
1

1 (a) Show that 1 2
1 2

x

x




 can be written in the form 
2

f ( )
1 4

x

x
where f(x) is a 

polynomial to be determined. Hence, find 1 2  d
1 2

x
x

x








[3]

(b) Show that
2e

e

1  d
ln

x
x x




= ln 2 . [3]

2 It is given that 1tan 2
2

y x , where 
2 2

y
 

   .

(i) Show that  2 d1 2 2 2
d
y

x
x

  . [2]

(ii) Use the result from part (i) to find the first two non-zero terms in the Maclaurin
series for y, giving the coefficients in exact form.    [3]

(iii) Hence, using standards series from the List of Formulae (MF26), find the

expansion of 
12 tan 2

cos 2
x

x



in ascending powers of x, up to and including the

term in x3, giving the coefficients in exact form.    [3]

3 The position vectors of A, B and C referred to a point O are ,   and a b c  respectively. 
The point N is on AB such that AN:NB = 2:1. 

(i) If O is the midpoint of CN, prove that  + 2 3a b c 0  . [2] 

(ii) Show that A, O and M are collinear, and find the ratio AO:OM [3]

(iii) If the point P is such that NP AM
K K

, show that the ratio of the area of 

PNAM : area of PNOM = 12:7 [3]
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4 (a)

The diagram shows the graph of f ( )y x . The curve crosses the x-axis at 0x 
and 3x  . It has a turning point at (4, 5) and asymptotes with equations 2y 
and 2x  .

Showing clearly the coordinates of turning points, axial intercepts and equations 
of asymptotes where possible, sketch the graphs of

(i)  fy x ; [2]

(ii)  f 'y x [3]

(b) The curve with equation y = f(x) is transformed by a stretch with scale factor 2
parallel to the x–axis, followed by a translation of 2 units in the negative x–
direction, followed by a translation of 3 units in the positive y–direction. The 

equation of the resulting curve is  3ln ey x .

Find the equation of the curve y = f(x). [3]

y

x

y = f(x)

0

(4, 5)

3

y = 2

x = 2
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5 A curve C has parametric equations
2sin , cos ,x a t y a t 

where 0 and 0.
2

t a


  

(i) Find the cartesian equation of C, stating clearly any restrictions on the values 
of x and y. [2]

(ii) Sketch C, showing clearly the axial intercepts. [1]

(iii) The region bounded by C, the line 5
4

y x a  and the y-axis is rotated through 

the y-axis. Show that the exact volume of the solid obtained is 
3k a where k is a constant to be determined. [5]

6 A function f is defined by

2

6 for 2,
4

f ( ) 1 for  2 1,
2 for   1.

x
x

x
x x

x x x


        

  

(i) Sketch the graph of f. [3]

(ii) Evaluate exactly 
4

3
f ( ) dx x

 . [4]

7 Do not use a calculator in answering this question.

The roots of the equation z2 + (2 – 2i)z = –3 – 2i are 1z and 2z .

(i) Find 1z and 2z in cartesian form x + iy, showing clearly your working. [5]

(ii) The complex numbers 1z and 2z are also roots of the equation 
4 3 24 14 4 13 0z z z z     .

Find the other roots of the equation, explaining clearly how the answers are 
obtained. [2]

(iii) Using your answer in part (i), solve z2 + (2 + 2i)z = 3 + 2i. [2]
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8 (i) Show that 
  

3 4
2 1 2 1
r A B C

r r r r r r


  

   
where A, B and C are constants 

to be determined. [1]

(ii) Find the sum to n terms of 

7 10 13 ...
3 2 1 4 3 2 5 4 3

  
     

(There is no need to express your answer as a single algebraic fraction). [4]

(iii) Hence show that  
3

5

3 5 4
( 1)( 2)( 3) 3

n

r

r

r r r








   . [3]

9

The diagram above shows an object with O at the centre of its rectangular base ABCD 

where AB = 8 cm and BC = 4 cm. The top side of the object, EFGH is a square with 
side 2 cm long and is parallel to the base. The centre of the top side is vertically above 
O at a height of h cm.

(i) Show that the equation of the line BG may be expressed as 
4 3
2 1 ,

0
t

h

   
        
   
   

r

where t is a parameter. [1]
(ii) Find the sine of the angle between the line BG and the rectangular base ABCD

in terms of h. [2]

It is given that h = 6.

(iii) Find the cartesian equation of the plane BCFG . [3]
(iv) Find the shortest distance from the point A to the plane BCFG. [2]

O

A

B

C

D

E

F

G

H

i

jk
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(v) The line l, which passes through the point A, is parallel to the normal of plane 
BCFG. Given that, the line l intersects the plane BCFG at a point M, use your 
answer in part (iv) to find the shortest distance from point M to the rectangular 
base ABCD. [2]

10 Commonly used in building materials, sand is the second largest world resource used 
by humans after water. To reduce the environmental impacts of sand mining, an 
alternative approach is to make “sand” by crushing rock. 

A machine designed for this purpose produces sand in large quantities. Sand falling 
from the output chute of the machine forms a pile in the shape of a right circular cone 

such that the height of the cone is always equal to 4
3

of the radius of its base.

[Volume of a cone = 21
3

r h and curved surface area of a cone = rl where r is the 

radius of the base area, h is the height of the cone and l is the slant length of the cone]

A machine operator starts the machine.

(a) (i) Given that V and A denote the volume and the curved surface area of 
the conical pile respectively, write down V and A in terms of r, the 
radius of its base. [2]

(ii) Hence show that the rate of change of A with respect to V is inversely 
proportional to the radius of the conical pile. [3]

An architect is tasked to design sand-lined walking paths in a large park. He decides to 
base his design of the paths on the shape of astroids, which are shapes with equations 

2 2 2
3 3 3x y k  (k > 0). 

On a piece of graph paper, he sketches an astroid with the equation 
2 2 2
3 3 3x y k  .

