 

it merely shows that the first 3 terms 
are geometric.

It is a good practice to simplify 
where possible e.g. it is more 
desirable to simplify

2
1 1 1

1
k kr

k k kk k

Many candidates missed out the last 
sub-part of finding 1u . When 
dealing with a question with many 
sub-parts that are not explicitly 
labelled, it is important to tick off a 
part when the solution to that part 
has been completed. This will 
minimize the likelihood of missing 
out on a sub-part.

(a)(ii)

The new series
1 2

1 1 1...
nu u u

is geometric with

common ratio = 1
1

k

k

Sum to infinity exists when 1,  0k k ,

1 1,  0k k

First term = 
1

1 3
2( 1)

k
u k

When the reciprocal of the terms of a 
given GP are used to form another 
GP in the same successive order, the 
common ratio will be the reciprocal 
of the common ratio of the original 
GP. Hence this can be stated as a 
deduction directly instead incurring 
unnecessary working to find the 
common ratio.

In addition, since the common ratio 
is derived from the original common 
ratio, it must obey all conditions 
(both explicit and inherent) of the 
original ratio.

w seseseseseeeee iririiiriiiiiir esssss
1 2

1111111111111111 11111
uuuuuuuuuuuuuuuuuuuu uuu1 2

1

11
kkkk
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Sum to infinity, 

3    
2( 1)
1

k
kS

k

2

3 1
2( 1) 1

3
2(1 )

k
k k

k
k

(b)(i) 2
1
3n n nS S S

2

2 2

4

4 2 ( 1) 2 ( 1)
2 2

4 2 2 2 2
2
2      (shown)

2 2

n nS S
n a n d a d

na n d nd na n d nd
na

n

nd
a d

n

Simplify 2
1
3n n nS S S to

24 n nS S will make subsequent 
working easier.

(b)(ii) Subst d = 2a into Sn:

2

2 ( 1)2 98
2

98

n a n a

n a

Since a and n are positive integers, a = 2,  n = 7 By guess and checkgers,
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2021 TMJC H2 Maths Promo Paper          Duration: 3 hrs            Marks: 100 
Attempt all questions. 

1 A local tour agent brought 4 groups of 5 tourists each to a durian shop for a durian tasting 
tour. He paid for the durians ordered by each group A - D as shown in the following table: 

A B C D
Type of durian Weight of durians 
Mao Shan Wang (in kg) 4.5 3 6 7.5 
Red Prawn (in kg) 4 4.5 3 3 
D24 (in kg) 4 2 3 6 
Total amount paid (in $) 218.50 162.50 219 k 

(i) The tour agent could not remember the price per kilogram for each type of durian
and he lost the receipt for group D. Find k, the amount paid for group D.  [4] 

The tour agent found a new durian shop which offers a durian buffet. Durian lovers can 
feast on as many durians (Mao Shan Wang, Red Prawn, and D24 durians) as they want 
within 90 minutes. The buffet is priced at $50 per person. 
(ii) Give a reason why the tour agent should not bring future tourist groups to the new

durian shop for durian tasting. [1]

2 Find, by differentiation, the coordinates of the stationary point of the curve 
2 23 ln ,

4
xy x k  

where 0x  and k is a positive constant. Hence determine the nature of the stationary 
point. [6]

3 (i) Without using a calculator, find the exact solution set for the inequality

2

7 1.
2 6x x

[4]

(ii) Hence solve the inequality
2

7 1
2 6x x

. [3]

4 (i) Expand 1 3
2 4

x
x

in ascending powers of x, up to and including the term in 2x . [4] 

(ii) Find the range of values of x for which the expansion is valid. [2] 

(iii) By putting 1
4

x  into your result in part (i), show that 7 p
q

, where p and q 

are integers to be determined. [2]
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5 Given that a > 0, functions f and g are defined by 
4f : 2        for , 1,

1
g : ln( )           for , 0.

x x x x
x

x x a x x
 

 (i) Explain clearly why gf does not exist. [2] 
 (ii) Find the range of values of a, in exact form, such that fg exists.  [2] 
For the rest of the question, assume that the function fg exists. 
(iii) Define fg in a similar form, in terms of a.  [2] 
(iv) Given that 3ea , find the range of fg, in terms of a.  [2] 

 
 
6   
 
 
 

 
 
 
 
 
 
 
 
 
 
 

The diagram shows the graph of fy x . The curve has an axial intercept at 0, 0 , a 

turning point at 1, 2  and asymptotes 1x and
1
2

y . 

