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y
A
y=-x
x=5-(y=1)
P
R (51)
O
/O
The shaded region R bounded by thecurve Y = — X | theline y=—x and the x-axis is rotated
about the x-axis through 360° . Find the volume of the solid formed, leaving your answer to 2
decimal places. [4]
Suggested Solution
y =-X
y=1++/5-X
y=1+~/5-X intersect y=—X at (-4,4)
y=1-+/5-x cutsthe x-axis at (4,0)
Volume required
5 2 5 2 1 2
= x| (1+5-x) dx—z [ (1-v5-x) dx—=7(4)" (4
=201.06 (to2d.p.)
. . . X’—ax—a . " . .
2 (i) Solvetheinequality —— > a, whereaisapositiverea constant, leaving your answer in
terms of a. [4]
(i) Hence, by using a suitable value for a, solve the inequality
2X X
47" —e —12 1
4e* -1 4
leaving your answer in exact form. [3]
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Suggested Solution

2
. X? — ax—
0y X2=7%5 a (xza)
X—a
(X’ -ax—a)-a(x-a)
X—a
2 2
X —2ax+a —a2
X—a

>0

0

Consider  x*—2ax+(a’-a)= 0

—(-2a)+ \/(—Za)z —4(1)(a’-a)
2

+
2a_2x/E - ai\/g

Method 1 (test critical points)

x?—2ax+a’—-a
X—a

{2 c-fa-a)

X—a

>0 can berewritten as

>0

Using sign test, we can check whether each factor is positive or negative for the different range of values
of x

R Ave -wR + W
t ® 4
o-Ja. @ G+Jo.

Thus, wehave a—Ja<x<a or x>a++a
Method 2

(X’ —ax—a)-a(x-a)

X—a

\
o

(x—a)[xz—Zax+(a2—a)] > 0 (x#a)
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a—Ja<x<a or x>a++a

(i)
2X X
Given de”-e -1 > L
4e* -1 4
X \2 1 X l
) -=(e)-=
©F 35 1
()-7  °
4

Replace x with € and let a=—,

1 <e < L or e > 3
4 4 4
D<e < = or e > §

4

3 The parametric equations of acurve C are x = at, y = at®, where a is a positive constant.

(i) The point P on the curve has parameter p and the tangent to the curve at point P cuts the y-axis
at Sand the x-axis at T. The point M is the midpoint of ST. Find a Cartesian equation of the

curve traced by M as p varies. [5]
(i) Find the exact area bounded by the curve C, the line x=0, x=3and the x-axis, giving your

answer in terms of a. [3]
Suggested Solution

Solutions:

(i) x=at, y=at®

%=a, Y _za

dt dt
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oy _sat’
dx a
=3

Therefore, gradient of the tangent at P = 3p?

Equation of tangent at P:
y—ap°=3p*(x—ap)
y—ap>=3p*x—3ap’

y =3p*x—2ap’

3

For point S, x=0,y=-2ap°.
~.Sis (0,-2ap%)

2ap° 2
3p? —3®

Forpoint T, y=0, x=

. (2
~Tis|—ap,0
(sap ]

Midpoint M {%ap,—apﬂ.

x=Zap, y=-ap’
3 1
3X
= p,
a
) 27¢
y:—a _ = — 2
a a

(i)  Requiredarea = ydx
3
= [aat’(a)dt

3

= [aat®(a)dt

|t o8l
4| 4a’

Alternatively, find the cartesian of the given curve and use it to find the required area.

o w
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Itisgiventhat y=sin"xcos™ x, where -1< x<1.