(b) The tangent at a point P  1 1,x y on the curve meets the x-axis at Q and the y-
axis at R. Show that the length of QR is independent of where P lies on the curve.

[7]

Sand

Chute
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11 (a) Find the sum of all integers between 200 and 1000 (both inclusive) that are not 
divisible by 7. [4]

(b)

Snowflakes can be constructed by starting with an equilateral triangle (Fig. 1), 
then repeatedly altering each line segment of the resulting polygon as follows:

1. Divide each outer line segments into three segments of equal length.

2. Add an equilateral triangle that has the middle segment from step 1 as 
its base.

3. Remove the line segment that is the base of the triangle from step 2.

4. Repeat the above steps for a number of iterations, n.

The 1st, 2nd and 3rd iteration produces the snowflakes in Fig. 2, Fig. 3 and Fig. 4 
respectively. 

(i) If 0a denotes the area of the original triangle and the area of each new 
triangle added in the nth iteration is denoted by na , show that 

1
1
9n na a  for all positive integers n. [2]

(ii) Write down the number of sides in the polygons in Fig.1, Fig. 2 and Fig. 
3, and deduce, with clear explanations, that the number of new triangles 
added in the nth iteration is  4n

nT k where k is a constant to be 

determined. [2]

(iii) Find the total area of triangles added in the nth iteration, nA in terms of 

0a and n. [2]

(iv) Show that the total area of the snowflake produced after the nth

iteration is 0
8 3 4
5 5 9

n

a
    

   
units2. [3]

The snowflake formed when the above steps are followed indefinitely is called 
the Koch snowflake.

(v) Determine the least number of iterations needed for the area of the 
snowflake to exceed 99% of the area of a Koch snowflake. [3]

Fig. 1 Fig. 2 Fig. 3 Fig. 4
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Section A: Pure Mathematics [40 marks]

1 Given that the curve 
2

f ( )
1

ax bx c
y x

x

 
 


passes through the points (1, 3),

1 3,
2 2

  
 

and 335,
2

 
 
 

, find the values of a, b and c. [3]

Hence find the exact range of values of x for which the gradient of y = f(x) is positive.
[3]

2 The functions f and g are defined by:

2f : x ax x6 , x  Թ
g : e 1xx a  6 , x  0

where a is a positive constant and 5a  .

(i) Sketch the graphs of y = g(x) and y = f(x) on separate diagrams.

Hence find the range of the composite function fg , leaving your answer in exact 
form in terms of a . [5]

(ii) Given that the domain of f is restricted to the subset of Թ for which ݔ  ݇,
find the smallest value of k, in terms of a , for which 1f  exists. Hence, 
without finding the expression for 1f ( )x , sketch the graphs of f( )y x and 

1f ( )y x on a single diagram, stating the exact coordinates of any points of 
intersection with the axes. [3]

(iii) With the restricted domain of f in part (ii), find with clear working, the set of 
values of ݔ such that    1 1f f f fx x  . [2]
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3 A student is investigating a chemical reaction between two chemicals A and B. In his 
experiments, he found that the reaction produces a new product C which does not react 
with A and B after being formed.

His experiments also suggest that the rate at which the product, C is formed is given by 
the differential equation

 d
d
x

a x b x
t
   ,

where a and b are the initial concentrations (gram/litre) of A and B just before the 
reaction started and x is the concentration (gram/litre) of C at time t (mins).

(i) If a = b = 9, solve the differential equation to show that 

x =
 2

369
3 2t




. [4]

(ii) Sketch the graph of x and describe the behaviour of x as t increases. Find the 
amount of time needed for the concentration of C to reach 4.5 gram/litre. [3]

It is now given that a > b instead.

(iii) Solve the differential equation to find t in terms of x, a and b by using the 
substitution u = b x for 0  x < b. [6]

4 The illumination of an object by a light source is directly proportional to the strength 
of the source and inversely proportional to the square of the distance from the source.

A small object, P, is placed on the straight line passing through two light sources A and 
B that are eight metres apart. It is known that the light sources are similar except that S,
the strength of light source A, is a positive constant and is three times that of light source 
B. It can be assumed that I, the total illumination of the object P by the two light source 
is the sum of the illumination due to each light source.

The distance between the object P and light source A is denoted by x.

(i) Show that when P is between A and B,

I =
 22

1 1
kS

x xD E

 
 

  
where k is a positive constant and, 

D and E are constants to be determined. [1]

(ii) Show that there is only one value of x that will give a stationary value of I.
Determine this value and the nature of the stationary value without the use of a 
graphic calculator. [5]

It is now given that I =
 

2

2 2

4 48 192
16 64

x x

x x x

 
 

for 0 < x < 8.
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(iii) Sketch the graph of I, indicating clearly any equations of asymptote and 
coordinates of the stationary point. [3]

(iv) It is desired to place P such that I =  2
1x x   where 1x is the value of x

found in part (ii) and  is a positive constant. Find the value of  if there is only 
one possible position to place P. [2]

Section B: Statistics [60 marks]

5 Greenhouse gases generated by Singapore comes mainly from the burning of fossil 
fuels to generate energy for industries, buildings, households and transportation.

The following table* shows the total greenhouse gas emissions, X (kilotonnes of 
CO2), and the total deaths in Singapore, Y from 2007 to 2016.

*Extracted from www.singstat.gov.sg

(i) Draw a scatter diagram for these values, labelling the axes and state the product 
moment correlation between X and Y. Use your diagram to explain why the best 
model for the relationship between X and Y may not be given by Y = aX + b,
where a and b are constants. [3]

(ii) Comment on the correctness of the following statement.

“Since there exists a high positive linear correlation between total greenhouse 
gas emission and total deaths, the deaths are a result of the greenhouse gas 
emissions.” [1]

(iii) Explain clearly which of the following equations, where a and b are constants, 
provides the more accurate model of the relationship between X and Y.