Sketch, on separate clearly labelled diagrams, the graphs of  
 (i) f 1y x , [3] 
 (ii) f '( )y x ,  [3] 

(iii) 1 ,
f ( )

y
x

  [3] 

giving the equations of any asymptotes and coordinates of any x-intercepts and turning 
points, where applicable. 

 

7 Given that f ( ) ln 1 siny x x , show that 
22

2

d de sin
d d

y y y x
x x

. [2] 

 (i) By further differentiation of this result, find the Maclaurin series of y, up to and 
including the term in 3x . [4] 

 (ii) Let the answer in part (i) be g(x). Sketch the graphs of f ( )y x  and g( )y x  on 
the same diagram, where 0 3.x  Hence or otherwise, explain why the 
approximation of f ( )x  using g( )x  is not accurate when 2x .  [4] 

 
  

y 

x 

x = 1 

12 

(1, 2) 

O 

f  
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[Turn Over 

8 A curve C has parametric equations 

2 sin 1,   2 3cos ,    for .
2 2

x y  

 (i) Using differentiation, find the coordinates of the point(s) on the curve at which the 
tangent is parallel to the y-axis.  [7] 

 (ii) Sketch C, showing clearly the features of the curve at the points where 
2

 and 

2
 and coordinates of any turning point(s). [3] 

(iii) Find the cartesian equation of C in the form fy x . [3] 
 
9 The plane 1 contains the point A with coordinates 1,0,3  and the line 1l  with equation 

21 , 2.
2

zx y  

 (i) Show that the cartesian equation of 1 is 4 3 2 2x y z . [2] 
The line 2l  passes through the point B with coordinates 5,2,8  and is parallel to 2 .i k   

 (ii) Find the position vector of the point of intersection between 1 and 2l . [3] 
(iii) Find the position vector of the foot of the perpendicular from B to 1. [3] 

The plane 2  has equation 
8
6 62
4

r . 

(iv) Find the exact distance between 1 and 2 . [2] 
 (v) Determine whether the origin is in between the two planes 1 and 2 . [2] 

 
 
10 Referred to origin O, the points P, Q, R and S have position vectors p, q, r and s 

respectively. 
 (i) Given that p q r 0  and 1 0 , where and  are non-zero constants. 

Show that P, Q and R are collinear. [3] 
It is given that the point R lies on PQ produced. The point T lies on line RS produced 
such that : 3 : 2RT ST . 
 (ii) Find the position vector of the point T in terms of r and s.  [2] 

(iii) Give a geometrical interpretation of 
p r s r

s r
. [1] 

 (iv) Find the area of triangle PRT in the form p s p r r s , where  is a constant 
to be determined. [3] 
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The diagram shows a storage well with fixed capacity k m3. The storage well is made up 
of two parts, a right circular cone and a cylinder. The right circular cone has radius r m 
and height h m. The cylinder has radius r m and height 4h m. The walls of the storage 
well are made of a special material. The walls of the cylindrical part of the storage well 
are 3 m thick. The height from the vertex of the inner wall to the outer wall of the right 
circular cone is 5 m. The volume of the special material used to make the storage well is  
V m3. 
 (i) Show that the volume of the special material used to make the storage well is given 

by 2 2
2

53 3
3

kV r r k
r

. [2] 

[It is given that the volume of a right circular cone with radius r and height h is 
21

3
r h .] 