(i)  Show that v1-X? %(l =cos' Xx—sn"x. [1]
2
(i) Show that (1- xz)d—f— N 2]
X dx
(iii) Hence find the exact value of A, B and C if y can be expressed as Ax+ Bx® +Cx®, up to (and
including) thetermin x°. [4]
(iv) A student used (jii) to estimatethat sin™*(0.8)cos™(0.8) =~ 0.8A+0.8°B+0.8°C . Explain, with
working, if his estimate is a good one. [1]
Suggested Solution
(i)

y=sin"xcos'x= -2

dy cos'x (—Sin‘li
dX V12 V1o

=J1-x % = oS X—sin™ x---(1) [shown]

(i)

Diff (1) wrt x,

;(1 x) +\/1 X2 zdy_ 1 1

¢ ok ¥

= (Y +(1- x)gzy:—l 1=—2=(1- x)oI2y ;ﬂ_ 2 --(2)[shown]

dx NG dx®

(i) Diff (2) wrtx,
2 3
—2xﬂ+(1 )dy dy+xd32/ ~0
dx’ d \dx  dx
2 3
When x=0,y=0, % -7 d¥_ ,dy_7
dx 2 x> 2
9
-2
Therefore, sin1x0031Xz(£jx+ux2+ix3 AN SN
2 2! 3! 2 12
(iv)  Theestimateisnot good as sin™*(0.8)cos™(0.8) = 0.597 (to 3 f)
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But %(0.8) —~(0.8)’ +1—”2(o.8)3 = 0.751 (to 3 f)

Alternative Explanation

z r
y="X—X+-—x

2 12
.../"//

“TN y=sintxcostx
\I

\
\

-1 1 2

The graphsillustrated that at x = 0.8, the two graphs are quite different from each other.
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5 (a) Referredto the origin O, the points A and B have position vectors aand b . Point C is on the
line which contains A and is parallel to b. It is given that the vectors aand b are both of

magnitude 2 units and are at an angle of sin™(1/6) to each other. If the area of triangle OAC
is 3 units?, use vector product to find the possible position vectors of C in terms of aand b.

[S]

(b) Referred to the origin O, the points P and Q have position vectors p and q where pand qare
non-parallel, non-zero vectors. Point Ris on PQ produced such that PQ:QR=1: 4. Point M is
the mid-point of OR.

(i)  Findthe position vector of Rintermsof A,pand q. [1]

F isapoint on OQ such that F, P and M are collinear.

(i) Findtheratio OF:FQ, intermsof A. [4]

Suqggested Solution
(a)

L
OC=a+Ab forsome e .

Areaof triangle OAC
1,u0 uu
=~|0AxOC|
2
1
=E‘a><(a+ Ab)
1
= E‘axa+ A(axb)|
1
= 1l|(axb)
——|Alallplsine

1 1 1
i@t

Since area of triangle OAC= 3,
}|,1|:3

3

A=90r-9

uur

OC=az%

(b)
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By the ratio theorem,

w wn  u
00 = OR+ A0P
1+ 4

1)
OR=(1+1)q-Ap

Since the point F lieson line OQ, OF =tq, for somete j .

U U u

PM =OM -OP
LoR

_E —p

_(1+2) 2
—Tq—zp—p
_ (1+/1)q_(£+1jp

2 2

Since the point F also lieson line PM,

u L
OF =p+sPM,for somese j .

= p+s{@q—[%+l}p}
:[l—%—s)p+Mq

2

Since p and g are non-parallel & non-zero vectors, comparing coefficients of p and g against
L
OF =tq, we have

1—i—s:0
2

s(£+1j:1
2

S=

-

2

+1 A+2

N |

L

du s(1+/1)q: 2 (1+/1J
2 A+2( 2

C1+A . 1y UM

- :_O
2+/1q 2+ A4 Q

Thus, OF :FQ=1+1:1
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6 Do not use a calculator in answering this question.

(@) Itisgiven that two complex numbers z and w satisfy the following equations
13z=(4-T7i)w,
z-2w=5-4i,
Find zand w. (4]
(b) Itisgiventhat q=—3-i.
() Find an exact expression for q°, giving your answer in the form ré? , where r >0 and
0<6<2r. [3]

n

(i) Find the three smallest positive whole number values of n for which q_* is purely

imaginary.

