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2021 ACJC H2 Maths Promo Paper Duration: 3 hrs Marks: 100
Attempt all questions.

1

3

State a sequence of transformations that will transform the curve with equation
y =2sin(2X+a)cos(X) on to the curve with equation y=-2sin(4X+3a)cos(2X+ ),

where « is a positive constant. [3]
Solve algebraically the inequality 2)(;3 >—1. [3]
X" +X-2
: . X+3X°
Hence solve the inequality oo >—1. [2]

A curve C has equation

2 2
X" —4 1
%=— , XeR, X#—8.
X~ +Xy-+100 2
dy  2x-y’
Show that <= =—Y 2]
dx 2xy+16y
Hence, prove that curve C does not have any stationary point. [3]
.,V4
x=-—2 x=2
C
A »
(0] X
B

The diagram shows the curve y=f(X). There are two vertical asymptotes with

equations X=—-2 and X =2 respectively. The curve crosses the X-axis at the point A
and has a maximum turning point at B where it crosses the y-axis.

The curve also has a minimum turning point at C. The coordinates of A, B and C are
(a,0), (0,-=10) and (p, q) respectively, where a, p and q are constants.

Sketch the following curves and state the equations of the asymptotes, the coordinates
of the turning points and of points where the curve crosses the axes, if any. Leave your
answers in terms of a, p or q where necessary.

- .
O Y= [3]
) y=f2-|x|). [3]
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Referred to the origin O, points A and B have position vectors aand b respectively.

The modulus of a is 2 and b is a unit vector. The angle between a and b is 60°. Point
C lies on AB, between A and B, such that AC =kCB, where 0 <k < 1.

(i) Express OC intermsof a and b. [1]
— k+4

(ii) Show that the length of projection of OC on OA is given by 2 (k +1) . [3]

(iii) Find, in terms of Kk, the area of triangle OAC. [3]

X—=2 y+2 -
b c
The line L, is parallel to the vector 4i+3j. The line L, passes through the origin and

3
, where a,b,c are constants.

The Cartesian equation of line L, is

the point with position vector j+k.

(i) Given that L, is perpendicular to L, , form an equation relating a and b. [1]
(i) Given that L, intersects L,, show that Sa+2b—2c=0. [3]
(iii) Hence express aand b in terms of C. [1]
(iv) Find the acute angle between L, andL,. [2]

The functions f and g are defined by

f:XI—)%,XGR, -2<x<-1,
‘l—x

g X —(X=2)+k, xeR, x>0 where K is a constant.
(i) Sketch on the same diagram the graphs of

(@ y=f(x)

() y=f"(x)

() y=f"f(x)

stating the equations of any asymptotes and the coordinates of any endpoints. [3]
(i) Find f ' and state the domain of . [3]
(iii) Show that the composite function gf exists and find its range. 2]
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8  The figure below shows a cross-section OBCE of a car headlight whose reflective surface
is modelled in suitable units by the curve with parametric equations
x=a(@—sinf), y=a(l—cosb)
for 0 < @ <27, where a is a positive constant.

S/

o) » X
(i) Findinterms ofa
(a) the length of OE, [2]
(b) the maximum height of the curve OBCE. [1]
(ii) Show that ﬂ = cotg . [3]
dx 2

Point B lies on the curve and has parameter 5. TS is tangential to the curve at B and

BC is parallel to the x-axis. Given that LTBC = % ,

2
(iii) show that § = Tﬂ 2]
(iv) Show that the equation of normal to the curve at the point B is
ky =—k?x+27a,
where K is an exact constant to be determined. [3]
n n-+1
9 (a) Given that Y r? =%n(n +1)(2n+1), find 2(2r +r:- r) in terms of n. [4]
r=1 r=7
(b) (i) Use the method of differences to show that z 21 = 3JréJri, where A
=r -1 4 n n+l
is a constant to be determined. [3]
(ii) Explain why the series Z e converges, and write down its value.  [2]
r=2 r—
(iii) Hence deduce that %+%+%+ ... 1s less than 3 . [2]
2° 3 4

10 Referred to the origin O, the points A, B and C have position vectors 4i—2j,
ai—j+2k and —i—7j+ Sk respectively, where ¢ and £ are constants.

(i) Given that A, B and C are collinear, show that « =5, and find the value of . [3]
The plane 7 contains the line L, which has equation r =2i+3j+ x#(2i—j+k) . The

plane 7 is also parallel to the line that passes through the points A and B.

(ii) Find the shortest distance from point A to the line L. [2]
(iii) Show that the cartesian equation of the plane 7 is x+y—-z=5. [2]
(iv) Find the position vector of the foot of the perpendicular from point A to the
plane 7. [3]
(v) Hence find the reflection of the line that passes through points A and B about the
plane 7. (2]
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12

11 The figure below shows a container with an open top. The uniform cross section ABCD

of the container is a trapezium with AB = BC = CD = 10 cm. AB and CD are each
inclined to the line BC at an acute angle of & radians.
The length of the container is 50 cm and the container is placed on a horizontal table.

BV Vidl— AR
B C
(i) Show that the volume V of the container is given by
V= 5000(sin 6’) (1+cos @) cm’ . [2]
Hence using differentiation, find the exact maximum value of V, proving that it is
a maximum. [5]

(i) For the remaining part of the question, & is fixed at %

Water fills the container at a rate of 100cm®s™" . At time t seconds, the depth of the

water is h cm. The surface of the water is a rectangle PQRS. When h =3 c¢m, find the

rate of change of
(a) the depth of the water, h, [3]
(b) the surface area of the water PQRS. [2]

Mrs Tan plans to start a business which requires a start-up capital of $700,000. She
decided to first save $200,000 by depositing money every month into a savings plan.
For the remaining $500,000, she intends to take a loan from a finance company.
She deposited $3000 into the savings plan in the first month and on the first day of each
subsequent month, she deposited $100 more than the previous month. Mrs Tan will
continue depositing money into the savings plan until the total amount in her savings
plan reaches $200,000. It is given that this savings plan pays no interest.
(i) Find the month in which Mrs Tan’s monthly deposit will exceed $6,550. [2]
(ii) Find the number of months that it will take for Mrs Tan to save $200,000 and
hence find the amount that she would have deposited in the last month. [4]
After Mrs Tan has saved $200,000, she took a loan of $500,000 from a finance company.
To repay the loan from the finance company, Mrs Tan would have to pay a monthly
payment of $X at the beginning of each month, starting from the first month. An
interest of 0.3% per month will be charged on the outstanding loan amount at the end
of the month.

(iii) Show that the outstanding amount at the end of N month, after the interest has
been charged, is A(1.003")— BX(1.003n —1) , where A and B are exact constants

to be determined. [3]
(iv) Find the amount of $x, to 2 decimal places, if Mrs Tan wants to fully repay her
loan in 8 years. [2]
(v)  Using the value of X found in part (iv), calculate the total interest that the finance
company will earn from Mrs Tan at the end of 8 years. [2]
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2021 ACJC H2 Math Promo Paper Solution

Qn Solution

1 y = 2sin (2X+ &) cos (X) replace xby xbar y = 2sin (2X+3a) cos (X + @)

—feplace xby 2X y = 2sin (4X+3a)cos (2X + &)

— foplceyby -y 4 y = —2sin (4X+3a) cos (2X+ o)
1) Translation of the graph by a units in the negative X-direction, followed by
2) Scaling parallel to X — axis by a factor of % .

3) Reflection in the X — axis.

= 2sin (2X+ @) cos(X) —RREXY X oy = Dgin (4X+ ) cos (2X
y

OR replace Xby X+% ) coS (2 ( X4 %))

1 - .
replace y by —y y:—251 ..

1) Scaling parallel to X — axis by a factor of 2
2) Translation of the graph by ¢ units in the
2

3) Reflection in the X — axis.

2 X+3
X*+Xx-=2
X+3
x> +x=2
X2 +2x+1
>
X*+Xx=2

>—1

+1>0

1
Replace X by 2 S ¢

l<—2 or l>1
X X 1

.'.—%<x<0 or 0<xx<l1
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2x% =8y = x* + xy? +100
x> —8y? = xy* +100
dy dy = »
2X—=16y—=2Xy—+
de Xde y
dy _ 2x—y?

= (shown)
dx 2xy+16y

2
Suppose ﬂ=—2x y _
dx 2xy+16y

2x=Yy

x> —8x 1

22 100 2

2

2x2 —16x =3x> +100

x> +16X+100=0 //
2
(x+8) +36=0 "// 0‘5’\
R.? Q
- ,%@@9 .
=— <y, there's al roots.

. 2
No solution since (X+8)" +

=]

[Or using discriminant:

.. There is no statio

0 f?xe R. Q&‘\
R

4 ()
=a ‘b®
S
y=0_
x
(i)
! : y=1(x)
: i { replace X by x+2
P-2,4q \AP q) | y=f(x+2)
i 0 i 7} { replace X by —x
: : y=f(2-x)
E (-2, -10) (2, -10) i J replace x by |X|
i i y=f-[x)
I k-0
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5(@) | Using Ratio Theorem N ' K
oC =L(a+kb) )

(ii) Length of projection of OC onto OA

k1+1 (a+Kkb)ea

foca

la

2

1 .
= 2(k+1)|(a+ kb)ea| since0 <k <1
1
- 2(k_'_l)|(a-a+kb-a)|
1
C2(k+1)
1 0
_m‘4+k|a||b|cos(60

|a|2 + kb-a‘

(iii)

_ 3k

21 2(k+1)

L1 is perpendicular to L2,

i

4a+3b=0

(i)
1

Since L1 intersects L3, sub (1) into (2):

0
Equation of line Ls : r = ,u(l} --------- (2)
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2+la=0 :lz—% ------ 3)
2+Ab=p e (4)

3+Ac=p (5)
Sub (4) into (5):
2+Ab=3+4Ac = e (6)
Sub (3) into (6):
—2+(_—2)b =3+(_—2jc

a a

—2a-2b=3a-2c

5a+2b—-2c=0 (Shown)
(iii) | Using results in (i) & (ii), use GC to solve:
4a+3b+0c=0
5a+2b-2c=0
6
8 & / S
7 L 4 @%QQ
(iv) | Using result in (iii),
R

0=286.7"
Acute angle between the two planes is 86.7°

7 (i)

x

Il
—
p<

y:X
,;
.

JHE
Clebgl | Y=+ Note that D_, =D, =[-2,~1)
o :
YRR | fy=te
(2,2) (3.-2)
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(i)

_ 1
l—xz‘_ 1-x?

Considering the interval -2 < x < -1,

Y =Toe
1
Y=o
yx*—y=1
=1ty
y
x=t 7Y
y
X=- Iy (since -2< x<-1)

y

£ (0 = —\/g - _\/; ///

1
Df—l = Rf= [g’w)

R
‘gi
2

0

0)’

(iii)

Since Re= [§,0) < [0,

Hence gf exists.

a(l—co en
2
R
A : 6@
Hence =2ar 6@\\
N
) Whenyis a @1311“1,
cosd =-1 OR a0 =a(sind)=0
~0=rx and y=2a
(i)

ﬂ =a(sind) = 2a sing cosg and
do 2 2

%= a(l-cosd) =a(l—-1+2sin”9)= 2asin2g
de 2
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—  sin—
d

(iii) AtB,ﬂ=cot£ 1ﬂ=tan£=i
dx 2 tanE 6 3

Hence tang = \/g .

p_x
2 3
p= 2Tﬂ(shown)
(iv) | Since dy = cotg
dx 2

Gradient of normal at point B is -t

Equation of normal : y— 34

—(\/5)2 X+ 27a

W | &y, K\
ZIZ +7 tb'ob

32):8 >‘f_§(r)
=@+§I rz)—i‘irz)—(n?_sj(ﬂnﬂ)
=2(27-]) +@(n+2)(2n+3) —@(7)(13) —(Tj(8+n)

77 (2 —1)+(nT+l)(n+2)(2n+3)—91——(n_5)(8+")

Alternative Method:
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i(z’ +ri-r)

r=7

=ni(2r +r? —r)—i(zr +ri-r)
r=1 r=1

(ii;4)+é(n+U(n+2x2n+3)—E§lU+n+4)

[\

2

6_
(2 1)—91+§(1+6)
2-1 2

=2"+2+%(n+1)(n+2)(2n+3)——(n+1)(n+2)

=2”+2+{%‘(n+2)}(2n+3—3)—198

—-198

=2”+2+§n(n+1)(n+2)—198

9(b)()

Using partial fractions,

1 _l( 11 )
r’—1 2\r=1 r+l1

51 1< 1 1
eI i

r=2

1

R
3.2, 2
4 n n+l
Ry —

2
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ii 1 1 S
@ As N —0,— —0,—— — 0, therefore Z -—— converges.
n n+1 =r—1
>
r=2 r2 _1 4 .
@ 2,22 2
22 32 42 . ~ rZ
Since r* —1<r?,
2 .2
r’-1 r’
S 2 2
> —_—
; r’-1 ; r’
DESEES
pyl 4 4
.'.2—22+3%+4—22+...<% (shown)
10(i) 4 a
OA=|-2| OB=|-1
0 2

1 -2\ (2
=—= 5 |x| -1
J6

1
1 > 1 93 |31
=—| 2 =—\/25+4+64=\/:=\/:
Je| | e 6 \2

www.KiasuExamPaper.com
15




(iii)

2 1 2 3 1
Normal ofplaneﬁ=ﬁx 1| =[1|x|-1|=| 3 |=3]1
1 2 1 -3 -1

1 2\ (1
Equation of plane 7z: r-| 1 |=|3 s 1 |=2+3=5
-1 0)\-1

Cartesian equation is X+y—zZ =5

(iv)

Let F be the foot of perpendicular from A (4, — 2, 0) to the plane 7

4 1 4+ 1
Equation of line AF :r=| 2 [+ 4| | |=| 2+4
0 -1 -

To find the point of intersection of line AF and plan
substitute equation of line into equation of plane x

4 1
SJOF =| 2 |+1] 1
0 -1

Let the reflection of
AF - FA
OA'=20F -

Since the line AB is parallel to 77, then the reflected line about 7z will also be parallel
to 7, i.e. also parallel to the line AB.

6 1
Equation of reflected lineis: r=| 0 |[+4|1|,AeR
-2 2

11(i)
(a)

A=
2
V =(50)(100sin 8)(1+ cos ) = (5000sin &)(1+ cos )

(10sin&)(10+ 10+ 2(10cos H)) = %(lOsin 6)(20+20cos )= (100sin &)(1+ cos O)
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10

(b)

3—\; =(5000cos 8)(1+ cos 8) + (5000sin £)(—sin O)

=5000(cos &+ cos* @ —sin” 0)
= 5000(2cos” @+ cos @ —1)
v

do

(2cos® @+cosf—-1)=0
(2cos@—-1)(cos@+1)=0
Since @ is acute cosfd # —1

0"
=7

2
%=5000(—4cosﬁsin6’—sin9)=5000(—¥)z—12 hen 0=%

) . T
V is a maximum when 6 = ?

_ V3o 1 1500043 //
Max V= (5000-5)(1+2)= == — //

Maximum volume is

(i) (2)

(b)

12G) | U, >6550
3000+ (n—1)100 > 6550
n>36.5
-.37™ month

12(ii)

n
S, =5[6000+(n—1)100]

2[6000 + (n - 1)100] > 200,000
Method 1

By GC,
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11

When n =40,y =198,000 < 200,000
When n=41,y=205,000 > 200,000

Method 2
2[6000+ (n-1)100] > 200,000
100n” +5900n — 400,000 > 0

(n—40.287)(n+99.287)>0

n<-99.3 (rej) or n > 40.3
.. 41 months

Sy = ?[6000+(40—1)100] =$198,000
$200,000 - $198,000 = $2000

(iii)

End of the month
1.003 (500000 - x)

W N — |3

=1.00

@ 1.003" —

SA= 50000@?’ 0303

)1 1,003 (500000) —% x(1.003° ~1)=0
Using GC, x =$5984.09 .
)

Total paid: $5984.09x12x8 =$574,472.64

Interest: $574,472.64 —$500,000 = $74,472.64
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ANDERSON SERANGOON
JUNIOR COLLEGE

MATHEMATICS 9758
1 Oct 2021
H2 Mathematics Promotional Exam Paper (100 marks) 5
3 hours
Additional Material(s): List of Formulae (MF26)
d’ dy d* d
1  Itis given that y* =sinx+cosx. Show that yﬁ+AEyﬁ+y3y =0, where
A is a real constant to be determined. [4]
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2 A graph with the equation y =

5 undergoes, in succession, the following

x“+2
transformations:
A: A translation of 1 unit in the direction of the negative x-axis.
; 1
B: A scaling parallel to the x-axis by a scale factor of -

c A reflection in the y-axis.
Determine the equation of the resulting curve. [4]
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3 (a)Find Ixz tan™ (2x) dx. 3]

(b) Find I # dx. 03]
— XX
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4 A curve C has equation
y’ =2x* +3x* =3 =0.

(i) Find % in terms of x and y. [2]

(ii) Find the equation of the normal to the curve at the point (2, 3). [2]
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(iiii) Given that C meets the y-axis at the point R and the normal in (ii) meets the
y-axis at the point 4, find the area of triangle APR in the form a - b , where
a and b are integers to be determined. [3]
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-
>

(4,a)

y=1{x)
Q/\
> X

1

The diagram above shows the graph of y = f(x). It has a maximum point at

(4, a), where a > 0, and meets the axes at (1, 0) and (0, 0.5). The curve has
asymptotes with equations y =0 and x =—1.

On separate diagrams, sketch the graphs of

1
(2) szx) ; 3]
M)y = f'(x), [3]

stating the equation(s) of any asymptotes and where possible, the coordinates of
any turning point(s) and axial intercept(s).

(@)

www.KiasuExamPaper.com
25



(b)
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6  The functions f and g are defined by
f:x6+Ax—x", xek,
g:x1+7e™, x2>0.

(i) For this part of the question, it is given that A = 5. Show that the composite

function fg exists. Hence find the range of fg.

3]
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(i) It is now given that A is a real constant that is not necessary equals to 5. If the domain of fis

. A . ..
restricted to x < > find f~! in a similar form. [4]
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Cod
7 (a) Find ™ (tan” x).

Hence find [ sec*x dx.

(b) Find [sinx (sinx + sin3x) dx.
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(¢) Forp > 2, find the value of f: x |2 — x| dx in terms of p.
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Relative to origin O, the points A and B have position vectors a and b respectively,

where a and b are non-zero vectors. The point C is on B4 produced such that
BA:BC =3:5 and OC is perpendicular to OB.

(i) Find OC in terms of a and b. [1]

2
(i) Show that a-b=Jb|"

(2]
The point P is on the line OB such that it is the image of B in the line OC.
(iii) Find the area of triangle PCB. Leave your answer in the form of k|axb|,
where £ is an exact real constant, [3]
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The point F is the foot of perpendicular of P to the line 45.
(iv) Given that |a|* = 215|b|2 , find the position vector of I in terms of a and b. [4]
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9 The curve C has equation

_Ax*+px—q

y , XER, X2 #s

x2—5

where p, g and s are non-zero constants.

1
(a) Itis given that C passes through the point (O, 2 ) and has a vertical asymptote x = 2.
(1) State the value of s and show that the value of q is 2. [2]

(i1) It is given further that the line y = 1 is a tangent to C and it does not meet the curve again.
Find the exact value of p if p is a negative real value. [3]
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(b) Itis now given instead that p =4, g = —1 and s = 1.
(1) Sketch the curve C, showing clearly the coordinates of any turning point(s), equations of any
asymptotes and the coordinates of any points of intersection with the axes. [3]

(i1) Find the equation of the additional curve that needs to be added to the curve sketched in
(b)(1) to determine the number of distinct real roots for the equation

) 2
10(x +2)? = 3<10_<(4x +4x+1)> >

(x?-1)
[2]
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10 (a)

Fig. 1 Fig.2

Fig. 1 shows the cylindrical-shaped water pipe, with negligible thickness and
open on both ends, inscribed in a hemisphere with fixed radius 8 cm. The
cross sectional view of the pipe and the hemisphere is shown in Fig. 2.

(i) If the diameter of the pipe is x cm, show that the curved surface area, S

of the pipe is 27xy/64—x* cm?. [2]
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(11) It is given that as x varies, the maximum value of S occurs when the ratio of the diameter of
the pipe to its height is 1 : k. Find the exact value of k and the exact maximum value of S.

[6]
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(b)

A particle is moving on the curve with equation

< <1
_X_3,

W =

y =sin"!(3x), -

where (x,y) is the coordinate of the particle at time t relative to a fixed point O. The x and y
values represent the horizontal and vertical displacements.

yia
When the y —coordinate of the particle is 3 the rate at which the y —coordinate is decreasing

with time ¢ is 2 units per second. At this instant, find the exact rate at which the x —coordinate of
the particle changes with time. [4]
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11 (a) Ivytook a $40 000 tuition fee loan for her 4-year university course that commences on 1% January
2021. The loan is interest-free during the period of study. Immediately after graduation, interest
is charged at 4% per annum of the outstanding amount owe at the end of each year. The
maximum loan repayment period is at most 15 years upon graduation. Ivy is planning to pay
$550 every month upon graduation.

(1) Show that the amount she owes at the end of the n years after graduation is
$171600 — 131600(1.04)™. [3]

(i1))  Will she be able to finish repaying the loan by the end of 20307 Justify your answer
clearly. [2]

(i11))  Find the minimum monthly repayment Ivy should make if she intends to utilize fully the
loan repayment period. [2]

www.KiasuExamPaper.com
38



(b)

To save for her tuition fee loan repayment, Ivy wishes to start a new savings plan on the first day
of November 2021. In this plan, she needs to invest $200 into the account on the first day of each
month. Every $200 invested earns a fixed interest of d% of $200 at the end of each month until a
withdrawal is made from the account. The interest is added to the account and does not
accumulate further interest.

(1) How much interest, in terms of d, will the first $200 deposited earn at the end of 2022?

2]

(i1) Find the least value of d such that the total amount in the account exceed $10 000 at the
end of 36 months. [3]
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12 Relative to the origin O, a point 4 has position vector —j+2k. The plane p has
1
equation r.| =1 |=3.
0
(i) Find the position vector of the foot of perpendicular from point 4 to the planc

Pl [4]

0 0
The line [ has equation r = (—1) +u (1) ,uE R
2 1

(i1)) Find the acute angle between the plane p; and the line L. [2]
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(i) The point B(-a,2,a)is equidistant from the plane p; and the line /. Find

the possible values of « . (4]
1
The plane p, hasequation r-( 1 |=5—, f #8.
-1

(iv)  Show that the point C(4, 1,8 ) lies on both p; and p,. Hence find the vector equation of the
line of intersection between the planes p; and p, . [3]
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dy 2
3y? —dxy)—=2y" -6x
(By" —4xy) ey
dy_2 ! —6x
(ii) Gradient of tangent to curve at P(2, 3)

_207°-6(0) _,
33 -4(2)3)

Gradient of normal to curve at P = -%

Equation of normal at P:

y-3=-1(x-2)

=Sy=-1x+4

(iii) When x = 0, normal cuts y-axis at A(0, 4);

0
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(i) Ve T R T e Lo Commented [TCK15]
Xl ‘Many candidates. do not know
?/" - ( X'= 2 )14- / +— complete the square of?
& _Recommendatlon Wi
A J A Lots of pract:ce on oampleting |

: | Commented [LMH18]: Reco ior
When the previous part of the q_quioﬁi’ Y
differentlation often ynu t\.:!_I o 1
) [sin
AP
Sinx (giny + gin3x) dx
X
y BT
ffln X+ 9"“(“"‘3")
ISN\ ¥ A'x "f'anl{_'l
J tos
. Al __
3 5 : o E"J i)
o e
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9

(- 1) |b] +(1+2)bf —n( M’}:

7 7
—— ——-1.
[251 Torsa-d )|h|

2 \& ¢inte
== |

=
3\ aDn TEr0

OF = a——(b a)-u

The curve C has equation
_.;40:’:!1
At

whuep.lqands mmnmmm:. e

tto C and it doesnot
if p is a negative real

es of any turning
inates of any points

it needs 10 be added (o the

dJstmct real rooil\s:)
el (z

.}\\x%

o
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11

10

(a)

Fig. 2

L

Fig. 1 shows the cylindrical-shaped water pipe, with negligible thickness and
open on both ends, inscribed in a hemisphere with fixed radius 8 cm. The
cross sectional view of the pipe and the hemisphere is shown in Fig. 2.

(i) If the diameter of the pipe is x cm, show that the curved surface area, S,
of the pipe is 27x/64 - x* .

e of S occurs when the ratio P
Find the exact value of & |

relative to a fixed point

displacements.

th%y— ate is
R i

.

t, find the exactrate | (4]
i o A"

B
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= ® __,2
§ = la
%—- —{3- %x(—Z)— -%mnsls

11 | (a) Ivy took a $40 000 tuition fee loan for her 4-year university course that
commences on 1% January 2021. tl'he loan is interest-free during the period of

study! Immediately after graduation, interest is charged at 4% per annum of |
the outstanding amount owe at the end of each year. The maximum loan
repayment period is at most 15 years upon graduation. Ivy is planning to pay

| cowes f.ﬂa?r.r years aﬁersmduaﬂ.@ﬂ

by the end of 20307 Ji
hould malan
| ¢
). N 2]
to start a new savings |
eeds to invest $200
e
sited camaat the |
21|
unt exceed
; B3]
il
:
.

i M
., -TI.‘i"l.

Commented [xm'_ ‘Question Reading
The loan amount remalns at $40 000 ﬁll end of
2024‘ SE -_
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-12(550)(1.04)
—12(550)(1.04) ~12(550) ]1.04
=40000(1.04)" ~12(550)(1.04)' -12(550)(1.04)
[ 40000(1.04)’ 12(550)(1,04)! ~12(550)(1.04) ~12(550) |1.04
00(1.0 50)(1.04)’ ~12(550)(1.04)* ~12(550)(1.04)
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e —

(iii) Let m be the monthly loan repayment.

- Comantsd [KW52]: Presentation
Some students did not define the variable used.

To utilise fully the loan repayment period, n = 15

Note that the definition of this variable affects

the working that follows and the answer.

.| Commented [KW53]: Misconception |-
Some \:udents used the exprassion given in (a)(i) -

is incorrect as the monthty repayment for g
tl'latexpress!onlsﬂxedatssso 1 h‘e:

e s -] o
40000 15[ '
mz (104) 0.04 =288.27276
12 1.04(1.04"-1)
- Minimum monthly repayment = $288.28 | | -
(o)) _
7| Amountatendofmonth .
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l the arithmetic series involved.
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12 | Relative to the origin O, a point A has position vector —j+ 2k . The plane p; has 1
1
equation r.| =1 [=3. 4
0 -
(i) Find the position vector of the foot of perpendicular from point 4 to the i
plane p1. :
0 0
The line / has equation r=| 1|+ | 1 |, ueR.
2 1
(ii) Find the acute angle between the plane p; and the line /.
(iii) The pomt'B;Q-aﬂ,“&)gg I stnm from the plane py and l.he lme L} Flnd 1l
the possible values of a.
-1-A . "i = Av] g
L2 )\0) N~
ZAlrA=3
A= oo LN S I s
ik P.-.-"' e 1_‘
i =
R e
Weefile
R D
_'A
L
A

IJ':.
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-qu;mn.w [LT67])
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y=0 v

The diagram shows the curve y=f (X) The curve has an asymptote y =0 and a maximum point

at (2,3). It is given that f is concave downwards for < x<3.

Sketch the graph of y =1 '(X) , stating the equations of any asymptotes, the X —coordinates

of any stationary points and any points of intersection with the X —axis.

In a convergent geometric series that only consists of positive terms, the sum of the first
four terms is 80 times the sum of all the remaining terms. Find the common ratio.

Differentiate the following expressions with respect to X, leaving your answers in terms of
X,

(a) cos VX , giving your answer in non-trigonometric form,
(b) cosec(ln(x2 +3)) ,

© (x*+1).

The points A(I,O, —2) , B (3, —l,—2) and C (—3, 7, 0) lie on plane p, . Another plane p, has
equation 3Xx—y+2z=3.
()  Find a vector equation of plane p, in the form r-n=d .

(ii)  Find the acute angle between p, and p, .

The equation of plane p, is given to be —9x+3y—-6z2="7.

(iii)  Find the shortest distance between p, and p,.

2

. 2ro+1 |
(@A) (1) Express —; in the form A+ B + < , where A, B and C are constants to

r-—1 r-1 r+l1

be found.

n 2
(i) Hence ﬁndzzr2 *l

— I =

in terms of n.

2n
(b)  Express Z:[(—l)r+1 21 in the form B[8(4” ) +t} , where p, g ,S and t are integers to
r=1

q

be determined.

9758/01/PROMO/2021
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The curve C is defined by the parametric equations

X:6+lsin29,y:2tan9 where —~ <9 <X,
2 2
. dy 1 . . .
(i)  Show that — =——— where K is an integer to be determined.
dx cos" 0

[3]

The lines T and N are the tangent and normal to C at the point where 0 = % respectively.

(ii)  Find the equations of T and N, leaving your answers in exact form.

(iii) Find the area enclosed by T, N and the y-axis.

It is given that y = Sin[ln(l + 2X)] :

[3]
(2]

d? d
(i)  Show that (1+ 2X)2 N 2(1+ 2X)d—§ +Kky =0, where k is a constant to be found.

dx’
Hence, find the first three non-zero terms of the Maclaurin expansion for Y .