(A) 4Y aX b 

(B) lgY aX b  [3]

The Government has pledged that Singapore’s greenhouse gas emissions will peak 
around 2030 at the equivalent of 65 million tonnes of carbon dioxide.

(iv) Using the model you have chosen in part (iii), write down the equation for the 
relationship, giving the regression coefficients correct to 5 significant figures. 
Hence find the estimated total deaths in the year 2030 if Singapore’s pledge is 
fulfilled and comment on the reliability of the estimate. [3]

Year 2007 2008 2009 2010 2011 2012 2013 2014 2015 2016
Total 
Greenhouse 
Gas Emissions 
(X)

42613 41606 43100 47063 49930 48712 50299 50908 51896 51519

Total Deaths 
(Y)

17140 17222 17101 17610 18027 18481 18938 19393 19862 20017
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6 Birth weight can be used to predict short and long-term health complications for babies.
Studies show that the birth weight of babies born to mothers who do not smoke in a 
certain hospital can be assumed to follow a normal distribution with mean 3.05 kg and 
variance  2 kg2.

The hospital classifies babies based on their birth weight as shown in the table below.

Birth weight Classification
Less than 1.5 kg Very low birth weight
1.5 kg to 2.5 kg Low birth weight
2.5 kg to 4.0 kg Normal birth weight

More than 4.0 kg High birth weight

(i) A sample showed that 20.2% of the babies born to mothers who do not smoke 
have low birth weight. If this is true for the entire population, find two possible 
values of , corrected to 2 decimal places. Explain clearly why one of the values 
of  found should be rejected. [4]

Studies also show that babies born to mothers who smoke have a lower mean birth 
weight of 2.80 kg.

For the remaining of the question, you may assume the birth weight of babies born to 
mothers who smoke is also normally distributed and that the standard deviations for the 
birth weight of babies born to mothers who do not smoke and mothers who smoke are 
both 0.86 kg.

(ii) Three pregnant mothers-to-be who smoke are randomly chosen. Find the 
probability that all their babies will not be of normal birth weight. State an 
assumption that is needed for your working. [3]

(iii) Find the probability that the average birth weight of two babies from 
mothers who do not smoke differs from twice the birth weight of a baby from 
a mother who smokes by less than 2 kg. [3]

Babies whose birth weight not classified as normal will have to remain in hospital for 
further observation until their condition stabilises. Depending on the treatment received 
and length of stay, the mean hospitalisation cost per baby is $2800 and standard 
deviation is $500. 

(iv) Find the probability that the average hospitalisation cost from a random sample 
of 50 babies, whose birth weight not classified as normal, exceeds $3000. [2]
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7 Three cards are to be drawn at random without replacement from a pack of six cards 
numbered 0, 0, 1, 1, 1, 1. The random variables X1, X2 and X3 denotes the numbers on 
the first, second and third card respectively.

(i) If Y = X1 – X2 + X3, show that P(Y = 1) = 1
3

and find the probability distribution 

of Y. [3]
(ii) Find the values of E(Y) and Var(Y). [2]
(iii) Find the probability that the difference between Y and E(Y) is less than one 

standard deviation of Y. [2]

8 A factory makes a certain type of muesli bar which are packed in boxes of 20. The 
factory claims that each muesli bar weigh at least 200 grams. Muesli bars that weigh 
less than 200 grams are sub-standard. It is known that the probability that a muesli bar
is sub-standard is 0.02 and the weight of a muesli bar is independent of other muesli 
bars.

(i) Find the probability that, in a randomly chosen box of muesli bars, there are at least 
one but no more than five sub-standard muesli bars. [2]

The boxes of muesli bars are sold in cartons of 12 boxes each. 

(ii) Find the probability that, in a randomly chosen carton, at least 75% of the boxes 
will have at most one sub-standard muesli bar. [2]

As part of quality control for each batch of muesli bars produced daily, one box of 
muesli bars is randomly selected to be tested. If all the muesli bars in the box weigh at 
least 200 grams, the batch will be released for sales. If there are more than one sub-
standard muesli bar, the batch will not be released. If there is exactly one sub-standard 
muesli bar, a second box of muesli bars will be tested. If all the muesli bars in the second 
box weigh at least 200 grams, the batch will be released.  Otherwise, the batch will not 
be released.

(iii)Find the probability that the batch is released on a randomly selected day. [2]
(iv) If the factory operates 365 days in a year, state the expected number of days in the 

year when the batch will not be released. [1]

To entice more people to buy their muesli bars, a scratch card is inserted into each box. 
The probability that a scratch card will win a prize is p. It may be assumed that whether 
a scratch card will win a prize or not, is independent of the outcomes of the other scratch 
cards.

Jane buys a carton of muesli bars.

(v) Write in terms of p, the probability that Jane win 2 prizes. [1]

The probability that Jane win 2 prizes is more than twice the probability that she win 
3 prizes.

(vi) Find in exact terms, the range of values that p can take.    [2]
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9 In preparation for an upcoming event, a student management team is considering having 
meetings on this Friday, Saturday and Sunday.  The probability that the meeting is 

conducted on Friday is 1
6

.  On each of the other days, the probability that a meeting is 

conducted when a meeting has already been conducted on the previous day, is 2
5

and 

the probability that a meeting is conducted, when a meeting has not been conducted on

the previous day, is 1
3

.

Find the probability that

(i) a meeting is conducted on Sunday, [3]
(ii) a meeting is not conducted on Friday given that there is a meeting on Sunday.

[3]

The student management team consists of 7 girls and 3 boys.  At one of the meetings, 
they sit at a round table with 10 chairs.

(iii) Find the probability that the girls are seated together. [2]

Two particular boys are absent from the meeting.