[4]

Suggested Solution

@
From (2): z=5-4i+2w

Sub into equation (1):
13(5-4i+2w) = (4-Ti)w
(22+7i)w=-13(5-4i)

~ —13(5—4i)>< 22-T7i
247 22-Ti

_ —13(110-35i —88i - 28)

- 222 + 77

~13

= —=2(82-123) =—2+3
533

Subinto z=5-4i+ 2w
z=5-4i+2(-2+3)

=1+2i
(b)(i)
q=—v/3-i
__ o
ag(a)=-
ja|=2
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Thus, = Ze(_sgj

([ 57 6
q°= (2e'[_G)J =2°¢*") = p4el”)

(i)
arg[g—:]=arg(q”)—arg(q*)

=narg(q)+ag(q)
=(n+1)arg(q)

_ oz
_(n+1)( 6)

o
=—(n+1)—
(n+1)=

n

q—to be imaginary, arg(q j:i
q*

*

For

NN

Thus

2k+1
_(n+1)5_7[:u
6 2

3(2k+1)

ket

(n+1)=- ke ¢

n+1=3915...
n=2_814,..

The smallest positive whole number values of nare 2, 8, 14.
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7
y A
a B
0 X
It is given that f (x)=2x°—4x" —6x* —7.The diagram shows the curve with equation y=f (x) for
x> 0. The curve crosses the positive x-axisat X = .
(i) Findthevaueof «, giving your answer correct to 3 decimal places. [1]
(i)  Show that f (x)=f (—x)for all real values of x. What can be said about the six roots of the
equation f (x)=0? [4]
Itisgiventhat g'(x)="f (x), for al rea values of x.
(iii) Determine the x-coordinates of all the stationary points of graph of y=g(x) and determine
their nature. [3]
(iv) For which valuesof xisthe graph of y=g(x) concave upwards? [3]
Suggested Solution
(i)
Using GC, a=1.804 (3d.p)
(if)

f(x)=2x*-4x" -6x* -7
f(=X) = 2(=X)° = 4(-x)* —6(-x)* =7
=2x° —4x" —6x° -7
=f(x)
=f(X)=f(-x) (shown)

Since, f(x) =f(—x), two real roots of f(x)=0are 1.804 and —1.804. (From (i))
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The remaining 4 complex roots are in aform of 2 complex conjugate pairs and aso are negatives of
each other.

The four complex roots can be written as X, X,, X;, X,, where

X ==X, while X, =—X,.
Also x* =X, while X;* =X,

In other words, the complex roots are of the forms:
X, =a+bi

X, =a—hi

X, =—a-hi

X, =—a+hi

(iil)
y=9(x) has stationary pointswhen g'(x)=f (x) =0, i.e. a x=1.804 or —1.804.

From the graph, we can see

x=1.804" | X=1.804 | x=1.804"

g'(x) =f (x) -ve 0 +ve

y=9g(x) hasaminimum point at x=1.804.

From the graph, we can see

x=-1.804" | X=-1.804 | x=-1.804"

g'(x) =f (x) +ve 0 -ve

y=9g(x) hasamaximum point at x=-1.804.

(iv)

y =g(x)is concave upwards when g"(x)="f '(x)is positive.
f/(x) =12x° —16x° —12x

f/(x)=0

Using GC thereal roots are x=0,-1.37,1.37 (these are al so the x-coordinates of the stationary points
of f(x).)
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From graph, we can tell that f’(x)is positive for xe [-1.37,0] U[1.37,0)
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8 (& () Showthat,forrec¢, r>2,

1 2 1 r’—r-1
- — + = : [1]
(r=1)' rt (r+1)! (r+1)!
nrfor-1
Let S = :
= ,; (r+1)!
(i) Hencefind S intermsof n. [3]
(iif) Show that S, convergesto alimit L, where L isto be determined. [2]
(iv) Find theleast integer value of nsuch that S differsfrom L by lessthan 107°. [2]

(b) (i) Suppose that f is a continuous, strictly decreasing function defined on [1, e ), with

f(x) >0, x>1. According to the Maclaurin-Cauchy test, then the infinite series Zf (n)

n=1

is convergent if and only if the integral me(x)dx is finite. By applying the Maclaurin-

Cauchy test on the function f defined by f (x) =1, x>1, determine if the infinite series
X