 (ii) Use differentiation to find the exact value of r where V is minimum. (You need not 
show that the volume is a minimum.)  [4] 

(iii) It is given that the capacity of the storage well is 700 m3 and 2 10r . Sketch the 
graph showing V as r varies. [2] 

(iv) It is given instead that 10h  and 5r . Liquid is poured into the storage well at a 
constant rate of 0.1 m3 per minute. The depth of the liquid in the storage well at 
time t  minutes, is x m. Find the rate of change of the depth of the liquid in the 
storage well when the volume of liquid in the storage well is 200 m3. [5] 

 
End of Paper 

 

r 

h 

3 

4h 

5 
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Page 1 of 11 

2021 TMJC H2 Maths Promo Paper Solution 

Qn Solution 
1 System of Linear Equations 
(i) Let x, y and z be the price per kg for Mao Shan Wang, Red Prawn and D24 durians 

respectively.  
4.5 4 4 218.5
  3 +4.5 2 162.5
  6  3  3 219

x y z
x y z
x y z

  

Using GC, 21, 15, 16x y z   
The total amount paid for Group D is 7.5(21) + 3(15) + 6(16) = $298.50. 
Hence k = 298.50 

(ii) Possible answers:
The average expenditure for each tourist is $44.93, which is less than that at the new
durian shop.
The total expenditure for the four groups is $898.50. Total expenditure will be higher
at $1000 if he engages the new durian shop.
The average cost for each group is $224.63, while the cost for the new durian shop is
higher at $250 per group.

Qn Solution 
2 Differentiation 

2 23 ln
4
xy x k

2
2d 4 16 6

d 4
y kx k x
x x x

2

2

2
2

d 0
d

6 0

6

6

since 0
6

(since 0)
6

y
x

kx
x

kx
x

kx

kx k

kx x

2 2
2 2 2 1 663 ln ln ln

4 2 2 246 4 6

k
k k k ky k k k

Coordinates of stationary point is 26 1, ln 6 ln 24
6 2

k k k

2 2

2 2

d 6 0
d

y k
x x

 since 
2

2 0k
x

Hence the stationary point is a minimum point. 

2

222222
22222

6666

6

k
x

kkkkkkkkkkkkx

kkkkkkkkkkkkkkxxxxxxxxxx kkkkkkkkk

k
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Qn Solution 
3 Equations and Inequalities 
(i) 

2

2

2

2

2

2

2

2

2

2

7 1
2 6

7 1 0
2 6

7 2 6 0
2 6

2 1 0
2 6
1

0
1 7

1
0

1 7 1 7

1 1 7 1 7 0, 1 7,1 7

x x

x x
x x

x x
x x
x x

x
x

x

x x

x x x x
 

 
 
 

: 1 7  or  1 or 1 7x x x x  

(ii) Replacing x  by |x|, 
1 7  or 1 or 1 7

(NA since 0) 1 1 7 or 1 7

x x x

x x x x
 

 
So, the solution is 1 or  1 7   or  1 7x x x  

 
Qn Solution 
4 Integration Techniques  
(i) 1 112

1 3 1 3 2 1 2
2 4

x x x
x

1 1
2

2 2

2 2

2 2

11 3 2 1 2

1 21 1 11 3 3 1 1 2 2
2 2 8 2!

1 3 91 1 2 4 ...
2 2 8
1 7 47 1 7 471
2 2 8 2 4 16

x x

x x x x

x x x x

x x x x

 

(ii) For expansion to be valid, 
3 1      2 1

1 1 1 1    and  
3

and

3 2 2

x x

x x
 

1 1
3 3

x  

1 7 x  

77 o7 o

1 

–  

 1 7  

 

x 

1111
2

1111111111112222 111111122 22222 1112222222222222222222222222222222222222222

1
2222222

111111222222222222222 11112222222222222222 22222 1222222222222222222222222222222

11111 111111 1
22222 8

9

r 1r 1

hniiiiiququqqquqquuquuuueseseseseseseseeesesesesesesesesesesessesesesesesesesssesssesessseseesesessessesseseeeeseeess  
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(iii) 
Since 21 3 1 7 47