(iv) Find the probability that two particular girls do not sit next to each other. [3]

10 Along a 3km stretch of a road, the speed in km/h of a vehicle is a normally distributed 
random variable T.  Over a long period of time, it is known that the mean speed of 
vehicles traveling along that stretch of the road is 90.0 km/h. To deter speeding, the traffic 
governing body introduced a speed monitoring camera. Subsequently, the speeds of a 
random sample of 60 vehicles are recorded. The results are summarised as follows.

 2
5325, 2000.t t t   

(i) Find unbiased estimates of the population mean and variance, giving your answers 
to 2 decimal places. [2]

(ii) Test, at the 5% significance level, whether the speed-monitoring camera is effective 
in deterring the speeding of vehicles on the stretch of road. [4]

(iii) In another sample of size n (n > 30) that was collected independently, it is given that 
t = 89.0. The result of the subsequent test using this information and the unbiased 
estimate of the population variance in part (i) is that the null hypothesis is not 
rejected. Obtain an inequality involving n, and hence find the largest possible value 
n can take. [4]
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1 (a) Show that 1 2
1 2

x

x




 can be written in the form 
2

f ( )
1 4

x

x
where f(x) is a 

  polynomial to be determined. Hence, find 1 2  d
1 2

x
x

x








    [3] 

Solution 

1 2  d
1 2

x
x

x








= 1 2 1 2  d
1 2 1 2

x x
x

x x

 


 




=
2

1 2  d
1 4

x
x

x









        

=
2 2

1 2  d
1 4 1 4

x
x

x x


 





  =
 

 
1

2 2
2

1 2 1 8d 1 4 d
2 2 21 2

x
x x x

x

   
 

 
 


    

= 1 21 1sin 2 1 4
2 2

x x c    , where c is an arbitrary constant.  

(b) Show that 
2e

e

1  d
ln

x
x x




= ln 2 .      [3]

Solution 

2e

e

1  d
ln

x
x x




=

2e

e

1

 d
ln

x x
x






=
2 e

 e
ln ln x            

  = ln|ln e2| – ln|ln e|

  = ln 2 – ln 1  

= ln 2 (Shown)   = lnnnnnnnnn 222222222 (((((((ShShShShhSShhShhowoowowowowowowowowowowowowwn)nnnn   
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2 It is given that 1tan 2
2

y x , where 
2 2

y
 

   .

(i) Show that  2 d1 2 2 2
d
y

x
x

   .     [2]

Solution 

1tan 2
2

y x    ---(1)

Differentiate w.r.t x,  21 1 dsec 2
2 2 d

y
y

x

   
 

2 1 d1 tan 2 2
2 d

y
y

x

       
        

 2 d1 2 2 2
d
y

x
x

    ---(2)   

(ii) Use the result from part (i) to find the first two non-zero terms in the Maclaurin 
series for y, giving the coefficients in exact form.    [3]

Solution 

Differentiate Eq(2) w.r.t x,  
2

2
2

d d1 2 4 0
d d

y y
x x

x x
   ---(3)

 
3 2 2

2
3 2 2

d d d d1 2 4 4 4 0
d d d d

y y y y
x x x

x x x x
     ---(4)

When x = 0, from (1), (2), (3) & (4), 

y = 0, d 2 2
d
y

x
 ,

2

2
d 0
d

y

x
 ,

3

3
d 8 2
d

y

x
         

 y = 2 38 20 2 2 0 ...
3!

x x x


   

= 34 22 2 ...
3

x x           
3
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(iii) Hence, using standards series from the List of Formulae (MF26), find the 

expansion of 
12 tan 2

cos 2
x

x



in ascending powers of x, up to and including the 

term in x3, giving the coefficients in exact form.    [3]

Solution 

12 tan 2
cos 2

x

x



=
cos 2

y

x

=    
1

2 434 2 1 12 2 ... 1 2 2 ...
3 2! 4!

x x x x

              
    

  = 
1

3 2 44 2 22 2 ... 1 2 ...
3 3

x x x x

              

= 3 2 44 2 22 2 ... 1 2 ...
3 3

x x x x
                  

=  3 24 22 2 ... 1 2 ...
3

x x x
 

     
 

      

= 3 34 22 2 4 2 ...
3

x x x  

38 22 2
3

x x   (up to the x3 term)      

www.KiasuExamPaper.com 

61



5

3 The position vectors of A, B and C referred to a point O are ,   and a b c  respectively. 
 The point N is on AB such that AN:NB = 2:1. 

(i) If O is the midpoint of CN, prove that  + 2 3a b c 0  .   [2] 

Solution 

 1By ratio theorem,   + 2
3

ON  a b
K

Since O is the midpoint of CN, ON  c
K

  1  + 2
3

ON a b
K

= –c     

 a + 2b = –3c  

 a + 2b + 3c = 0   

The point M is on CB such that CM:MB = 2:3. 

(ii) Show that A, O and M are collinear, and find the ratio AO:OM [3]

Solution 

By the ratio theorem, 2 3
2 3

OM





b c

=
5
a = 1

5
OA


       

Hence, A, O and M are collinear (Shown) 

Since 1
5

OM OA
 

, the ratio AO:OM = 5:1       

AO

N

B

2

1

C

M

2

3
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(iii) If the point P is such that NP AM
K K

, show that the ratio of the area of  

PNAM : area of PNOM = 12:7      [3]

Solution 

Method 1

Area of //gram PNAM

= h AM


where h is the height of the //gram 

Area of trapezium PNOM

=  1
2

PN OM h
 

= 1 1
2 6

AM AM h
  
 

 
        

= 7
12

h AM


= 7
12

 Area of //gram PNAM      

 the ratio of the area of PNAM : area of PNOM  = 12:7   

Method 2

Area of //gram PNAM

PN PM 
 

6 2 2
5 3 3

a a b
    
   

4
5

a b 
 

Area of trapezium PNOM 

1
2

PN PM ON OA   
   

4 1 1 2
5 2 3 3

a b a b a
      
     

4 1 2
5 2 3

a b a b    
   

7
15

a b 
 

 the ratio of the area of PNAM : area of PNOM  = 12:7 

AO

N

B

2

1

C

M 1 5

P

h

3 3 

222222
33

a ba ba ba baa baa ba ba baaa baa baa baaaa ba baaaa
2
 

777777777777777777777
1111155555555555

aaaaaaaaaaaaaaaaaaaaaaa bbbbbbbbbb
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4 (a)

The diagram shows the graph of f ( )y x . The curve crosses the x-axis at 0x 
and 3x  . It has a turning point at (4, 5) and asymptotes with equations 2y 
and 2x  .

