Chapter 10 Integration Techniques TMJC 2024

H2 Mathematics (9758)
Chapter 10 Integration Techniques
Discussion Questions (Solutions)

Integration — Reverse of Differentiation

1 Find %(Qcose). Hence, find j@sin@ do .

d%(@cose) =c0sO—6sind

Icos@—@sin@dezecoseJrC

Integration is reverse of
differentiation

Icos@ d0—j@sin0d0=00050+c

I@sin@ do :Icose dg—-0cosf-C

=sin@-06cos@+C"', whereC'=-C

Integration of Standard Functions
2 Find the following integrals:

@) I(zJe_ +3e5-3X) dx

1 2 2
(b) J(l-ﬁ-— dx, k>0
k

© ."(ZX—?/);(XJFZ)dX

Q2 | Solutions

(2) I (2/e* +3e5%) dx
- J.(Ze;X +3e>¥) dx

1
22" 35

+ +C

N |~

N | x

=4e?2 —e"¥ 4+ C
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Chapter 10 Integration Techniques

TMJC 2024

(b)

2
J‘l(“Ej dx
k X

— 7 Y%y

Need to expand first before integrating term by term.

= J.l(l+ﬂ+izjdx
k X X
1

={x+4ln|x|—ﬂ
k

=(1—4)—(k+4|n|k|—%j

=%—k—4lnk—3 (k>0)

(©)

J’(2x—5)(x+ 2) dx

X

2x2 —x-10

T

dx

3 1 1
= IZXZ —x2-10x 2dx

4> 28

:_XZ _EXE
5 3

—20Vx+C
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Chapter 10 Integration Techniques

Integration involving the function and its derivative

TMJC 2024

Formula to memorise (not in MF27) and apply

(DFm‘neR,n¢—LIf%@UK@de=E%ﬂii+C

+1

(aFmneRJn>4jfboﬁuﬂﬁm:j%%§UX=mhun+c

(@ﬁ(@dmmzdm+c

Find the following integrals:

(@) jx\/3—7x2 dx

X
b dx
(b) IZXZ—G
(c) j x2e* “*dx

Q3

Solution

(@)

jx\/3—7x2 dx

(b)

4x
2x* -6

-

=lln‘2x2—6‘+C
4

Note:

N

2x* -6

J

f'(x)
f(x)

is a proper function

dx:ln|f(x)|+C, CeR

\

Remember to put modulus

(©)

j x2%e* *dx
_1 I 3x2e* *dx
3

zlex3+1+c
3
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Chapter 10 Integration Techniques
Integration of Rational Algebraic Functions (including MF27)

4 Find the following integrals:

TMJC 2024

1 1
@ [ e (b) f ™
10
© Ix2—2x+11dx
Q4 | Solutions
(a) '[Ldt
3—4t?

B
(&) -y
1 (1), |\V3+2t
:m@{"‘—@_m
_\/§In\/§+2t
12

J3-2t

Lc

+ C

L) —
(x+3)(x+4)

1 1
| —— = _dx
I(x+3) (x+4)
=In|x+3/—-In|x+4|+C

X+3

X+4

=In +C

(c) 10 dx
X% —2x+11
=1OJ. SN
(x-1)"+10
10 f Xx-1
= tan +C
%)
=\/170tan‘l{x; +C
o

10

(BN
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Integration of Trigonometric Functions

5 (a) Isin3xcosx dx

(b) jsinzx dx

Q5 | Solutions

(@)

Isins X €0S X dx

_sin*x
4

+C

f(X) =sin x
f'(x)=cosx

(b)

Isinz X dx

=%J'(1—cos 2x) dx

)

1

2

_sin 2X
2

Use double angle formula cos2A=1-2sin? A

P
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Chapter 10 Integration Techniques

Integration by substitution

6 Using the substitution u =/x to find J

;dx
Q-x)Vx

TMJC 2024

Q6 | Solutions

=u’=x
dx

=—=2U
du

J.;dx

1— X)X

= J. ;Zu du
(1-u?)u

=J. 22 du
(1-u%)
2. {1+u

—J+C
1-u

1++/x
1-/x

=—In
2

=In +C
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Chapter 10 Integration Techniques
Integration by Parts
7 Find the following integrals:
€)] I (x+1)e *dx
(b) I xsin 2x dx