2 4 2 4 16
x x x
x

, 

1Let 
4

x ,   
2

11 3
4 1 7 1 47 1
1 2 4 4 16 42 4
4

 

27 1 7 1 47 1
4 2 4 4 16 4

287

287

7
12

256

8

 

287, 128p q  
 

Qn Solution 
5 Functions 
(i) 4f ( ) 2

1
x x

x
 

 
Rf = ( , 1] [7, ) D (0, )g .   

gf does not exist regardless of the value of a. 
(ii) 

 
For fg to exist, Rg  Df.   
Rg = (ln a, ) and Df = ( ,1) (1, ) .  

fg exists if ln a  1   a  e 
(iii) 4fg : ln( ) 2        for , 0

ln( ) 1
x x a x x

x a
 

 

 
(-1,-1)

x 

y 

y=x+2 

f 

1 

x=1 

 
(3,7) 

y 

x -a 

lna 

g 

0 

, ))) DDDDDDDDDDDDDDDDDDDDDDDDDDD (0(0(0, ), ), )gg7, )))) DDDDDDDDDDDDDDDDDDDDDDD (0(0(0,, .  

t exexxexexisisiiisisist ttt reeeeeeegggagggggggggggggggggggggg rdleeessssss ooof ff thtt
yyyy

lnnaaaaaaaaaaaaa

g
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(iv) If a > e3, ln a > 3,  

fg g g fg
4D D R (ln , ) R ln 2 ,

ln 1
a a

a
 

 
 

Qn Solution 
6 Transformation of Graphs 
(i) 

 
(ii) 

 
 
 
 
 

 
 
 
 

 

 (iii) 
 

 

 

 
(-1,-1) 

x 

y 

y=x+2 

f 

1 

x=1 

 
(3,7) 

y 

x O 

 

(1, 0) O 

 (2, 2) 

= 12 

= f(| | 1) 

x = 0 

y 

x 

x = 1 

(1, 0) 
O 

= f ( ) 
y = 0 

y 

x 

y = 2 

x = 0 

1, 12  ( 1,0) O 

= 1f( )

x x == 0

yyyyyyyyyyyyyyyyyyyyyyyyyyyyyyyyyyyyyyyyyyyyyyyyyyyyyyyyyyyyyyyy

x
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Qn Solution 
7 Maclaurin Series 
 ln 1 sin , e 1 sinyy x x  

Differentiate with respect to x :     de cos
d

y y x
x

 

Differentiate with respect to x :    
2

2

22

2

d d de e sin
d d d

d de sin shown
d d

y y

y

y y y x
x x x

y y x
x x

(i) Differentiate with respect to x : 
23 2 2

3 2 2

33 2

3 2

d d d d d de 2 e cos
d d d d d d

d d d de 3 cos
d d d d

y y

y

y y y y y y x
x x x x x x

y y y y x
x x x x

 

When 
2 3

2 3

d d d0, 0, 1, 1, 1
d d d
y y yx y
x x x

 

Maclaurin series for y  is 2 31 1
2 6

y x x x  

(ii) Using GC,  
 
 
 
 
 
 

The graphs of 2 31 1g
2 6

y x x x x and f ln 1 siny x x   deviate/differ 

significantly at x = 2, where 32 34g
3

1.  and f 2 0.647 . Hence the approximation 

is not accurate.   
OR 
The value of 2x  is not close to zero, hence the approximation is not very good. 