Showing clearly the coordinates of turning points, axial intercepts and equations 
of asymptotes where possible, sketch the graphs of  

  (i)  fy x ;        [2]

Solution 

y

x

y = f(x)

0

(4, 5)

3

y = 2

x = 2

y

y = f(|x|)

(4, 5)

0 x3–3

x = –2

(–4, 5)
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  (ii)  f 'y x [3]

Solution 

(b) The curve with equation y = f(x) is transformed by a stretch with scale factor 2
parallel to the x–axis, followed by a translation of 2 units in the negative x–
direction, followed by a translation of 3 units in the positive y–direction. The 

equation of the resulting curve is  3ln ey x .

Find the equation of the curve y = f(x).     [3]

Solution 

Translation of 3 units in the negative y-direction

   replace with 33 3ln e ln e 3 3 ln 3 lny y
y x y x x x

 ��������      

Translation of 2 units in the positive x-direction

 replace with 2ln ln 2x x
y x y x

 ��������  

Stretch with scale factor 1
2

parallel to the x – axis

   replace with 2ln 2 ln 2 2x x
y x y x  �������        

y

x

2

rerreeeeeeplplplppplplpppplpplplppplplplp acaccccccccce wee we we we wwee we weeee we we wititititii h 2h 2h 2hhh 2hhhhh 2hhhh l xxxxxxxxxxxxxxxxwwwwwwwwwwwwwwwwwwitiitiititiitiiiiiitttittth 2h 2h 2hhh 2h 22h 2h 2h 2h 2h 22222
y ����������������������� ����������ppppppppp lnn y lnln 
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5 A curve C has parametric equations
2sin , cos ,x a t y a t 

where 0 and 0.
2

t a


  

(i) Find the cartesian equation of C, stating clearly any restrictions on the values 
  of x and y.   [2]

Solution 

sin2 t + cos2 t = 1 
2

1x y

a a

   
 

ax + y2 = a2 where 0  x  a and 0  y  a   

(ii) Sketch C, showing clearly the axial intercepts.    [1]

Solution 

y

x

C

(a, 0)

(0, a)
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(iii) The region bounded by C, the line 5
4

y x a   and the y-axis is rotated through 

the y-axis. Show that the exact volume of the solid obtained is 
3k a where k is a constant to be determined.     [5]

Solution 

5
4

y x a   x = 5
4

a y

 a
5
4

a y
  
 

+ y2 = a2

2 21 0
4

y ay a  

21 0
2

y a
   
 

 y = 1
2

a           

 Volume required  =
22 2 2

1
2

1 5 1 5 1
3 4 2 4 2

a

a

a y
a a a a y

a

           
     





=
3

4 2 2 4
12
2

1 3
3 4

a

a
a a a y y y

a

     
  

= 3 4 2 3 5
2 1

2

9
64 3 5

a

a

a a y a y y
a

     
   

= 3 5 5 5 5 5 5
2

9
64 3 5 2 12 160

a a a a a a a
a

        

= 329
960

a  units3 ; k = 29
960

  (Shown)  
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6 A function f is defined by 

2

6 for 2,
4

f ( ) 1 for  2 1,
2 for   1.

x
x

x
x x

x x x


        

  

(i) Sketch the graph of f.        [3]

Solution 

(i)

(ii) Evaluate exactly 
4

3
f ( ) dx x

 .       [4]

4

3
f ( ) dx x

      
2 2 4

2 2

3 1 2

6 1 1d 1 1 2 2 2 d 2 d
4 2 2

x x x x x x x
x






        

  

2 4
2 3 2 3 2
3

1 2

5 1 1 1 16 ln 4 2 2
2 3 2 3 2

x x x x x x x




                      
  

6 5 8 4 1 1 64 16 8 46ln 4 2 8 4
7 2 3 2 3 2 3 2 3 2

                       

6 376ln
7 3

  

y

x0

–2

y = 0 –2

–1

2–1 1

333 23
6    x

3333
x

6 5 8 4 1
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7 Do not use a calculator in answering this question.

The roots of the equation z2 + (2 – 2i)z = –3 – 2i are 1z  and 2z .

(i) Find 1z  and 2z in cartesian form x + iy, showing clearly your working. [5]

Solution 

(i) Let z = x + iy

 (x + iy)2 + (2 – 2i)(x + iy) = –3 – 2i 

x2 +2xyi – y2 + 2x + 2yi – 2xi + 2y = –3 – 2i 

(x2 + 2x – y2 + 2y) + i(2xy + 2y – 2x) = –3 – 2i     

By comparing real and imaginary parts, 

x2 + 2x – y2 + 2y = –3   …(1) 

2xy + 2y – 2x = –2 

y(x + 1) = x – 1 

y = 1
1

x

x




    …(2)       

Subt (2) into (1):  
2

2 1 12 2 3
1 1

x x
x x

x x

               

          2 2 2 22 1 2 1 1 2 1 1 3 1x x x x x x x x          

         2 2 2 2 2 22 1 2 2 1 2 1 2 1 3 2 1x x x x x x x x x x x             

x4 + 4x3 + 9x2 + 10x = 0        

Let f(x) = x(x3 + 4x2 + 9x + 10)  

f(0) = 0  and  f(–2) = –8 + 16 – 18 + 10 = 0 

 x = 0, –2 are roots of x4 + 4x3 + 9x2 + 10x = 0     

When x = 0, y = –1 and when x = –2, y = 3

 1z = –i and 2z = –2 + 3i        ––––––––i anaannnnaanananaaa d dddddddd 2222222222zzzzzzzzzzzzz ============== –2–22–2–2–2–– ++ 3i   
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(ii) The complex numbers 1z  and 2z  are also roots of the equation   
4 3 24 14 4 13 0z z z z     .