(ii) Using standard series from the List of Formulae (MF26), verify the correctness
your result from part (i) up to and including the term in X’ .

. . . 1
Explain why the expansion is not valid when X = 5

(i)  The arithmetic progression is grouped into sets of integers, such that the n'
contains n integers as shown.

{1}1,{3,5},{7.9,11},{13,15,17,19},... ..

[6]
of
(2]

[1]

set

(a)  Find the total number of terms in the first n sets, and hence show that the last

term of the n setis n* +n—1.
(b)  Find the first term of the n'" set.

(¢) Show that the sum of the terms in the n™ set is n’.

(ii) Hence, prove that I +2° +3° +.....+n’ = % n*(n+ 1)2 .

[2]
[2]
[1]

[2]

With reference to the origin O, the points A and B have position vectors a=—i+j+2k and

b =2j+ 5k respectively.

(i) Find a vector equation of the line || that passes through point A and is parallel to the

vector a.

[1]

(ii)  Find the exact length of projection of b on |;. Hence find d, the exact perpendicular

distance from the point B to ;.

[4]

(iii) Using the value of d found in part (ii), find the position vector of the point C, the foot

of perpendicular from the point B to |;.

[3]

(iv) The line |; passes through point B and is parallel to vector b. Find a cartesian equation

of |3 which is the reflection of | in |;.

9758/01/PROMO/2021
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10.

11.

12.

2649 G XY tivel
ana —+——=1 respectively.
X —4 9 25 pectively

(i)  Find the equations of the asymptotes of the curve C, .

The curves C, and C, have equations y =

(i) Sketch C, and C, on the same diagram, stating the equations of any asymptotes,

coordinates of any points where C, or C,crosses the axes and any turning points.

(iii) Find the X-coordinates of the points where the two curves intersect.

2
(iv)  Hence solve the inequality —5 /l—éx2 < 2)2 * 49-
X j—

Sigmoid functions are used to model many natural processes such as population growth of
virus. One example of a Sigmoid function f'is given by

1
1+e

f:x— xelR.

*X’

(i)  Sketch the graph of y = f (X) , indicating clearly the equation(s) of any asymptote(s)
and the coordinates of any points where the curve crosses the axes.

(i) Find ' (X) in similar form.

Another function gis given by g: X 3x-1, xR, 0<x<2.

(iii) Show that fg exists and find the range of fg, expressing your answer in terms of e.

(iv) Describe a sequence of transformations which transform the graph of y = f(X) onto
the graph of y = fg(X).

(i) Amanda wants to make a mask holder. To do so, she cuts out 4 identical equilateral

X—1 2y -1

triangles of sides 1 cm and a rectangular strip ETS cm by cm from a

rectangle of sides X cm by y cm (see Diagram A). The rectangular strip has an area
of 5.5 cm?.

xcm

v

-
«+

lcm>

yecm

f

x-1
16
Diagram A

9758/01/PROMO/2021
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Show that A, the area of the mask holder is given by

a-l7ox . x g 11
x-1 2 2

Using differentiation, find the exact value of X such that area of the mask holder is a
minimum. Hence determine the minimum area of the mask holder. [9]

(i)  The area of the rectangular strip is kept at 5.5 cm?. Beth suggests that if the 4 identical
triangle cut-outs are isosceles instead, the area of the mask holder could be made
smaller as compared to the area found in part (i)(b).

For each of the triangles, let & be the angle between two edges of length 1 cm each
(see diagram B). Determine if Beth’s suggestion is correct.

X cm
1cm *
o <
1 cm
- ycm
2y-1
> “ <
L SR A 4
x—1
16
Diagram B (2]
End of Paper
9758/01/PROMO/2021 [Turn over
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2021 JC1 H2 Math PROMOS Solutions

1. y

AR~

V&= 0 ()

The diagram shows.the-eurve 'y =f (X) The curve has an asymptote y =0 and a maximum point

at (2,3).Itis given'that £ is concave downwards for 1<x<3.

Sketch the graphof .y =f '( X) , stating the equations of any asymptotes, the X —coordinates

of any stationary points and any points of intersection with the X —axis . [3]

Suggested Solution:
y

4
y_=_0/
]
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2. | In a convergent geometric series that only consists of positive terms, the sum of the first
four terms is 80 times the sum of all the remaining terms. Find the common ratio. (4]

Suggested Solution:

Let a be the first term of the infinite geomeétric progression (GP), and r be the common ratio.
-+ The sum of the first four terms is 80 tifiies the sum of all the remaining terms,

S; =80[S,, —S4]

4 4
. a(l—r ):Soar
1-r l—u
1—r* =80k (" d0)
1=81r*
oL
81
1
r=+—
3

- The terms of the geometric series are all positive,

|
common ratio I 1s 3
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3. | Differentiate the following expressions with respect to X, leaving your answers in terms of
X,
@ | cos™ \/X73 , glving your answer in non-trigonometric form, (2]
(b) cosec(ln(x2 + 3)) , . [2]
© | (x*+1)". [3]

Suggested Solution:

-1 3 e . . .
(@) | cos VX giving your answer in non-trigonometric form, (2]

S 2 )

X

Alternative Method 1

S ) )

3x?
NN
3%

24J1-x3
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Alternative Method 2
Let y= cos™! \/X>3
cosy = X%

Differentiating implicitly w.r.t. X,
—sin yg = E\/;
dx
dy__ 3Vx
dx 2siny
_ AN QS 3V

24/sin? y 21— cos’y

3x

21— X3
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Differentiate the following expressions with respect to X, leaving your answers in terms of
X,

() | cosec(In(x*+3)). 2]

Suggested Mark Scheme:
i[cosec(ln(x2 + 3))}
dx —_—

= —cosec(ln()(2 + ?,))cot(ln(x2 + 3))'( : (2X)j

x> +3

2X cosec(ln(x2 + 3))<:ot(ln(x2 + 3))

x2+3

Alternative Method

d ‘ :
| cosee(In(* +3)) | = &Lin(ln(x2 + 3))J
o ! . 1(23)'[1(2)H
[sin(ln(xz+3))}2 |:COS( n(X~ + ) x> +3 X
2X cos(ln(x2 +3))
B (x> +3) sinz(ln(xz+3))
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Differentiate the following expressions with respect to X, leaving your answers in terms of
X,

© | (x+1)". [3]

Suggested Mark Scheme:

Let y=(x*+1)¥
Iny =In(x* +1)*

Iny = xIn(x* +1)
ldy—x[ a j+(l)ln(x2.+1)

y&_ X
dy 2)(2 2
—= +In(x” +1
dx y{xzﬂ ( )}

2
=(X2+1)X|: 22X +ln(x2+l)}
X" +1

Alternative Method

Let y=(*+1)*  OR |y=(+1)*

_ (eln(x2+1> )X _ (o)
— eXln(x2-¢—1) — eXln(x2+1)
i 2X
Y _ oxinoc X( 2 j+ (D)In(x2 +1)
dx L x*+1
d )
= —— +1In(X* +1)
dx X" +1
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4. | The points A(I,O,—Z), B(3,—1,—2) and C(—3,7,0) lie on plane p,. Another plane p,
has equation 3x—y+2z=3.

(@)

Find a vector equation of plane p, in the form r-n=d .
27N

[3]

(i)

Find the acute angle bwl and p,.

[2]

The equation of plane p; i

V3

be FIX+3y—-62=7.

(iii)

Find the shortest d1stancewetwéen p, and p,.

[3]

Suggested Solution: ' -

(@)

normal to plane p,

= ABx AC
3-1
= —-1-0
2-(2)
2 —4
=|-1|x| 7
0 2

-3-1
x| 7-0

0-(-2)

1) (1
d=| 0 || 2 |=11
—2) (-5

Equation of plane p,:

1
r- 2 =11
-5

OR

= ABxBC

3-1
-1-0
2-(2)
2 -6
—1|x| 8
0 2
-2
—4
10

=2/ 2

normal to plane p,

OR any other correct combinations
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(i)
3
Equation of plane p,: r-| -1 (=3
2
acute angle between p, and p,
1 3
2 -1
S5 02
=cos —\/ﬁ i
=1.12 OR 64.0°
(iii)
1)Y(3 0 -9
0|-|-1|=3and| 0 |-| 3 |=7
0)2 71\-6

6

Hence D(1,0,0) and E(0,0,—%j lie on planes p, and p, respectively.

shortest distance between p, and p,

3
DE | -1
2

N4

16

314

=1.43 units
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Alternative Method
3 3
i 1] =3 mr L | 1]a 2
o N I
2 2
-9 -3
i 3 =7 |1 =2
o 314 Wik
-6 -2
AT
: . 4 314
Hence, perpendicular distanee = 7
N
Alternative Method
E(1,0,0) lies on p2 and let F be the foot of perpendicular from (1,0,0) to ps.
1+34
OF =| -2
24
1+34) (-9
-A 3 |=7
24 -6
p=-2
21
Shortest distance
=|eF
31
=|| -4
24
3
L
21
2
8 2 2 2
=—4/3"+(-1) +2
V3 ()
-5
21
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10

> Express 2 +1 in the form A+ i + i where A, B and C are constants to be
@ |y | PSS 2 r—1 r+l’ ’ [2]

found.

2r* +1
1> 4

in terms of n. (4]

(ii) | Hence find )|
r=2

(b) Express i[(—l)’” » ] inthe form E[s(4”)+t] , where p, q ,S and t are integers to be
r=1

q [3]

determined.

Suggested Solution:

2
@) 2wk AN
r-—1 1~h” 1381

2r* +1=A(r-1)(r+1)+B(r+1)+C(r-1)

Comparing coefficients, 2 = A

0=B+C
1=—-A+B-C
) 3 3
SOlVlng, A=2,B=— andC=-=
2 2
2
Hence, z%—il::2+. 3 _ 3
r’—1 2(r—1) 2(r+1)

nort+1 n 3 3
. v, )
(aii) Z E { 2o 2(r+1)}
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76



11

r=1
=(21+23+...+22"—1)_(22+24+m2zn)
St (e
R TR
120403

(1-4")

o )
3
-
3
Alternatively,

i[(—l)m zr} - _i[(_z)f} which is GP with first term = —2 and common ratio = -2
r=1

(-2)-1

=§@—4ﬂ
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6. | The curve C is defined by the parametric equations

X=6+lsin26,y=2tan9 where — X <9<,
2 2 2

@ Show that dy = ;k, where K is an integer to be determined. [3]
dx cos' 6

The lines T and N are the tangent and normal to C at the point where 0 = g respectively.

(i) | Find the equations of T and.N, leaving your answers in exact form. [3]

(i) | Find the@rea enclosed by T, N and the y-axis. (2]

Suggested Solution:

1. () %_1+1(2)c0529, ﬂ:2seczﬂ
2 do

o
dy  2sec’0
dx  1+cos20
 2sec’0
 2c0s’0
1
 cos'O
So, k=4
® When 0=, x=Z+1 y_o ¥ _4
4 2 dx

Equation of tangent : y—2 = 4{x — (g + %ﬂ

y=4Xx-m
. 1 T 1
Equation of normal : y—2=——| x—| —+—
4 4 2
1 n 17
4 16 8
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(iii) y

13

y=4X—-m

0

(0:=m)

(o
0, +—

Coordinates of y-intercepts are ( 168 j and (0,-7)

Area enclosed :l £+£+n E+l =3.51
2116 8 4 2

Alternative:

Area enclosed = %

Tt 17
_+_
16 8

= 3.51 square units
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14

T | tis given thaty = sin[ln(l + 2X)] .

d2
@) | Show that (1+2x)’

e

dy

+2(1+ 2X)& +Kky =0, where K is a constant to be found.

Hence, find the first three'non-zero terms of the Maclaurin expansion for Y .

[6]

(ii) | Using standard series ffom the List of Formulae (MF26), verify the correctness of
your result from parf (i) up to/and including the term in X’ .

1
Explain why'the expansion is not valid when X=——.

[3]

Suggested Solution:

(i)
y= sin[ln(l + 2X)]

Differentiating with respect to X,

ay_ cos [ln (1+ 2X)].

dx 1+2X

(1+2X)%=2005[ln(1+2x)]

Differentiating with respect to X,

d’y

e

(1+2x) &

X2

+2&:—25in[ln(1+2x)}.

1+2X

2
(1+2x) %+2(1+2x)%+4y ~0  (Shown)

So k=4

Differentiating with respect to X,

3 2 2
(1+2x)2d_¥+4(1+2x)d_¥+2(1+2x)d_¥+4ﬂ+4ﬂ:0
dx dx dx*  dx  dx
3 2
(1+2x)2d—¥+6(1+2x)d—2’+8ﬂ=0
dx dx dx
When x =0,
y=0
& _,
dx
dzy dzy
@+2(2)=0:>d7=_4
3 3
Y 6ay+82)=0=3Y _g

dx’ dx’

y=0+2x—ix2+§x3+...
2! 3!
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=2x-2x’ +§x3 +... (up to X°)

(ii)
Using standard series from MF26,

y=sin[ln(1+2x)]
L (20 (20 4]

=sin| 2Xx—~—2-+~"2L 4 N
2 3 J
=sin 2X—2X2+§x3+...‘|
i 3 {
3
:{2x—2x2+§x3+..]—l[2x—2x2+§x3+..1 +...
3 3! 3

=2x—2x? +§x3 +...—l(2x)3 +...
3 6

=2x—2x%> +§x3 +...—ix3+...
3 3

=2X—2x* +%x3 +...

Hence correct up to x> term.

1
When X = - In(1+2x) is undefined.

Or,

Since expansion for 1n(1 + 2X) is valid only for —-1<2x<1= —% <X< %
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8 | () | The arithmetic progression is grouped into sets of integers, such that the n' set
contains N integers as shown.

{14,{3,5},{7,9,11},{13,15,17,19 },... ..

(a) | Find the total number of terms in the first n sets, and hence show that the last

term of the n™ sefdis ?4n—1. [2]
(b) | Find the first #6ft of the 1™ set. [2]
(©) | Show tHat the sumof the terms in the n™ set is n°. [1]
.. 1
(i) | Hence, prove that +23+3° +......+n’ = 1 n?(n+1)’. 2]
Suggested Solution:
(a) | Find the total number of terms in the first n sets, and hence show that the last
term of the ™ setis N> +n—1. [2]

{14,{3,5}.{7,9, 11 },{13,15 17,19 },....., { ...}

] i - 2 \_\,_!r
™ set 2" get 3 set 4" get n set
(1 term) (2 terms) (3 terms) (4 terms) (n terms)
Total number of terms in the first n sets OR | Total number of terms in the first n sets
=1+2+3+...+n =1+2+3+...+n
n n
=—(1+n) :—(2(l)+(n—1)(1))
2 2
n
Last term of the n'f set =3 (1+n)

n
= {E(l + n)}th term of the arithmetic progression (AP),

:1+[g(l+n)—l}(2)

=l+nl+n)-2

=n’+n-1

Alternatively :
Let U, denote the k'™ term of the AP.
= u =1+k-1)(2)
=2k -1
Last term of the n™ set, u, = 2[2(1 + n)} -1
5(1+n) 2

=n(l+n)-1

=n’>+n-1
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() | (b) | Find the first term of the n set.

[2]

Method 1a :

Last term of the (n—1)" set
=(n-1D)*+(n-1)-1
=n?-2n+1+n-2
=n?-n-1

First term of the.u™ set
= Last term of the.(1™=1)Wset+ 2

=n’—n+l

Method 1b :

First term of the (n+1)™ set
= Last term of the n™ set + 2

=N +n-1)+2

=n’+n+l

First term of the n™ set, i.e. [(n—1)+1]™ set
=(n-1)*+(n-1)+1

=n’-2n+1+n

=n’-n+1

Alternative Method 2a :

First term of the n set
= Last term of the n" set — (n—1)(common difference of A.P.)

=(n*+n-1)—(n=1)(2)

=n’-n+l1

Alternative Method 2b :

Let a denote the first term of the n™ set.

n+n—1 =a+(n-12)

n' (last) term
of the set

—a=n’+n-1-2(n-1)

=n’-n+1
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Alternative Method 3 :

Total number of terms in the first (n — 1) sets
=14+2+3+...+(n-1)

_n-1 B :n(n—l)
= (1+(n 1)) 5

First term of the N set

n
= [E (n—-1)+ l}th term.of the arithmetic progression (AP),

g
=1+ —(g+D)+F1=12)
2N

=l+n(n-1)

=n*-n+l

Alternative Method 4 : (Pattern observation — Guess and extend)

-1 -2 -3
11:1 l‘zf =4 l—3i:9 1_42T16

{14,{3,5},{7,9,11},{13,15,17,19 } ... ..

1 set 2™ set 3 set 4™ et
Set First term of set

1 1=1°-0

2 3=27-1

3 7=3"-2

4 13=4%-3

n n—(n-1)

. Lastterm of N set =n> —n+1

()] (© Show that the sum of the terms in the n set is n>.

Sum of the terms in the n™ set

Terms of the N set: n terms in A.P.
_nre o 2 -
_2[(n n+1)+M +n 1)]
_ni,0
= 2(2n )

=n’ (shown)
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Alternative Method

Sum of the terms in the n™ set
= —n+D)+ ... ... +(n

Terms of the n' set: n terms in A.P.

- g[Z(n2 —n+1)+(n —1)(2)]

R T

=n’ (shown)

19

(ii) | Hence, prove that 1> +2° +3° +

(2]

LHS & + 23

Sum of terms

= @ + (3+5)

= [+3+5+ ... ..

Sum of terms

- ( in the 1% set J + (in the 2" setJ Ho +

Sum of terms | sum ofall terms
in the nth set |’ in the first n sets

Fo + [(nz—n+l)+...+(n2+n—l)]

B (R

Sum of the first

) ]
—(I+n)
—* —[2 4 {H (n* +n
2
l —
= L0+ _n2+n}

1 2 2
= —n“(n+1
20 (+D

‘:%(Hn)} terms of the A.P.

_1)

_—
last term of first n setsJ

=RHS (shown)

* OR Alternatively :

[n(1+n)}
2 n
L= Lz 1 {2(1)+[5(1+n)—1}(2)}

2

- %n(n+l) [n(1+n)]

1 2 2
= —n“(n+1
1 (n+1D

=RHS (shown)
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9. | With reference to the origin O, the points A and B have position vectors a=—i+ j+2k
and b=2j+ 5k respectively.

(i) | Find a vector equation of the line |; that passes through point A and is parallel to the
vector a.

[1]

(i) | Find the exact length of projection of b on |;. Hence find d, the exact perpendicular
distance from the point’B to.li,

[4]

(iii) | Using the value of d'found in part (ii), find the position vector of the point C, the
foot of perpendicular from the'point B to |;.

[3]

(iv) | The line |, passes threugh point B and is parallel to vector b. Find a cartesian
equation‘of I3 ' which'is the reflection of |2 in I;.

(3]

Suggested Solution:

-1 -1 -1 -1 -1
Oh:r= 1 |+k| 1 |[=4] 1|, 2R lh:r=| 1 |+k| 1 |, keR or AEF
2 2 2 2 2

(if) length of projection of b on |, =

0
bl =|2|=+29
5

By Pythagoras’ Theorem,

[ %]
|
—_—
[\)
=
N—
[ %)

d, Perpendicular distance from B to |, = |b|
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Alternatively,
Let C be foot of perpendicular from B to I, using length of projection of b on |, and O lies on |,

BC =0C -OB
0
=2J6a-|2
5

=ll

(O, I \© )

1
_Zngﬁ[

2

N =

-

= )
Il
&

(iii)
Since C lies on Iy,
-1

c=A| 1 |forsome A€eR
2
-1 0 -1
BC=4| 1 |-|2]|=| A-2
5 24-5

2
)
|§6}= 1-2
20-5

JAY +(2-2)+(22-5) =45

61> =241+24=0

AT —42+4=0
(2-2) =0
A=2
-1\ (-2
c=21|=|2
2 4
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0
(i) b:r=u|2|, ueR
5

Let B’ be the point of reflection of B about the line ;.
By mid-point theorem,

o OB+OB'
2
) 0 1
2 =L 2|+ 0B
4] 2|5 )
(—2 0 -4
OB'=2| 2 |—-|2|=].2
[4 5 3
Since |5 parallel to 0B’ and the origin O lies on I3,
—4
L:r=y| 2 |,7eR
3
So Cartesian equation of I3 is : S or _X_4= y=2 = Z_30rAEF
4 2 3 4 2 3
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10. | The curves C, and C, have equations y =

2X*+9 Xy’

x> —4 9

and —+-—=
5

1 respectively.

() | Find the equations of the asymptotes of the curve C, .

[3]

(ii) | Sketch C, and C, on the.same diagram, stating the equations of any asymptotes,

coordinates of any points where C, or C, crosses the axes and any turning points.

[3]

(ii)) | Find the x-coordinates of thé points where the two curves intersect.

[2]

2
(iv) | Hence solve'the inequality —5 /1 — é X* < 2)(2—29 :
X p—

[2]

Suggested Solution:

(@
2% 49
x> —4

a7
(x+2)(x-2)
X=-2,X=2,y=2

2 2

o Xy

i) —+—=1

) 9 25
Y, x
25 9
yzzzs(l—x—
y=45,/1-

(iii) From the graph,

Intersections (—1.19,—4.59) and (1.19,4.59)
The X-coordinates are —1.19 and 1.19

(iv)

3<x<-2or —1.19<X<I1.19 or 2<x<3

~1.19<x<1.19;

-3<x<-2,2<x<3
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11. | Sigmoid functions are used to model many natural processes such as population growth of
virus. One example of a Sigmoid function f is given by

1
, xelR
1+e”

f: X~

(1) | Sketch the graph of y = £{), indicating clearly the equation(s) of any asymptote(s) 2]

and the coordinates of‘ahy peints where the curve crosses the axes.

(i) | Find f™'(x) in similar form. [3]
Another function g'is given by g:x>3x—-1, xeR, 0<x<2.

(ii}) | Show that fgexists and find the range of fg, expressing your answer in terms of e. (4]
(iv) | Describe'a sequence of transformations which transform the graph of 'y = f(x) onto 2]

the graph ofly =fg(x).

Suggested Solution:

Solution:

(1) HORHAL FLOAT AUTO REAL RADIAN HF [I

Yi=1/(1l+e™ (=KD

(i) Lety=

Taking In on both sides,

—len(l—lj

y

X=—ln(l—lj
y

£ :X—)—ln(l—lj,Xe(O,l)
X

or equivalent
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(iii) Rg=[-1,5] This is clearly a subset of R = D;

Alternatively,
If student can state that since"D; =R, so definitely R, < D; so composite function fg exists.

(i.e. do not need to find R} )

ng = Dg = [032].
1 1 e’
fg(0) =1f(-1) = — and fg(2) = f(5) = —=—
l+e 1+e e’ +1
1 1
Thus R = [——, .
INE [e+1 1+e‘5]

(iv)  First, translate f(X) 1 unit in the positive X-axis direction followed by a scaling parallel to the
x-axis with factor 1/3 .
Alternatively,
Scale parallel to the x-axis with scale factor 1/3 followed by a translation of 1/3 units in the
positive x-axis direction.
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12.

Amanda wants to make a mask holder. To do so, she cuts out 4 identical equilateral

. : . X
triangles of sides 1 cm and a rectangular strip To cm by cm from a

rectangle of sides X cm by.y cm (see Diagram A). The rectangular strip has an area
of 5.5 cm?. A

X cm

4 i g >
% s t % \ P

U \5)@: a
1 cm %0 Q}QQQQ@ <

ycm

f

x-1
16
Diagram A

Show that A, the area of the mask holder is given by

176X X 11
x-1 2 2

A

Using differentiation, find the exact value of X such that area of the mask holder is a
minimum. Hence determine the minimum area of the mask holder.

[9]
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(i) | The area of the rectangular strip is kept at 5.5 cm?. Beth suggests that if the 4 identical
triangle cut-outs are isosceles instead, the area of the mask holder could be made
smaller as compared to the area found in part (i)(b).

For each of the triangles, let & be the angle between two edges of length 1 cm each
(see diagram B). Determiine if Beth’s suggestion is correct.

X cm
m AN “
o O f s <
i N oA
N
703 e yem
)
Qj‘ S
& 2y-1
> 4 <
4 v
x-1
16
Diagram B [2]

Suggested Solution:

(1)

(a)

Area of mask holder:

A= xy- 4@(1)(1)@ 60-5.5

A= xy—4(%j§—5.5 - (1)

Area of rectangular strip:

55=2"1 (X—_lj
4 16

11(2)(16)=(x-1)(2y-1)

1] 11(2)(16)
V—E{T”}'"@
Subst (2) into (1):

:x{l{mﬂ}}—ﬁ—S.S

21 x-1
A:@+§— 3—E (shown)
x-1 2 2
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A =176x(-1)(x=1)" +(x~1)" (176)+%

dx

1
- —176x+176(x—1)+5(x—1)2
dx (x—1)’

1 2
0=-176+—(x-1
Hixe
1

11(16) =—(x~ )

11(16)(2) = (x~1)’
x—1=+/11(16)(2) = #4422

X =422 +1 (since.x >0 reject x =422 +1)

To determine if x =4+/22 +1gives a minimum area:

dA 2 1
—=-11(16)(x—1 —
P n(16)(x-1)
d*A

o =-11(16)(-2)(x-1)"’
2 _
When x=4+/22 +1, 37'?:11(16)(2)(4@) 50 , thus x =4+/22 +1 gives a minimum value.

176(4Jﬁ+1) (4@“)
(4\/Z+1)—1 —

Thus, area A= —\/5—% =188 cm?
(ii)
Area of 1 triangle = Azé(l)(l)sine

B
4

And when o 600, A=%(1)(1)sin60°=

Interseotion Interseotion
H=RE LR L R =108 L EU R il b

So for any value 60° <@ <120°, it will give a bigger value of A than when it is an equilateral triangle.

And so, the area of the face mask holder will be a minimum (with the area of the rectangular strip
remaining at 5.5 cm?) if the areas of the 4 triangles cut-outs are a maximum, thus Beth’s suggestion is
correct.
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DHS JC1 Promo 2021

1.

By using the substitution u=¢*, find jex sin(eX )sin(3eX )dX : [4]

(1) On the same axes, sketch the graphs of y = (X - a)2 and y= ‘x +a’

, Where a is a positive

constant. Label all axial intercepts clearly. [3]

(11) Hence, or otherwise, solve the inequality (X - a) > ‘X +a’|, leaving your answers in terms of

a. [3]

It is given that xﬂ=2y—8.
dx

(1) Using the substitution y =ux> or otherwise, solve the differential equation giving your answer
in the form y = f(X). [4]
(i)  Given that y >3 when Xx=1, show that y>4—x> for x=0. [2]

The first three terms of an infinite series are 16, X, 9.

(1) Find the value(s) of X, if the series is

(a) geometric,
(b) arithmetic. [3]
(11) If all the terms in part (i)(a) are positive, calculate its sum to infinity. [2]

(i11))  Given that the sum of the first n terms in part (i)(b) is less than —64, find the least value of n.

[3]
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A famous entrepreneur, Elon Tusk, has designed a new rocket booster for his company SpaceY. A
rocket booster consists of the following parts as shown in the following diagram.

o e

l-——-‘ ......... L---——————-

Magnified View Cross section of Af} Skirt
of Aft Skirt

1
I
I
I
I
I
I
i

Waaiie AR Exit Com

Rocket Booster

The design of the Aft Skirt can be viewed using a cross sectional view with the stated dimensions (see
dotted box above).

Due to the amount of heat and pressure generated from the thrust of the rocket during lift off, the sides
of the Aft Skirt will tilt outward by a very small angle, &, while keeping the slant length at 3 m (see
diagram below).

Before the lift off, the diameter at the bottom of the Aft Skirt is given by (4+ 6sin (%D m. In order

for the booster to function properly during the lift off, the diameter at the bottom of the Aft Skirt must
be less than 9.197 m.

Given that @ is a sufficiently small angle, find the range of values of 4. [5]
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The functions f and g are defined by
fix x> —4x+1, x<Kk,
g: X In(x+5), x>-5.

Determine the largest value of k such that £~ exists. Hence find f™'(X) and state its domain.

(1)
[4]
For the rest of the question, the domain of f'is as found in part (i).
(11) Show that the composite function gf exists and find the exact range of gf. [3]
(ii1)) A function h is a decreasing function. Given that hf exists, show that hf is an increasing
function. [2]
The graphs of y=1"(x) and y=f(X)| are shown below.
Ya Y, :
y=l1x) y =[x o
oy |
y=0 : > X et ‘
o o0 N T
.2
(1) State the nature of all stationary points of the graph of y =f(X). [2]
(11) State the range of values of X where
(a) f is decreasing, [2]
(1]

(b) f is concave upwards.

Sketch the graph of y=f(X) indicating clearly the asymptotes, coordinates of the stationary

(iii)
[3]

points and the intersections with the axes.
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. L : 1 1 1 : .
(1) Using integration by parts, show that J‘—Zln XdX=—-—InX——+ 3, where f is an arbitrary
X

X X
constant. [2]
The graph of the curve C with equation Yy = M, X =1 is as shown below. The line y=-2 is
X

its horizontal asymptote.