Qn Solution 
8 Parametric Equations (Cross topical with Differentiation) 
(i) 2 sin 1,   2 3cosx y  

d d2 cos , 3sin
d d

x y  

d 3sin
d 2 cos
y
x

 

For tangent to be parallel to y-axis, 2 cos 0  

Since 
2 2

,    or  
2 2

 

At 
2

, 2 sin 1 2 1,   2 3cos 2
2 2

x y  

Coordinates of point is ( 2 1, 2)  or (-2.41,2).  

x 
 

y  

O 
(3, 0.132) 

(3, 3) 

(0,0) 

211111111 2

22222222 6
x x

22222222
2x xxxxxxxx

2, whwhwhwhwhwhwhwhwhwhhhwhwhhhhhhww erereerererereeeerererererrererrrrrre eeeee e eeeeeeeee eeeeeeeee eeeeeeeeeeeeeee 4gg
33

.   

ue offfffffffffffffffff 222222222222222222xxxxxxxxxxxxxxxxxxx isisisissisisisissiiisiisisiissssss   nonononononononononoonononoononnooooot clclclosoo e

Sooooooooooolulululullululutittitittittitititiiiitiiitiionononoonononononononoonnonnn
raaaaamemememememeemmememeemmmmm trtrtrtrtrrtrtrrttrrtrrrtrtrrt iciciciciciciciciciiciciciciiicci EEEEEEEEEEEEquqq at

2 iiiiiiiiisinnn 12 sssiniiiii2 siniiiiiiiiiinn 1
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At ,
2

 2 sin 1 2 1,   2 3cos 2
2 2

x y  

Coordinates of point is ( 2 1,2)  or (0.414,2).  
(ii) 

 
(iii) 2 sin 1

1sin
2

x
x          

2 3cos
2cos

3

y
y  

Since 2 2sin cos 1, 
2 2

2 2

2
2

2

1 2 1
32

1 2
1

2 9
9 1

2 9
2

9 1
2 9

2

x y

x y

x
y

x
y

 

Since 
29 1

2, 2 9
2

x
y y  

 
Qn Solution 
9 Vectors  
(i) 

1

1 1
: 2 0 ,

2 2
l r   

2

1 1 2
0 2 2
3 2 1

d   

2 1 4
2 0 3

1 2 2
n   

y 

x 

 

2 ,,,,
1111111 11111111111111

22 0000000000 ,22 0000002 00000000000022 000000000000222 0000000
2 22222222 222222 222

99

99
2 9992 999

2
2 999

111
2
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1

4 1 4
. 3 0 . 3

2 3 2

4
:  . 3 2

2

r

r

  

4 3 2 2x y z  
(ii) 

2

5 2
: 2 0 ,

8 1
l r   

Let X be the point of intersection. 

Since X is on 2l  , 
5 2

2  for some .
8

OX   

Since X is on 1  , 
5 2 4

2 . 3 2
8 2
20 8 6 16 2 2

2
 

5 2 2 1
2 2

8 2 6
OX  

 
(iii
) 

Let F be the foot of perpendicular from B to the plane 1 . 
5 4

: 2 3 ,
8 2

BFl r   

Sub BFl  into eqn of 1  , 
5 4 4
2 3 . 3 2
8 2 2

29 12
12
29

  

5 4
122 3
29

8 2

97
1 22
29

256

OF

 

(iv) Method 1:  

rpeeeeendndndndndndndndnnn iciciciciiciciiiciciciciii ulullulululululululululullullularaaararaaarararararaaaa  from

,,
4
3 ,33333333333

2222222222222222222222222222222
 

F iiiiiintnnnnn ooooooo eqeeqeqeeeqeeeeqeee nnnnn nnnnnnnnn ofoffofofofofofooofofofofffoffofo  1111111111111 ,,,,,, 

22222222222222222
44444444 444444444444444444
3 3333333333333. 33. 3. 3333. 3333333333333333333333333

222222222222222
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1 2 2 2

2

4
2: . 3 2 .

4 3 22
2
29

8 4
: . 6 62 . 3 31

4 2
31                                 .
29

r r n

r r

r n

  

31 2Dist between the two planes
29 29

29
29
29

  

Method 2 (length of projection onto its 
normal): 
Let 0,0,1P  be a point on 1  and 

310,0,
2

Q  be a point on 2  . 