Find the other roots of the equation, explaining clearly how the answers are 
obtained.         [2]

Solution 

Since all the coefficients of 4 3 24 14 4 13 0z z z z     are real, the other roots of the 
equation must be complex conjugates of –i and –2 + 3i.      

Hence the other two roots are i and –2 – 3i.       

(iii) Using your answer in part (i), solve z2 + (2 + 2i)z = 3 + 2i.   [2]

Solution 

z2 + (2 – 2i)z = –3 – 2i 

–z2 + (–2 + 2i)z = 3 + 2i

–z2 + (2i2 + 2i)z = 3 + 2i

(iz)2 + (2i + 2)iz = 3 + 2i

Hence from part (i), –iz = –i or –2 + 3i       

 z = 1 or 2 3i i 3 2i
i i
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8 (i) Show that 
  

3 4
2 1 2 1
r A B C

r r r r r r


  

   
where A, B and C are constants 

 to be determined.        [1] 

Solution 

  
3 4
2 1 2 1
r A B C

r r r r r r


  

   

By cover-up rule, 2 1 41, 1, 2
( 1)( 2) (1)( 1) (2)(1)

A B C


       
  

   

(ii) Find the sum to n terms of 

7 10 13 ...
3 2 1 4 3 2 5 4 3

  
     

(There is no need to express your answer as a single algebraic fraction). [4]

Solution 

The sum to nth terms =
  1

3 4
2 1

n

r

r

r r r



 

1

1 1 2
2 1

n

r
r r r



       
1 1  2
3 2
1 1        1
4 3
1 1 2        
5 4 3

    ...
1 1 2     

1 1
1 1 2     

2 1

n n n

n n n

   

  

  



  
 

     

    

5 1 2   
2 2 1n n

  
 

       5 1 2  
2 2222222222222 22 222 222 222 2222 111111n nnnn nnnn

        
22222222222222222222222222222222222222222222222
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(iii) Hence show that  
3

5

3 5 4
( 1)( 2)( 3) 3

n

r

r

r r r








   .    [3]

Solution 
3

5

3 5
( 1)( 2)( 3)

n

r

r

r r r






            

 3 3

3 5

3 3 5
( 3 1)( 3 2)( 3 3)

r n

r

r

r r r

  

 

 


             

2

3 4
( 2)( 1)( )

r n

r

r

r r r








     

1

3 4 3(1) 4
( 2)( 1)( ) (3)(2)(1)

n

r

r

r r r


 
 

          

5 1 2 7   
2 2 1 6n n

       

4 1 2 4 +  <
3 2 1 3n n

      
since 1 2 + 0 for all .

2 1
n

n n
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9  

The diagram above shows an object with O at the centre of its rectangular base ABCD 

where AB = 8 cm and BC = 4 cm. The top side of the object, EFGH is a square with 
side 2 cm long and is parallel to the base. The centre of the top side is vertically above 
O at a height of h cm.  

(i) Show that the equation of the line BG may be expressed as 
4 3
2 1 ,

0
t

h

   
        
   
   

r

where t is a parameter. [1] 

Solution 

   4, 2,0  and G 1, 1,B h 

1 4 3
1 2 1

0
BG

h h

     
              
     
     



4 3
: 2 1 ,

0
BGl r t t

h

   
         
   
   




O

A

B

C

D

E

F

G

H

i

jk
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(ii) Find the sine of the angle between the line BG and the rectangular base ABCD

in terms of h. [2]

Solution 

Let  be the angle between the line BG and the rectangular base ABCD.

2

3 0
1sin 1 0

10 1h
h


   
           
   

         

2
sin

10
h

h
 



It is given that h = 6.

(iii) Find the cartesian equation of the plane BCFG .    [3]

Solution 

A normal perpendicular to plane BCFG is 

3 0 12 2
1 2 0 6 0
6 0 6 1

n BG GF

        
                    
              

 


  

Equation of plane BCFG is 
2 2 4
0 0 2
1 1 0

r

     
             
     
     



2
0 8
1

r

 
   
 
 



Cartesian equation of plane is 2 8 0x z          

(iv) Find the shortest distance from the point A to the plane BCFG. [2]

Solution 

Shortest distance from point A to plane BCFG
a n d

n

 
  



4 2
1 2 0 8
5 0 1

   
         
   
   

16 16 5
55

   units 

 

ce from point A to plane BCF
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(v) The line l, which passes through the point A, is parallel to the normal of plane 
BCFG. Given that, the line l intersects the plane BCFG at a point M, use your 
answer in part (iv) to find the shortest distance from point M to the rectangular 
base ABCD. [2]

Solution 

2 2
16 16 1 16ˆ 0 0

55 5 5 1 1
AM n

    
          

        




Shortest distance from M to the base = z-coordinate of AM


16
5
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10 Commonly used in building materials, sand is the second largest world resource used 
by humans after water. To reduce the environmental impacts of sand mining, an 
alternative approach is to make “sand” by crushing rock. 

A machine designed for this purpose produces sand in large quantities. Sand falling 
from the output chute of the machine forms a pile in the shape of a right circular cone 

such that the height of the cone is always equal to 4
3

of the radius of its base. 

[Volume of a cone = 21
3

r h and curved surface area of a cone = rl where r is the 

radius of the base area, h is the height of the cone and l is the slant length of the cone]

A machine operator starts the machine. 