AV

(1)  Find the area of the region enclosed by C, the line X =4 and the line y=-2X. [3]

(iii)  The region A is enclosed by C and the lines x=4 and y=-2. By using a suitable

transformation, show that the exact volume when A is rotated about the line y=-2 through

27 radians is %(p In2+q), where p and q are constants to be determined. [4]

A curve C has parametric equations
Xza(t—sint), yza(l—cost) for %St<2ﬂ',
where a is a positive constant.
The curve C has a maximum point at (7z'a,2a).
(1) Sketch C. Label, in terms of a, the coordinates of the turning point of C and the point where C

meets the X-axis. [2]

The point P on C has parameter p and the normal to C at P cuts the x-axis at (% ar, 0) .

(11) Find, in terms of a, the exact coordinates of P. [4]
(ii1))  Find, in terms of a, the exact area of the region enclosed by C, the normal to C at P and the x-

axis. [4]
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10.

11.

(1)

Find Z(%j in terms of n. [2]
r=1

. 1Y
A sequence is such that u, =3 and u, =u,_, +(5j for r>1.

(ii)

(111)

(iv)

By forming equations from r = 1 to r = n and using the method of differences, find u, in terms

of n. [3]
Show that S=4n—-2+ 2(%) , where S denotes the sum of the first n terms of the sequence.

[3]
Determine, with reason, whether

(a) u, converges, [1]

(b) S converges. [1]

The lengths of the sides of a triangular plot of land are (X+3) m, (X+3) m and (10—2X) m

respectively.

(1) The triangle inequality states that for any triangle, the sum of the lengths of any two sides must
be greater than or equal to the length of the remaining side. Explain why 1 <X <5. [2]

(11) Show that the area, A m?, of the plot of land is given by A=4(5— X)M . [3]

(ii1))  Use differentiation to find the exact maximum value of A, proving that it is a maximum. [4]

(iv) A garden in the shape of a square is to be built on the land of maximum area in part (ii). All

four corners of the garden lie on the border of the land. Find the area of the square. [3]
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12.

A fish pond has a surface area of 100 m?. Past observations on the growth of algae in similar ponds
estimates that the area, A m?, of algae present at time t days is such that the rate at which A is increasing
is proportional to the product of the area of the pond covered by the algae and the area of the pond not
covered by the algae.

The owner of the pond monitors the growth of algae in his pond. At t =2, he noted that the algae had
grown to cover 11% of the pond and was growing at a rate of 11 m? per day. He then decided to clear
the algae at a constant rate of 11 m? each day, starting from t = 3.

(1) Show that, from t = 3, the differential equation relating A and t is

dA 1
—=——(A-11)(A-89). 2
i~ o ATID(A-89) [2]
. . A_ 89 23 q(3—t) . o, .
(11) Assuming that A =20 when t = 3, show that Pt = 3 e , where (] is a positive constant
to be determined. [6]

(i11))  To maintain the balance of the ecosystem in the pond, the owner wishes to ensure that algae
always covers an area less than 80% of the pond surface. Explain why this cannot be attained.

[2]
(iv)  Find the value of t when the maximum possible rate of change in the area of algae occurs. [2]

(v) State one possible condition in which the model in part (i) is not valid. [1]
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2021 EJC H2 Maths Promo Paper Duration: 3 hrs  Marks: 100

Attempt all questions.
[You may skip Q11 for now, as it is on Integration. Remaining total marks is 86, Duratin is 2 hr 35 mins.]|

1 A curve C has equation 5y* —20xy +25x> =5y —-6=0.

Find the exact X-coordinates of the stationary points of C. [5]
2 A curve C has parametric equations x =t* +t, y=t>—2t. Write down % in terms of t. [1]
X
Hence or otherwise, find the equation of the normal to C at point P (%,—%} . [4]
. : : 2[x-3 .

3 (i)  Sketch the curve with equation y = P stating the equations of any asymptotes and the
coordinates of the points where the curve crosses the axes. [3]

2|x-3
(ii) Hence, solve the inequality —4 < % <1. [3]

—X

4 (a)  The graph below shows the sketch of the curve y =1 (X) .

y 4

The curve has a maximum point at A (2,0.1), a minimum point at B(6,10), and cuts the y-axis at

C(O,—%). The equation of the asymptotes are Yy =X+1 and x=4. Sketch the graph of y=f ’(X) ,

stating the equation(s) of any asymptote(s), coordinates of any point(s) of intersection with the axes and
stationary point(s) whenever possible. (3]
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(b) The curve y= g(X) cuts the axes at (C,O) and (O,d)such thatc,d > 0. In the table below, state the

coordinates of the points where the following curves cut the axes and indicate if it is not possible to do

so.
Equation of curve X-intercept(s) y-intercept(s)
y=g(cx—-2)-d
y=¢(|)

[4]

The diagram shows a semi-circle with diameter OB. Point A is on the circumference of the semi-circle and
point C lies on chord AB such that AC =3CB.

yﬂ‘

=<V

0 B

Referred to the origin O, the points A and B are such that OA =aand OB =b where a and b are non-zero and
non-parallel vectors.

(i)  Show that a.b = [a|. [2]
(ii) Find the position vector of C in terms of a and b. [1]
(iii) Hence find the length of projection of OC onto OB if |a| =+/3 and |b| =2. [4]

The sum, S, of the first n terms of a sequence U, U,, U,, ... is given by S, =kn’ +(k+1)n, where k is a

non-zero real constant.

(i)  Show that u, =2kn+1. (2]
(ii) Show that the sequence is an arithmetic progression. (2]
It is also given that u,,, u, u, are the first three terms of a geometric sequence.

(iii) Find the value of k. [3]
(iv) Give a reason why the geometric series converges and find the value of the sum to infinity. 2]

(i)  The first three terms of a sequence are given by u, =2007, u, =2020 and u, =2036. Given that

u, = + Br +C, for all positive integers T,
r(r+1)
find the values of the constants A, B and C. [4]
. 1
(ii)  Use the method of differences to find z . [3]
Sr(r+1)
n
(iii) Hence, find ZUr . Give your answer in the form an’> +bn+c _Ll , where a, b and ¢ are constants
= n+
to be determined. [3]
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[2-x|

The function fis defined by f:x+> ¢, xeR, x>a , where a is a constant.

It is given that a is the least possible value such that ™' exists.
(i)  State the value of a. [1]

(ii) Hence find f'(x) and state the domain of f'. [4]

(iii) Sketch on the same diagram the graphs of y=f(x), y=f"(x) and y = ff"'(x), giving the coordinates
of all end points. (3]

It is now given that a is replaced by a constant such that the functions ff' and f'f are equal.

(iv) Explain why the new value of a satisfies the equation a =f(a), and find a. [2]

[2-x]

(v)  The function g is defined by g:x+> e ™, xeZ. Explain why the composite function g* does not

exist. [1]

(a)  Fig 1 shows a glass bauble consisting of a square
prism inscribed in a spherical glass shell with fixed
radius a cm. The corners of the square prism are in
contact with the spherical shell. The centre, O, of the
prism coincides with that of the sphere. The corners
of the square base are labelled A, B, C and D, and 6
is the angle that OA makes with the base of the

prism.
Fig. 1
@) Show that the volume V of the square prism is given by V =4a’ cos” @sin 6 . [3]
(ii) Use differentiation to find, in terms of @, the dimensions of the square prism such that the value
of V is maximised. You do not need to show that this value is a maximum. [5]
(iii) State the geometric shape of the square prism in part (ii). [1]

(b) Fig. 2 shows a 2.6 m long pole sliding down along a vertical wall such that the top of the pole is slipping
at the constant rate of 0.3 m/s. Determine the speed at which the foot of the pole is moving along the
ground when the foot is 1.0 m from the base of the wall. [4]

l Top of pole

wall

Foot of pole
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10

A forensic study on the ricochet behaviour of bullets on a metal sheet was carried out.

A test barrel was used to fire bullets at a metal sheet held at an angle by a target holder. The angle between the
metal sheet and the top surface of the target holder is @ (see diagram). It can be assumed that bullets travel in
a straight line.

When the test barrel is fired, the bullet emerges, passing through coordinates (0, -2, 1.5) and travels in the
direction parallel to j. The bullet hits the metal sheet at point A, passes through the paper screen at point B and
is stopped by a box lined with Kevlar fabric.

0
It is given that the metal sheet is a part of the plane 7, :ref 4 |=-1and the paper screen is part of the plane
-3
p - — =~
7,0 3 |=15. -~ ~ ~ Magnified view
q Paper screen N\
7/
/
/
/
I \
Metal sheet
I
|
‘B\)\\e&
\ \®
\
\
‘N
Test barrel
 — 0D
Target holder|
@) Show, with clear working, that the coordinates of A are (0,0.875,1.5) . [4]
(ii) Given that the paper screen is perpendicular to the metal sheet, show that g =4. 2]
(iii) Given that the coordinates of B are (0.9,0.8,3.15) , show that p=0. [2]
(iv) Given that the top surface of the target holder is part of the plane with equation z =1, find the acute
angle 6 . [3]
) Find a vector equation of the line of intersection between the metal sheet and the paper screen. [2]
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(@
(b)

(©)

(d)

Find jsec”” 3xtan3X dx, where n is a positive integer.

1

1
Find the exact value, in terms of 7w, of j — dXx.

O(2x+1)" +3
1
Find the exact value, in terms of e, of J‘O x*e* dx.

NIE'S
2

X

dx.

Use the substitution X =2sinu to find I
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2021 EJC H2 Maths Promo Paper Solution

1

5y* —20xy +25x> =5y —-6=0

Diff wrt X, 10yﬂ—20{xﬂ+ y +50x—5d—y= 0
dx dx dx
dy 0

For stationary points, ™ =
X

= -20y+50x=0

:>y—§x
2

2
5 éx -—ﬂm(éx +25x* =5 Ex —-6=0
2 2 2
:>12—5x2—50x2 +25%? —%x—6=0

Sub into C,

:»zixz—3§X—6=00n25%—50x—24=0)
4 2

2 12
=>X=—— or —
5 5

2

Since P is 2,—2 , t2—2t=—§:>’[
16 4 4

%—4t3 +1 and R
dt m?xi o
’'é | ] &
\
by _dy jdx_ -2V

N\

dx dt/ dt 4t +1

= ——= gradient of normal = %

9 3) d 2(1)_2
Atp( _j,_v=2_3
dx (1)
4 = | +1
2
3

16" 4
. 9 33,
Hence equation of normal at P| —,—= | is y—| —— |==| X—— |=>y=
16 4 4) 2
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2|X_3|=2(3_X)=2——2 = asX—>-wo,y—>2
4-x ’

For x<3,y= 4 2
—X —X

Axial intercepts: (0,1.5),(3,0)
(

2|X_3|:2 X_3):_2+L = asX—> o,y —> -2

For x>3,y=
4-x 4-x 4-x

Hence, the asymptotes are: y=2,y=-2,X=4,

Ay 5
y=2
0, 1.5) R
(3,0). X
s b
x=4

(i) Addedintheline y=1and y=-4.

y=2 :
y= & R

Hence, 2<x<3.33 0orx>5.
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(a)
yaA |
|
|
|
|
|
|
|
y=1
= _JI. _____ R
A’(z,o)\ | /B’(6,0) X
|
|
|
|
|
|
I
i x=4
(b)
Equation X-intercept y-intercept
2 :
y=g(cx-2)-d (E’ Oj cannot be determined
y=g([x) ' (.0), (~¢.0) (0.d)
5
®
Method 1:
AB=b-a

Since ZOAB =90° (angle in a semi circle), AB L OA=> AB-OA=0
=(b-a)-a=0
=b-a-a-a=0
:b-aza-a=|a|2

:>a-b=|a|2 (-a-b=b-a) [shown]
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Method 2: o
Let @ be the angle between a and b.

Note that triangle OAB is a right angled triangle.

Hence OA=0Bcos@ = |b| cos@

Since a.b = |a||b|cos«9=|a|(|a|) =|a|2 [shown]

Method 3:
Since angle OAB is a right angle in a semi circle,

a is the projection vector of b onto a.

Ib-al

=al
4

| =faf
As angle between a and b is acute,

|a-b|=a-b

sa-b= |a|2 (shown)

(i)
AC=3CB:>A—C=i

CB 1 »
OA+30B | a+3b

By ratio theorem, oC =
4 4

(iii)

5. OB B _

length of projection of OC onfo OB=

a-b+3b-b
4ol

15
8

(ﬂj,ﬁ
og]| o)

|| +3b| 3+3(4)
]

08 |_
o8|

Since |a|=\/§ and |b|=2, oC - =
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6

(®
S, =kn’ +(k+1)n

S,y =k(n=1)"+(k+1)(n-1)

For N> 2, u, =kn” +(k+1)n=[ k(n=1)"+ (k+1)(n-1)]
=kn? +(k+1)n—k(n—1)" —(k +1)(n-1)
=kn’ +(k+1)n—kn’ +2kn—k —(k+1)n+k +1
=2kn+1
u, =S, =k +(k +1) =2k +1=2k(1)+1 which follows the form of u, =2nk +1 when n=1.
Thus, u, =2nk +1
(ii)

u, =2nk +1

n

Uy, =2k(n—=1)+1

u, U,
=2nk +1-[2k(n—=1)+1]
=2nk +1-2nk + 2k -1

=2k is a constant independent of n

.".the sequence is an arithmetic sequence

(iii) u;, =23k +1=62k +1; u, = —1%k+1; u =2Dk+1=2k+1

l,"

12k +1 B 2k +1
62k +1 12k +1

(12k+1)° = (2k +1)(62% (1.,)} N

144K + 24Kk +1= 124k 04 E1 o
20k> —40k =0 \\ R
20k(k-2)=0 ;

k=0(rej-k=0) or T k=2

_I2k+1 25 1

C62k+1 125 5

(iv) r

. 1 . L
Since |r| = 3 <1, the geometric series is convergent

g =W 125605
Yol-r 1-1
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(1
1
EA+ B+C =2007
%A+ZB+C =2020

iA+3B+C =2036
12

From GC, A=12,B=17,C=1984

(i)

L 1

; r(r+1) - .

oL
q;b
&*\

(i) % QQ}&QQQ

n {b' \:g\(&

u, = §1 75 1984)

r=l1 :10c§

)
~12- ~'\‘v+'§£=*(°2001+17n +1984)
n+1:22
12

=8.5n* +1992.5n +12 — —
n+1
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®

_

(2)

)

a=2
(i) Let y=¢".

Since x>a=>[2-X=x-2, .. y=e&’

Iny=x-2
X=Iny+2
f'(X)=Inx+2
fol :Rf :(1’ OO)

(iii)

@ _
o
(iv) As @%& >2.

ff (x) = f'lf(x)\,a:'?gx (same rule)

For ff' and f'f to be equal, we also need D, =D, (same domain).
=D o = D,

=R, =D,

= (f(a), ©)=(a, »)

a=1f(a)

Using GC, a=3.15 (3 s.f).

(v) If g exists, R, cD,.

g(0)=¢’eR,
As ¢’ is not an integer, ¢’ €D, .

Hence R, D, and so g’ does not exist.

www.KiasuExamPaper.com
124




9

(a)(i) Let M be the centre of the square base, then

O D C
A acosf,”
a \\\ ///
asinf@ av2 cost. §><\M
/ AN
7 AY
agosf N
Ld |
A 4cos§ M A B

Height of square prism =2 asind ;. Length of square = a2 cos 6
2
V = (base area ) x( height) = (a 2.¢0s 9) (2asin®) =4a’ cos’ @sind (shown)

Alternative: Basearea =4 x %(acos 6’)2 , using triangle AMD
. dv 3 . . 3
(ii) T =—-4a’(2cosfsind)sind +4a’ cos” Gcosd

=-8a’cosOsin’ @ +4a’ cos’ O =4a’ cos@(—2 sin” @ + cos’ 9) =4a’ cos 9(1 —3sin® 6?)
At max V, ﬂ =0
do
4a’cos 9(1 —3sin? 49) =0

cosf=0 = 6O= (rejected since 0 <@ < gj

r
2
OR

(1-3sin’0)=0 = sinﬁz\/I or Sinez_ﬁ
3 3

(rejected since 0 < @ < gj

Hence, sind = \/% and @ =sin" \E

1 2
Height of square prism =2asinf = 2a\ﬁ =—a
g q p 3 \/5

Length of square base = av2cosf=av2.|1 —% = ia

NE

(iii) Itisa cube.

(b) Let y m be the vertical distance between the top of the pole and the ground.
Let X m be the horizontal distance between the foot of the pole and the base of the wall.

x> +y?> =2.6" (Pythagoras’ Theorem) and given % =-0.3.

When x=1.0, y=24.

By implicit differentiation, 2x % +2y Y =0

dt

dx dx
2(1.0)—+2(2.4)(-0.3) =0 = —=0.72
(1.0) " (2.4)(=0.3) m

The foot of the pole is moving at a speed of 0.72 m/s.
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®

Method 1
Let the path of bullet (equation of line) be I.

0 0 0
l:r=| 2 |+A| 1|, 1eR; p,ire 4 |=-1
1.5 0 -3
A is the point of intersection between | and p;.
0 0 0
Aliesonlso OA=| -2 |+A|1|=|2+4|, forsomeleR
1.5 0 1.5

0 0 0
A also lies on 7, so OAY 4 |=—-1 =| -2+ 4 |=-1=>-8+41-45=-1> ﬂ=%=2.875.
-3 1.5 -3

0 0
Therefore OA=| —2+2.875 |=| 0.875
1.5 1.5

So the coordinates of A is (0,0.875,1.5) [shown]

Method 2

Since the bullet travels in the direction parallel to j only, the X and z-coordinates remain the same. Let
0

OA=| y |, wherey is a value to be found.

1.5

0 0 0
A also lies on 7, so OAd 4 |=-1 y | 4 [=-1
-3 5)\-3

/" ‘:{{:\’«C‘»V.
GV
N

Solving gives us Yy = % = O;S%u Py

Hence, the coordinates ob A is(0,0. 5) [shown]

(i)

Since paper screen rpendi¢ulaf to the metal sheet and we know:
) | / P

4

0)(p
Then | 4 o 3 |=0=0+12-39=0= =4 [shown]

-3 q

(iii)

Since B (0.9,0.8,3.15)is on Po.
p 09)\(p

p,:re 3 (=15 =] 0.8 |43 [=15=09p+24+12.6=15=p=
q 3.15) 4

15-15

=0 [shown]

(iv)

Since paper screen is perpendicular to the metal sheet and we know:Let equation of top surface be ps.
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0
So z=1isactually p,:re 0 |=1.

1
The acute angle between p; and ps is given as €
0V( O
01 4
S p 1){-3 3
0cosf=—————"—==
JI2s s
Therefore @ =cos™' % =53.1°
)
Line CD is the line of intersection between
0 0
p,:re 4 |=—1 and p,:re 3 (=15
-3 4
p,:4y—-3z=-1 and p,:3y+4z=15
41 63
Solving SLE via GC gives: X=X, y=—,and z=—
g g s Y 25’ 25
0 1
So an equation of the line of intersectionis Il :r=[41/25|+4|0|,A€R
63/25 0
11
n+l
(a) J.sec”“ 3xtan3x dx =ljsec" 3x (3s€c3xtan3x) dx _1fsee 3x +C= ! sec"' 3x+C
3 30 n+l1 3(n+1)
/4 BN
1 1 , oM 1 1 (n =« V4
(b) dx= ’ Q”—{tanl V3 —tan™ —} = —(— ——) =—
J )43 3N & 243 Bl 2B 6) 1243

(©)

(d)
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2021 HCI H2 Maths Promo Paper Duration: 3 hrs Marks: 100
Attempt all questions.

[You may skip Q5, 7(iv) & 9(v) for now, as they are on Integration. Remaining total marks
is 85, Duratin is 2 hr 33 mins.]

1 The diagram below shows the curve y =f (x) The curve has a stationary point of

inflexion at (2,5) and a maximum point at (7,4). The curve also has vertical asymptotes
) 4
X=0, X=35 and a horizontal asymptote y = 3

YA

(7,4)

(=]

x=0 x=5
Sketch the curve y=f '(x), labelling clearly the coordinates of any axial intercepts,

turning points and equations of asymptotes where applicable. [3]

2 A local family consisting of adults, children and senior citizens, is planning for a trip to
the Jewel Bird Park. The ticket prices are listed as shown below. If all members in the
family purchase the Local Resident Discounted tickets, they will need to pay a total price
of $301.20. If all members in the family purchase the Wildlife Quest Bundle, they will
need to pay a total price of $478.50. Given that the number of adults is four times the
number of senior citizens, find the number of adults, children and senior citizens in the

family. [3]

Local Resident Discounted Tickets Wildlife Quest Bundle

Adul+ $27.00 Adult Adwmission + $24.00
wildlife Quest

Senior Citizen $15.00

Ages G0 and above

Child $19.40 Child Adwission + $2a.50

Ages 3 +012 Wildlife Quest

\/‘M

www.KiasuExamPaper.com
129



A curve C has equation kxe’ +ke* = y* +k*, where K is a positive constant.

(@
(i)

Express % in terms of X,y and K. [3]
X

Explain why there is no point on C where the tangent is parallel to the X-axis. [2]

With respect to origin O, the distinct points P, Q, R and S have position vectors p, q, r

and s respectively. It is known that q is a unit vector.

(@

(ii)

(iii)

Given that (r—p)x(p—q)=0, state, with justification, the relationship between the

points P, Q and R. [2]
Give a geometrical interpretation of q-(r - s)| . [1]
-1
Given that p=| 2 | and that qis parallel to and in the opposite direction of p, find
4
q. [2]

. 2
A curve has equation y = Xe* .

(@)
(i)

The region R is bounded by the curve, the lines y=—e, Yy =e¢ and the y-axis. Find
the exact area of R. [4]
Find the volume generated when R is rotated about the x-axis through 360°, giving
your answer correct to 3 decimal places. [3]

The sum of the first n terms of a series is given by the expression ¢’ —(—2)n (ez’”)

)]
(ii)
(iii)

State the first term of the series in terms of e. [1]

By finding the n term of the series, show that this is a geometric series. [3]
Explain why the sum to infinity, S, of the series exists, and determine the exact value
of S. [3]

A curve C has parametric equations X=0"+1, y=2sin@+1 where —7<0<r.

)
(i)

(iii)
(iv)

Find the exact values of @ at which C crosses the X-axis. [1]
Sketch C, labelling the coordinates of the points at which C crosses the X-axis.
[2]

Find the equation of the tangent to C at the point P with parameter p, where

—-T<p=<rx. [3]
Q is a point on C such that the tangent at Q is parallel to the y-axis. Find the area
bounded by C, the tangent at Q and the X-axis. [3]

2
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A function fis said to be self-inverse if (X) - (X) for all X in the domain of f.

. . . . . . X+a
It is given that g is a self-inverse function and is defined by g:XHﬁ , for
X +

xeR, x> —g , where a and b are constants and g(1) =5.

(i) Find the value of b and show that a=9. [3]
@ii) Find g’”'(1). [1]
The function h is defined by h: x> |1 - X|(X +5), forxe R, x>2.

(iii) Given that h™' exists, find h™" in similar form. [4]
(iv) Show that gh exists and find the exact range of gh. [3]

(1-x)(x-2)

The curve C has equation y =

X —2x—8
(i) Find the value of X when y=-1. [1]
(ii) Sketch C, showing clearly the equations of any asymptotes and coordinates of any
turning points and axial intercepts. [3]
(iii) Solve the inequality [1]
2
—X"+3X-2 >_
X —2x—8
(iv) Using the result in part (iii), solve the inequality [2]
2
—1+3Xx-2x >_
1-2x-8x

(v) Find the area bounded by the curve C and the x-axis, leaving your answer in the form

b .
a+In—, where a, b and c are integers. [5]
C

{It is given that a sphere of radius R has surface area 47R* and volume %nRﬁ

3 [Turn over

www.KiasuExamPaper.com
131



10

11

A perfume maker designs a prototype of a perfume bottle of fixed volume V ¢cm’ for a
new fragrance as shown in the diagram below.

h cm

—

~
F cm N
)

The prototype comprises 2 different segments where the vertical axis of the prototype, OY ,

1
is [h +E rj cm. The bottom segment is a glass cylinder of radius r cm and height h cm.

The top segment is a chrome-plated plastic hemisphere of radius %r cm. It is assumed that

the prototype is of negligible thickness and there is no gap between the 2 segments.

(i) Findhinterms of V,rand =. [2]

(i) Given that the cost of manufacturing the glass cylinder is $8 per cm’ and the
chrome-plated plastic is $3 per cm”, show that the total cost of manufacturing the

. 85 1oV ) . .
prototype is $ [z r+ —j . Hence, using differentiation, find the exact value of
r
h . L
— such that the cost of manufacturing the prototype is minimum. [7]

r
It is now given that the diameter of the chrome-plated hemisphere is 3 cm and the height
of the glass cylinder is 5 cm.

(iii) A crack at the bottom of the prototype causes the perfume to leak out of the prototype

at a constant rate of 1.5 cm’ /s. Given that perfume is initially filled to the brim of
the top segment of the prototype, find the exact rate of decrease of the height of the
perfume in the prototype 5 seconds after the prototype has cracked. [3]

The points A, B and C have coordinates (—1,—12, 4) , (5, 0, 7) and (6, 1, 4) respectively.

. . -1 2- .
The line |, has equations XT = Ty, Z =4 and the line |, passes through A and B.
(i) Find the coordinates of the foot of perpendicular from C to |,. (4]
(ii) Find the acute angle between |, and |,. [3]

(iii) The point D is on |, such that the distance from D to A is twice the distance from D
to B. Find the possible point(s) D. (4]
(iv) The line |, passes through point A and is perpendicular to both |, and 1,. Find the

equation of ;. [2]
4
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12

A couple takes up a housing loan of $L and the interest is charged before each monthly

repayments at a fixed rate of p% per annum. Their monthly repayment commences on 1

September 2021. Monthly repayments of $x are due and payable on the first day of

subsequent months until their housing loan is fully repaid.

(i) State an expression in terms of L and p for the interest charged before their first
repayment on 1 September 2021. [1]

(ii) Show that the outstanding loan at the start of the n™ month after their monthly
repayment is given by

(1+ P ) L—IZOOXKHL) —1}.
1200 D 1200
[3]

The couple is taking a housing loan of $504,000 at a fixed interest rate of 2.6% per annum.
(iii) Calculate the monthly repayment if the couple plans to repay the loan in 30 years.
[2]
(iv) Given that the couple decides to pay monthly repayments of $4000, find the date at
which the couple will be able to fully repay their housing loan and the amount that
the couple pays for their final monthly repayment. [3]
The couple decides to start adopting a savings plan on 1 September 2021. The couple
decides to deposit $k on 1 September 2021 to the savings plan and for each subsequent
month, they will deposit $a more than the previous month. Each month, the savings plan
gives a fixed interest of 0.1% for the amount deposited for that month. The total amount

that the couple will have in the savings plan after n months is given by

> (450.45+50.05r).

r=1
(v) Find the values of k and a. [2]
(vi) Assuming that the couple intends to pay monthly repayments of $4000 for their
housing loan, find the least number of months that is needed so that the couple can
use the amount in their savings plan to make a one-time repayment to fully repay
their outstanding housing loan. [2]

5 [Turn over
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2021 HCI H2 Maths Promo Paper Solution

No. Suggested Solutions

1 y‘r

y=0 (2,0 (7.0)

\/?x

|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
i
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
X =

x=0 5

2 Let A, C and S be the number of adults, children and senior citizens in the local family.

27A+18.4C +155 =301.2 ---—par------ (1)

39A+29.5C +39S =478.50% -~ )

LS | — —(3
7

~A=8,C

The family consists of 8 adults, 3 children and 2 senior citizens.

3(1) | kxe’ +ke* =y* +k*

Differentiating with respect to X,

Page | 1
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No. Suggested Solutions

ke’ + kxe” y+ke _2y y
dx

dy(zy kie? ) = ke + ke?

dx
dy ke*+ke’
dx 2 y —kxe’
3 For tangent to the curve to be parallel to the x-axis,
(i) | dy _
o
ske* +ke? =0

Forall x,y, ¢*>0 .,e’ >0

Hence, ke*+ke’ >0

.'.%7&0 forall x,yeR

X
Therefore, there is no point where the tangent is parallel to the X-axis.