(©) Lexln x dx

TMJC 2024

Q7 | Solutions

(a) J' (x+1)e "dx
=—e (X +1)+J- e “dx

=—e " (x+1)-e*+C
=_xt2+c
e

(b) I Xsin 2xdx

= x(—lc032xj+ljc032x dx
2 2
=—lxc032x+lsin 2x+C
2 4

=lsin2x—lxc032x+c
4 2

Cc 2 2
© J'xlnxdx=x—lnx—jx—(ljdx<\
2 2\ X

X2

=—Inx—J.1dx
2 2
2 2
=X nx-Xic
2 4

Strategy:
Consider solving the question
without limits first.

e [ x? X2 |
J.l xInxdx=| —Inx-——

Strategy:

Apply the limits only after solving the question.

| 2 4 2 4
[ 42 2
_2 4 4
e’ 1
=—4—
4 4
——(e2+1)
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Chapter 10 Integration Techniques TMJC 2024

Level 2
Integration — Reverse of Differentiation
8 Findi(xzex*l). Hence, find J‘xex (x+2)dx.
dx
Q8 | Solutions

d
_(Xzex+1) = 2xe**! 4 x2e**!
dx

= xex*l(2+ X)

Integration is reverse of differentiation

J.xe“l (x+2)dx=x’"+C
Rewrite e as e'e* and factorise the
C
e

eJ. xe* (x+2)dx = x?e** +C constante .

J.xex(x+2)dx =£(x2e“1)+

e

=x%*+B where B _C

e
Alternative
Ixex(x+2)dx=£J‘xe“1(x+2)dx
e
1 2 AX+1
== C
e ]
=xe*+C
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Chapter 10 Integration Techniques

Integration involving the function and its derivative
9 Find the following integrals:

(a) sin20cos26 do (b) g6 sinédx
© [ SX gy o [—1
) Vi-x? J x(1+In3x)
.
g3  7x+3
e —d f —— dXx
(€) ] (Z_e—Sx)s X ® J 7x*+6x

Formula to memorise (not in MF27) and apply
(1) For neR, n#-1, [f (I (T dx=%+c

f'(x)
f(x)

(2) ForneR,n=-1, j /o) [F (0] dx = j dx = In|f (x)|+C

(3)J'f "(x)ef™dx=e"™ +C

TMJC 2024

Q9 | Solution

(a) | Method 1:

j sin 20 cos 260 d@

f(x)=sin20
=%j 2¢0s205in 20 dO f'(x)=2cos26
a2

zlsm 20+C

2 2

1 - 2
==—sin“20+C

4
Method 2:

J- sin 26 cos 20 d@

Use double angle formula sin2A = 2sin Acos A

:%J- 2sin26cos20 do
=lj sin46 d@ >
2

=—lcos40+C
8
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Chapter 10 Integration Techniques TMJC 2024
(b) cos
je 6smédx X
f(x)=cos—
1. X)) coss 6
=—6 —gsmg e Sdx 1 X
) f'(x)=—=sin—
— 6" +C 6 6
c 1
(c) Jsm )de
1-—
X . f(x) =sin™"x
= (smlx)[ de , 1
e £ ==
_ , 1-x
(sm‘lx)
= +C
2
R jp—
x(1+1n3x) f(x)=1+In3x
, 1 1
1 F=2-(3)="
= X dx
1+In3x
=In[Ll+In3x|+C
(e) -3x N
e—sdx=_|'e‘3x(2—e‘3x) *dx
(2—-e™) f(x)=2-e™
_ 1 -3x -ax\ 73 f-(X)=3e—3x
—§J'3e (2-e) dx
2-e)’
3 -2
1 3x\ 72
:_6(2 e¥) " +C
(f)