Zl is convergent. [2]

n=1
(i) Let pbe a positive number. By considering the Maclaurin-Cauchy test, show that if

p>1, theinfinite series 1+i+i+...i+... IS convergent. [2]
2° 3P n®

Suggested Solution

(i
Forrec¢,r>2,

1 2 1

(r-nt  r! " (r+1)!
Cr(r+1) - 2(r+1) +1
- (r+1)!
ri4r-2r-2+1

- (r+1)!
Cri-r-1

~(r+1)

(i)
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TS r’—r-1
= (r+1)!
- 1 2 1
= - = 4+
S (r-1t b (r+1)!
{' 1 2 1 }
= [ —_ [ + —_—
i 2! 3!
! 2 1 ]
+ ] = - = + =
2! 3! 4
! 2 1 ]
+ ] = - = + =
TR
! 2 1 ]
+ ] = - = + =
4l 51 6! |
M
. 12 !
(=3t (n-2)!  (n-1)!
N 12 , L
(n=2)!  (n-1)! n!
Ll 2 1
| (n-1)! n! (n+1)!
1 2 1 1 2 1
= — - — —_ 4 — - —
2020 n n o (n+1)!
11 1
2 n  (n+)!
_1ooon
2 (n+1)!
(iii)
_1 o
2 (n+1)!
AsS N— oo, —0.
(n+1)!
1 1
Sn—>§,thusS100nvergesand LZE
(iv)
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For ‘Sn—% < 10"

n

—10
(n+1)!<lO

FromGC, n>14

.. theleast value of n =14.

(b)(¥)

=1 -
L ;dx =[Inx];

[Inx] isnot finite and thus, by the Maclaurin-Cauchy test, Z% is not convergent.
n=1

(b)(i)

midx = _[lm X Pdx

1 xP
_ 1 -p+17]”
ek
1
(-p+1
1
p-1

isfinite, whenever p>1.

Thus, by the Maclaurin-Cauchy test, whenever p>1, Zn—lp is convergent.
=1
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9 A drilling company plans to install a straight pipeline AB through a mountain. Points
(X,y,z) are defined relative to a main control site at the foot of the mountain at (0,0,0),

where units are metres. The x-axis points East, the y-axis points North and the z-axis points
vertically upwards. Point A has coordinates (—200,150,10) while point B has coordinates

(100,10,a), where aisan integer. Point B is at a higher altitude than Point A.

(i) Given that the pipeline AB is of length 337 metres, find the coordinates of B. [3]

A thin flat layer of rock runs through the mountain and is contained in the plane with
equation 20x+ y+2z=-837.

(i)  Find the coordinates of the point where the pipeline meets the layer of rock. [4]

To stabilise the pipeline, the drilling company decidesto build 2 cablesto join points A and
B to the layer of rock. Point Aisjoined to Point P while point B isjoined to Point Q.

(iii)  Assuming that the minimum length of cableisto be used, find the length PQ.  [2]

(iv) Show that the pipelineis at an angle of 10.8° to the horizontal plane.
[2]

(v) After the pipeline is completed, a ball bearing is released from point B to roll down
the pipeline to check for obstacles. The ball bearing loses altitude at a rate of 0.3t
metres per second, wheret isthe time (in seconds) after its release. Find the speed at
which the ball bearing is moving along the pipeline 10 seconds after its rel ease.

[3]

Suggested Solution

(i)
Given that length of BA is 337

300
AB=| -140
a-10

|/300° +(~140)° +(a—10)° =337
(a—10)" =3969

a—10=+63

a=73o0r —53

Since B is of higher altitude, a>10 and thusa= 73.

Coordinates of B are (100,10,73).
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(i1)

300
AB =| -140
63

Equation of line AB:

-200 300
r=| 150 |[+A4|-140|, A€ i
10 63

Let C be the point of intersection between the line and plane. Since C is on the plane,

-200 300 20
150 [+ A4|-140 1 |=-837
10 63 2

—4000+150+ 20+ 4 (6000—-140+126) = —837

59864 =2993= 1 =%

—200 300 -50
OC=| 150 +% -140 |=| 80
10 63 41.5

The coordinates of C are (-50,80,41.5).

(iiil)

Length of projection of AB onto the plane

20
un
ABx| 1
2
~ J405
300 (20 —343
~140 |x| 1 660
63 2 3100
 Jaos a0
_ V10163249 _ 158 m (103 )
J405
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(iv)
L et acute angle between horizontal plane and AB be o .