40| (r-p)<(p-a)=

= (PR)x(QP)=

= PR//QP

Common point P, .. P,Q a e collinear
Alternative method., // s&g‘b’\

(r—p) (p q) ﬁeR \yv
[=p+/1(p q) A_elR N

4(ii) | Since M 1

(r s){

4(iii) —1
p=| 2
4

| R !

g=- 2 |l=——| 2

” ( 1) +22+42 4 \/ﬁ 4

Page | 2
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No

. Suggested Solutions
() 4 .
y y= Xe*
y=e
~ 17 = 1 x>
| y=—c
[
Since f(x)=xe* is an odd function, i.e. symmetrical about the origin, R =R, =1 R
Area of R
1 2
= Z[e—J.O Xe dx}
= Z{e—ljl 2Xe"2dx}
2 Jo
= 26—[6X2 T =2e—[e—1]= oG units?
S Ya 24 , xz
(i U &
y=e '
1 JF‘“ g
y=-c¢
2\2
Volume generated by R= 2|:T[(62 )(l) - 7t.[01(XeX ) dx} =38.534 units’ (to 3 d.p.)
Method 2
12
Volume generated by R= 1t(e2 )(2) —~ 7t'f_ll(XeX ) dx = 38.534 units’ (to 3 d.p.)
Page | 3
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No Suggested Solutions

O 5o (=) (o)

6() | T.=S -S

-
|
[\
~—
[
=1

— = —— is a constant, this is a Geometric Series with
(e - )[e +2] e

.2
common ratio ——.
e

*ED | Since |r|=

—3‘ =0.736 3 s.f) <1
(S

Sum to infinity exits.

g__&
I-r
_ e(2+e)
| %
_e(2+¢)

=c N

7(1) | When C ém,ss’eg&ﬁé X-axis, y=0
"

y=2sinG+1=0

sinf = —l
2

Gz—z,—s—ﬂ since —t<0<m
6 6

Page | 4

www.KiasuExamPaper.com
138




y
(ii)
(2572
[I+ 36 .{)]
(1.27, 9 (7.85, 0)
7 %=20,ﬂ=2c0s9
(i) | q¢ déo
dy_dy d0_cosd
dx do d&x 6
BRI
dx p
Equation of tangent at P : y —(2sin p+1) = COFS) P (X— p’ —l)
>+1)cos
y:xamp_(p ) p+2ﬁnp+1
J p
7
|

dy coséd

Tangent parallel to the y-axis: o 8 is undefined at #=0 , Q (1,1)
X

Page | 5
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Method 1: Using parametric equations

Required Area

= [ (1+2sin0)(20)d0

=0.087955042
= 0.0880 units? (3 s.f)

Method 2: Using Cartesian equation
Xx=6"+1

O=t/x-1

y=2sind+1

y =2sin(—/x=1)+1

Required Area
= J.1+§Z2sin(—M)+l
= 01087954559 //

= 0.0880 units? (3

8(1)

Y ' Wy e\)
Since g is self-i@v‘%rse, g(5):1:>5+_a=1:>a_b=1()
T 15+b
Using GC, a=9, b=-1.
Method 2
Let y:La:>3xy+by:x+a:>x:a_—by
3x+b 3y-1
. a—bx
X) =
g ) 3x-1
Since g is self-inverse, a—_bx _x+a
3x-1 3x+b
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b=-1

g =5

I8 5 ita=15+Sb=a-sh=14

3+b

a=14-5=9

Method 3

o(x)= x+a _i(3x+b)-fb+a 1 b-3a
3x+b 3x+b 3 3(3x+b)

. 1. : l. .
Since y = 3 is the horizontal asymptote, by symmetry X = 3 is the vertical asymptote.

sb=-1

g)=5
18 s l+a=15+5b=a—sh=14
3+Db
a=14-5=9
8 | Since g(x)= g™ (x),
W g0 =X
g=g[g(x]=g(x
g ) =g[ @M ]=e) =5
8 | h:xi>[1-X/(x+5), forxe R, x>2.
(iii) 4

!

./..(»FH.‘.-,,X

Sinceqx22 Pll<xf=x—1. - h(x)=(x-1)(X+5)
Let y=x"44x5
X>+4x-5-3=0
4= flo-a(-5-y)
= 2
_—4x.36+ay

2

=-2+,9+y
Since X>2 , X=-2+,9+Yy
h':Xx—>V9+x-2, xeR,x>7.

Page | 7
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(iv)

1
X=—

e Sy S

3
1
R, =[7,0) and D, =(§,ooj
Since R, =D, , .. gh exits

D, ~[2:2) >R, =[1.) —>R, =[ 1.4

3’5
1 4
R, =|=.—
& (3 5}

9(1)

Method 1: (solve algebraically)
When y=-1, g @=x)(x=2)

x2=2% -8
>% % 2xH 8 = “xi%F 3x -2
ox=410
Method 2: (solve.graphically using GC)
Using GC, u. 'x =10 -
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9(ii)

_ (20(x=2) -1
! | Y= x> —2X—8) x> +3x—2
1 | - "f*% - +2x+8
| | Xe—=2X— _
l I 14 x=10 x-10
i i - X+ 2)(x—4)
[ | 10 .
| I
! 51,0.02 : 5,-0.
S N ks N e
| |
| |
| |
| |
| |
| |
| |
| |
| |
! !
x=-2 x=4
9 Method 1: [using graph in part (i1)]
B
(i) | =X+3%2 5 1 Curve C >-1
X=—2X-8
|
|
|
!
N
i 0 —
y=-1 E
___________ O
|
l
|
|
|
!
)
X ==2
.. from graph in (ii), «2<'x<4 or x>10
Method 2: (selvednequality directly)
—X243x=2
AT > g
X2-2X-8" 7 {
x—10
-1+ x+2)(x=4) 2 —1] Use simplified form after
x-10 o long division from part (ii)
(X+2)(x—4) = 0
(X=10)(x+2)(x—4)>0, x=-2, 4 - AN - A
. =2<x<4 or x>10 /[2 M
9 . o —()?43()-2
Replace x with L in (iii): i |
i [P N ST
—1+3x2—2x2
X s
1-2x-8x2 I
X2
Page | 9
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—143x=2x2 & _
1-2x-8x% I
Hence using result in (iii):
2<i<4 or L>10

Method 1: (using graph of y=1)
VA

From graph,

_1 1 1
X<—% OF X>7 0<x<s

Note that X =0 is also a solution to % >—1

Hence the final solution is x < —% or X> 41‘ or 0<X %

Method 2: (solving algebralcally)

For -2<1<4: :

-2<1 and |1 <4

1+2>0 +-4<0

12X 50 =)
X(1+2x)>0 \ x(1-4x)<0
+\ - # ( - -

wx<—torx>0..(1) and .. x<0 or x>% ...(2)

Combining (1) and (2), ie. taking intersection:

<+—0 o—>»  Intersection of (1) and (2)
4——~——o Q—> (2)
+ o

1 1

=2 0 7

Hence x<-1 or x>4 (%)

For 1>10:
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%—10 0
1

>0
x(l—le)zO
0 1
10
O<x<{s (*%)

Hence combining (*) or (**), ie. taking union:

O O— —O—Pp——
-1
) 0

A

sk
Rl—

. 1 1 1
. X<-75 or O<xs10 or X>4

Note that X =0 is also a solution to % >—1

Hence the final solution is x < —% or X> 41‘ or 0<xX LO

)

From graph in (iii):

by

o

Required

|
|
|
|
|
|
|
|
|
|
|
A aNs T
@) 1 P :
|
|
|
=

o N S,

)

=

Method 1: (using partial fractions)

_ [P X343x=2
Area = L R, o dx
x—10 Use simplified form after
= —_— 4_
.[ SR roar X2-2X—8 dx long division from part (ii)
X=10
I 1= oo 9
Let x-=10 A B

(X+2)(x— 4) x+2 T4
X—10=A(X—-4)+ B(x+2)

When x=4, B=-1
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When x=-2, A=2
. Area= I [W - ﬁ} dx
2 2 1
:J.1 1 =G5+ dX
=[x—21n|x+2|+ln|x—4|]l2

=2-2In4+In2-1+2In3-1n3
=1-3In2+1In3
=1-In8+1In3

:1+1n% unit® where a=1, b=3, c=8

Method 2: (using J‘mdx and MF26)

£(x)
Area = —L %dx
J‘ 1— 2X -10 -« Use simplified form after
X#—=2X— 8 long division from part (ii)
1(2x-2)-9
.[ [ X2—2x-8 de Can also use partial fractions:

:J.ldx—j.[ 2x—2 dx+9j(

X2—2%—8 129

1 £ 1
dX « 9.[ ¥ "r: gdv= 9,[ ) 1{,\-_—4)dx:ﬂ - trgd

:| < From MF26

=[x]? ~4{In|x* - 2x~ SH +9[2(3)ln‘)>(( X

=1 [ln8—ln9]+—[ln——lnlJ

1
2
=1- 31n2+1n3 31n2

=1+In3-1In8
1+ln tmit’ » where a=1, b=3, c=38

10 114 3A|
i |V=r’h+s —n('—] .
20302
3
V =zr’h +z7[('_j
3218
_V__r
xr’ 12
10 | Let C be the total cost of manufacturing the prototype.
(ii)

C= 8[Cylinder's: Base area + Curved Surface + Top]

+3[Curved Surface of hemisphere |
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2 2
C=8 ﬂr2+2ﬂrh+{ﬁr2—ﬂ(£j }jl+3xl[4ﬂ'(LJ }
2 2 2

: r2 rZ
C=8| x| 2r* —— |+2xrh |+3| 27| —
I 4 4
2 2
o 727 e V)] 3
4 wr 12 2
{197”2 2 } 371>
=8 +— |+

12 r 2
16V 85xr?
=—

(shown)

dC 85 16V
dr 3 r

£=L2(8—5m’3 —16\/)
dr r -\ 3

For stationary value, i—c =0
r

; 48V

r’=

857

48V
r=3

857 ‘,b»,

g \‘ Q@QQ
Using 2" Derivative Test: Ug\y
g o Q}QQ\/
d’C 85 32V
+W =857 >0

857

)
Thus, C isé%ng‘ﬁ?mum when r = ‘3/ 48v )
¥ 857

VT

ot 12

www.KiasuExamPaper.com
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hovo1
rozr® 12
h__ v 1
ro (48Vj 12
7l oV
857
h_8& 1_27
r 48 12 16
dC 85 16V
dr 3 r?
€ (B o)
dr r {3
4
dr

Using 1% Derivative Test:

ool e | Ay | asv
85m 857 85m

ac _ 0 .
dr
Shape \ — /
10 | After 5 seconds, amount of perfume leaked is
(i) | 1.5x5=7.5cm’
Total volume of hemisphere is;
2 (3Y oz U
—r| = | =—£& 706858 ¢m” <7.5
3 (2 4 .
After 5 seconds, perfume is in the bottom segment, i.e. cylinder.
V =71’h =9zh
v =9r
dh
d_h=d_hxﬂ:Lx(—l,S):—L cm/s
d dv dt O9r 6
Height of perfume decreases at 6L cm/s.
V3
11(i)
£(6,1.4)
i
1
i
/ (1,2,4) H
' ~ E 73>
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Let the foot of perpendicular be F.
Since F lies on |,

1 2
OF =| 2 |+ 4| -3 | for some A
4 0
1 2 6 —5+24
CF=|2|+4|-3|-|1]|=| 1-34
4 0 4 0
—5+24)\( 2
Since CF L1, | 1-34 |s =3 |=0
0 0
-10+44-3+94=0
A=1
1 2 3
OF =| 2 |+1| -3 |=| -1
4 0 4
. F(3,-1,4)
11 5 -1 6
() | AB=|0|-| -12|=| 12 |=3}4
7 4 3 1
5 2
L:r={0|+tu 4| ueR
7 1
2\ (2
4 = =3
S0 . 8 .
0 =cos W:cos \/ﬁ\/gzm.o (1d.p)
11
(iii) 5 | ) . ) L
A D B A B D
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——  OA+20B . OA+0OD

oD or OB =
3 2

-1 5

—12 [+2] 0
@=% or 0D —208-0A

3 5\ (-1) (11
OD =| -4 or OD=2|0]|-|-12|=|12

6 7 4 10

~.D(3,-4,6) or D(11,12,10)

Since D lieson |, and |, :r =

<4 o W
®
~
"
m
s

S5+2u
OD=| 4u for some u
T+ u
2
AD=(3+u)|4|and BD=

1

,,,,,, N )
AD =2BD :)3+ B
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6+2u
AD=0D-OA=|12+4u
3+u
2p
BD=0OD-0B= 4u
y7i
ER
o] - fe0f

(6+2u) +(12+4u) +(3+u) =4(417 +1645 + 11%)
From GC,

u=—lor u=3

-.D(3,-4,6) or D(11,12,10)

11 | Direction vector of I,
(iv) 5 5
=| -3 |x| 4
0 1
-3
=2
14
o,/// ~ \'){"’\
-1 N U L
l:r=|-12 |+& o RQO‘“
4 < ’:;(‘)Q
A\ N
12 | Interestraterfory}2 months = p%
. >/ - g ;\60
® Interest raté.pexinonth = L
& 100 12
pL
.. Interest before 1 Sept = ———
1200
(12) Month Outstanding Loan
ii

0 L

1 1+L L-x
1200
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(1+—p j[(H—p jL—x}—x
1200 1200
2 2
:(1+Lj L—(1+L)x—x
1200 1200
(1+L) (1+LJ L—(1+L)x—x —X
3 1200 1200 1200
:(1+LJ L—(1+Lj x—(1+LJx—x
1200 1200 1200
n n-1
(152 (125 ) %
1200 1200
n 2
—(1+—p jx—(H—p jx—x
1200 1200

n n-1 2
Ln=(1+ij L—(HL] x—...—(1+Lj x—(1+ijx—x
1200 1200 1200 1200
1+ j +1

(l 1200 N\ f{ Vnes 1} (Shown)

12
(iii)

In 30 years, | B 3'/" ) g
.\" 360
504000(1+2—} 1\2@?);( (1+ 26) ~1|<0
LW 26 1200
3“ 360
1200x/ EEF 6“‘ > 504000( 1+-22-
26 || 1200 1200
_ 1098534.707

544.4457028
>2017.712145

OR

360 360
Outstanding loan, Y, =504000(1+ 2.6 J _ 1200x [1+ 2.6 j 1
1200 2.6 1200

By GC, when Y, =0, x=2017.712146
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Check: When x=2017.71, Y, =1.1684474 > 0

.. Their monthly instalment is $2017.72. (nearest cent)
Or
Their monthly instalment is $2020. (3 s.f.)

12 n n
Gv) | When 504000[ 14 =0 | 1200900017, 26 )1,
1200 2.6 1200
by GC table,
A Yz
140 28983
141 25016
142 21109
143 17146
14y 13183
145 92114
146 £231.3
147 1242.7
[L'E1 -Z7EE
149 6761
1Ea -1677FE
..n=148 = 12 years 4 months
The couple will fully repay the loan on 1 December 2033.
Final repayment = $1245.38
12 n
(v) | 2.(450.45+50.05r)

r=1

=1.oo1i[k +(n-1)a]
r=1

~1.001>"[4504 50¢]
r=1

= 1.001i[500+50(;~—1)]
=1

Hence, k =500.5, a =50

Alternative solution
whenn=1,

1.001k =450.45+50.05

k =500

when n=2,

1.001k + 1.001(k + a) =450.45+50.05+450.45+ 50.45(2)
2k +a=1050

a=>50
Hence, k =500 , a=50
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12
(vi)

2(450.45+50.05r)z504000[1+£) 12004000 (1+£j -1
1200 2.6 1200

r=1

Y, = 450.45+50.05r
Let 1 ;( )

Y, = 504000 1+72'6j _ 12004000 (Hiﬁ O
1200 26 1200

Use GC directly:
i 1 D21 66667
Ans+1

1.802166667
Ed
I\Y15n5(450.45+56.ﬂﬁﬂ)

X,
N\Y:BS@4000( 1 )¢ L2suce (s,
ENYaBY1-Y2

230781 2259138
235635 222407

*. Least number of months = 87

Or use

50.05n(n+1 " 1200(4000 n
450.45n + 22050 +1) | 04000 6013 _1200(4000)| (6013 Y |
2 6000 26 6000

To be keyed into GC to solve
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2021 JC1 J2 Math Promo - JCIC

1

5

The parametric equations of a curve C are
x=t+2e,y=2t+e",t>-2.
(i  Sketch C. (2]

(ii)  Find the equation of the normal to the curve at the point P where = 0. [4]

. a .
A curve C has equation y = —3+ bx+c, where a, b and c are constants. It is given that C
X+

passes through the point with coordinates (1, —3) and has a stationary point (-5, -21).

(i) Find the values of a, b and c. [4]

(ii) Hence find the equations of the asymptotes of C. [2]
. ) o 3 . dy .

It is given that x“y —tan™ y = Zﬂ' . Find ™ in terms of x and y. [4]

Hence, find the exact value of Y when y =1, given that x > 0. [3]

(i)  Sketch the curve with equation y =In(x+1),x >—1, stating the equation of asymptote
and intercepts with the axes. On the same diagram, sketch the curve with equation

y=+9-x7,-3 < x <3, stating the intercepts with the axes. [4]
(ii)  Use your answer in part (i), solve the inequality In(x+1) <~+/9—x* . [2]
(iii) Hence solve the inequality In(x* +1) <~+/9—x" . [3]

The function f is defined by f:x — %(ex2 —1),x >2.

(i) Find f! and write down the its domain. [3]

(ii)  Explain why the solution of f(x) = f"!(x) satisfies the equation e* = 3x +1and find the

value of this solution. [3]

The function g is defined by g :x >1+x*, xeR.

(iii) Show that gf exists . Hence find the composite function gf, stating its domain and the
corresponding range. [4]
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2
(a) Given that ue v= 0, what can be deduced about the vectors u and v? [2]

(b)  Referred to an origin O, the position vectors of two points 4 and B are a and b

respectively. A line / has vector equation given by r = %a +2(2b-a), where 1eR.

The point N is the foot of perpendicular from 4 to /. It is given that [a|=2, |b|=1

and a is perpendicular to b.
(i) Find the position vector of N in terms of a and b. [5]
(ii) Find the exact area of triangle OAN. [3]

(a)  The graph of y = f(x) has asymptotes x = 1, y =2 and a minimum point at (-1, —1) as
shown in the diagram. It cuts the x-axis at the origin and at (-2, 0).
Y

F 3 |
|
|
|
|
|
|
|

———————————— e T )

|
I
(_1’_ ) :
I

Sketch the following graphs on separate diagrams, labeling clearly the asymptotes,
turning points and intercepts on the axes where applicable.

(i) y=f(2x)+ 1, [3]
.. _
(ii) = ey [3]

(b) The curve whose equation is y = ﬁ undergoes, in succession, the following
transformations:
A: A reflection in the y — axis.
B: A translation of 5 units in the negative x — direction.

Give the equation of the resulting curve. [3]

[Turn over
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[=10cm

A closed container is constructed using a sheet of metal with area 100 7 c¢cm?. The container
comprises 2 shapes, a cone and a cylinder. The slant height, /, of the cone is 10 cm. Given that

the cylinder has height 4, and radius 7, and the height of the cone is k%, where £ is a positive
constant.

— 2 —
@  show that h=120="" ~10r ; 1o [1]
r
(i) use differentiation to show that the exact maximum volume of the container

25007
27

is given that V' = [%k + lj cm?, proving that it is a maximum. [6]

[Volume of Cone = % 7 r*h, Curved Surface Area of Cone = 771 ]

(b) The height of an upright cone is twice the radius, r, of its circular base. It is known

that the volume of the cone is increasing at the rate of 15 cm 3min~" when the radius

is 3 cm. Find the rate of increase of the base area of the cone at this instant. [4]
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10

4

A plane [], has equation x +y +z = 3. A line passes through the points P and Q with
position vectors i + j + 2k and 4i + 2j — k respectively.

@) Find the exact length of projection of P—Q onto [1],. [3]
(ii) Find the position vector of the point of intersection of line PQ and [],. [3]

A plane [], is parallel to the y-z plane and contains the point (— 2, 1, 4).

(iii) Find the cartesian equation of [],. [2]
(iv) A point S(a , 7, b) lies on both [],and [, .Write down the values of aand b .
[2]
) Hence or otherwise, find a vector equation of the line of intersection of [], and
I1,. [2]
(a) Find | ———dx. 2]
1-x°
x> —6x+1
(b) Express f(x) = in the form
(Bx+1)(x* +3)
A Bx+C
—_— + _—,
3x+1 x2 +3
where the values of 4 ,B and C to be determined. [3]
Hence find J. f(x) dx. [2]
. 2, x
(c) Find the exact value of J sin (gj dx. [3]
- END OF PAPER -
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ur Pi r uir

2 Ma aic 1-2021
Ed- - arEa Pl ui
u i ui
1(1)

(-1.73,3.39)

—> X
0
L) P I
dt dt
dy _2-¢”
dx 1+2¢
At P, y_1
dx 3
Gradient of normal at P = -3
AtP,x=2,y=1
The equation of normal is
y 1=-3(x-2)
y==-3x+7

231)

So the equation of C'is y = %+ 2x—17

X+
(i1) The two equations of asymptotes are:
x=-3
y=2x-17
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u i ui
3 2 -1 3
x'y—tan y=—rx
4
Differentiate wrt x,
xzd—y+y(2x)— ! - [d_yj =0
dx 1+ y~ \dx
1
d_y 5 —x* |=2xy
dx{1+y
dy 2xy B 2xy(l+y2)
dx 1 _ 2 1-x* —x%y’
1+
when y =1
3
x’()—tan'1==7
@ 2
w-Zo3,
4 4
X' =z
= V7
Since x >0, x:\/;
4 AT(1+17) a7
== s = (exact)
dx 1-7z—-x(l) 1-27
4(1)
(2.70,1.31)
(3,0)
(i1) The point of intersection is (2.70, 1.31)
So the solution is —1<x <2.70
(iii) Replace x by x*: —1< x? <2.6997
Method 1
\ P y=2.6997
l\."\\ ’
e Ser
y=-1
Using Graph, —1.J4 <x<1.64
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Method 2
Since x> 0, —1<x? <2.6997 can be simplified to
x?<2.6997
(x— 1.64)(x + 1.64) < 0
—1.64<x<1.64

u
5(i)

Lety= %(e)62 —1)

e —-1=3y
x=2=mn@By+1)
x=InGBy+1)+2

f1x)=In@x+1)+2,x>0

(i)

As the graph of ™! intersects the graph of f in the line y = x, the solution of f(x) =
f~!(x) is the same as the solution of f(x) = x. Hence

1 x=2

g(e - 1) =X

e’ =3x+1

Use GC, the solution is x = 4.72

(iii)

Re= (07 ) and Dg = (_ s )
So Rt D, gf exists
1

1 2
fx)=g(—=(e">-1))=—(e">—-1) +1,x>2
gf(x) = (5 ( ) 5(e-1)
NORMAL FLOAT AUTO REAL RADIAN MP
CALC MINIMUM
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i u i

u
6(a)
uev=0 u VvV or u isazero vector or

v 1S a zero vector

(b)) . . 1
Since N lies on /, ON = 38 +A(2b—a) for some A

Since AN is perpendicular to /, AN ¢(2b—a)=0

((—%—lja+2/lbjo(2b—a): 0

(_g_ﬂja02b+(§+}t)aoa+4/1bOb—2/1a0b=0

Since a and b are perpendicular, aeb=0

[§+/1]aoa+4/1b0b=0
j|a|2+4/1|b|2=0

(z+/1
3

@Jr 1}(4)+ 42(1)=0

)/
(i1) Area of triangf{{z]t\r-g \L@}f\ ON ‘

]

= §|a (a—b)|

= l|a a—a b|
3

= l|0—a b|
3

= ~fllbfin0"

1
3 (@0

2
3
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Ta(i) y="1(2x) +1

= x
(i)
NS 1 _ 1

—> y=
—x+1 —(x+5)+1  —(x+4)
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u i

u
8(a)

wr’ +2xrh+ 7r(10) =1007
100—-107—7*
2r

h=

f— 2_
V=lﬂ'l"2kh+ﬂ'r2h=ﬂ' lk+1 r 100=r" ~10r
3 3 2r

4 =£(lk+lj(100r—r3 ~10r%)
203

dr

20 [400+4(3)(100) 20 40 _
2(-3) -6

a ”[11{ 1)(100—3r2—20r)=0
213

IO(NA) —

d? V
dr?

(3k+1j(—6r—20)<0 since r >0

V' 1s max when r =?

V=ﬂ(lkﬂj(mo_@_@j_@ﬁ(lkﬂj
3 9 3 27 3

8(b)

Volume of Cone V' = %,,,,2;1 = %;;rz(zr) = %mﬁ

Base area 4 =71’ % =2nr

v _drdr _
e drode . \J &
S

d—V=27rr

dr

Alternatlvely,
d4 dA4 dr dv 1
AT (2nr)

de drdV dt

5 j(l 5)=5cm’ min™'
r

2
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u i ui
9(1)
4 1 3
PO=| 2 |-|1|=]1
-1 2 -3
The length of projection
3 1
1 1
-3) {1
T.
| 4
==—| -6
V3 2

_ /5_622\/E=2m
3 3 3

9(i1) Let M be the point of intersection.

1 3
OM =|1|+A| 1 | forsome A

Q
% N\ \
(iii) J& 2 1

&
gé gé‘rmal vector | 0

el
Ne—

1 -2 1
rel0|=|1 |ef0|=-2

0 4 0
x=-2
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u i u i

(iv) a) (1

b=-2

9(v) Direction vector of line of intersection
1 1 0

=(1] ]0|=]|1
1) \0 -1
Vector equation required is

-2 0
r=| 7 |+ 1], €
-2 -1
Alternatively,

Solvex +y+z=3and x=-2,
Using GC,

Obtain r =

10(a) ( ~

R
:: » QD
‘E =e! j@c@:\;‘fnce d sinx= !
>/ %«VQ&@@ dx 2

Q/ & I-x

(b) & x> —6x+1
f(x) = ———— "~
) (3x+1)(x* +3)

A Bx+C
=t —
3x+1  x*+3
A(x2 +3)+(Bx+C)(3x+1)
- (3x+1)(x* +3)

x> —6x+1=Ax*+3A4+3Bx* +3Cx+Bx+C
=(A4+3B)x* +(3C+B)x+34+C
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Comparing coefficients,
A+ 3B =1
B+3C=101-6
34 +C=1
FromGC, 4=1, B=0, C=-2

F(x) = x> —6x+1 _ 12
(Br+1)(x*+3)  (Bx+1) (x+3)
Alternatively
F(x) = x> —6x+1 :x2+3—6x—2
(Bx+1)(x*+3) (Bx+1)(x*+3)
1 20Gx+D) 1 2

T3x+l 43 3x+l x°43
Sod=1, B=0, C=-2
Alternatively

A(x* +3)+(Bx+C)(3x+1)=x" —6x+1

xz—l:A 28 =l+2+1=§ A=1
3 9 9 9

x=0:3+C=1 C=-2

x=1:4+(B-2)4)=-4 B=0

(©)
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1 (a) Differentiate sin' x+ xy/1—x?> with respect to X, expressing your answer in its simplest form.
Hence, find J 1-x% dx. [4]
X2
(b) Find J— dx. [2]
Vax +1
. . . . . X+3 5
2 (i) By using an algebraic method, solve the inequality < . [4]
X+4 1-2x
Gy H Ive the inequality T3 < 2]
ii ence, solve the inequali < .
T e 12
3 Referred to the origin O, points A and B have position vectors a and b respectively. Point P lies on OA

such that OP = 2PA and point Q lies on AB such that SAQ = 4QB. Show that the equation of the line |
passing through P and Q can be written as

=§a+l(4b—a), where 1€ R. [3]

Point X lies on | such that AX is perpendicular to I. If |a| =3 ,

1
b| = 5 and a is perpendicular to b, find the

position vector of X in terms of a and b. [4]

4 The function f is defined by

1
f(xX)=——, xeR, x>Kk.
X“+1

(i)  State the minimum value of k for which the function f L exists. [1]

For the rest of the question, use the value of k found in part (i).
(i)  Sketch the graphs of y=1f(x) and y=f"'(x) onthe same diagram, showing clearly the relationship

between them. [3]

The function g is defined by

g(x)zx +1, XxeR, x>0.
X

(iii) By finding fg(X) or otherwise, solve g(x)=f"" (éj . [4]
2—r 3 2—r An
5 i By writing ——————— in partial fractions, show that = , where
O Bywnting Lo ) P 2 ra)(r=2) (1) (n=2)
A is a constant to be determined. [4]
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n —
(ii)  Using the result in part (i), find z L=r in terms of n. [2]

Z(r+1)(r+2)(r+3)

(iii) Hence find the exact value of 21:0 (r+ 1)(:;;)“ +3)

X 5 2 .
and y= /—— X~ respectively.
x? +1 4

(i) Sketch C; and C, on the same diagram, stating the exact coordinates of any points of

[2]

6 (@) The curve C; and C; have equations y =

intersection with the axes and stationary points, and the equation(s) of any asymptote(s). [4]

(ii)  State the coordinates of the point of intersection of C; and C.. [1]
(iii) Hence solve the inequality ——2> S X2 . [1]
x“+1 V4

(b) The diagram below shows a sketch of the graph of y = f(x). The graph meets the origin (0, 0), has a
turning point at (1, 1) and the equation of the asymptote is y = 0.

y
Ly Y=
X
(0,0) y=0
On separate diagrams, draw sketches of the graphs of
@ y=~(x]), [2]
i) y=f'(x), [2]

stating the coordinates of the turning point(s), point(s) of intersection with the x-axis and equation(s)

of asymptote(s) when it is possible to do so.

7 It is given that y = /1+In(1+sin2X).

dy  cos2x

i Show that y—= =——"""_| 1
® de 1+sin2X L]
. d?y (dyY k . .
(ii) Showthaty—-+| — | =————, wherek is a constant to be determined. [3]
dx*  \dx (1+sin2Xx)
(iii) Hence show that the Maclaurin series of y is 14 X — % x> + % x4 [3]

2
(iv) Expand (1 + X —%xz +%x3 j in powers of X up to and including the term in x°, simplifying the

coefficients. By using the standard series expansions of sin X and In (1 + X) from the List of Formulae

NYJC 2021 JC1 End-of-Year Examination ' 195801 [Turn Over



4

(MF26), explain briefly how the result can be used as a check on the correctness of the first four

terms in the series for Y. [3]

8 A curve C has parametric equations
X =3t2, y=a(t3 +1),

where a is a positive constant.

(i)  Sketch C, giving the coordinates of any point(s) where the curve meets the axes. [2]

The tangent to C at point A(3, 2a) makes an angle of % with the positive x-axis.