(a) (i) Given that V and A denote the volume and the curved surface area of 
the conical pile respectively, write down V and A in terms of r, the 

   radius of its base.       [2]

Solution 

V = 21 4
3 3

r r  
 
 

= 34
9

r          

A = rl  

= 2 2r r h 

2 216
9

r r r  25
3

r          

(ii) Hence show that the rate of change of A with respect to V is inversely 
proportional to the radius of the conical pile.    [3] 

Solution

 2d 4 3
d 9
V

r
r

 = 24
3

r   and  d 5 2
d 3
A

r
r

 = 10
3

r     

Sand

Chute

(iiii)i)i)i)i))i)i)i)i))i)i)i))))) HeHeHeHeHeHHHHeHHHeHHHHHeHHHHHHHH ncnncncncncncnncnncnncnnncnncnnccceeeeeeee shohohooooooowwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwwww ththththtthtththtththhthttththttt atatatat ththee
prprprprrprprprrrrrrrpppppppp opopopopopopopoppopopopoppopoppopoopoooopppoooorooooooooooooo titititttitititititititiitittttiiioonooooooooooo allllllllllllllllllllllll tttttttttttttttto o o o ththe e rra

www.KiasuExamPaper.com 

76



20

d d d
d d d

A A r

V r V
 

=
2

10 1
43
3

r

r




            

= 5
2r

(Shown)         

An architect is tasked to design sand-lined walking paths in a large park. He decides to 
base his design of the paths on the shape of astroids, which are shapes with equations  

2 2 2
3 3 3x y k   (k > 0).  

On a piece of graph paper, he sketches an astroid with the equation 
2 2 2
3 3 3x y k  .

(b) The tangent at a point P  1 1,x y on the curve meets the x-axis at Q and the y-
axis at R. Show that the length of QR is independent of where P lies on the curve.
          [7]

Solution

(ii)
2 2 2
3 3 3x y k 

Differentiating wrt x,  
1 1
3 32 2 d 0

3 3 d
y

x y
x

 
        

1
3d

d
y y

x x

   
 

 the equation of the tangent at P  1 1,x y is  
1
3

1
1 1

1

y
y y x x

x

 
    

 
  

When x = 0,   
1
3

1
1 1

1

y
y y x

x

 
    

 

1 2
3 3

1 1 1y y x y          

x === 00000000000000,,,,,,,,,,,  
1111
333333

11111 y yy yy yyy yy yy yy yyy yyy yy yyy yy yy yyy yy111111111
       111yyyyyyyyyyyyyyyyyyyyyyyyyyyyyyyyyyyyyyyyyy y   1y1y    1111yyyy

   1xxxxxx
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When y = 0,  
1
3

1
1 1

1

y
y x x

x

 
    

 

2 1
3 3

1 1 1x y x x 

 The length of QR  = 2 2x y

    =
2 22 1 1 2

3 3 3 3
1 1 1 1 1 1y x x y x y

   
     

   
    

    =
2 22 2 2 2 2 2

3 3 3 3 3 3
1 1 1 1 1 1x y x y x y
   

     
   

    =
2 22 2 2 2

3 3 3 3
1 1x k y k
   

   
   

     

=
2 2 2
3 3 3

1 1k x y

=
2 2
3 3k k

= k which is a constant.      

 Hence, the length of QR is independent of where P lies on the curve. (Shown)
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11 (a) Find the sum of all integers between 200 and 1000 (both inclusive) that are not 
  divisible by 7.         [4]

Solution 

Sum required  = (200 + 201 + 202 + … + 1000) – (203 + 210 + 217 + … + 994)  

=  1000 200 1 200 1000
2
 

  – 7(29 + 30 + 31 + … + 142) 

  = 480600 –  142 29 17 29 142
2
    

 

  = 412371         

(b)

Snowflakes can be constructed by starting with an equilateral triangle (Fig. 1), 
then repeatedly altering each line segment of the resulting polygon as follows: 

1. Divide each outer line segments into three segments of equal length. 

2. Add an equilateral triangle that has the middle segment from step 1 as 
its base.

3. Remove the line segment that is the base of the triangle from step 2. 

4. Repeat the above steps for a number of iterations, n.

The 1st, 2nd and 3rd iteration produces the snowflakes in Fig. 2, Fig. 3 and Fig. 4 
respectively. 

Fig. 1 Fig. 2 Fig. 3 Fig. 4

ThTThhThThhhhhhhe ee eeeeeeeee 111st,, ,,,,,,,,,, 2222222222222222222nddddddddddd anannannanannaanaananananaaanand dddddd 333rdrrrr ititittererereratatatatioioioion n n n p
reeeeeeeeeesppsppppppspppppppspppppececccecccccecececccceecctitittiititittitittittttt veveeeveeeeeeeeeeeeeeelylylylylyylyllylylylylylylylylyylylyyyy.
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(i) If 0a  denotes the area of the original triangle and the area of each new 
 triangle added in the nth iteration is denoted by 

na , show that 

1
1
9n na a  for all positive integers n.  [2] 

Solution 

Each new triangle added in the nth iteration is similar to the triangle added in the previous 
iteration (AAA).          