I 7x+3
> dx
7X°+6X
_EJ‘ 14x+6
2J 7x*+6x

=1In‘7x2+6x‘+C
2

f(x) =7x" +6x
f'(x)=14x+6
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Chapter 10 Integration Techniques
Integration of Rational Algebraic Functions (including MF27)

10  N2009/1/2

Find the exact value of p such that I: . 5 dx —I 2P

Ji

TMJC 2024

[5]

Q10 | Solutions

11 1
I04_X2 dx:jozp\/ﬁdx

If(x)dx
MF27
Lian _)
— sin!(2] (1x|<a)
1 1 x—a
—1
% i 2a n(x+a] Lot 0
(|x|<a)
/ Remember to include
modulus for In function
1|, [2+x 1 k3
| In— —|sin™( px) |2
4{ 2 x} p[ (P )}0
1 7
—In3—— % Golden Rule:
P Replace x by px
n=_2% — Divide by p
3In3

Let sin™ (lj = ANS
NORMAL FLOAT AUTO REAl RADIAN MP n 2

sint(3) L
............................ 0. 5235987756 ANS
n/Ans / T
6 = ANS =—
..................................................... 6
.41 /4
= SIn — |=—
@ 6
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Chapter 10 Integration Techniques

11  Find the following integrals:

(@) J‘ 6X
X+35

X
3x%+1

c

© I x? —25

dx

3x2+2
(b)

@ [

J (X +2x-8)

dx

J x?+6x+11

TMJC 2024

Solutions

Q11

(@)

J‘ 6x3

X
3x?+1

=J-2x— 2X

3x?+1
J- 2X—

1
=x? —%In‘3x2 +1‘+C

dx

6X

gl

3

= x? —%In(3x2 +1)+C

3x° +1j ax >

P

Long division to make it to a proper fraction.

jm dx
f(x)
f(x) =3x* +1 = f'(x) = 6x

=In|f(x)|+C

You can remove modulus since 3x*+1>0 for

all x

(b)

I3

X3 +2x—8)

3x?+2

dx

J'3x +2 x+2x 8);dx

( X° + 2X — 8) c

2

:2(x3+2x—8)%+C

P

[FOo[f (0] dx=

[ ( )]n+1

(©)

J' X+35

X
x?—25
X+35 «
(x=5)(x+5)
i_i dX
X-5 x+5

=4In|x-5/-3In|x+5/+C

P

Partial fraction
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Chapter 10 Integration Techniques

TMJC 2024

-

Alternative (not recommended since denominator can be factorized):

X+35
J. > dx
X —25

35

dx
x% — 52

-JGI=2s)

=£In‘x2—25‘ +
2

35%"1

X-5
X+5

|2

1 7, [Xx=5
=E|n|(x—5)(x+5)|+5|n X—+5

If (%)

0 dx =In|f(x)|+C

+C

X—a

J.; dx—iln
X+a

= +C
x> —a? 2a

(d)

ax” +bx+c

(1) For IL—H]&: , where ax? + bx +c cannot be factorized into real linear factors:

Method : Find constants 4 and B such that px +q = 4(2ax +b)+ B and then use the
"splitting the numerator method"

Consider | T09 gy~ Inff (x)|+ C and MF26:

f(x)

f(x) =x*+6x+11 =f'(X) =2x+6

Rewrite: x—4 =%(2x+6)—7

X—4

jz—dx

X“+6x+11

L(2x+6)-7
— z—dx
- 2

I X“+6x+11
:ljzzx——i_6dx_ 7'[ 1 de
2J x*+6x+11 (x+3)2+(\/§)

=%In(x2 +6x+11)—

P

Modulus not required since
x2+6x+11>0 forall x

Complete the square:
x2+6x+11=(x+3)2+(\/§)2

-1
j 21 2dx:ltan [f}c
X“+a a a

Page 13 of 24




Chapter 10 Integration Techniques TMJC 2024

12 N2014/11/2
Using partial fractions, find

J‘z 9x% +x-13
dx
0 (2x—5)(x2 +9)