(ii) Show that a = 2\/5 , and find the equation of the tangent to C at A in the form y = mx + ¢, where m

and ¢ are constants to be determined. [5]
(iii) The tangent and the normal to C at A meet the x-axis at T and N respectively. Find the exact area of

triangle ATN. [3]

9 The planes 7, and 7, have equations given by
74X+ 3y +52 = 7 and
Ty:r=2i+j+A(j+k)+u(i-j—k), where 4, u e R.
(i) Find a vector equation of the line I, where 7; and 7, meet. Verify that point P with position vector
—i+2j+k lieson ;. [3]
(i) The line |, which passes through P, lies in 7, and is perpendicular to |;. Find a cartesian equation
of I. [3]
(iii) A point Q (a, b, ¢) lies on |, where a, b and ¢ are negative constants. Given that the distance from Q

to 7, is 34/2, find the coordinates of Q. Hence or otherwise, find the exact length of projection of

@ on 7. [5]

10  Mrs Tan wants to build a wooden fence using vertical planks of equal width and thickness but different
lengths. In her plan, the length of the first wooden plank is 2 metres and the length of the planks forms a
geometric progression. The length of the 10th plank is 1.5 metres.

(i) Ifthe cost of wooden plank is $18 per metre, show that the cost of the fence will never exceed $1200.
[4]

Mrs Tan realised that her plan is not feasible and now wants to build her fence using several identical

panels. Each panel comprises 10 vertical planks with identical dimensions to the first 10 planks in her

original plan.

(ii) Find the total length, T metres, of the planks to be used in each panel. [2]

(iii) She hires a contractor to install the fence. The contractor misunderstands her instructions and uses

10 planks to construct a panel so that the lengths form an arithmetic progression with common

www KiasuExamPa
WA KIasSUEXEmMEa

NYJC 2021 JC1 End-of-Year Examination 1 JH58/01



5

difference d metres. If the total length of the planks to be used for one panel is still T metres and the
length of the first plank is still 2 metres, find the value of d. [2]
The contractor offers to paint the fence for Mrs Tan. He buys a 5-litre can of paint to do the paint job. To
save costs, he fills the can to the 5-litre mark with turpentine to form a uniform mixture when the level of
paint in the can falls to the 4-litre mark. He then repeats this process whenever the level of the mixture falls
to the 4-litre mark.
(iv) State, in terms of n, an expression for the volume of paint remaining in the mixture after the nth refill.
2]

(v)  Find the minimum number of refills taken before the mixture is more than 80% turpentine. [2]

11 A designer wishes to create a piece of artwork with painted area of 1200 cm? on a rectangular piece of
canvas. The painted area measures X cm by y cm and is surrounded by an unpainted border with top and

bottom margins of 3 cm each, and side margins of 4 cm each on the canvas, as shown in the diagram below.

7y
3
4 4,
- Lad X
A
3
(i) By differentiation, find the dimensions of the canvas with the smallest area. [6]
(ii)  What is the largest possible area of the canvas if 30 <x<507? [2]

At an exhibition, a spotlight illuminates a circular region of radius —— cm on the artwork. The area of

N

this circular region then increases at a constant rate of 20 cm? per minute.

(iii) Find the rate of change of the radius after 3 minutes. [4]

BLANK PAGE
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You may use an HB pencil for any diagrams or graphs.
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Answer all the questions.
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21 and 22 if necessary and you are reminded to indicate the question number(s) clearly.

Give non-exact numerical answers correct to 3 significant figures, or 1 decimal place in the case of angles in
degrees, unless a different level of accuracy is specified in the question.

You are expected to use an approved graphing calculator.

Unsupported answers from a graphing calculator are allowed unless a question specifically states otherwise.
Where unsupported answers from a graphing calculator are not allowed in a question, you are required to
present the mathematical steps using mathematical notations and not calculator commands.

You are reminded of the need for clear presentation in your answers.
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. ax+b o
A curve C has equation y = pomeE where @, b and ¢ are constants. It is given that C
CX—

passes through the points with coordinates (1, 5) and (-8, 0.5). The curve C is

translated 1 unit in the positive X-direction. The new curve passes through the point with
coordinates (0, —0.2). Find the values of a, b and c. [4]

H2 MA 9758/2021 RI Year 5 Promotion Examination
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xy?
The curve C has equation y* = 5
(i) Show that dy = —L.
dx 6y +2x
(ii) Find the equation of the normal to C at the point P where y =1.

H2 MA 9758/2021 RI Year 5 Promotion Examination
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The points A, B and C have position vectors a, b and ¢ respectively.

(a) Show that the area of triangle ABC is %|a xb+bxc+exal. Hence show that the
shortest distance from B to AC is

|a><b+b><c+c><a|

[4]

e —a|

H2 MA 9758/2021 RI Year 5 Promotion Examination
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(b)  Given that a and b are non-zero vectors such that |a —b| = |a +b|, find the value
of a-b. (2]
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A sequence U,,U,,Us,... is defined by
n
U, =Y (2r+n+l).
r=1

o 2
Another sequence V,,V,,V;,... is given by v, =—, where ne Z".
u

n

() Find u, in terms of n.

(i)  Show that v =~ ——
n n+l

(iii)  Describe the behaviour of the sequence v,, v,, V,, ....
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(iv)  Find the sum, S, of the first N terms of the sequence v,, v,, v, .... [2]

W) Give areason why the series S, converges, and write down the value of the sum
to infinity. (2]
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cos3X
as far

@) Using standard series from the List of Formulae (MF26), expand

as the term in x’. Give the coefficients as exact fractions in their simplest
form. [4]

H2 MA 9758/2021 RI Year 5 Promotion Examination

www.KiasuExamPaper.com
215



(i) It is given that the third and fourth terms found in part (i) are equal to the third
and fourth terms in the series expansion of (a + bX)5 , in ascending powers of X,

respectively. Find the values of the constants a and b. [4]
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10

() On the same axes, sketch the graphs of y = x+2 +L1 and y = |2X + 2|, stating
X -

the coordinates of any points of intersections with the axes, turning points and
the equations of any asymptotes. [5]

(i) Hence solve the inequality
x+2+L>|2x+2| ,
x—1
giving your answers in exact form. [5]
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[Continued]
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(a)  An arithmetic sequence a,, a,, a,,... has common difference d, where d <0.
The sum of the first n terms of the sequence is denoted by S, . Given that

|a8|=|a13

, find the value of n for which S, is maximum. [4]
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(b)

13

The terms u,, u, and u, are three consecutive terms of a geometric progression.
It is given that
u,, U, and u, —32
form an arithmetic progression, and that
u, u,—4 and u, —32
form another geometric progression. Find the possible values of u,, u, and u,.

[6]
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14

The diagram below shows the graph of y =f(X) with asymptotes X=-2, x=3 and
y =X+1. The curve intersects the X-axis at points B and D, and has turning points at

points A, B, C and E. The coordinates of A, B, C, D and E are (-3,-3), (-1,0), (%,%),

(2,0) and (5,8) respectively.

y .
I
I
y I
I
I
I
I
I
| I
| I
| |
I I
I T
i -
I L -"C |
I\ I .
T T >
A7BO|  D\! X
I I
I I
I I
| |
I I
I I
( I
| I
I
I
I
x=-2 = 3
(i) By showing clearly the equations of asymptotes and the coordinates of any

turning points and the points where the curve crosses the axes, where possible,
sketch, on separate diagrams, the graphs of

@ y=~f(x), [4]
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(ii) By drawing another suitable graph on the same diagram in part (i)(b), determine
the number of solutions to the equation

2
X 1
—+——=1. [2]
36 16[£(x)]
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Distances in this question are in metres.

Harry and Tom’s model airplanes are taking off from the horizontal ground, which is the
X-y plane. Tom’s airplane takes off after Harry’s. The position of Harry’s airplane t
seconds after it takes off is given by r =(5i+6j)+t(—4i+2j+4k). The position of

Tom’s airplane S seconds after it takes off is given by r = (-39i +44j)+s(4i—6j+7k).

i) State the height of Harry’s airplane two seconds after it takes off and find its
distance travelled in the two seconds. [3]

(ii) Find the acute angle between the path of Harry’s airplane and the ground.  [2]

(iii)  Show that the paths of the airplanes are perpendicular. [1]
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(iv)  Given that the two airplanes collide, find the coordinates of the point of collision.
How long after Harry’s airplane takes off does Tom’s airplane take oftf? [3]

W) Find the cartesian equation of the plane in which both paths of the airplanes lie.
(3]
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10 Functions f and g are defined by

f:x—4x-2k for x e R, where K is a constant,

g:XHZL for xeR, x#2.

@) Explain why gf does not exist. [1]

(ii)  Find the range of values of k for which the equation fg(X) = X has real roots. [4]
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For the rest of the question, let k =5.
(iii)  Sketch the graph of y = fg(x) for X < 2. Hence sketch the graph of y = (fg) ' (X)

on the same diagram, showing clearly the relationship between the two
graphs. [4]
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[Continued]

The function h represents the height in metres of an object at time t seconds and is defined
for the domain 0 <t <b by

30
—+g(t+9) for 0<t<a,
h(t)=1 7 g(t+9)

2—f(1t) fora<t<b,

where a and b are constants. At t =0, the object was thrown up from 3 metres above
the ground level. When t=a, the object started to descend and finally reached the
ground at t=D.

(iv)  Find the values of a and b. [2]

(v)  Sketch the graph of y=h(t) for 0<t<b. [1]
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BLANK PAGE

You may continue your working on this page if necessary, indicating the question
number(s) clearly.
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BLANK PAGE

You may continue your working on this page if necessary, indicating the question
number(s) clearly.
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RAFFLES INSTITUTION

Questions and Solutions with comments

2021 Year 5 H2 Mathematics Promotion Examination

_ ax+b .
1 A curve C has equation y = =2’ where @, b and ¢ are constants. It is given that C

passes through the points with coordinates (1, 5) and (-8, 0.5). The curve C is

translated 1 unit in the positive X-direction. The new curve passes through the point with

coordinates (0, —0.2). Find the values of a, b and c.

[4]

Solution Comments
1 _ax+b Most students
4 | Y= cX—2 were able to
Sub (1, 5) and (-8, 0.5) into equation, substitute the
given
a+b-5c=-10 - (M information in

8a—-b-4c=1 - ()

, , a(x—1)+b
After transformation, the translated curve is y =——%—.
c(x-1)-2
Substitute (0, —0.2), we get S5a-5b+c=-2 - 3)

Alternatively,
Since (0, —0.2) lies o

=2, 0=3andc=3 ,ie. y=
‘ i J 3Xx-2

the question and
form the 3
equations before
using the GC to
solve for the
values of @, b
and C.
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2

2 The curve C has equation y* =4 —% .
@) Showthat VoY 2]
dx 6y +2X
(ii)  Find the equation of the normal to C at the point P where y =1. [3]
Solution Comments
2(i) | Method 1
2] 5 A Students should
y = Ty use implicit
Differentiate with respect to x: dlfferentlatl'on to
dy v dy solve part (i).
3y = =———xy—=
dx 2 dx
dy __y’
3yP+xy ) =2
( y y) dx 2
2
dy __ 2y - (shown)
dx 6y~ +2xy 6y+2x
Method 2
xy’ 8
y3=4—% S LR Y —— )
3
Differentiate with respgetdo y: X = —g -2=- 16 +32 y
dy y y
Then, % &
N Oy
16
— +2y
, using (1)
y
(shown)
Page 2 of 17
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(i)
3]

dy, xdy 1
dx 3y dx 6
dy_ 1,1
6 ;X
3y
ﬂz—L (shown)
dx 6y +2X
Aty=1, x=6 andﬂ=—L
dx 18

Gradient of normal = 18

Hence equation of normal
y—1=18(x-6)
y =18x-107

Very standard
question and most
students are able to
get this correct.
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3 The points A, B and C have position vectors a, b and ¢ respectively.
@) Show that the area of triangle ABC is l|a xb+bxc+ex a|. Hence show that the
. ) |a><b+b><c+c><a|
shortest distance from B to AC is | | [4]
c—a

(b) Given that a and b are non-zero vectors such that |a —b| =

a-b. [2]
Solution Comments
3(a) . _ 1
4] area of triangle ABC = 5|(b —a)x(c— a)| As this is a
1 “show” question,
B E|(b—a)xc—(b—a)><a| students need to
1 pen down more
=E|b><c—a><c—b><a+a><a| working to get
) full credit for the
=E|bxc+c><a+a><b+0| first part.
= %|a><b +bxc+cxa| (shown)
Let shortest distance from B to AC be h (which is also the The second part
perpendicular distance from B to AC). of (a) is a ‘hence’
question. Students
need to use the
result from the
earlier part to
show the shortest
distance from B
R to AC.
ared oftrlangle ABQ»— —(AC)(h) = —|a>< b+bxc+exa
g ‘ax b><c+c><a|
-,Thus h — . (shown)
\ 5 Q \> |c _ a|
(b) |a X bl @fa + b| Students need to
[2] & apply the
(a—b)-(a-b)=(a+b)-(a+b) properties of the
|a|2 —2aob+|b|2 :|a|2 +2a-b +|b|2 dot proldulitf
correctly betore
a-b=0 any credit is
. given.
Alternative
Consider a parallelogram OACB with OA=a and OB =b.
Then the lengths of its diagonals are given by
AB =|a—b| and OC =|a+Db|.
If [a—b| =
Page 4 of 17
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n

4 A sequence U;,U,,Us,... is defined by u, = Z(Zr +n+1). Another sequence V,,V,,V,,...
r=1
. 2 .
is given by v, =—, where ne Z" .
n
() Find U, in terms of n. [2]
(i) Show that v_ = .t . [1]
n n+l
(iii)  Describe the behaviour of the sequence V,, V,, V;, ... [1]
(iv)  Find the sum, S, of the first N terms of the sequence V,, V,, V,, ... [2]
v) Give a reason why the series S, converges, and write down the value of the sum
to infinity. [2]
Solution Comments
4(i n n i
Wy =S @rens="[n+3+3n+1]=2n(0n+1 Uy 15 the sum of n
[2] | ™
— 2 terms of an AP:
first term n+3,
last term 3n+1.
" - b .
(ii) n :i _ 1 _ (n+1)—n :l_ (shown) Show working
1] u, n(n+l) nM+1) n n+l clearly as it is a
“show” question.
(iii) | The sequence V,, V,, Vi, ... decreases and converges to zero as Question is asking
[1] about the sequence,
not the series.
(iv) Question is asking
2] for Sy, not S, .
=1— 1
N +1
v) N 1 . 1 Answer the
2] As N -, S =nZ=l:vn =1- N — 1, since Y —0. quef.ti(.)rll’ i.}? state
Thus, the series S, converges. explicitly the sum
to infinity.
Sum to infinity of the series = 1
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. . . 3X
5 (i) Using standard series from the List of Formulae (MF26), expand C:S as far as
the term in X°. Give the coefficients as exact fractions in their simplest
form. [4]
(ii) It is given that the third and fourth terms found in part (i) are equal to the third
and fourth terms in the series expansion of (a + bx)5 , in ascending powers of X,
respectively. Find the values of the constants a and b. [4]
Solution Comments
S(1) (4—X)_1 cos 3X ,
[4] When applying
-1 1 -1 the standard
=471 4 X | cos3Xx series from MF
5 26, replace the
1 1Y —1(=2)( 1\ —1(=2)(=3)( 1. V[, (3x)* ] | X inthe
~—1-| ——X |+ —&| ——x | +——F—F| ——X 1- .
4 4 X 4 31 4 bX standard series
correctly.
:l 1+lx+ix2 +ix3 1—2x2
4 4 16 64 2
zl(l—gxz +lx—2 3¢ Lyl 3)
4
1
= — X —
i
1
=—+
4
(i) (a+bx)f=a’% P
[4] / ,&Q

: v
. 255
() () e
L a% 4@“

Substituting into (1)
10(4b)’ > =~ /-
64
640b° = N

be — 71
40960

{@) 108’ = —% —(2)

b=-0280(3sf) a=-1.123s.f)

Page 6 of 17
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(0)

On the same axes, sketch the graphs of y = x +2 +L1 and y = |2X+ 2
X —

, stating

the coordinates of any points of intersections with the axes, turning points and
the equations of any asymptotes.

(i)

form.

Hence solve the inequality x +2+ Ll > |2x +2
X —_

[5]

, giving your answers in exact

Solution

[5]
Comments

6(i)
[5]

Take note that the
y-intercepts of both
oblique asymptote
and modulus
function are the
same.

Maximum point is
on the y-axis.

Drawing of graphs
can definitely be
improved. Many
students drew
graphs with all the
points so close to
each other that it is
difficult to decipher
the handwriting and
the details.

(if)
[5]

—2X-2

3x*—x+3

Intersection between

y=x+2+L1 and y=-2x-2
X_

=x+2+L
x—1

=0

Lo T1EV37

occurs at Xx<—1. So, x=

6

From the graph, the intersection

-1-4/37
6

From the graphs in (i), the solution is

1+«/§

l<x< .
2

~1-37
T<X

1-5
<——- 0Or

2

This is a “Hence”
question. The
expectation is to
solve points of
intersection with
the correct
equations. There
is no need to
solve with the
inequality signs.

The question also
specified exact
solution — means
GC answers will
not be accepted.
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7 (@)  An arithmetic sequence &, &,, &,... has common difference d, where d <0 .
The sum of the first n terms of the sequence is denoted by S,. Given that
|ag| = |a13 , find the value of n for which S, is maximum. (4]
(b)  The terms u,, U, and U, are three consecutive terms of a geometric progression.
It is given that U, U, and U, —32 form an arithmetic progression, and that
U, U,—4and u, —32 form another geometric progression. Find the possible
values of U, U, and u,. [6]
Solution Comments
7(a) 2| =au| 18| = 2|
[4] [, +7d| =[a, +12d| (a,+7d)" =(a +12d)’
a+7d=a+12d or a+7d=-a-12d Or (3 +120) ~(a,+7d)} =0
7d =12d 2a,+19d =0
0 (2a,+19d)(5d)=0
d=0 312*7 2a,+19d, =0, sinced <0
(rejected since d < 0) a = —%d
n n d
Thus, S, :5(2:;11 +(n-1)d) :5(—19d +nd —d):zn(n—zo)
To find n for max S,
d . . . . . .
S,=—n (n - 20) is a quadratic expression with negative coefficient
,=0,n=0o0orn=20.
0+20
= =10 .
N2
Q7
) When using the
differentiation
method, it is
necessary to use either
(n -1 0) d=0 second derivative test

n=10 sinced <0

Hence, maximum S, at n=10 .

OR
S, will keep increasing when each term added is positive, until a

maximum, and decrease when the next term added is negative.
Consider a, >0, then —%d +(n-1)d >0

19

—?+n—1<0 since d <0

n<10.5

or a complete first
derivative test to show
that the stationary
value is a maximum
value.

Other methods
should be
accompanied with
complete and
thorough
explanations,
showing and
explaining a, >0,
a,, >0 and
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S, is maximum when n=10 since a,, =-0.5d >0 and
a,=4a,+d=0.5d <0.

Note that a, has to be positive. If a,is negative (and with negative
d), then a, will just get smaller and smaller (more and more
negative) as I increases. Then, it would not be possible that
|a8| = |a13|. And so, a, has to be positive. In fact, a, is positive and

a,,1s negative, and we can say that a;, =-a,,.

a,<0,and

drawing link to
how this affects
S, in order to

obtain full credit.

(b)
[6]

Let a and r be the first term and common ratio of the geometric
progression.
Then, u, =a, u, =ar, u, = ar’

ar-a=ar’-32-ar —--—-——-— (*)
ar’—2ar+a=32
a(r-1) =32
32
(r-1 == e (M
a
ar’-32 ar-4 (%)
ar—4 a
(ar2—32)a=a2r2—8ar+16
—-32a=-8ar+16
a(8r-32)=16
Y VI
Substltutlng (2) fné B Z .
(2 ) 32
, —+3| =—
: a a
(2+3a)’ =32a
9a>—-20a+4=0
a=2 or a=z
9

Hence U, =2, U, =10 and u, =50 or u =z, u =% and U, =
1 2 3 1 9 2 9 3

338

One of the key
learning points in
this question is
that students
should strive to
reduce the number
of variables they
are dealing with.
Those that started
with only a and r
have more success
than those who
dealt with

u,,u, and u;.

Also, do read the
question carefully,
there is no
mention of the
terms needing to
be integers.

Solutions that
used the guess and
check method did
not give the
second set of
answer and the
calculators are
usually set to
show integer
values only.
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8 The diagram below shows the graph of y=f (x) with asymptotes X =-2, Xx=3 and

y =x+1. The curve intersects the X-axis at points B and D, and has turning points at

points A, B, C and E. The coordinates of A, B, C, D and E are (—3,—3) ( -1 0) [; ij’

(2,0) and (5,8) respectively.

A I
y ]
|
I
|
| I
|
[ I
[ |
[ |
| I
| I
| Pl
I #71
| -~ |
| - | X
| ’/"_\ I >
+-B |0 D\ ;
7 1
Z7A 1
5 | I
| I
| |
| |
1 ]
I I
| I
| I
I
I
1
x=—2 x=3

() By showw@
points and' t

.separat e/ diag

i sﬁvhere the curve crosses the axes, where possible, sketch, on
ms, " the graphs of

[4]
[4]

[ y}&rawmg another suitable graph on the same diagram in part (i)(b), determine

2
‘fﬁe number of solutions to the equation X— + ; =1. [2]

6 16[f(x ]

| Solution | Comments

Page 10 of 17
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8(i)
()
[4]

<
>

/

QO
o —
|
=109
N
L
f
/
{
\
AY
N
A
2N
F oy O

Note that there
is a sharp point
at the y-
intercept, and
not a stationary
point.

(b)
[4]

The graph
should be drawn
such that it
approaches the
X-axis as X — oo
and X — —0.

Since the point
C is lower than
the point E, C’
should be higher
than E’

(i)

D
)

A i

4 B

i

A

, number of solution is 6

1
dy:m

Since we’re
drawing on the
diagram for the
graph of

1

e

should substitute

1
£(x)
given equation
with y to get
the equation of
the ellipse. It
should not be

y=f(x).

, We

in the
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When drawing 2
graphs on the
same diagram,
we need to
consider their
relative position
to each other.
Here, all 3
turning points
are inside the
ellipse.
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9 Distances in this question are in metres.

Harry and Tom’s model airplanes are taking off from the horizontal ground, which is the
X-y plane. Tom’s airplane takes off after Harry’s. The position of Harry’s airplane t

seconds after it takes off is given by I =(5i+6])+1t(—4i+2j+4K) . The position of Tom’s
airplane s seconds after it takes off is given by I =(-39i+44j)+s(4i—6j+7K).

@) State the height of Harry’s airplane two seconds after it takes off and find its
distance travelled in the two seconds. [3]
(ii)  Find the acute angle between the path of Harry’s airplane and the ground.  [2]
(iii)  Show that the paths of the airplanes are perpendicular. [1]
(iv)  Given that the two airplanes collide, find the coordinates of the point of collision.
How long after Harry’s airplane takes off does Tom’s airplane take off? [3]
) Find the cartesian equation of the plane in which both paths of the airplanes lie.
[3]
Solution Comments
9(0) | Whent=2, r=(5i+6j)+2(4i+2j+4k)=-3i+10j+8k Since the ground
3] Height of Harry’s airplane = 8 m is the x-y plane,
the height is given
-3 5 -8
. — by the z-
Distance travelled = || 10 |- 6 |=| 4 |=/(-8)"+4"+8 =12m | component. Note
8 0 8 that the airplane
did not start
flying from the
origin but at point
/A s N (57 6’ O)

2]

(ii) | Let the angle‘ef’ Eéf&){t]oﬁi@%’s airplane from the ground be 6. Vector
) (0 &

K perpendicular to
the x-y plane is k.

(iii) | The. pqph‘%vof Harry’s airplane and Tom’s airplane are parallel to

D

[1] -4 4
2 |and | -6 | respectively.
4 7
-4\ (4
Since | 2 |-| =6 |=-16—-12+28 =0, the paths of the airplanes are
4 7
perpendicular.

(iv) | Since the airplanes collide,

3]
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5 —4 -39 4
6 |+t| 2 |=| 44 |+s|—-6| forsome s,teR
0 4 0 7

—dt-4s=-44 (1)

www.KiasuExamPaper.com
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2t+6s =38 - (2)
4t-7s=0 --(3)
From the GC,t=7, s=4.
5 —4 -23 Note that question
Position vector of the point of collision=| 6 |+7| 2 |=| 20 requires the
answer to be
0 4 28 given in
Thus coordinates of the point of collision = (-23, 20, 28) . coordinates.
Tom’s airplane takes off 3 seconds after Harry’s airplane takes off.
v) -4\ (4) (38 19
3] Vector perpendicular to the plane=| 2 |x| =6 |=| 44 |=2| 22
4 7 16 8
Equation of the plane containing both paths of the airplanes is
19 5)(19
r-|22|=(6|22
8 0)(8
19
r-| 22 (=227
] ,{/// M _. _\5“9
Cartesian, ctu tibn of @ﬁne is 19x+22y+8z=227.
;- Ty > (S
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10 Functions f and g are defined by
f: x> 4x-2k  for xeR, where K is a constant,
g:Xl—)L for xeR, x=2.
2—X
(i)  Explain why gf does not exist. [1]
(i)  Find the range of values of k for which the equation fg(x)=x has real roots. [4]
For the rest of the question, let k =5.
(iii) ~ Sketch the graph of y =fg(x) for x < 2. Hence sketch the graph of y = (fg)fl (x)
on the same diagram, showing clearly the relationship between the two graphs. [4]
The function h represents the height in metres of an object at time t seconds and is defined
for the domain 0 <t <bby
30
—+g(t+9) for 0<t<a,
h(t)=< 7
2—-1(t) fora<t<hb,
where a and b are constants. At t =0, the object was thrown up from 3 metres above the
ground level. When t = a, the object started to descend and finally reached the ground at
t=b.
(iv) Find the values of a and b. [2]
(V) Sketch the graph of y=h(t) for 0<t<b. [1]
Solution ) Comments
10 R. = (—oo oo) D = {2} Some only state down the
@) f ’ & condition and did not
1] . // o expligitly give the range and
Since R, & Dy, ¢ ({o not exist. domain, thus, not awarded
a \ & any marks.
- g & N
i 7 Common errors in writing
sets:
o e R, eR
e R, =xeR
@g e D, =(—0,0)/{2}
R §§= oD, =x=#2
(ii) £(x) :\@x—Zk  o(x)- 9 There are a fev; who gave
14] 2-X fo(x) = ——2— when
So, fa(x) =4[ —— |2k =% 2k 2-(4x~2k)
o, fg(x)= 2 x) Tk this is actually gf(x).
Method 1
fg(x)=x
36
Ty 2k =x There are quite a few
careless mistakes in arriving
36-2k(2-x)=x(2-x) at this quadratic equation,
36— 4k +2kx = 2x — x> either the sign is wrong or
X2 +(2k—2)X+36—4k =0 36 is mission or -4k is
missing.
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For real roots, discriminant> 0,
(2k-2)" ~4(36-4k)=0
k*+2k-35>0
(k+7)(k=5)=0
Therefore k<-7or k>5

Method 2
fg(x)=x
i -2k =x
- y=k

_l X + i =k \ /

2 2-X
By considering the intersection = 8 x

: .
between y=—1x+£ and y=k, 0
2 2-X x=2 \ .

fg(x)=x has real roots is equivalent (8.-7)

to the graphs of y = —%x+% and y=kintersect. The range of

the graph of y = —%x+% is (—o0,-7])u[5,0). Thus, the range

of k is (—oo,—7]u[5,oo) .

Note that if the quadratic
equation has 2 real and
different roots, then
discriminant > 0.

If the quadratic equation has
2 real and equal roots, then
discriminant = 0.

Thus, if the quadratic
equation has real roots, then

discriminant >0 .

(iii)
[4]

fg(x)=4(2ij_1oz_10+23_6=162+ﬂ
—X —X —X

= y =fg(X) has asymptotes Xx=2 and y=-10.

1) y=fg(x) is arational
function of the form
linear/linear, and so, it has
vertical and horizontal
asymptotes. However, many
did not give the equation of
the horizontal asymptote.

2) Although the domain of
fgis (e0,2), quite a few
thought that the domain of
(fg)fl is also (0,2) .
However, recall that

D =Ry =(-10,0).

3) Whenk =5, fg(x)=x
has equal roots. Thus, the
line y = X is a tangent to the
graph of y = fg(x) .

4) It is crucial that when we
draw the graphs of
y = function and

y = function™ on the same

diagram, the X and y scale
should be the same.

5) The linesy =X,y =2 and
X = 2 should be concurrent.
Likewise y = X,y = -10 and
x=-10.
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iv 30 9 As the height his a
(2 ) —+-——— for 0<t<a continuous function,
2] | h(t)={7 2-(t+9) 20
2-(4t-10) fora<t<b 7 re(t+9) att=ais
When't=a, £+ 9 ~2(4a-10) equal to 2—f(t) att=a.
7 2—(a+9)
2 A
T+a 7
Using GC, a=2.1738=2.17 (3s.f.)
Att=b, h(t)=0.
Thus, 2—(4b—10):0 = b=3.
v) Very few are able to draw
[1] h (1) A the correct graph.
3.30 Note3t(l)1at when Oﬁgja,g
=2 o (t+9)=22_
3 =3 +e(t+9) 7 t+7
and the graph should be
concave downwards. It can
be seen from the graph
> 30 9
O v 7 .
(y Z X+7)below.

y

/’cﬁ—

/

Note that when a<t<b,
y=2—f(t):12—4t isa

straight line.
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2021 SAJC H2 Maths Promo Paper Duration: 3 hrs Marks: 100
Attempt all questions.