Dist between the two planes .

0 4
0 . 3

31 21
2

29
29
29
29

PQ n

 

(v) 
1

2

2: . 0
29
31: . 0
29

r n

r n
 

Since 2
29

 and 31
29

 are both positive,   therefore origin is not between the two planes. 

Diagram for understanding 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
  

. 
O 

  

  

  

  

  n   
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Qn Solution 
10 Vector Algebra
(i) 1 0 1    

Sub into p q r 0 , 
1 p q r 0   

q p r p 0  
PQ PR 0  

1, , 0PQ k PR k  

Since PQ is parallel to PR , and P is a common point,  P, Q and R are collinear.      
(ii) 2

3
OT OROS   

2
3

OT rs  

3 2OT s r  
(iii) p r s r s r

p r
s r s r

 is the length of projection of RP on RS . 

(iv) Area of triangle PRT = 1
2

RP RT   

                                  1 3 2
2

p r s r r   

                                  1 3 3
2

p r s r  

                                  3
2

p s p r r s r r  

                                  3
2

p s p r r s r r 0  

3
2

  

 
Qn Solution 
11 Applications of Differentiation 
(i) 2 2

2 2

1Volume from external wall
3
13 5
3 3

r h r h

r h r
 

2 21Volume from internal wall
3

r h r h k  

   2

3
13

kh
r

  

2 213 5
3 3

V r h r k  

 
2 2

2

2 2
2

13 3 5
3 13

53
3

kV r r k
r

kr r k
r

  

This is 0  (a vector). 
Important to use the 
correct notation. 

1 

,
R 

T 

S 
2 

3 

To be stated explicitly 

onsnsnnsnnsnsnsnnssss oooooooofff ffffffffffffffff DiDiDiDiDiDiDiDiDDDiDiiDiDDiD fffffffffffffffffffffffffffffffffff errrrererrrererrererrrerrrrrererreerenenenenenenenenenenenenenennenenenenenne tittitititittttttt atatatatioii n

meeeeeeeeeee ffffffffrrrrrrrrroooooooommmmmmmmmmmmmmm exttttttttttttttteeeeeerrrrrrrrrrrrnnnnnnnnnaaaaaaaaaaaaaaaaalllllllllll wwwwaaall

m

ss pp

statedededededdddddeeeeeeee eeexppplililicitly
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(ii) 2 2
2

53
3

kV r r k
r

 

2
2 3

d 2 102 3 3
d 3
V k kr r r
r r r

 

To find stationary point, d 0
d
V
r

 

2
2 3

2 102 3 3
3

k kr r r
r r

  

2 3

2 2 103 3
3

k kr r
r r

 

 

2 2 3

3

2 2 6 103
3

6 103
3

k k kr
r r r

kr
r

 

3

6 10
3

k r r
r

  

3

1
3

9
5

9
5

kr

kr
  

(iii) 
When k = 700, 

1
39 700

7.3746
5

r  

  
GC Skill: 
This part can be done using the GC 

 

2) Press @ and set the Xmin and 
Xmax based on the question 

 

V 

r 

(2, 3810) 

1260 , 1250   
(10, 1370) 

C SSSSSkikiikikik lllllllll :
pararararart ttttttttt can nnn nnnnnnnn bebebebebebebebbebebbebebebebeebeeeeee dddddddddononone u

1212111212112121212221222222222606006006060060600606666060600 ,,,,,,,,,,, 1211121121212121121121212121212221211255505555555050
(((((((100,, 11370)
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3) Press # and select 0: ZoomFit to see 
the graph 

 

4) From the graph, you can clearly see a 
turning point, use GC to find it 

 
(iv) Volume of cone section = 21

3
 

Hence when volume of liquid is 200 m3 it is still in the cone section 
 
 
By similar triangles, 

5 1
10 2

liquid
liquid

r
r x

x
 

 
 
Let volume of the liquid at time t minutes be W 

2

2
3

1
3
1 1 1
3 2 12

liquidW r x

x x x
  

2d 1
d 4
W x
x

 