Give your answer in the form alnb+ctan™d, where a, b, ¢ and d are rational numbers

to be determined. [9]
Q12 | Solution
9X2 + X_213 — 2 3 5 + A)2(+9B Partial fractions decomposition
_ X —
(2X 5)(X +9) T Non-repeated linear factors:
2 _ 2 _ px +
9x +x—13_3(x +9)+(2x 5)(Ax+B) (m/h)((:lm_(m{b) (ulid)
When X= O, epeated linear factors:
px> +qx+r A B (&
-13= 3(9)"1‘(—5)(8) (ax +b)(cx +d)? “lax+b) + (ex+d) * (ex+d)?
B = 8 adratic factor:
when x =1 Vs
9+1-13=3(10)+(-3)(A+8)
A=3
9x% +x-13 3 3x+8
(2x—5)(x2+9)=2x—5+x2+9 £(x)
) [ dx=Inff(]+C
J‘ 9x? +x—-13 i — 3x+8d f(x)
(2x— 5 x2 +9 0 2x 5 X%+
j 1 dx—ltan _l(ﬁjJrC
:J- 3x 8 x| Jxsa" " a a
2X—5 49 X’ +3
2
- —|n|2x 5|+—In‘x +9‘ —tan~ (Xﬂ

L 3 0

r 2
= gIn‘(2x—5)(x2+9)‘+§tan‘l(1J

2 3 (3],

'3 8, (2 3 8, (0
Z_E|n|(—1)(l3)|+§tan (gj:|—|:§|n|(—5)(9)|+§tan (Ej:|
=§In13—§In45+§tan‘l(gj=§In(l3j+8ta (Zj

2 2 3 3) 2 45) 3 3

3, 1B 8,2
2 45 3 3
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Integration of Trigonometric Functions
13  Find the following integrals:

(a) I sec” X+ 2cosec’ [4x—%j dx (b) _[cosz 2x +tan? 2x dx

1 m b 1
(© I—Esec(g—xjtan(x—gjdx (d) Imdx

Q13 | Solutions
(a)

sec’ X + 2 cosec? 4x—£jdx 2( 4y .
I ( 3 > For 2cosec (4)( 3)' jseczxdx=tan x+C

=tan x+2 —l cot 4x—E +C
4 3

Replace x by 4x—g '
2 _ —
> Divide by 4 Icosec xdx=-cotx+C

=tan x—lcot 4x—E +C
2 3

(b) : :
J'cosz 2% +tan? 2x dx Use of formula in MF227.

. cos2A=2cos” A-1
=I% dx+J'sec22x—1 dx —1-2sin2 A

e 1l+tan® A=sec’A

=£J.1+ Cos 4x dx+_|.sec2 2x —1dx
2
For cos4x:
:%[x+%sin4x}r%tan 2X—X+C Replace x by 4x Iseczxdxztan x+C
1 1 => Divide by 4
=—sin4x+—tan2x—§+c
8 2 2
(©) . o
1 . . Angle differs by a negative sign. Make them
J.——sec(——xjtan(x——j dx P P
2 6 6 the same: tan [x —EJ =—tan (g— x)
1 yis T
= —Esec ——X||—tan| =—x || dx

6 6
1 T T For sec (E - xj tan (E - xj:
=I—sec(——xjtan(——xj dx 6 6
2 6 6

T
L . Replace x by E_ X
=-—sec| ——Xx |+C .
2 6 => Divide by -1

secxtan xdx =secx+C (mr26)
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(d)
_[ +C0S 4x

sec? 2x dx

1+
L
2

1+
,‘- 2cos 2X— 1
1
4

tan2x+C

D

D No known formula to integrate ;
1+cosé4x
that this is not of the form f(( )) Use trigo identity:
X

cos2A=2cos* A—1=1-2sin* A

Note

Replace x by 2x

2 j—
=>» Divide by 2 I sec” xdx=tanx+C
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Integration by substitution

14 Using the suggested substitution, find:

(a) jtanSX dx, let u=tanx dx, let x=5c0s0

1
f X*/25—x?