1 (a) Let U, and S, denote the N term and the sum of the first n terms of a sequence
respectively. Given that where U, =1, U, =5, the sum of the first twelve terms is

276 and S is a quadratic polynomial in n, find S in terms of n. [3]
. 32\
(b)  Asequence {v,} isdefined by v, =v, 53] " >2 and V, =4. By

N
considering Z(Vn -V, ) , find Vv . Hence, explain, with a reason, whether the
n=2

sequence is convergent or divergent. [5]

n

2 The sum of the first n terms of a series, Sn, is given by —2. , where a is a non-zero

2n—l

constant and a# 2.
n—1
(>i) Show that Tn, the n' term of the series, is (a — 2)[%] . Hence show that the

given series is a geometric series. [4]
(ii)  Find the range of values of a for the sum to infinity to exist. [2]
(iii)  Given that a = 1, find the least value of n for Sn to be within + 0.2 of the value of

the sum to infinity. [3]

3 The function f is defined by

(i)  Show that f(x)=f"(x). [3]

(i)  Find f*(X) and hence evaluate £*'(3), leaving your answer in exact form. [3]

4 (i) Given that pxq =0, what can be deduced about the vectors p and q? [1]
(ii)  Find the unit vector r such that r x(—6i+3j+2k) =0. [2]
(iii)  Find the sine of the acute angle between —6i +3j+ 2k and the x-axis, leaving your

answer in exact form. [3]

1 [Turn Over
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(@)

(b)

(@)

(b)

(i)  Show that 1(32*) =9"1n9. [1]

dx
(ii)  Hence, differentiate tan™ (3“) , X>0 with respect to X. [2]
2 3
Given that y*' =e”*, where Yy >e ', show that yd—g = —z(ﬂ] : [5]
dx 3dx

The graph of y =h(x) , where h(x)=¢’, was transformed to a new graph with
equation y =g(Xx).

1
(i) Given that g(x)= m , express g(x) in the form of ke™, where k and
(X
m are exact real constants. [1]
(ii) Describe a sequence of two transformations which would transform the
graph of y =h(x) to the graph of y=g(x). [2]

The diagram below shows the curve y = f(x). The curve has a minimum point
(=3 , —4) and passes through the origin. The lines X=3 and y =-2 are the

vertical and horizontal asymptotes to the curve respectively.
y A

y="1f(x)

(3. -4

X=3

(i) Sketch, including the coordinates of the point(s) of intersections with the
axes, turning point(s) and equation(s) of asymptote(s), if any, the
following:

1
(a) y:—Ef(x—3) [4]
W oy 3]
f(x)

(ii) State the coordinates of the point(s) where the curve y =f '(X) cuts the

axes. (1]
2 [Turn Over
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. 22X +6x+k .
A curve C has equation y =f(x), where f(X)= 3 k is a non-zero real
X+

constant. It is given that the gradient of the curve C is always positive.

(i) Find the range of values of k. [3]

(i) Sketch the curve C for the range of values of k in (i), showing clearly, if any, the
equation(s) of the asymptote(s) and axial intercept(s). [3]

(iii) By adding a suitable curve to the graph of y = f(x) in (ii), deduce the number of

1 (2x2 +6x+k)2

distinct real roots of the equation — 5 -x*=1. (2]
41 (x+3)

(iv)  Given that k =—1 and drawing two suitable graphs, solve the inequality
f(x)>[x-3. [4]

A curve C has parametric equations

I

(>i) The point P (\/5 +2, %\/5 — lj lies on the curve C. Without converting the

X=2sinf@+2 , y=3cosf—-1,

where 6 e [—E ,
2

o3

parametric equations into cartesian form, show that the equation of the normal
to the curve C at P is 6y=4x—14+5«/§. [5]

(ii)  Find the area of the quadrilateral bounded by the y-axis, x-axis, the normal at the
point P and the horizontal line passing through P , correct to 3 decimal places. [3]

(iii) What can be said about the tangents to C as 8 — ig ? [1]
(iv) Draw the curve C, showing clearly the features of the curve at the points where
6=-" and . 2]
2 2
3 [Turn Over

www.KiasuExamPaper.com
251



When referred to the origin O, the points A and B have position vectors 5j+15k and
i—j+3k respectively.

-2 -1
The line |, hasequationr=| 1 [+4| 2 |, 1eR.
3 3
(i) Find a vector equation of line |, passing through the points A and B. [2]
(ii)  Find the coordinates of the point C, where |, and |, intersect. [3]
(iii)  Find the position vector of the point F, the foot of the perpendicular from A to the
line |,. [4]
(iv)  Find the vector equation of the line of reflection of |, in the linel, . [3]
v) Find a cartesian equation of the plane that contains the lines |; and |,. [3]

A property developer wants to
develop a triangular plot of land
PQR as shown in the diagram
below.

One section, NQM, is to be used for
residential development and the
other section, PNMR, is to be used
for commercial development where
M is on RQ and N is on PQ.

It is given that NQ=x km,

QM =ykm, MN =zkm,RQ=1.5
km, PQ = 1.8 km, and a fixed angle
ZNQM =« radians where

ae(O,Ej.
2

(i) To achieve the requirements set out by the government on the use of the plot, the
developer plans the use such that the residential development and commercial
development takes up the same area each in the plot PQR.

Show that z° = X* + 1'82225 —2.7cosa . [4]

X
The developer wants to build a fence on the boundary MN. In order to minimize the
construction costs, he decides that the boundary MN should be of minimum length.

(ii)  Using differentiation, find the value of x which will minimise the length MN,
giving your answers correct to 3 decimal places. [7]

(iii) Given that ZNQM =« :%, sketch the graph showing the relationship of the
square of the length MN as the length of NQ varies. [3]

4 [Turn Over
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2021 SAJC H2 Maths Promo Paper Solution

1(a) |Let S, =an’+bn+c

Whenn=1, l=a+b+c ---(1)

Whenn =2, S,=u,+u,
4a+2b+Cc=6 ————(2)

Whenn=12, 276=144a+12b+c --- (3)

Using GC to solve equations (1), (2) and (3),
a=2,b=-1,c=0.

-8, =2n"-n
(b) N 3 N 2 n-2
V. —V =| —— -

;( n n—l) ( 5);(5)
LHS:

N

Z(Vn -V 1)

n=2

= —V1

+ —

+ =

+...

+ 1 W-2

+Vy =%

N
= VN - 4 i{///\j .\/\03
RHS: S
| RN S
(NX ;,2 O 1 1_() N-1
5‘ / 11:2)5\0@\\ 5 1 _ g 5
Therefore

N-1
Vy —4z(%) -1

N-1
As N — oo,(g) — 0. Hence v, — 3, a constant/unique finite value.

Therefore the sequence is convergent.
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2(3i)

S, = -2; S, | = -2

1-1
Whenn=1,T, =S§, :2%—2=a—2:(a—2)[%j which follows the form of
n—1
a
Tn:(a—2)[5] when n=1.

n—1
Thus, T, = (a—2)[§] forn>1 (shown)

ol

n =

ol

Series is a geometric series. (shown)

a .
=— (constant independent of n)

@) For the sum to infinity to exist, 5 <1
s—2<a<2,a=0 %<2a¢0]
(iii) | Need to find the leas(%'uﬁ'ﬂ suéh that | S _s | <02
T =-1,S, % .1 Swz—:—z
1
1——
7 $ ’a IR
For S, Swl__.<. 0.2 o
o *2 —(—%} %< 0.2
: u\}\\
'2:1 <0.2
2" > 5
2" > 5
no1>03
In2
n>3.32
Leastn=4
Page 2 of 15
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Alternatively,

T,=-1,S, = 2:_1 -2, Common ra‘[i0=l
S, = _—11 =2
1——
2
For |S,—S,|<0.2
1
T 2-(-2)<0.2
nl_l <0.2
n 1
2n—1
3 0.25>0.2
4 0.125<0.2
5 0.0625<0.2

Hence, the leastn =4

3 x
® Let yzln(ex—i_lJ
e —1
y
Since x:f‘l(y):ln(eeri] :
41
Flix)=In| <= | =
=[S0

(i) Since f(x) =f' (X),

fF(x) = ff'(x) = X. Thus, £>(X)=X.

£221(3) = £(3) = 1n[ez 1}
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4(i) | Vectors p and q are parallel or either p or q (or both) is a zero vector.
(i) -6
Sincerx| 3 |[=0
2
-6
r is parallel to the vector | 3
2
| -6
r= 3
\(=6)* +3% +27
. -6
=—| 3
7
2
(iii) -6\ (1 Alternatively
Letd be the required acute angle.
3 |0
s N2 6 6 6\ (1 0
] ol TN
Using the trigonometric identity, . 2 0 -3
.2 2 _ sin = =
sin“ @+cos” 0 =1 ‘@Hﬁ‘ ‘\/4—9“\/1‘
N
7
20
sin @ > 0 since @ is an acute angle.
Page 4 of 15
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5(a) d . < Alternatively,
) &(32 )=3"(2)(In3) N
Let y=3"". Then, Iny=2XIn3
=9*In3? . . o
Differentiate both sides with respect to X,
=9"1n9 (Shown) {d
~Y o3
y dx
ay_ 2yIn3=2(3")In3=3"1n9
dx
(@ | Let y=tan (3“)
(i)
dy 1 X 9"In9
d—:ﬁ(9 11'19): 1 34x
X 1+(3%) +
(b) y2y — eBx+Ze

Taking In on both sides, 2yIny=3x+2e
Differentiating both sides with respect to X,

i
) %)(l+lny)=3———(1)

Differentiating (1) with ect to X,

(S)5)@)

5 orl8) 40
Nl ax (I+Iny)\dx 3 dx
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6(a) | h'(x)=3¢"
® L1
X)=— == e—3x
g ( ) h' ( X) 3
(@ |y=e*
(i) ! Replace x with —x
y — e—3X
! Replace y with 3y
1 -3x
=—e
g 3
The graph of y = h(X) undergoes the transformations:
1. Reflection about the y-axis, followed by
2. A scaling parallel to the y axis with a scale factor of %
to obtain the graph of y = ;
h'(x)
gib;) y:f(X) replace X by x—3 y:f(X—S) replace y by —y y:—f(X—S) replace y by 2y N y:_%f(X_S)
(@)

Y a X=6

B i R i T

Page 6 of 15
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(b)
@
(b)

(b)
(i)

(=3.0)

[Note: (-3,0) on y =f"'(x)Corresponds to the stationary point on y=f(x), and
there are no other x<intercept on y =1 '(X) . However, there would be a y-
intercept on y =f '(x) , but there is insufficient information from the question for
us to determine the.value of the y-intercept since we do not know the gradient of
the graph, y =f (x) atx=0.]
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7(i) 2X% +6X+K Alternatively,
T x+3 _ 2% +6x+k
dy _ (4x+6)(x+3)—(2x* +6x+k) X+3
dx (X+3)° y:2X+L
_2¢+12x+ 18-k _ | X+k3
(Xx+3)? Y _5_ i
2 dx (X+3)
= 2X" +12X+18 -k > 0 for all real values of X, X # =3
= Discriminant < 0 For ﬂzZ— k >0,
dx (x+3)2
12° —4(2)(18-k) <0
k<0
=k<0
(ii) _ 2% +6x+k
X+3
k
y=2x+——-,k<0
X+3
Equations of asymptotes: y=2x, x=-3
Intercepts:
k
X=0=>y=—
y 3
y=0=2x*+6x+k=0
L 6£36-8k _-3\0-2k
4 2
> X

Page 8 of 15
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(i) (sz +6X+ ka
2

X+3
— X =] === *®
y (*)
y' X
Add the hyperbola Py =1.
Asymptotes are y =+2X and y-intercepts are (0,%2)
2

Since the graphs y = (X) and 2—y2 —E s 1 have two intersection points, the equation

(*) has two real roots.

(iv)

>
|

w
>

VS
O 2b
N
[
;/
)
=<
S

N
N

2%+ 6x-1
X+3 4

&Y
-_———aahh AN .o
N ]

The x-coordinate of the-intersection points are between the graphs

2x % 6x 18
< 2T T and y =|x—3) are —3.0817 and 1.0817.
X+3
2
For 220X L 1y 5 3.08<x<-3 or x> 1.08.
x+3
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8(i)

%=20056’ s ﬂ=—3sin9
de de

dy dy 1 e
o d6’ x =(-3sin)x

de

! = —itanﬂ

2cos@ 2

AtP, J2+2=2sin6+2 = sinezg =0=

32

Check: y=3co sz—l———l

NG|

Gradient of normal at P = —3— =
(—tan n]
2 4
: 3
Equation of normal at P: y — \/7 1 [ (\/7 + 2)}
2 45 [ﬁ J B

L2
3

2 7
_X__
3 3

+242
6

= X——t=
y3332

6y =4x—14+5y2

(i)

When the normal at point P intersects the X-axis, y =0

0=4x—14+5f
145 : Nt

L \/_ L2 \/' .
;rz ~\ /
Area of quadrilateral .

B s B

= 2.8854 22.885) tnits” (3 d.p.)

(iii)

d ) .
As Bt = s W —ztan 6 — too . Hence, the tangents will become/approach vertical

X
lines.

@iv)

y x=2sinf@+2 , y=3cosf-1,

0 \ X
(0’_1 (49

_])
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9(i)

(i)

0 1
OA=|5 |;OB=|-1
15 3
1 0 1
AB=0B-OA=|-1|-| 5 |=| -6
3 15 -12
0 1
Equation of linel2: r=|5 |+u| =6 |, ueR
15 -12
Let the point of intersection between |, and |, be X.
-2 -1 0 1
OX=|1|+A] 2 |and OX =|5 |+u| —6 | forsome A, ueR
3 3 15 -12
-2 -1 0 1
Since |, and I, intersect, | 1 |+4] 2 [=|5 |+u| -6
3 3 15 -12

2-A=u = A+u=-2 .. (1)
1+2A=5-6u= 2A+6u=4 - (2)
3+34=15-12u = 3
Solving (1), (2) and (3

(iii)

Since AF is perpendicularto I,, AFe| 2 [=0
3

Page 11 of 15
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—2-1 -1
—4+2 [e| 2 |=0
-12+34 3
2+A-8+44-36+94=0
141 =42
A=3
-2 -1 -5
Therefore OF =| 1 [+3]| 2 |=| 7
3 3 12

(iv)

Let A' be the point of reflection of A
along the line |,

Alternatively,
Let A' be the point of reflection of A along the
line I,

Using Ratio Theorem, OF =% Using Ratio Theorem,
OA'=20F —-OA cf - CA+CA'
5 ~10 T
s 1l s CA=CF-CA
ol s 5 =2[0F—oc}—[0A—oc]
Let |, be the line of reflection of |, in =20F —~OC -OA
the line |, -5 2 0
CA' - OA'_OC —2|7 |=|-7]-|5
12 -9 15
= -12 -6
=16 |=2|8
18 9

Let |, be the line of reflection of 1, in the line

1

-6
Direction vector of |;=| 8 Direction vector of |;,=| 8
9 9
equation of the line |, : equation of the line |, :
2 -6 2 -6
r=|-7|+a|8 |, aeR r=|-7|+a|8 |, aeR
-9 9 -9 9
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)

-1 1 -6
The normal of plane=| 2 (x| =6 |=| -9
3 —-12 4
0
Using OA=|5 |asa point on the plane
15
-6 0)(-6
re{ 9 (=|5 -9
4 15) 4

Cartesian of the required plane is -6X—-9y +4z =15

Page 13 of 15
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103)

By cosine rule, 2> = X* +y* —2XycoS @ ---------- (D)
By considering the area of the triangle and the quadrilateral,

2[% Xy sin aj = %(l.S)(l.S)sina

Xy =1.35 -----mmmmv 2)
= g _________ 3)
X

Substitute (2) and (3) in (1):

22 =x +(135j -2(1.35)cosa

(i)

X

2y 1. 8225
Differentiating with respect to | Alternative solution
X -

' (2 1.8225 2

22322)(_3.6345 z_(x + v —2.7cosa

dx X 1

For the stationary values of 7, | 4; | 1.8225 2 2(1.8225)
dz —=—| X +—= —2.7cosa] 2X————=
=0 dx 2 X X

dx

3,645 1 1 2(1.8225)
2x-—5—=0 T2 [, 18225 P
X \/x2+ o= 2.7 cosa
2x*—3.645=0 X

x =1/1.8225,

4= , dz
X" =1.8225 &{// U < For stationary values of z, Y 0
'\,,\'~ X

>
< b‘)

3.645

=1. 16189 ¥ 162m(93\ﬁp) 2X—==5==0
X
K 4/
& 9‘ x* =1.8225
,~'x?,
ik f",\g x=4/1.8225=1.16189=1.162 m (3 dp)
Ve or x=—41.8225 (N.A, x>0)

Method (Second Derivative Test)
Differentiating with respect to x:

2 2
Z(EJ +217 d—= 2+ 10’9435
dx dx? X

dz
For the value of z to be minimum, i =0
X

2
27 d_ oy 10.9435
dx? X
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d’z 1 ( 10.935}
=572t
dx= 2z X

For x =3/1.8225 ﬂ—i 2+10'935 >() since Z > 0 given that z is a length
TN T T 2z 7T 18225 8 st

Hence the length of MN is a minimum when x =1.162 m (3 decimal places)

(iii)

22

*

s o 1.8225
z°=x"+——=
x

—2.'7(:05E
3

(1.8,2.45)
~

v

0(1.16, 1.35)
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1emasexk 2021 JC 1 H2 Mathematics Promotional Examination

1

(a) Describe a sequence of transformations which would transform a curve y =f(x)

onto the curve y = f(l—2X) . [3]

(b) Sketch the graph of y = ‘2 —3e*

, showing the relevant features. [2]

Without the use of a calculator, hence find the exact range of values of X that satisfy

the inequality ‘2 - 3ex‘ >e?*, for X>0. [4]

The position vectors of the points A and B relative to O are a and b respectively, where a
and b are non-zero and non-parallel vectors. The point C, with position vector ¢, is the
reflection of A in the line OB. Given that b is a unit vector,

(i) show thatc=2(a.b)b — a, [2]

(ii) show that ¢ x a=2(a.b)(c x b). [2]

In the Emazon forest, trees are chopped down and the wooden logs are transported to the
timber factory where they are cut into beams. In the figure shown below, it is assumed
that the cross-section of each wooden log is a circle. Each beam is cut such that the cross-
section is a rectangle and the 4 corners of the rectangle touch the circumference of the log
to reduce wastage. It is given that the strength, S, of a beam is proportional to the product
of its height h and the square of its width X.

X

h beam wooden log

A particular wooden log of radius r has been sent for cutting.

(i) Show that S =kx*+/4r” —x>, where K is a real constant. [2]

(ii) Using differentiation, find the exact width, in terms of r, of the strongest beam that
can be cut from the log. [5]
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In the figure (not drawn to scale), POQ is a rail and ZPOQ = % AB is a rod of fixed

length 1 m which is free to slide on the rail with end A on OP and end B on OQ. It is
given that OA =X m, OB =y m and ZOAB = f radians.

(@
(ii)

Given that B is moving towards O at a rate of 0.2 ms

(iii)

A curve C has equation y = ¢

®

Express X and y in terms of 6. [2]

Given that S is the area of triangle OAB, find S in terms of 6. [1]

-1 at the instant when @ :% ,

find the rate of change of S at this instant. [4]

2

where ¢ is a real constant and o # 1.

Find the equations of the asymptotes of C. (2]

It is given that C has positive gradient for all X € R.

(i)
(iii)

(@)

(b)

(©)

Find the range of values of «. [4]

Sketch C, giving the equations of the asymptotes and the coordinates of the axial

intercepts. (2]
Find jsin pxsin gx dx, where p and q are real constants. [2]
: o [ e . . :
Find the exact value of I wl 0 dx, giving your answer as a single logarithm.
~n2{ ™ +

(2]

By considering Xx—1= A(l1—-2x)+ B, where A and B are constants to be determined,

find I

%dx. 5]
6+X—X
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(a) The function g is defined by

1
g: X x+—, X>0.
X

(i) Explain why g does not have an inverse. [2]
(i) If the domain of g is restricted to the subset of R for which x> p, find the

minimum value of p such that g™ exists. Using this value of p, find an

expression for g~ (X), stating the domain. [5]

(b) The functions f and h are defined by
f:X+—>k—(x+1)2, —2<x<2andKk is a constant,
h:X}—)ln(x+3), x> 0.

Find the minimum value of k such that the composite function hf exists. [2]

(a) Find [xe? dx (2]

(b) A curve has parametric equations

1
1t
x=e' —2t, y=e?, where0<t<2.
(i) Sketch the curve, giving the exact coordinates of the end-points. [2]

(ii) Find the exact x-coordinate of the point on the curve where the tangent to the
curve is parallel to the y-axis. [4]

(iii) Find the exact area of the region bounded by the curve, the lines y =1 and
y = e, and the y-axis. [4]

An ellipse C has equation x*+3y”> =a’ where a is a positive constant.

(i) Sketch C. [1]

(ii) The region enclosed by C, the line y = X and the positive X-axis is denoted by R.

By using the substitution X =asin@, find the exact area of R in the form kza’
where K is a constant to be determined. [7]

It is given that a = J10 . The region enclosed by C and the line X=2, where X>0 is
denoted by S.

(iii) Write down the equation of the curve obtained when C is translated 2 units in the
negative X-direction. Hence or otherwise, find the volume of the solid formed when
S is rotated through 27 radians about the line X=2, giving your answer to 3

significant figures. [4]
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A pyramid has a horizontal rectangular base ABCD, where AB = 4 units and AD = 2 units. The
vertex T is 5 units vertically above the centre of the base, O. Perpendicular unit vectors i, j and
k are parallel to AB, AD and OT respectively. The point N is on TB such that TN : NB=5: 1.

(i) Find a vector equation of the line AB. [1]
(ii) P 1s apoint on AB such that PN is perpendicular to TB. Find the position vector of P. [4]

(iii) Find a cartesian equation of the plane TBC. [3]

A line | has cartesian equation

z . ..
=y= PR where K is a positive real constant.

(iv) Find the exact range of values of k such that | is inclined at an angle of less than 45° to

the horizontal plane. [3]
11 (a) The sum, S, of the first n terms of a sequence u,, U,, ...., U, ... is given by
2 1 .
5(1 - k_”) , where K is a non-zero constant and K # 1.
(i) Show that the sequence is a geometric progression, and state the values of the
common ratio and the first term in terms of k. [4]

(ii) The sum of the first n terms of another geometric series is given by

1 1 1 e .
—+—+...+—. State the range of values of k for the sum to infinity of this
u] u2 un
series to exist and find the sum to infinity in terms of k. [3]

(b) An arithmetic progression has first term a and common difference d. The sum of the
first n terms is one-third the sum of the next n terms of the arithmetic progression.

(i) Show that d =2a. [3]
It is also given that a and d are positive integers, and n 1.

(ii) Hence find the value of n if the sum of the first n terms is 98. [2]
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k 2021 JC 1 H2 Mathematics Promotional Examination (Suggested solutions)

[Solution]

Comments

Ql(a)
y=f(X)——y=f(x+1)

— 5y =f2x+1)
—R sy =f(2x+1)
A sequence of transformations is:
1 A translation of 1 unit in the negative direction of the X-axis

2 A scaling parallel to the x-axis by factor %

3 A reflection about the y-axis

- Use proper phrasing, eg
translation instead of
shift, reflection instead of
flip, scaling...by factor

l instead of %units.

- Generally well done for
students who did
translation first, some
errors made are those
highlighted in yellow.

OR
y =f(X)——y=f(2x)

%y=f[2(x+%)j=f(2x+l)
—2 5y =f(2x+1)

A sequence of transformations is:

1 A scaling parallel to the x-axis by factor %

2 A translation of - i

3 A reflection about the

direction of the x-axis

- Students who did scaling
first tend to get the
translation in the second
step wrong. Note that we
only replace X as
highlighted in green.

OR

%f _.

Y S (fﬁ—
A sequence @@/_tra@formatlons is:

1 A reﬂectlon about the y-axis
2 A translation of [umif in the pOSifive direction of the x-axis

3 A scaling parallel to the x-axis by factor %

- Students who did
reflection first tend to get
the translation in the
second step wrong. Note
that we only replace X as
highlighted in green.
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[Solution]

| Comments

Q1(b)

Letx=0, y=1

Let y=‘2—3ex‘=0 = x=In2
Asymptote: y =2

(As X—>—o0, e >0 .. y—>2)

Things to take note:

1. Horizontal asymptote
y = 2 must be drawn.

2. Sharp point at (In$,0).

Add the graph of y=¢** on the same diagram.
At the intersection point A, —(2 - 3ex) =¥

(e*—2)(e*-1)=0

e —3eX+2=0
=2 or e =1

X=In2 or x=0

(rej. since X > 0 for A)

- Hence means need to
make use of the graph
above to solve.

- Since -, only need to
solve for the intersection
point A.

- Algebraic errors made in
the process of solving for
intersection, eg

For ‘2—3ex‘>ezx, where x >0%. the solutionis 0<X<In2 3ex—e“:ex(3—ez)x

- Note that the solution
must be given in exact

form.
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Q2

[Solution]

Comments

Let N be the foot of perpendicular from A on line OB.

W:AQ forsome A€R | e that % can
AN -b=0 be negative
(4b-2)-b=0
Ab-b-a-h=0 b-b=of
,_ab
b A
=a-b since |p|=1 /
Therefore, ON = (a-b)b 0 N B
Since N is the mid-point of AC, C
W:&+&-
2
c=20N -OA
=2(a-b)b-a

Use correct notation:
Vector b or ON

ON without — 1is treated as the
length of ON.

Use the usual procedure to find ¢

1) first find the position vector of
foot of perpendicular from A to
OB

2) then use ratio theorem to find
the point of reflection of A
about OB

As ‘numbers’ are not given, you
need to use vector algebra and
notation well.

Alternative to find ON :

ON is the projection vector of‘a on b

Since b is a unit veefor, ON Z/(&"5)b

Use the alternative method only if
you know the direct formula for
projection vector of a on b
(not to be confused with length
of projection). Note this formula
is often poorly understood or
wrongly quoted.

Note:

1)  We cannot assume that point B is the foot of the
perpendicular from A to the line OB as it is not stated in the
question. In fact B is not the foot of the perpendicular.
Instead we have to let N be the foot of the perpendicular and
find it as given in the above solution.

/
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2)  Many students used

o

ON = (length of projection of  on h) ol

~

|
b since |b| =1

incorrect as ¢ - b can be negative

Cannot assume that ON is in the same direction as OB .

As ON can be in the opposite direction to OB, hence it is
possible a-b<0 and (2-b)#|a-b| and the above method
is not complete.

The above method works only if angle AOB is acute and ON
is strictly in the same direction as OB.

(i)

i 1gM
X
ol
=
|
o ¢
—~ 10
e}
—-
7
N
o
-
o
<
(¢}
a
Q
o
\:‘ﬁ
=}
o
=
o
—~~
%)
o
o
I~y
-
-
Nt

Alternative

cxa=|2(a-b)by af:
=[2(ab)8 <k -axa
zz(g. ( 3
=’2(g. (

From (1) & (2),

cxa=2(a-b)(cxh) (shown)

Cross product is a vector:
axa=0

Common mistakes:
1) Wrongly concluding that
because ¢ is the reflection of a

about OB a=-C . As seen in
diagram below, a # —C.

c

0

2) Wrongly equating vector to
area (scalar):

%(f_} x @) # Area of triangle OAC

vector # scalar

Formula should be

%| cxa| = Area of triangle OAC
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Q3 | [Solution] Comments
(i) | Using Pythagoras theorem, X° +h* =(2r) As this is a “show” question, do
not skip steps.
= h=+4r’-x’ PP
S =khx* =kx*v4r* —x*> where k> 0, kis a real const
() | 5 -k /arixt —x° Common mistakes:

i—i:%k@rzx“ —xé)_%(16r2x3 -6%°)
ds k(8r2x3 —3x5) B kx3(8r2 —3x2) B
dx Akt —x* Akt —x*

x3(8r2—3x2):0

0

X =0 (rej. since X >0) or X:\E r
Alternative method

S = kx*/4r* = x?
1
as 2xk~/4r> — x> +kx? %(4r2 e )_5 (-2x)

dx:

kx3
=2xk4r* — x> - ——
NAr:—x?

2xk(4r2 —xz)—kx3
) 4r* —x*

ghxr? — 3k kx(8p2-3%7)
) \/4r2—x2 ) \/4r2—x2

x(8r2—3x2):0

X =0 (xej. since x>0) or X:\E r

- +
\/§ 8 8
X —r —r —r
L B (6
' >0 <0
ko (8r2 —3x> since since
a5 =¥ (8r*=3x*)> 0 (8r>-3x)
dx Ar2x* — x6
X =X 0, >0 <0,x3>0
and k>0 and k>0
shape / \

Hence S is max i.e the beam is the strongest when the

width X = \/E r
3

-Forget chain rule

-treat r as a variable instead of
constant (see the word particular
highlighted in blue)

-careless mistakes in algebraic
manipulation

-Not enough explanation is given
for using the first derivative test
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Q4 | [Solution] Comments
(i) | Using sine rule, Note: Sum of angles in a
‘y _ X B . (Note that sin T _ l) triangle is 7 not 27
sin 6 . [ 5m P sin™ 6 2
. 6 Use sine rule to find X and y,
choose appropriate equality:
y=2sinf Y
5o sinf
X=2sin(?—0] X _»
sin (571 — 0)
6
There is no necessary to
ii further breakdown
@ S:l(x)(l)sinH:l 2sin[ 2 -0 | |sing =sin[ 2Z—0 |sino 5
2 2 6 6 sin (_7[ -0 j :
6
enB i .
(i) At the instant when 6 = z , d_y =-0.2 leep s moYlng towards O
4 dt =y is decreasing.
dy =2cos0 Therefore, & 1s negative
do dt
Thinking:
Uiing. Y, 0

Using iS—=—><,—,
dr  do dr
—= —s1n(—jcos(—j+sin(7—ﬂjcos(z] X —L
dt 12 4 52
=-0.122

Thus the rate of change of S is —0.122 ms™!