When 200W , 
1
331 2400200

12
x x   

d d d
d d d
W W x
t x t

  

When 
1
32400x , 

2
3

d 0.1 0.00152 3 s.f.
d 1 2400

4

x
t

 

The rate of change of depth of the acid in the storage well is  
0.00152 m/min 

 

10 
x 

 

5 

31
11111111112222222222222222222

3xxxxxxxxxxxxx x3

dttttttttttttttttttddttttttttttd
 

n 
11111111111
33333333333

xxxxxxx 22222222222222222224444444444444444440000000000000000000000000000000002222244400 , ddddddddddddddddddd
dd
dddd

tt

of

www.KiasuExamPaper.com 
310



www.KiasuExamPaper.com 
311



A
r r r r r r r

A

n

r r r r

r r r r

www.KiasuExamPaper.com 
312



y x y
x

x

x x

k
k
x x x x x

k
x x ak k b

x
a b

www.KiasuExamPaper.com 
313



z z z c c

c a b

www.KiasuExamPaper.com 
314



z z

z

z a b a b

www.KiasuExamPaper.com 
315



z

y x

xy xy

www.KiasuExamPaper.com 
316



y a x b
m k

a b k

y x

www.KiasuExamPaper.com 
317



www.KiasuExamPaper.com 
318



xy
x x

www.KiasuExamPaper.com 
319



C
y x
a b

a b

C x C a b

C

y x
a b

www.KiasuExamPaper.com 
320



y
x x x

P y

P

 x P

y x

y y x
y x

www.KiasuExamPaper.com 
321



x A B
xx x

A B

www.KiasuExamPaper.com 
322



x u axx b x C
xx

a

b

x x x
x

www.KiasuExamPaper.com 
323



C

x t y t t
t t

P p p
p p

p
p

p y x

www.KiasuExamPaper.com 
324



Q C q PQ pq
pq

P R r r
p

www.KiasuExamPaper.com 
325



n
n n

n

 n
na bn cn a b c

www.KiasuExamPaper.com 
326



k
k

w

n
nw

w
n

nw
w

www.KiasuExamPaper.com 
327



w w
w w

www.KiasuExamPaper.com 
328



www.KiasuExamPaper.com 
329



A
r r r r r r r

A

r r
r r r r r r r

r r r

n

r r r r

n

r r r r

n n n n

n n n n

n n n n

r r r r

n

r r r r n n

n
n n

n

r r r r

r r r r

r r r r

r
r r r

r r r

n

n
r rr r r r r r

r r r r

n

rrrrr

www.KiasuExamPaper.com 
330



n

r r r r
n

n

r r r r

r r r r

y x y
x

x

x x
x xx

x
x

x x

x x

k
k
x x x x x

k
x x ak k b

x
a b

k
x x x

k
kx x xx x

x
kk xk x

x
kk xk x

x

k x kx k
x

k k

u x v x
x

u x
x x

v x
x

xxxxxxxxxxxxxxxx

kkkkkkkkkkk
xkkkkkkxxxxxxxxx

kkkkkkkkkkkkkkkkkkkkkkkk
xxxxxxxxxxxxxxxx

k
xxxxxxxx

aaaaaaaaaaa bbbb

k

www.KiasuExamPaper.com 
331



k

k

x x
x

x x x
x

k kx x x x x

k k x x

k k

k k

xu v x
x x

u x
x

v x

z z z c c

c a b

c

c c

c c c c

c c c

c c c
c c c

c c c
c

z k

z z z z k

z k

k

z z
c 

c c

cccccccccccccccccccccccccccc
c

ccccccccccccccccc
c

z kzzz kz kz kzz kzzzzz kz kz kkzz

www.KiasuExamPaper.com 
332



z z

z