() J% dx, let u=¢* (d) I LHZ do, let x=cos@
e’ +2e n/2 1+ c0s” 6

Q14 | Solution

dx 1
jtangx dx Let u=tanx, d—u=sec2x=1+tan2x=l+u2:>—= -
dx du 1+u

(@)

Long division to change expression into a proper fraction.

Il Il
TN
< + | =
| c
N
o
c
N
N
o
< c

Apply the formula j ) dx = In|f(x)|+C

2
u- 1
= ——=In|1+u®|+C
2 2
_ tan® x 1 In‘1+tan x‘ iC Rememper to substitute back and express final
answer in terms of x.
tan’x 1
= ——In‘sec x‘+C
2
tan®x 1 - 2yl = — 2_
- ~Zinfcosx| 2 +C In‘sec x‘ In o In|cos | 2In|cos x|
2 2
tan® x
= +Injcosx|+C
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Chapter 10 Integration Techniques TMJC 2024
(b) | 1 _5
——dx Let X=5cC0s0
x2/25 - x? dx )
. — =-5sin0
:.[ -5sin@ 40 do
2 2
25c0s g;/liSO_ 25c0s°0 V25-25¢0s° 0 = ,/25(1-cos’ 9)
— /?25cin?
(25c0s% 6)(5sin ) ~yzoento
-1 J- sec’0do
25 When the given substitution is in trigo form, use the
- —2—15tan0 ic triangle to find out the other trigo ratio.
o L[N25-x* ) | x=5cosd=>cos0 ==
250 «x 5
_y?2
_ 25— x2 e .'.tanez% . 5
—25X 25—x
o
X
Remember to substitute back and express final answer in terms of x.
(c) J 1
— —  dx .
P Steps:
1 (1 1) using u =¢”
[ [ st
u+ =\ 2lu) [ 2 —=ge"=
u U+ ul u+= dx
u u
:J' L - 21 (2) Replace expression
u?+2 u'+2 1 1
e r2e” 2
= % du u +a
(\/E) +u?
1 u (3) Replace variable u back
= tan™ [—}C to original variable x
V2 V2
= ﬁtan‘1 * lic
V2

Remember to substitute back and express final answer in terms of x.
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(d)

Let x=cos€:>d—xz—sin0
do

When ezg, x=cos£=0

When 6=n, X=cosm=-1.

.[“ sin@ 1

do = dx

22 1+cos? @ 0 1+X

= —[tan’1 x](;

2
1

T
4
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Integration by parts
15 Find the following integrals:

(@) Ixz cos x dx
J'OJIE xsin‘l(xz)dx

Iezxsinx dx

TMJC 2024

Q15 | Solution

(@) Ixzcosx dx=xzsinx—J'2xsinxdx

= xzsinx—2J'xsinx dx

= xzsinx—Z[—xcosx—J'—cosx dx}
= xzsinx+2xcosx—2jcosx dx

=X?sinXx+2xcos x—2sin x+C

LIATE

A

PN
2 CcOSX

(Keep)

Integration by parts:
K.l I

eep u  ntegrate v _.[ Differentiate u " ntegrate v

(b) Ixsin 1(xz) dx

. X 2X
:?sm 1(x2)—j?ﬂ d

2

=" sin™
2 J.\/1 x*
x* . —4%°

=7SII’] J.\/]T

X2 1 2
:7sin‘1(x2)+zj(—4x3)(1—x“) 2 dx
1
— 4 2
:—Zsm (x2)+% (1 I)Z +C
2
XZ

LIATE

/
sin’l(xz) X
(Keep)

Strategy:
Consider solving the question
without limits first.