We need to find % and we

have S in terms of O.
Therefore, we need to use
dS dS _do

_X_

dat do dr

Hence, we must get % first.

Since we have dy and ﬂ,
dt do

we can use find % from

& _dy do

dt do dr
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Q5 | [Solution] Comments
(@) a— x> a—1 Perform long division till the degree
y= 1—x :X+1+1_X of the remainder is less than the
Equations of asymptotes: X=1, y=x+1 degree of the divisor.
(ii) ﬂ_pr oc—l2
dx (1-x)
Given C has positive gradient for all x € R, dy >0 Students must differentiate y w.r.t. X
{ dx correctly to obtain the inequality
l+——— >0
(1-x) x> —2X+a>0 forallxeR, x#1
1-X)* +a-1
A= +a-l_,
(1-x)
2
X" —=2X
—‘;(X >0
(1-x)
Since (1 - X)2 >0, X>=2x+a>0 forallxeR, x#1 | Remember the objective is to find the
Discriminant = 22 —4(1)((1) <0 range of value of ¢, not Xx.
a>1
(iii) X B
y4 5 y=x+1 Note: Since the question requested
/ for ‘the coordinates of the axial
| 7 intercepts’, it is required to labelled
0.0) /// the axial intercepts with the correct
’ { N/ coordinates form.
VA Vi , > .
(_ Ja 0} ; r( & 0} X Also it must be shown that the graph
o g s
Vi y approaches to the asymptotes
/ : appropriately.
%
Xx=1
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Q6 | [Solution] Comments
(a) I sin pxsin gx dx e Use Factor Formula
. . 1
:—%Jcos(p+q)x—cos(p—q)x dx s1nAsmB——5[cos(A+ B)—cos(A—B]
1 {sin(p+q)x_sin(p—q)x}_C e Be familiar with integration techniques
2 P+ P—d jcos(ax+b)dx=lsin(ax+b)+c
a
2x
(b) IO _ J‘ 26 i(e2x+1):262x
m2| e2¥ 41 m2| e2¥ 41 \ dx
e 0 ~Use J- L) dX—ln|f(X)|+C
=— ln(ezx+1)} fx)
2t _;\ 2x 2x . 2x
- ~ln‘e +1‘=1n(e +1) sincee”” +1>0
=—|In(e’ +1)—(e™™* +1
et o]
1 1 " Use result|e™ = x
=— ln2—ln(—+1] - 1
2 4 o 22 _ in(22) —02_1
1. 8 4
=—In—
2 5
(¢) | x-1=A(1-2x)+B=-2Ax+(A+B)

Equating coefficients, 2A=1= A=——

A+B=—l:>B=—l—A=—%

oX=1=

1 i
——(1-2x) #=
2975

IX—_ldx
V6 + x = X2

—%(1—2)6)—1

_ 24

I VO x= X "

1 1 1
_EI(I_zx)(6+ sz@dxajmdx

1(6+X XQ

—_ X_i

2 J(zj ( 2)

:—\/6+x—x2—lsinl(2x_lj+c i
2 5 )

Split into 2 integrals using the suggested
form

+C

' ) - [f(x)]n+]
jumﬁuﬂdw_n+l

Note that V6 + X=X =v—1JX> =Xx—6

BUT \/—_1 is undefined.

1 1 .
‘[\/az—( =—sin

pX+q)*
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Q7 [Solution] Comments
(a)() y ‘f( Y =X
M L y=3 Your sketch should indicate the
: coordinates of the min point
(1,2) (1,2).
> X
 x = 0
Give proper argument!
Since the horizontal line y = 3 cuts the graph of | Giye equation of a particular
y = g(X) twice, g is not one-one. line eg, ¥ = 3 to show that g is
Thus g does not have an inverse. not 1-1.
(a)(ii) |Forgtobel-1, x>1, Need to answer to the question
Minimum value of p is 1. on what is the min value of p.
1
Let y=x+—
X
X*—yx+1=0
Use quadratic formula to
.y —
X = % express X in terms of'y.
. vy’ —4 Always state the reason why
Since x>1, Xx= 5 we rejected one of the answers.
. X+x -4
g (X)= 2 4 Dg|:Rg=[2’oo)
(b) For hf to_exist, Rf < Ds.

y A
(_Lk)

(52, ki 1)”*&

A
1¥--9(2, k-9)

y="f(x), -2<x<2

Re=(k—9,k]

Dh=(0,oo)

Hence, the minimum value of K is 9.

Sketch the graph of f to obtain
the range of f (for the smallest
and largest value of y) in the
given domain.

Unless the function is strictly
increasing or decreasing, the
range should not be obtained

by substituting the min/max X-
values.

Need to answer to the question

on what is the min value of k.
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Q8

[Solution] Comments

(@)

lx lX lX
leZ dx = x| 2e? —.[2e2 dx

1 1
—X
=2xe? —4e’ +¢C
1
-
or 2e? (x—2)+c

(b)(®)

yA

: (e2 _4: e)

(1,1

v

(i)

1

. 1
x=e —-2t, y=e’ When the tangent is parallel to
Tangent is parallel to y-dxis: the y-axis, we have a ‘vertical

(dyj 1 %t | M4, line’,
dy dt Ee ¢? .
& = ™ = Y& = ) 1s undefined
3
2(e’ =2)=0

[;an ut —
P dx

L x=€¢"222In2=2-21n2

(iii)

Ay

: (e2 _47 e)

S
NGl
N\

| (L.1)

~

| .
0 ; 3 3 ™ X

www.KiasuExamPaper.com
284

Integration by parts: ensure you
know how to decide which term
to integrate and which term to
X differentiate.

Be careful of careless mistakes
such as

1) writing ‘+’ instead of ‘-’

2) forgetting constant of
integration ‘ +C’

Ensure you answer the question
2 by giving the coordinates of the
end-points in exact form.

1.e. the gradient approaches too.
. . d
1.e. put denominator of d_y to 0

to solve for t.
‘ Do not confuse with tangents
e =2 parallel to the X-axis where we




11

It 1
Wheny=e, e=e?> = IZEt = t=2

1

1t
Wheny=1,1=¢? = ln1=%t = t=0

:lxz{ei
2 3
1
=2(e-1)
1

3

(e3 —13) units?

} - {2&t (t- 2)}
O using (a)0
-2 [O - (—2)]

Students to be careful to use
the correct formula

IX dy or J.y dx as using the

wrong formula from the start
may mean not being awarded
any mark at all.

For areas involving parametric
equations, use integration by
substitution to find the integral.
There is no need to find the
cartesian equation.

DO NOT FORGET to change
the limits to values of t as well.

Students can make use of the
result in (a) without having to
integrate by parts again.
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[Solution]

Comments

Q9(i)

Note: the line y = X is for part (ii)
only.

Remember to always label all
vertices (calculate the coordinates
carefully!), and try to draw a
symmetrical diagram.

x*+3y’=a’ = y=+=

i) A= 1(2)(3), L
(ii) Area—2(2j(2}r 3

c>o|9’M
+

&Sl-
NN o[y

= a—2+ia2iicosz€ do
8 V3 1
6
al a’ 2
= —+ cos20+1)do
; 2ﬁ£( )
6
2 2 I 4
=a—+a lsin249+6?_]2
8 2\/5_2 _Ig
a’l. a (ﬂ' \/5 T
8 U324 6
i el
63
Thus,kzL

63

a’—a’sin’ @ (acosf)dé

At intersection: sub Y = X into
X +3y*=a’ = 4x*=a’.

Since x > 0, lea and yzla
2 2

Use the diagram in (i) to see that
the first portion on the left is a

1
triangle (use E x base x height),

and to ensure that the limits of
integration are correct.

When x:la, l=sint9 = 0=
2 2

l=sinf = 6=

z

6
When x=a, z
2

A lot of careless seen here with
the integral of cos 20 and also
using +/— signs.

(i) (x+2) +3y*=10

Y a

V2

/)
N

W

-2

It is given that a = /10, so
do not continue using a in
the equation.

(x+2)2 +3y* =10

= X=-2+,/10-3y’
Since X >0, X =-2+4/10 -3y’

Wheny =0, X =42
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Volume of solid formed

(= Volume of solid formed when the region between
(x+ 2)2 +3y* =10 and the y-axis is rotated about the
y-axis)

& &
- I x’dy  or 2><7rI x*dy
) 0

274(( 2+ 10— 3y)) dy

= 6.80 units’
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Q10 | [Solution] Comments
@i) 2 -2 Observe the direction of i
OB=|_1 OA=1 -1 and j carefully:
0 0 For example, the y-
coordinate of B is
Since AB is in the direction of i, a vector equation of | h€gative not positive.
Also,
the line AB is —— o
AB is in the direction of i
2 1 and not —i.
r=|-1{+4{0],1eR
0 0
(i) oN 50B+0OT T Students must learn to use
6 ratio theorem to find ON
(2 0 as this can help to save a
— 215l ~11+l0 N> lot of time during exam.
0 5 N
% 10 ¢
| B
=_|-5 N
6
S O DO NOT use OP=|y
Since P lies on line AB, z

2\ (1 CE—
OP=|-1[+4|0 for somed € R
0 0
1
10 2 1 3 1
PN =i 1 4i 2 o |[=| L |- 2] 0
o\ 0 0 0 0
3
6
2) (0) (2
TB=|-1|-|0]|=] -1
0) (5) (-5

unless you recognise that
this case the Y-
coordinate of P is —1 and
z-coordinate of P is 0, i.e.

n

X
-1].
0

OP =
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3 N (2
SN aloll] 21 ]=0
6 0 5
; _
— 6 -
5-21=0=A=-2
2 1 -1 1
: 5 1
OP=|-1]-2|0] =| 1] or —=|2
2 2
0 0 0 0

Alternative method:

Since P lies on line AB (y-coordinate is —1) and is on the

horizontal plane ABCD (so z-coordinate is 0),

X

we can let OP =| —1|.
0

5
=X

10) ( x 31

PN =L =5 || -1|=| &
6 5 0 6

S

6

AN | o[
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(iii) | Since BC // j,
0 2 5
A normal to plane TBC is BCxTB=|1 [x|-1|=|0
0) \-5 2
5 0)(5
r-10|=/01(-{0 (=10
2 5 Remember to simplify
. . ) your Cartesian equation
A Cartesian equation of the plane TBC is 5X +2z =10 (remove common factor).
(iv) | iz _y_z Note that when
5 1 k X+2 7
5 y= KM
we have
Y ou must define the symbol @ or ¢ that you use. X=-2+5u
‘ y=0+1u
Let @ be the acute angle between | and the horizontal z=0+ku
So direction vector of line
0 5 5
plane with equation r-| 0 [=0. lis | 11 1tisNOT | 0
! K K
5Y(0
11]-]0
k)1 K

sinf =

J25 11400 N2kl

Since sine function is;an increasing function for acute
angles,
0. <8<45 = O0<sinf <sin45’

K & V2
O< —=te= <« —

V26 4k 2
2k < /2426 + k>

4k* <5242k’
52
< — =

k? : 26
(k—«/%)(k+\/%)<0

_J% 26 kK
—J26 <k <26

Since k >0, .'.O<k<x/%

Note that k<i\/% is
WRONG!

www.KiasuExamPaper.com
290




17

Alternatively method 1

Let ¢ be the acute angle between | and the normal k to the

horizontal plane.

5/(0
1{-]0
k) {1 k

cos@ =

V2541421 V264K
Since cosine function is a decreasing function for acute
angles,

45 < ¢$<90" = 0<cos¢<cos 45°

k J2
0<—<—

N26+k* 2
2k < 2~/26 + k>

4k? <52 +2k?
k2 <2:26
2

(k—«/%)(k+\/%)<0

Since k >0, 0<k<~26

Alternative Method 2

Since sinf = _& ,using the right-angled triangle

26 +K*
26 + k2 k

N4

J26

Since tangent function is an increasing function for

acute angles.
0 <f@<45

= 0<tand < tan45°

. O<L<1

J26

:>0<k<\/%
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[Solution]

Comments For Students

Q11(a)(i) n" term,|u, =S -S,

E(LL_LJ_Z(L_LJ
3Lk k! k") 3 k" k"
_2(k—1)(1j”

-3k

2(k — 1)( ]
n—(n-1)
bW 3 _” 1 (k=0

U,  2(k- 1)( j
3 \k

which is a constant independent of n.

Hence the sequence is geometric with

) 1
common ratio r = E and

first term, U,

_2(k—1)(ljl_2(k—l)
3 k) 3k

To prove the existence of a GP, we
need to show that the ratio of
u

u

independent of n. This means that
the working should start in terms of
n and ultimately show that ratio
obtained does not contain n.

u .
n or —L is a constant

u

n-1 n

. u u, . . .
Showing —+ = = is insufficient as

ul u2
it merely shows that the first 3 terms
are geometric.

It is a good practice to simplify
where possible e.g. it is more
desirable to simplify

k+1 k+1 1

K2k k(k+1) Kk

Many candidates missed out the last
sub-part of finding u,. When

dealing with a question with many
sub-parts that are not explicitly
labelled, it is important to tick off a
part when the solution to that part
has been completed. This will
minimize the likelihood of missing
out on a sub-part.

(a)(ii)

ey 1 1 . L
The new series —+ —+...+ — is geometric with
u

U, U, n

=k

. 1
common ratio = ——
k

Sum to infinity exists when |k| <1, k=0,

= —-1<k<Il, k=0

) 1 3k
First term = — =
u  2(k-1

When the reciprocal of the terms of a
given GP are used to form another
GP in the same successive order, the
common ratio will be the reciprocal
of the common ratio of the original
GP. Hence this can be stated as a
deduction directly instead incurring
unnecessary working to find the
common ratio.

In addition, since the common ratio
is derived from the original common
ratio, it must obey all conditions
(both explicit and inherent) of the
original ratio.
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4xg(2a+(n—1)d):2?n(2a+(2n—1)d)

4na+2n°d —2nd =2na+2n’*d —nd

3k
Sum to infinity, S = %
3k 1
= X —
2(k-1) 1-k
_ 3k
2(1-k)’
1 o 1
Sa E(Sm S,) Simplify S, =§(Szn -S,) to
4S5 =S 4S, =S, will make subsequent

n~— “2n

2na=nd

2a=d  (shown)

working easier.

(b)(ii) Subst d = 2a into Sp:

g(2a+(n—l)2a) - 98

Since a and n are positive integers,

n‘a=98

a=2,n=7

By guess and check
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2021 TMJC H2 Maths Promo Paper

Duration: 3 hrs Marks: 100

Attempt all questions.

1

A local tour agent brought 4 groups of 5 tourists each to a durian shop for a durian tasting
tour. He paid for the durians ordered by each group A - D as shown in the following table:

A | B | ¢ | D
Type of durian Weight of durians
Mao Shan Wang (in kg) 4.5 3 6 7.5
Red Prawn (in kg) 4 4.5 3 3
D24 (in kg) 4 2 3 6
Total amount paid (in $) 218.50 162.50 219 k

(i) The tour agent could not remember the price per kilogram for each type of durian
and he lost the receipt for group D. Find K, the amount paid for group D. [4]

The tour agent found a new durian shop which offers a durian buffet. Durian lovers can

feast on as many durians (Mao Shan Wang, Red Prawn, and D24 durians) as they want

within 90 minutes. The buffet is priced at $50 per person.

(ii) Give a reason why the tour agent should not bring future tourist groups to the new
durian shop for durian tasting. [1]

Find, by differentiation, the coordinates of the stationary point of the curve
X
=3x"-k*In| = |,
! (4)

where x>0 and K is a positive constant. Hence determine the nature of the stationary
point. [6]

(i) Without using a calculator, find the exact solution set for the inequality
7
—2>-1 4
X —2X—6 4]
7

I U 3
x2—2|x|—62 B

(ii) Hence solve the inequality

V1-3x
2+4x
(ii) Find the range of values of x for which the expansion is valid. [2]

(i) Expand in ascending powers of X, up to and including the term in x*. [4]

1
(iii) By putting X = 1 into your result in part (i), show that J7 = Ep , where p and ¢

are integers to be determined. [2]
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Given that a > 0, functions f and g are defined by

f:xr—>x+2+i1 forxe R,x =1,
X —
g: X In(x+a) forxe R, x> 0.

(i) Explain clearly why gf does not exist. [2]
(ii) Find the range of values of @, in exact form, such that fg exists. [2]
For the rest of the question, assume that the function fg exists.

(iii) Define fg in a similar form, in terms of a. [2]
(iv) Given that a > ¢’, find the range of fg, in terms of a. [2]
P YA
1
1
: (1,2) y = f(x)
|
: _1
____________ :______________________________‘ y= 2
— 10 "X
1
1
1
1
1
|
Xx=-1,

The diagram shows the graph of y = f(x). The curve has an axial intercept at (0,0), a

1
turning point at (1,2) and asymptotes X =—land y = 5

Sketch, on separate clearly labelled diagrams, the graphs of

@ y=f(x-1), [3]
(i) y=fx, [3]
1

(iii) y:%’ [3]

giving the equations of any asymptotes and coordinates of any X-intercepts and turning
points, where applicable.

2 2
Given that y = f(x) =1In(I1+sinX), show that ¢’ {%+(%) :l =—sin(x). [2]
X X
(i) By further differentiation of this result, find the Maclaurin series of y, up to and
including the term in x°. [4]

(i) Let the answer in part (i) be g(X). Sketch the graphs of y =f(x) and y =g(x) on
the same diagram, where 0<X<3. Hence or otherwise, explain why the
approximation of f(X) using g(X) is not accurate when X=2. [4]
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10

A curve C has parametric equations
X=+2sinf-1, y=2+3cosé, for —gs Hsg.

(i) Using differentiation, find the coordinates of the point(s) on the curve at which the
tangent is parallel to the y-axis. [7]

(ii) Sketch C, showing clearly the features of the curve at the points where 6 = —g and

0 =§ and coordinates of any turning point(s). [3]

(iii) Find the cartesian equation of C in the form y=f (X) . [3]

The plane 7; contains the point A with coordinates (1, 0, 3) and the line |1 with equation

z-2
X+l=——y=2.
> y

(i) Show that the cartesian equation of 7; is —4x -3y +2z=2. 2]
The line |, passes through the point B with coordinates (5,2,8) and is parallel to 2i+k.
(ii) Find the position vector of the point of intersection between 7, and |,. [3]
(iii) Find the position vector of the foot of the perpendicular from B to ;. [3]
8
The plane 7, has equation r+| 6 |=-062.
—4
(iv) Find the exact distance between 7; and 7, . [2]
(v) Determine whether the origin is in between the two planes 7, and 7,. [2]

Referred to origin O, the points P, Q, R and S have position vectors p, q, r and s

respectively.
(i) Giventhat ap+ q+r=0and a+ fB+1=0,where o and S are non-zero constants.
Show that P, Q and R are collinear. [3]

It is given that the point R lies on PQ produced. The point T lies on line RS produced
such that RT : ST =3:2.
(ii) Find the position vector of the point T in terms of r and s. [2]
) .. . |(p—r)-(s—r)|
(iii) Give a geometrical interpretation of # [1]
s—r
(iv) Find the area of triangle PRT in the form 7|p XS —PXF—IXS

to be determined. [3]

, Where y is a constant

[Turn Over
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4h

The diagram shows a storage well with fixed capacity k m®. The storage well is made up
of two parts, a right circular cone and a cylinder. The right circular cone has radius r m
and height h m. The cylinder has radius r m and height 4h m. The walls of the storage
well are made of a special material. The walls of the cylindrical part of the storage well
are 3 m thick. The height from the vertex of the inner wall to the outer wall of the right
circular cone is 5 m. The volume of the special material used to make the storage well is
V md.

(i) Show that the volume of the special material used to make the storage well is given

k
byV=(r+3)2(—2j+§n(r+3)2—k. [2]
r
[It is given that the volume of a right circular cone with radius r and height h is
l1tl’2h Ny
3
(ii) Use differentiation to find the exact value of r where V is minimum. (You need not
show that the volume is a minimum.) [4]
(iii) It is given that the capacity of the storage well is 700 m* and 2 <r <10. Sketch the
graph showing V as r varies. [2]

(iv) Itis given instead that h=10 and r =5. Liquid is poured into the storage well at a
constant rate of 0.1 m? per minute. The depth of the liquid in the storage well at
time t minutes, is X m. Find the rate of change of the depth of the liquid in the
storage well when the volume of liquid in the storage well is 200 m?. [5]

End of Paper
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2021 TMJC H2 Maths Promo Paper Solution

Qn Solution
1 System of Linear Equations
(i) | Let X, y and z be the price per kg for Mao Shan Wang, Red Prawn and D24 durians
respectively.
4.5x+4y+4z=218.5
3x+4.5y+2z2=162.5
6X+ 3y +3z=219
Using GC, x=21, y=15,z2=16
The total amount paid for Group D is 7.5(21) + 3(15) + 6(16) = $298.50.
Hence k=298.50
(ii) | Possible answers:
e The average expenditure for each tourist is $44.93, which is less than that at the new
durian shop.
e The total expenditure for the four groups is $898.50. Total expenditure will be higher
at $1000 if he engages the new durian shop.
e The average cost for each group is $224.63, while the cost for the new durian shop is
higher at $250 per group.
Qn Solution
2 Differentiation

—3x% K1 5}
y n(4

2
ﬂ:6x—k2(i)(1j=6x—k—
dx X))\ 4 X

y_,

dx

2
6x—k—:0

£ o)

Coordinates of stationary point is (@, k? (% —In~/6k +In 24}}

d2 2 ) 2

—¥=6+—2>0 since — >0

dx X X

Hence the stationary point is a minimum point.
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Qn

Solution

Equations and Inequalities

()

7
X*—2X-6
7
X —2Xx—6
2
THX—2X-6
x> —2Xx—6
2
X =2x+1 50
X*—2X—6

+1>0

(-1
(x

X— 1)2

Vv
()

_1)2_

IV

R
s -7

1+\/_)
1+I)zo x#1-7,14/7

AW

VA

1Wﬁ

|

X

{XERIX<1—ﬁ or X=1 or X>1+\/7}

(i)

Replacing x by [X|,

|A<1—J7

or |X|=1

= X=z1

or |X|>1+\/7

:>x>1+\/7 or x<—1—\/7

(NA since |x| >0)

So, the solution is X =1 or x> 1++/7 or x<-1-4/7

AN

Solution

Integration Techniques

Vi (1 —3x)% [2*‘ (I 2x)"]

2 +4X

L (1-35) [ 2" (tp2x) ]
I+E(—3x)—§(—3x)2 +} {1+(—1)(2x)+

[~ = N
I

(i)

For expansion to be valid,
[-3x|<1 and [2x|<1
1

1 1 1
——<X<— and ——<X<—
3 3

L | — —t
[\_)I.—a ——

L=< X<~
3 3

\ 4
>
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(iii) 1-3x 1 7 47,
= +—X
2+44x 2 4 16

Since

1
LetX=——,

=) (1) 21

2+4(_1j 2 4\ 4) 16\ 4
4

\F 1 7( 1) 47( 1Y 287

—_ ] —— + — —— e —

4 2 4\ 4) 16\ 4 256

p=287, =128

Qn Solution

5 Functions

®

F(X)=X+2 4
x—1

A

y

N
B

Y Ry

=1

Re= (—o0,~1]U[7,%0).&D; ¥(O,oo)~

.. gf does not exist regardless of the value of a.

(ii) va

1 C / ‘/"
ne

/
7/ 0

s /

/
I
]
1

For fg to exist, Rg< Dr.
R¢=(In a, ) and Dr= (—o0,1) U (1,0).
~fgexistsiflna>1= a>e

(itf) fg:xn—>ln(x+a)+2+L forxe R,x>0
In(x+a)—1
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(iv) |Ifa>e’ Ina>3,
D, =D, >R, =(Ina,0) >R, :(lna+2+ lna—l’ooj
A
T
R ket ha >3
x=1
Qn Solution
6 | Transformation of Graphs
@ Y4
(=2,2) (2,2)
1,0 \O| /(1,0 T
x=0
(ii) A
:
I
:
- !/
' y=f'(x)
! (1,0 y=9v
. 0 ]
:
x=-1
(i) Ya

XxX=0
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Qn Solution
7 | Maclaurin Series
y= ln(1+sin(x)),:> e’ =1+sin(x)
Differentiate with respectto x: e’ @ _ cos(x)
2
Differentiate with respect to x : d 2, y +ﬂ v _ —sm(x)
dx dx dx
d’y (dyY’ .
N —+ =—sin(x) (shown
(2] |-snts) (o)
(i) | Differentiate with respect to X :
3 2 2 2]
e’ d—)3/+2 )y +eyﬂ d—¥+ dyj =—cos(x)
dx dx )| dx? dx| dx dx
3 2 37]
e’ d—)3/+3 dyydy + dy] =—cos(x)
dx dx )| dx’ dx
2 3
When x=0, y=0, ¥ =1, 4Y_ 1dy1
dx dx dx’
Maclaurin series for y is y = X —%xz +%X3
(ii) | Using GC,
The graphs of y = g(x) = X—% X’ +%X3 and y = f(X) = ln(l +sin X) deviate/differ
significantly at x = 2, where,g(2) = % ~1.33 and f(2)=0.647. Hence the approximation
is not accurate.
OR
The value of x=2"is,not close to zero, hence the approximation is not very good.
Qn | Solion”_
8 Parametric Equations (Cross topical with Differentiation)
() 2sinf—1, y=2+3cos6

;12 J2 cosé, %=—3sin9

dy ~ —3sinf
dx /2 cosd
For tangent to be parallel to y-axis, V2 cos0=0
Since —ESQSE, 0=-" or =
2 2 2
/4
At 0=—, 2 sin 1=+2- 1, 2+3cos =2
2 [2j e (2j

Coordinates of point is (\/5 —1,2) or (-2.41,2).
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At¢9=—%, X = ZSin(—%J—lz—\/E—l, y=2+3cos(—%)=2

Coordinates of point is (—JE —1,2) or (0.414,2).

(i)

(-2.41,2)

(_la 5)

Ya

(0.414,2)

(iii)

X+1

sinf =———
J2

X=+/2sinf -1

22+

y=2+3cosf

cosé?:y—_2

Since sin® @ +cos* 0 =1,

=i

(x+1)2+(y—2)2 .

2

Since y>2, y=2+

(y—2)2=9—T

9fx+1)°

9
—) 2

OQn

Solution

I"\) & U&’:&}

Vectors

®
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=>m:.r|-3|=2

—4x-3y+2z=2

(ii)

5 2
Lir={2|+ul0,ueR
8 1

Let X be the point of intersection.
5+2u

Since Xison I, , OX =| 2 | forsome ueR.
8+ u

Since X is on 7, ,

5+2u) (—4

2 || 3]=2

8+ u 2
—20-8u—6+16+2u=2
S H=-2

5+2(-2) 1

oX=| 2 |=[2
6

(iii

97
=—| 22

1

29
256

(iv)

Method 1: \
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—4 Method 2 (length of projection onto its
mor 3|=2= rn= 2 normal): _
) \/(_4)2 _,_(_3)2 49?2 | Let P(0,0,1) be a point on 7z, and
2 Q(O, 0,%} be a pointon 7, .
V29 .
4 Dist between the two planes = ‘PQ.n‘
mir] 6 |=-62=r.| -3 |=31
-4 2 —4
o3l N
29 312
Dist between the two planes = Sl 2 -R2 J29
V29 V29 29
29 _ 2
=== 2
J29 ’
_J5 =29
\)) A2
zorn=——>0
1 @
Z,irn= Sl >0
AT

. 2 31 .. .
Since — and — are both positive, therefore origin is not between the two planes.
v29 \29

Diagram for understanding

L /-

29
3 | §22 C ¢
V29 [] / /
& 5
V29 ] n
— - [ ]
0]
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Qn Solution

10 | Vector Algebra

() | a+B+1=0=a=-p-1
Sub into ap+ Bq+r=0, | This is 0 (a vector).
(—=B-1)p+Bq+r=0 Important to use the
ﬂ(q —p) N (r —p) o correct notation.
SPQ+PR=0

PQ =kPR, k=—%,ﬁ¢0

Since PQis parallel to PR, and P is a common point, P, Q and R are collinear.