z a b a b

z

z z

z z Az Bz C

z z Bz

z
B

B
z z z

z z

z

az bz c
b b a c

z
a

www.KiasuExamPaper.com 
333



z

z i

z

z

z

z

y x

xy xyxyyyyy y

www.KiasuExamPaper.com 
334



y a x b
m k

a b k
xy

xy

x y

a b

y x
m k

m
m

y x
k

y x
k

k
k

y a x b
m k

b a

b a m

b a m

my a x b
k

y x

x xy x y x

y
x xy x y x

x

x x xy y y

xy

yyyyyyyyyyyyyy

www.KiasuExamPaper.com 
335



www.KiasuExamPaper.com 
336



x x

x x

x x

xy
x x

xy
x x

y x x

O  

yyyyyyyyyyyyyyyy xxxxxxxxxxxxx

www.KiasuExamPaper.com 
337



C
y x
a b

a b

C x C a b

y x
a b
y x
a b

C

x
a b

C

y x
a b

y x
a b

y y

y x
a b

x x

x
y

a b
y x

a b

C y
x-  

x

bbbbbbbb

a baaaaaa baaa bbbbbba bbaa bbbbbb

xxxxxxxxxxxxxxx

C

www.KiasuExamPaper.com 
338



y
x x x

P y

P

 x P

 y
x

y
t

x x y
t y t

x P

y P
y
t

y x

y
x x x

y x
x x
x x c

c
c

y x x

x x C
x

C

y y x
y x

y
x x x

x x
x x
x x

x x
x x
x x

x

xxx

yyyy

www.KiasuExamPaper.com 
339



y
x x x

y
x x x

x y
x

x
y
x

y
x

x
x

x

y y

y

x A B
xx x

A B

x A B
xx x

x A x B

A B

A B

y 

x 

www.KiasuExamPaper.com 
340



x u axx b x C
xx

a

b
xx u u
u

x u u
x u

u
u

u u

u u

u u C

u u u C

x x C
x x

x x C
x

x oppu
adj

xu u
x x

x x x
x

x x x
x

x xx x
x x

x x x x
x x

xx x C
x x

xx C
x

n n
x x x x C

n

xxxxxxxxxxx

xxxxxxxxx

www.KiasuExamPaper.com 
341



C

x t y t t
t t

P p p
p p

p
p

x t y t
t t

x t
t t t
y t
t t t
y t t t
x t t t

P p p
p p

t p

p
p p

p

p y x

p

www.KiasuExamPaper.com 
342



Q C q PQ pq
pq

x t y t
t t

P p p
p p

Q q q
q q

PQ

p q p q
p q p q

q p q p pq pq
pq q p q p pq

q p pq q p
q p pq q p

pq
pq

P R r r
p

P R
P PR 

p pr
p pr

p pr p pr

p p r pr p p r pr
p r

r
p

pPPPPPPPPPPPPPPPPPPPPPPP

p rp pr p pppppp pppp pppppppppppp pppppp pp r
p rrr

rrrrrr
pppppppppppppppp

pppppppppppppppppppppp r

www.KiasuExamPaper.com 
343



n
n n

n
n n n n

n n
n n

n

n
n

n

 n
na bn cn a b c

www.KiasuExamPaper.com 
344



n
n

n

n n

n n

k
k

n n n n

w

n
nw

w
n

nw
w

i n in in
nw w

w
n in in

nw
w

n i n n i n
n i n n i n

n
n in in

nw
w

n i n n i n
n i n n i n

i n

in

nnnnnnnnnnnnn

n

n
in iiiiinnnnnnnnn

www.KiasuExamPaper.com 
345



w w
w w

w w
w w

w
w

w w w
w w w

w w
w w

i i

w w i
w w

i
i i i

i i
i i

w
w

w w
w w

www.KiasuExamPaper.com 
346



www.KiasuExamPaper.com 
347


	www.KiasuExamPaper.com
	ACJC 
	ASRJC
	CJC 
	DHS
	EJC
	HCI 
	JPJC
	NYJC 
	RI
	SAJC
	TJC
	TMJC
	VJC