Strategy:

Apply the limits only after solving the question.
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(©)

.[ezxsin X dx =%e2xsin x—j%e2X cos x dx

1 2X a3 1 1 2x 1 2X a3 - . .
=§e smx—z Ee COSX+IEG sinx dx | | Apply integration by parts again

=£ezxsin x—le2X cosx—l.[ezxsin X dx
2 4 4

= 1+1 Iezxsinxdx=1ezx sinx—lcosx +C'
4 2 2

= J.ezxsin X dx =§e2X (sin x—%cos Xj—i—C

Apply integration by parts once

STOP when we see the required
integral appearing again

Combine the required integral on the
LHS and make the required integral
the subject
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Level 3

16 2009/MJC/11/1
(i) Differentiate e°** with respect to x. [1]

(i) Find [e***sin2x dx. [3]

Q16 | Solutions

(I) ieCOSX — _eCOSX
dx

(Hence J'—e“’SX sin x dx =e°®* + ¢ (Integration is the reverse of differentiation))

sin x

(i) jemxsin 2x dx q
. From (i), since —e*“** =—e*“**sinx,

=je°°sx(23|n xcosx) dx dx
= [(~e=sin x)(2cos x) dx [-esinx dx=e“ +c
_(_ cosx ) . COsX Hence, we let
—( Zcosx)(e )J .[(25|n x)(e )dx e andy — e siny
=—-2e°* cos x — 2| " sin x dx du . cosx
g cosx—z(—e“’”)+c rvie 2sin x and Iv dx=e

=-2e%%* cos X+ 2e°* + C
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17 N2019/11/1
You are given that | =[x(1- x)% dx.
(i)  Use integration by parts to find an expression for 1. [2]
(ii)  Use the substitution u® =1-x to find another expression for I. [2]

(iii) Show algebraically that your answers to parts (i) and (ii) differ by a constant.  [2]
Q17 | Solutions

(i) :
I = _[ X(1=x)z dx Integration by parts:
3
—2x(1-x)2 2 3
= (—) + J—(l— X)2 dx Keep u I ntegratev _[ Differentiate u I ntegrate v
3 3
5
- 3 4(1-x)2
2X (1 x) (—)+C
3 15
Special Remark:
1
Notice that both x and (1-x)2 are algebraic terms. Next, we observe that by
letting x to be the term that is to be differentiated, it allows for easier
integration to take places in the “Integration by parts formula”. Hence we let
x to be the term that is to be differentiated and (1 x) to be the term that is to
be integrated.
(ii) I |

= [ x(1-x)2 dx Steps:
_I 1 u’ (1) using u =(1—x)%

Ju(-2
_2J'u_) du 1

5
=2 __u_ 111
3 st =
2 (1_ X)% 2u
(1— x) (1- x)f (2) Replace expression
=2 _
=3 |*®

1
u=(1-x)2
/ u® =(1-x)
Note you should not use the
same letter as part (i) to represent
your arbitrary constant as in
general the arbitrary constant is

not the same.

X =1-u?

(3) Replace variable u back
to original variable x
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(iil) 5 5 s :
—2X 3 4(1-x)2 (1-x)z2  (1-x)2 Question asks to prove that
T(l_x)2 T 15 +C—|2 L | D answers in part (i) and part (ii)
differ by a constant so you can
5 3 just subtract the 2 expressions
—ﬂ(l— )g _4(1-x) O 2(1-x)z 2(1-x)z b from part (i) and part (ii) and
3 1 5 3 check if it results in a constant.
Sl 402 3S-2x 2
=(1-x)2| —— =2 |+(1-x)2 +Z1+C-D '
(=% { 15 5} (=% { 3 3} ¥~ Factorise and combine the liked
5
- _?2(1_ x)g +§[1_ x](1- x)g +C-D terms, i.e. terms with (1—x)2 and
3
- 5 5 1-x)z.
=)+ 2(1-x)i +C-D (1-x)
Combine

=C—D =constant (shown)

[1-xX](1- %)z = (1-x):

Alternative Method
Let u* =1—-x for the answer in (i):

5
3 2

-2X

4(1-x) vels (1-x)2

5

(1-x)2 -

3 5

_2
3

=C — D = constant (shown)

3

(1-u?)u? —iu5+C{2{u—u
15 5

3}[)}\

=_—2(u3—u5)—iu5 rc-2p+2pp

3 15 5) 3

2l Aeic il
3 3 15 3

Observe that we can replace

u® =1-x in both the expressions
obtained in part (i) and part (ii).
This will help to simplify the
expressions greatly.

For e.g.
3 5
(1-x)z =u®and (1-x)z =u®
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