Normal to horizontal planeisk.

0
wn
ABg O
) 1
sina =
8|
300)\(0
-140 g0
. 63 1 63
sino = =
337 337
o=10.8°

(v) Let hrefer to the sloped distance the ball bearing has moved and z the atitude the ball
bearing has moved.

Given that %:—0& , we need to find @
dt dt
) Z
sin(10.8°)==
(108)=1
63h
— =7
337

Differentiate with respect to t:

630 _dz
337 dt dt
oh_3%7 o
da 63
When t=10
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dnh 337
—=——(-0.3(10
=-16.0ms™

Speed of the bearing= 16.0 m/s
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10 Anepidemiologist is studying the spread of a disease, dengue fever, which is spread by mosquitoes,
intown A. P is defined as the number of infected people (in thousands) t years after the study begins.
The epidemiologist predicts that the rate of increase of P is proportional to the product of the number
of infected people and the number of uninfected people. It is known that town A has 10 thousand
people of which athousand were infected initially.

(i) Writedown adifferential equation that is satisfied by P. [1]
(i) Given that the epidemiologist projectsthat it will take 2 years for half the town’s population to

be infected, solve the differential equation in (i) and express P in terms of t. [6]
(iii) Hence, sketch agraph of P against t. [2]

A second epidemiol ogist proposes an alternative model for the spread of the disease with the
following differential equation:

dP 2cost .
— = *).
dt  (2-sint)
(iv) Using the sameinitia condition, solve the differential equation (*) to find an expression of P
in terms of t. [3]
(v) Find the greatest and least values of P predicted by the alternative model. [2]

(vi) Thegovernment of town A deemsthe alternative model asamore realistic model for the spread
of the disease asit more closely follows the observed pattern of the spread of the disease. What
could be a possible factor contributing to this? [1]

Suggested Solution

() —-=kP(10-P)

P
(”)E_ kP(10-P)

Method 1tointegrate:
dP =k j dt

J (10 P)

——dP k| dt
P 10-P

%[In|P|—In‘(10— P)H =kt+C
1, ‘ P

—In——=kt+cC
10 10—P‘
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iIn(Lj: kt+C

10 \10-P
In( P jlekt+Cl
10-P
P :e10kt+cl — AgloK
10-P

Method 2 to integr ate

jﬁdp:kjdt

1
P
i|n5+(P_5)
10 [5-(P—5)
1| P

—Inl——=kt+c
10 |10-P

dP:kJ.dt

=kt+cC

From either Method 1 or 2,
since P>0,10-P>0

iIn(sz kt+C

10 \10-P
In( P jlekt+Cl
10-P
P — gloHC _ pglokt
10-P

Substitute in values into solution

Subt=0,P=1

P — g0+ _ pQlokt
10-P

Ol
1]
&
y
>
Il

Ol

Subt=2,P=5
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e =9k :%In(g) ~0.10986

So we have
P 1 jno
10-P 9

t
9P =(10-P)e2"”
[ 4,
P(9+ e? (Q)J ~10e2™”

Linge
~10e2™
- Lingo

9+e? "

P

NORMAL FLOAT AUTO REAL RADIAN MP n

(iv)
dP 2cost . \-2
—=————=(-2)(—cost)(2—9nt
& gy - Ao (2msny

_2 o -1
P (2—sint) _ 2. ie

-1 2—d9nt

Subt=0,P=1
1= 2 +C

—-sn0
c=1-1=0
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Thus P =

2-sint

(V)
Since —1<sint<1,
Largest value of Piswhen sint=1

Largest value of P=2

Smallest value of Piswhen sint =-1
Smallest value of P=2/3

(vi)
NORMAL FLOAT AUTO REAL RADIAN HP n

2
2-sdint

We can usethe GC to plot P =

The second model could be deemed more suitable, asit shows oscillating values of P, which could
correspond to the population of the mosquitoes which could vary seasonally. (For example, when
the season is hot and rainy, the environment is more conducive for the breeding of mosguitoes.)
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