" — R
(i) | 55 _OT+20R \
3 1
B OT +2r
s=—— 5
OT =3s—2r r
iii —r)-(s— _ o
(it |(p r)-(s r)| = (p—r)-(s r) is the length of projection of RP on RS.
|s—r| |s—r|
(V) | Area of triangle PRT = %\ﬁ < RT|
1
=5|(p—r)x(3s—2r—r)|
1
=5|(p—r)x(3s—3r)|
=%|pxs—pxr—rxs+rxr|
=%|pxs—pxr—rxs| (v rxr=0)
Y =% <«—| To be stated explicitly
Qn ~\J . S Solution
11 | Applications of Differentiation
(i)

Volume from external wallzén(r+3)2 (h+5)+n(r +3)2 (4h)
B o(re3phe2a(reay
3 3
Volume from internal wall = l7£r2h +7tr? (4h)=k
=>h= 3k

~ 13mr?
v =?n(r+3)2h+§n(r+3)2 K

v :%n(r+3)2(133:r2j+§n(r+3)2 K

:(r+3)2(rﬁzj+§n(r+3)2_k (Shown)
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M) V=(r+3)2(£2j+§n(r+3)z—k
r
dv k 2( =2k} 10
—=2(r+3)| = |+(r+3) | — [+—m=r(r+3
2 o (e 3y [T (e
To find stationary point, (;—V =0
r
2(r+3)(£2}+(r+3)2(_23kj+¥n(r+3):0
r r
2k 2k 10
r+3) ——-——(r+3)+—mn|=0
(r+3) -2 qre3)+ K]
2k 2k 6k 1
r+3) ——-——-—— —mn|=0
(re3) -2
(r+3) —6—f+&n}:0
LT 3
—% ¥n=0 or  r=-3(Reject, " r>0)
;
r3=%
Sn
1
5
r=| —
Sn
(iii) [l
9(700) )3
When k = 700, rz[ ( )J =17.3746
Sn
Vv
4 (2, 3810)
21101370
) _
8 C
) ,1250)
—— > I
GC SKkill:
This part can;be done using the GC 2) Press and set the Xmin and
WIMDOK
Flotl Flotz Flot3 Amin=2
g Ymax=10
Y1 EmX+3) [ 27 |+ 3n(x43) 3 s
INYz= Ymax=10
Yscl=1
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3) Press and select 0: ZoomFit to sce | 4) From the graph, you can clearly see a

the graph
NORHMAL FLOAT AUTO REAL RADIAN HF T

MEMORY Y1z (H+3IZ0FA0A0K2IN) (523w (K+3)2,,
2TZ2oom In
Zoom Qut
:Z0ecimal
:Z25%quare
tZ25tandard
:2Trie
ZInteger
ZoomStat FETIE—
EMZoomFit Mo 37UE1E8 Y=1248.925%

Re R eIl W W) B

@iv)

Volume of cone section = %n(Sz)(IO) =261.80

Hence when volume of liquid is 200 m? it is still in the cone section

By similar triangles,

rquuid 5 1
—=— =r_ . =—X
X 10 liquid 2

Let volume of the liquid at time t minutes be W

W= %n(rliquid )2 X

aw o1,
— =—7X
dx 4
1
When W =200, ZOO:inx3 = x:(2400J3
7773 T
M_M(%j
dt dx \ dt »
T
Whenx=(2400J3,;ﬂi 0L 000152 (3sf)
i t 1[2400]3
—T
4 T

The rate of change of depth of the acid in the storage well is
0.00152 m/min
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2021 H2 Math Promo - VJC

1 (i) Show that L ! = A , where A is a constant to be found. [1]

r(r+1) (r+1)(r+2) r(r+1)(r+2)

(ii) Hence find Z ! . (There is no need to express your answer as a single algebraic

Sr(r+1)(r+2)
fraction.) [3]

(iii) Given a reason why the series Z

————— converges, and write down its value.
Sr(r+1)(r+2)

[2]

[Turn Over
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(i) Given that y=sin"' (Xz) , find % in terms of X.
X

3
(i) Evaluate L ln[tan’1 X] dx, giving your answer correct to 3 decimal places.

(iii) Given that k >0 and fok x*sin”™’ (XZ) dx = Jj In [tan" X:| dx , show that

-
J dx=ak’sin"'k? +b,

o V1=x*

where a and b are constants to be determined.
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3 (a) Do not use a calculator in answering this question.
The equation z° +(—5+2i)z+(21—i)=0 has aroot z=3+ic , where C is a real constant.

Find the value of ¢ and hence find the second root of the equation in Cartesian form, a +ib,
showing your working. [5]

[Turn Over
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(b) The complex number 7 is such that 82° +125=0.
. . .5
(i) Given that one possible value of z is — use a non-calculator method to find the

other possible values of z. Give your answers in the form a +ib, where @ and b are
exact values. [3]
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5

(ii) Write these values of z in modulus argument form and represent them on an Argand
diagram. [4]

4 The diagram below shows the graph of y=f(—x+1) which has a minimum point at (-2,4) and

X X
has lines y = 3 +4 and y=— 3 +2 as asymptotes.

[Turn Over
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(y+a)2 (x+b)2

(i) The diagram above shows a part of the curve with equation R— =1. Find the
m

values of a, b and k. [4]

(ii) Sketch the graph of y =f(x). [2]
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. 1 , 1 2
5 Given that f(é’):tan(zﬁj, show that f (6’)=5{1+[f(0)] } 2]

By repeated differentiation, find the Maclaurin series for f (0) , up to and including the term in &°.

[4]

Explain why a Maclaurin series for g(@) =cot [% 9) cannot be found. [1]

[Turn Over
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535
59
to obtain the approximate value of the root, correct to 4 decimal places. [3]

The equation cot (% —%0} 6 =0 has a positive root close to zero. Use the expansion above

X+3
(2x-1)(x+2)

coordinates of the point(s) where the curve crosses either axis and the coordinates of the two
stationary points. [4]

6 (a) Sketch the graph of y= . Give the equations of the asymptotes, the
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(3y-3)" (4-2x)
2 b

Given that C is a circle and the X-axis is a tangent to C, state the values of a and b. [2]

(b) The curve C has equation =1, where a and b are positive constants.

Describe a sequence of transformations that transforms the graph of C to

-3y (5-2x)

[Turn Over
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. 1 1 . .
7 A curve is such that ﬂ=—— and P is a point that moves along the curve. The y-
dx X 2x+38

coordinate of P is decreasing at 0.3 units per second at (1,0) .

(i) Find the rate of decrease of the X-coordinate of P at (1,0). [2]

(ii) Find the equation of the curve, leaving your answer in the form y =f(x) . [3]

Mr Tan owns a company that manufactures and sells chipsets for smartphones. He models the
average profit from one chipset, $y, y >0, when the selling price of each chipset is $x, with the

equation y =f(X) .
(iii) Find algebraically, the selling price of each chipset which gives the maximum average profit.

[3]
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(iv) Sketch the graph showing the average profit from one chipset as the selling price of each chip
set varies. State a suitable range of values that Mr Tan should set for the selling price of a chipset.

(2]

2X° +5 A B
= +

(i) Show that (X2 +1)2 =il (X2 +1)

-, where A and B are constants to be determined. [1]

[Turn Over
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. oo 1 ax _
(ii) Using the substitution X = tanu , show that J’ > dx= +btan” x+C, where a

(x* +1) X’ +1
and b are constants to be found. [5]
2
(iif) Hence, find | ZXF7%¥9 gy [4]
(x2 + 1)

www.KiasuExamPaper.com
323



13

9 A curve C has parametric equations

1 1
X=¥+t , yzf_t’ where t # 0.

1 1 o 2
(i) Show that the gradient of the normal to the curve at P[E-’- p, E— p] is given by p2 i .
P+

[2]

(ii) Given that p= determine the acute angle between the normal and the line y=x+3.

€
\/g H
(3]

[Turn Over
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(iii) Point Q on C has parameter ¢. Show that the gradient of PQ is rﬁ . [2]

1

(iv) The normal at P cuts the curve again at point R with parameter r. Show that r =— —. [3]
p

10 Crypto currency Miners are rewarded certain amounts of the currency at varying time intervals
when they carry out validation tasks of transactions using their personal computers.

A crypto currency, Shockcoin (SHC), has a reward payment schedule such that the first reward
payout is 20 days after a Miner commences mining and the second reward payout is 28 days after
the first. The duration of each subsequent payout is 8 days more than the duration between the two
preceding payouts. For example, if the duration between the last and current payout is 100 days,
then it would take 108 days to the next reward payout. Albert plans to commence mining on 1
January 2022.
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(i) After receiving his first reward payout on 21 January 2022, on what day and month will he
receive his second reward payout? [1]

(ii) Show that from the start of mining, the number of days Albert takes to receive his n'" reward

payout is given by 4n* +16n. [2]

[You may assume that there are 365 days in a year]
(iii) Find the number of reward payouts Albert have received as at 31 December 2023. [2]

(iv) Find the amount, in SHC Albert is expected to receive in his last payout in 2023. [2]

(v) Write an expression for the total amount, in SHC, Albert would have received after the n

reward payout. (2]

It is estimated that it would cost Albert 25 SHC per day for the electricity to keep the computer on to
mine SHC.
(vi) Show that the total net gain for Albert immediately after receiving n reward payouts is given

by a(8000(1 -0.85" ) —bn* - Cn) where a, b and ¢ are constants to be found. [2]

[Turn Over
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(v) In order to maximise his total net gain, Albert should stop mining after the kth payout. Find
the value of k and the maximum total net gain. [2]

11 (i) The complex number W can be expressed as e .

. 1 | . .
(a) Find w" +W and w" v in simplified trigonometric form. [3]
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3
(b) By considering the binomial expansion of KW + lj (W - lﬂ and the results from part (a),

W W
. 3 3 3 . 1 .
show that sin” @cos’ @ =—sin26 ——sin60. [4]
32 32
(ii) Hence find the first two non-zero terms of the Maclaurin series for sin’ @cos’ 6. [2]
[Turn Over
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1 1
1 i) Show that - = here A i tant to be found. [1
(i) Show tha r(r+1) (r+l)(r+2) r(r+l)(r+2)’w ere A is a constant to be found. [1]

| 1 o r+2-r
r(r+1) (r+1)(r+2)_r(r+1)(r+2)
2
Tr(r+n)(r+2)
(ii) Hence find Z !

——— . (There is no need to express your answer as a single algebraic
Sr(r+1)(r+2)

fraction. )

[3]

m converges, and write down its value.

[2]
Learn how to present your argument logically.
A lot of presentation errors are seen.

1
Wrong to say: As I — o,

1 —————1is the term, not the sum.
Hence - r(r+1)(r+2)
Sr(r+1)( r+2) 4

—0

Pay attention to the presentation. The following
1 are correct
Thus series ) ————

Z r(r +1)(r +2) converges.

i -

1
r(r+1)( r+2) 4

1 i 1

2 (r+1)(r+z)‘ngr(m)(wz)
1
)

[Turn Over
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n
1
v - 5
2y 7 B
Since the question asks for the value, you must
state the value of sum to infinity. Thus it is
insufficient to stop at line 3 of the solution

Z":; N
r(r+1)(r+2) 4
You must conclude and state that
11
~r(r+1)(r+2) 4

o (2 dy .

(i) Given that y =sin (X ) , find i in terms of X. [1]

d (sm’l XZ) d ( 2) Remember chain rule

_ x4 dx
2
V1-x*
(ii) Evaluate Jj 1n[tan’1 x] dx, giving your answer correct to 3 decimal places. [1]

[ n(tan"' x)dx =0.17022=0.170 (3 d.p.)

Use GC since only 1 mark is given and
question does not require exact value.

(iii) Given that k >0 and sin”' (x2

dX=I31n tan ™' X:I dx, show that

dx=ak’sin"k* +b,
%QSE—X

ll
where d, and b are cons ‘r\sﬁfo be determined.

(4]
.12 v,
Let u=sin (X) and — =X
dx
2X_ i du_ 2x and &Y - x
1—x* dx  J1-x* dx 3
20k X
—sin'k? == dx =0.17022
3J°\/1—x

=§P(—51n1 k* —0. 17022}

i
=lk3 sin” k? —=0.255
2

Alternative

You should substitute in the 5
d.p. answers from (ii) so as to
avoid rounding off error if any.

Alternative
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k 4 3
X dx Let u=2 andﬂ=i
0 1_X4 2 dX 1_X4
k
X[ 2x dx d—u:& and v =sin ‘(xz)
") R
. _

k
- [X?}s,in1 (xZ )} - fk%xzsin1 (xz) dx

0
3

= k?sin’1 (k2 ) —%J‘;ln[‘[am’1 X:l dx

LIPS (kz)—i(o.nozz)
2 2

3

:7sm-1 (kz)—0.255

(a) Do not use a calculator in answering this question.
The equation z* +(—-5+2i)z+(21—i)=0 has aroot z=3+ic , where C is a real constant.

Find the value of ¢ and hence find the second root of the equation in Cartesian form, a +ib,

showing your working. [5]
Since 3+iC is aroot, Coefficients of the equation
(3+ic)2 +(=5+2i)(3+ic)+(21-i)=0 2’ +(=5+2i)z+(21—i)=0are not all real.

(9+6Ci—Cz)+(—15+6i—56i—20)+(21—i)=O Hence, the conjugate 3 —icC is not a root.

(15—20—02)+i(c+5):

Comparing real and i 1m
15-2¢c-c’ —0 afl

¢ has to satisfy both equations. Hence ¢ = 3
is rejected.

z+‘<ﬁ+&2§§+ 21-1) [z (3-5i)][z K]
Comparn‘@ coefficients:
2% 21-i=(3-5i)k

_21—ix3+51

3-5i 3+5i

_63+1051-3i+5

9+25

=2+3i

Hence the second root is 2 + 3i
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(b) The complex number Z is such that 82 +125=0.
5
(i) Given that one possible value of z is — use a non-calculator method to find the

other possible values of z. Give your answers in the form a+ib, where a and b are
exact values. (3]

82° +125=0
Since Z =—%,then 2z+5 is a factor.

82° +125=(22+5)( Az +Bz+C)
=(2z +5)(4z2 +Bz+ 25)

Comparing coefficient of z°:
0=2B+20
=B=-10
~(22+5)(42° =102 +25)=0

5 104,100 4(4)(25)

z=—= or 1=
2 8
10++/-300

8

10++/3001i

8
54531

By Fundamental Theorem of Algebra,

82’ +125=0has 3 roots.

To find all roots, we need to

1. Obtain the first root (in this case given by
question), then write down the equivalent
linear factor

2. The quadratic factor has to be found either
through long division or comparing of
coefficients.

3. Solve the quadratic equation
az’ +bz + ¢ =0 using quadratic formula i.e

_ -b+,/b*-4(a)(c)

2a

z

GC CANNOT be used!

There are many different methods to solve
this question. Learn the most efficient
method.
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5

(ii) Write these values of z in modulus argument form and represent them on an Argand

diagram. [4]
5 5 53, All the values of Z need to be represented
Ty + 4 in one single Argand diagram.
2 2
( 2 j o+ 5\/5 _ 2 You need to give the values of z in
2 4 2 modulus argument form.
tana =~/3
V4
S>a=—
3

LT
—i=

s éeig and —e 3.
2 2

5
.. The three roots are z = Ee '
Or

z =§(c0s7r+isin7r),

5 T .. T 5 T .. V4
—| cos—+1isin— | and —| cos| —— |+ +isin| ——
2 3 3 2 3 3

Im
y

o
%‘%’é@

4 The «
has n& —

&
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(y+a)2 (x+b)2

(i) The diagram above shows a part of the curve with equation - =1. Find the
m

values of a, b and k.

k
[4]

Solving (1) and (2): x=-2, y=3
Hence centre of the hyperbola is (-2, 3)
sa=-3and b=2

(y=3)" (x+2)

m k

Since (—2,4) is a vertex on the hyperbola,
3+Jm=4
=>m=1

(y=3)" _(x+2)

Asymptotes: 1 =

k
1
=3)=1| —|(x+2
(-3)=2( 2
Comparing gradient: L = l =k=4

N

2 2
Given (y-;]a) —(X+b) =1

k
(1) Centre: (-b,—-a)

(2) Vertices: (—b,—a+\/E)
and (—b,—a—\/a)

(3) Equations of asymptotes are

y=—ai\/§(x+b)

(ii) Sketch the graph@/éf

(2]

]

replace X with —x

y=f(—X+1)—)y=f(x+])
Reflect the curve in the y-axis.
replace X with x—1

y =f(x+1)—e sy = f(x)

Translate 1 unit in the positive X-direction

Note that asymptotes will also undergo the
same transformations as above. Hence need
to find the equations of the new
asymptotes.

E.g:

y=§+4—> y=_7x+4—> y=ﬂ+4

ie y—_—x+2
’ 2 2

which is a line with negative gradient
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. 1 , 1 2
Given that f(H):tan(Eﬁj, show that f (6’)=5{1+[f(9)] } 2]

f(@):tan(%ﬁj

=%{1+[f(9)]2}

By repeated differentiation, find the Maclaurin series for f (0) , up to and including the term in &°.

[4]

1 d Remember chain rule.
f"(0)=—|2f(0)x—1f (8
(0)=3 | 26(0)<55(0)|
=£(0)f'(9)
d d . o .
f"(N=f(0)x—F'"(0)+f'(0)x—F (O Easier to carry out implicit differentiation.
(0)-£(0)<-1(0) +(0) -1 (0)

= £(0)f"(0)+[f(0)]

4]
&
S

The Macla\kﬁ“m series for f(0) is
\"‘J

f(e)=0+%(9)+o[i_jj+%(§_jj+...

LI
2 24

«./‘/

Explain why a Maclaurin series for g(@) =cot [% 9) cannot be found. [1]

g(0)=cot(0)= is undefined.

1
tan(0)

So a Maclaurin series for g(6) cannot be found.

[Turn Over
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The equation cot (Z —%0} - %0 =0 has a positive root close to zero. Use the expansion above
to obtain the approximate value of the root, correct to 4 decimal places. [3]
535 Since we are prompted to use expansion in
cot (_ B _9) 59 =0 previous part (which is expanded up to &)
535 hence small angle approximation cannot be
=t ( j——é’ 0 used here.
59
= 1 0+ 1 6 — @ =0 Recall the following identity:
2 5
sin| ——X |=cosX
SN L i 0=0 2
24 2 59
cos(— - Xj =sin X
From the GC, 6 =0.1808 or —0.1808 or 0 2
For the positive root close to zero, Vid
cot| ——X [=tanX
6=0.1808 (to4dp)

X+3
(2x-1)(x+2)

coordinates of the point(s) where the curve crosses either axis and the coordinates of the two

(a) Sketch the graph of y= . Give the equations of the asymptotes, the

stationary points. (4]

X+3 When drawing graphs with asymptotes, we

Y= x—1)(x+2)

need to make sure that the graph tends
gradually to the asymptotes.

Question asks for:

(a) Equations of asymptotes

(b) Coordinates of stationary points

(c) Coordinates of axial intercepts
Hence (a), (b) and (c) must be clearly labelled
in our graph.
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2 2
(b) The curve C has equation (3ya_23) + (4_2)()

=1, where a and b are positive constants.

b2

Given that C is a circle and the x-axis is a tangent to C, state the values of @ and b. [2]
(3y _ 3)2 (4 _ 2X)2 Recall circle property: tangent is

2 + b 1 perpendicular to radius
F(y-1f (2 (x-2)

2 b’ -

¢ (21)

Given C is a circle with centre at (2,1). !
Since x-axis is a tangent to circle, radius = 1 i
Hence a=3, b=2 > x

Describe a sequence of transformations that transforms the graph of C to

-3y (5-2x)

2 2
(3ya—23) +(4—b§x) )
Replace y with ly:

(y- 3) (4- 2x

2

Replace x w1th X -
// &5

&
Description:®

(1) Stretch C parallel to y-axis by factor 3, with
X-axis invariant, then

|
(2) Translate resultant curve by ) units in the

positive X direction.
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7 A curve is such that ——

10

dyl

and P is a point that moves along the curve. The y-

dx X 2\/x+

coordinate of P is decreasing at 0.3 units per second at (1,0) .

(i) Find the rate of decrease of the X-coordinate of P at (1,0). [2]
At(Lo)y, ¥l 1 5 g,
dx 1 2J1+8 6 dt
dx dy “y-coordinate of P is decreasing at 0.3 units
dt d_y dt per second” means % =-0.3. Remember
6
=3 (-0.3) to include —ve sign.
=-0.36
*. rate of decrease of the X-coordinate at P is
0.36 units per second.

(ii) Find the equation of the curve, leaving your answer in the form y =f(x) . [3]
dy 1 1
X x 2W
_rL_
I x 2\/? J.édx = ln|x| +C . You cannot drop the

=In|x| -v/x+8+¢

modulus sign.

(1, 0) is a point on the curv Since (1, 0) is on the curve, it satisfies the

=0=Inl-3+cC equation of curve, You can use it to find C.

=e=? ‘ /// 5

O

:1n|x| \/x+8+3 U &(”

Mr Tan OWns acompany @ﬁﬁt manufactures and sells chipsets for smartphones. He models the
average proﬁt from one”\chlpset 8y, y >0, when the selling price of each chipset is $x, with the
equatlon o= f (x)
(111) E; md algebfawally, the selling price of each chipset which gives the maximum average profit.
V'S [3]
@y 1 1
X 2dx+8
N 2UX+8 =X _
2x/x+8
= 2/X+8=X ——(*)

= 4x+32=x

=X —4x-32=0 You are expected to solve this question
= (x+4)(x-8)=0 “algebraically”. You should either

. . . . .. use factorisation or quadratic
S X=8, —4 (reject since selling price is positive)

www.KiasuExamPaper.com
339



8

11

dy 1 1 formula to solve for X. You should
dx X 24x+8 reject X = -4.
& 1 1
dTZ T
4(x+8)2
dy 3

When x =8, —-=-0.0117 (or ———)<0
dx 256

". Selling price which gives maximum profit = $8.

OR
X 7.99 8 |8.01
dy 1.1736x10* | 0 | —1.1701x10™*
dx
1 n When choosing 2 values to do 1%
Sign of Ll i derivative test, you must choose
dx values which are close to 8. 7 and 9

are not considered close.
.. Selling price which gives maximum profit = $8.

(iv) Sketch the graph showing the average profit from one chipset as the selling price of each chip
set varies. State a suitable range of values that Mr Tan should set for the selling price of a chipset.

(2]

Note that y>0. Do not include negative y

portion in your sketch. You should label
the maximum point (found in part (iii))
and the endpoints.

Coordinates of these points can be found using
GC. y value should be given in 2 decimal
places.

2x* +5 A B
= +

(i) Show that

== >, where A and B are constants to be determined. [1]
(1) X FL (%41

2x*+5 A . B
(X2+1)2 211 (X2+1)2 Bl: A=2,B=3

2X* +5= A(x2 +1)+ B
Comparing coefficients
A=2 and B=3
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dx =

(ii) Using the substitution X = tanu , show that J’

and b are constants to be found.

(x2 +1)2

——+btan"' x+C, where a

X +1

[5]

dx N
X=tanu —= -—=sec U
du

| (e +1) o (
-J

= Icosz udu

J

1

2

1

x> +1

1
sec’u du

tan’ U + 1)2

1

>—du
sec” u

2u+1
cos2U + du

2
(stu +uj+C

1. 1

=—sinucosu+—u+C

2 2

=ik

+—tan' x+C

"

_1
2

1
N

X
I +1
X

+ltan’l X+C
2

Since tanu :lzﬂ,
1 adj

sinu = and cosu =

x*+1 x> +1

| ™
x5S

5

1o
2(X2+1)+2tan X

3x=7

=2tan"' X+3 —-——
2

-1

=Ztan X+ +C
2

Use standard form:

JEOOLr (0] ae=—=Lr(x)] "+
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A curve C has parametric equations

13

X=%+t , yz%—t, wheret # 0.
. . 1 1 . p’ -1
(i) Show that the gradient of the normal to the curve at P E+ p,g— p| isgivenby — 0
P+
(2]
1
X=-+t , =-—t
" y
&1 o
dt ot
dy_ 1 -l
dt ot
42 2 2
ﬂ: tz lx 2t =t +21 This is a “show” question. You
dx t tt—-1 1-t

Hence at P(l+ p,l— pj, t=p
p p

2 —_
Gradient of normal =— 1 = p—1

are expected to show
working clearly.

1
o =tan"' —
2

=26.565°

Thus, acute angle between the 2 lines is
45°426.565°=71.6° (1dp)

Note you are required to give
the acute angle between
the 2 lines.
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(iii) Point Q on C has parameter (. Show that the gradient of PQ is

14

1+ pqg

i 2]

1
X=—+t ,
t

P(l—"_ pal_ p]
p p

1 1
fleat
q q
Gradient of PQ

1
=t
Y=y

1 1 1 1
(ot oo
p q p q

. n?n 2
~4-Pa-pP+pa > i > This is a “show” question. You
Pa q+pa-p=-pq are expected to show

_ (q - p) + pq(q _ p) working clearly.

(a-p)-pa(a-p)
_1+pq

1-pq
(iv) The normal at P cuts the curve again at point R with parameter r. Show that r =— % [3]

p
The normal at P cuts the cu gain at point R, 1
Note that p #—= here.

p’—1 1+pr
p>+1 1-pr
(p*=1)(1- 2o
p*—1- pie
2p'r= —2

Hence gradient of normal

adient of PR

f{/// ﬁ)&)(g\
p?’.“)@Uﬁx
)' /YL

Q

+ 5:;-1— r
PR

NG

&

10 Crypto currency Miners are rewarded certain amounts of the currency at varying time intervals
when they carry out validation tasks of transactions using their personal computers.

A crypto currency, Shockcoin (SHC), has a reward payment schedule such that the first reward
payout is 20 days after a Miner commences mining and the second reward payout is 28 days after
the first. The duration of each subsequent payout is 8 days more than the duration between the two
preceding payouts. For example, if the duration between the last and current payout is 100 days,
then it would take 108 days to the next reward payout. Albert plans to commence mining on 1

January 2022.
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(i) After receiving his first reward payout on 21 January 2022, on what day and month will he
receive his second reward payout? [1]

‘ 18 February 2022 There are 31 days in the month of January. ‘

(ii) Show that from the start of mining, the number of days Albert takes to receive his n'" reward
payout is given by 4n* +16n. [2]

Number of days to N payout

— 2[2(20)+(n—1)(8)] =4n*>+16n

[You may assume that there are 365 days in a year]

(iii) Find the number of reward payouts Albert have received as at 31 December 2023. [2]
4n* +16n =730 From 1 January 2022 (i.e. start of mining) to 31
n=-15.66 (reject) or N=11.66 December 2023 is 365x2 =730 days.

Albert would have received 11 reward payouts
by 31 December 2023.

The rewards for Miners are paid in Shockcoin (SHC).

The first reward for a Miner is SHC 120 000. For all subsequent reward payouts, the reward amount is
85% of the previous payout.
[Give non-exact numerical answers correct to 2 decimal places.]

(iv) Find the amount, in 1t is expected to receive in his last payout in 2023. [2]

Reward for last payuieatin {?2@’
=(120000)(0:852) J

=23624,93"7 )

Give non-exact numerical answers correct to 2

\N O decimal places.

) Write:‘an:ue)'gprevs_(s}on for the total amount, in SHC, Albert would have received after the n
y | o - v ) \\‘}V
reward payout. ?Qe [2]
‘M

Total ‘re\éga?a received after the n™ payout
~120000(1 - 0.85")
- 1-0.85
~800000(1 — 0.85")

It is estimated that it would cost Albert 25 SHC per day for the electricity to keep the computer on to
mine SHC.
(vi) Show that the total net gain for Albert immediately after receiving n reward payouts is given

by a(SOOO(l -0.85" ) —bn* - Cn) where a, b and ¢ are constants to be found. [2]
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Total net gain after receiving n reward payout
=800000(1-0.85")—25(4n” +16n)

= 100(8000(1 ~0.85")-n’ - 4n)

(v) In order to maximise his total net gain, Albert should stop mining after the kth payout. Find

the value of k and the maximum total net gain.

(2]

n 100(8000(1—0.85”)— n? —4n)
20 720992.38
21 721143.52
22 720396.99

payout so as maximise his total net gain.

max net gain = SHC 721143.52

uit mining after collecting the 21* reward
Q g g

Give non-exact numerical answers correct to
2 decimal places.

11

. 1 | . .
(a) Find w" + — and W" —— in simplified trigonometric form.
W W

(i) The complex number W can be expressed as e .

E(b;%) +isin(—no)
= cosnﬁ SR s/m n19+§\g§ 70 —isinng

¢ ZCos_:_ﬁ'@:

= cos nb +isl _nl'9"+ 0S

=cosn@ +isinn@ —cosnd +isinnf

=2isinnd

www.KiasuExamPaper.com
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w

3
(b) By considering the binomial expansion of [(W + l) (W - lﬂ and the results from part (a),
W

show that sin’ @cos® 9 = isin 20— Lsin 60.

[4]

_(w) +3(w) (_#}3@@[_#]2 +[_W_

1 1
=W6 —W—?{WZ _WJ

=2isin66 — 6isin 26

()]

WH+— || w——

w w
=—64isin’ @cos’ 0

. 2isin 60 — 6isin 20 = —64isin® Ocos’ 0

[(2 cos@)(2isin 9)]3

=sin’ Ocos’ 0 =

2 sin 66 —
4i

i sin26
4i

= sin’ @cos’ O = ism 20 - Lsm 60 (shown)

3
. . 1
It is easier to expand (WZ ——) than
W

e

(ii) Hence find the first t

/A

ero terms of the Maclaurin series for sin’ #cos’ 0. [2]

sin’ @cos’ & N7 MM[/ g&« It is much more efficient to use
>, standard series of siné
than  maclaurin  series
formula with repeated
differentiation.
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