Since the length of a side of the new triangle is 1
3

 of the length of a side of the triangle in the 

previous iteration,  
2

1 1
1 1
3 9n n na a a 

   
 

  (Shown)   

(ii) Write down the number of sides in the polygons in Fig.1, Fig. 2 and Fig. 
3, and deduce, with clear explanations, that the number of new triangles 
added in the nth iteration is  4n

nT k where k is a constant to be 

determined.        [2]

Solution 

No of sides in the polygon (Fig 1) = 3, No of sides in the polygon (Fig 2) = 12 

No of sides in the polygon (Fig 3) = 48        

GP with first term 3 and common ratio 4

Since there is 1 new triangle for every side in the next iteration, the number of new triangles 
added in the nth iteration = the number of sides in the polygon after the (n – 1)th iteration

i.e. T1 = 3, T2 = 12, T3 = 48, … 

 Tn =    1 33 4 4
4

n n   and k = 3
4

     

(iii) Find the total area of triangles added in the nth iteration, 
nA in terms of 

0a and n.        [2] 

Solution 

nA =
n nT a =   1

3 14
4 9

n

na 
  
 

=   0

 terms

3 1 1 1 14 ...
4 9 9 9 9

n

n

a

 
      
 
 
���	��


= 0
3 4
4 9

n

a
 
 
 

 units2    

===  33333333333  44444444444444444    11111111111111
 1aaa
  1111
 99999999999999999  11999999999 naaa 
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(iv) Show that the total area of the snowflake produced after the nth

iteration is 0
8 3 4
5 5 9

n

a
    

   
 units2.     [3]

Solution 

Total area required = 0 0
1

3 4
4 9

rn

r

a a



   
         

= 0 0

4 41
9 93

44 1
9

n

a a

 
 

 


       

= 0
3 41 1
5 9

n

a
  
   

   

= 0
8 3 4
5 5 9

n

a
    

   
  (Shown)   

The snowflake formed when the above steps are followed indefinitely is called 
the Koch snowflake. 

(v) Determine the least number of iterations needed for the area of the 
snowflake to exceed 99%  of the area of a Koch snowflake.  [3]

Solution 

Area of a Koch snowflake  = 0 0
8 3 4 8lim
5 5 9 5

n

n
a a



     
   

      

Consider 0 0
8 3 4 80.99
5 5 9 5

n

a a
      

   
       

3 40.016 0
5 9

n

   
 

From GC,          

n 3 40.016
5 9

n

   
 

4 –0.007 < 0
5 0.0056 > 0
6 0.0114 > 0

Hence the least value of n is 5.        

000000

3
5

nnnn

 444444444444444
 
  444
 9999999999999999  999999999999
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Section A: Pure Mathematics [40 marks]

1 Given that the curve 
2

f ( )
1

ax bx c
y x

x

 
 


 passes through the points (1, 3),

1 3,
2 2

  
 

 and 335,
2

 
 
 

, find the values of a, b and c.      [3]

Solution 

 21
3

1 1
a b c  

 
 

    a – b + c = 6  ---(1)

21 1
32 2

1 21
2

a b c
    
   


 1 1 3

4 2 4
a b c   ---(2)

 25 5 33
5 1 2

a b c 



     25a + 5b + c = 66 ---(3)

Using GC,  a = 3, b = 2, c = 1.        

Hence find the exact range of values of x for which the gradient of  y = f(x) is positive.
[3]

Solution 

f ' ( ) 0x  
2d 3 2 1

d 1
x x

x x

  
  

> 0

  
 

2

2
( 1)(6 2) (3 2 1)(1) 0

1
x x x x

x

    
 


     

 

2

2
3 6 1 0

1
x x

x

 
 



Since  21x  > 0, 23 6 1x x  > 0

   3(x – 1)2 – 2 > 0

  3 3 2 3 3 2 0x x          

2 21 or 1
3 3

x x   

 

> 0, 3 6 1666 > 0

3(((((((((((((((((((xxxxxxxxxxxxxxxxxx((((( – 11111111)))))))))))))))))))2222222222222 – 2222222222222222222222222222222222 >>>>>>>>>>>>>>>>>> 0000

  33 3 2 
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[Turn Over

2 The functions f  and g are defined by:

     2f : x ax x6 , x  Թ
g : e 1xx a  6 , x  0 

where a is a positive constant and 5a  .

(i) Sketch the graphs of y = g(x) and y = f(x) on separate diagrams.

Hence find the range of the composite function fg , leaving your answer in exact 
form in terms of a .         [5] 

Solution 

From the graphs,  
Rg = (1, a + 1]          

Since a  5, 5 1
2 2
a
   0 < 1 < 

2
a 

2

1
4
a

a 

and 2 5a a 
2 5 1 1

4 4 4
a a

a a a    

    fg
fg0, 1, 1 R  ����

From the graphs, Rfg =
2

0,
4
a 

 
 

x

y

y = g(x)

a+1

y = 1

0 x

y

0    1                     a  a+1

y = f(x)
a+1

a–1
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(ii) Given that the domain of f is restricted to the subset of Թ for which ݔ  ݇,
find the smallest value of k, in terms of a , for which 1f  exists. Hence, 
without finding the expression for 1f ( )x , sketch the graphs of f( )y x  and 

1f ( )y x on a single diagram, stating the exact coordinates of any points of 
intersection with the axes.       [3] 

Solution 

The smallest value of k for which f –1 exists = a.     

       

(iii) With the restricted domain of f  in part (ii), find with clear working, the set of 
  values of ݔ such that    1 1f f f fx x  .     [2]

Solution 
1f f ( )x x  for  fDx , i.e  ,x a 

1ff ( )x x  for  1f
Dx  , i.e  0,x    

For    1 1f f f fx x  ,      0, , ,a a �         

Set of values of x required =  ,a          

x

y

y = f –1(x)

(a, 0)

y = f(x)

0

y =x

(0, a)

www.KiasuExamPaper.com 

85



5

[Turn Over

3 A student is investigating a chemical reaction between two chemicals A and B. In his 
experiments, he found that the reaction produces a new product C which does not react 
with A and B after being formed. 

His experiments also suggest that the rate at which the product, C is formed is given by 
the differential equation

 d
d
x

a x b x
t
   ,

where a and b are the initial concentrations (gram/litre) of A and B just before the 
reaction started and x is the concentration (gram/litre) of C at time t (mins).

(i) If a = b = 9, solve the differential equation to show that  

x =
 2

369
3 2t




.     [4]

Solution 

(i)   
1
2

d 9 9
d
x

x x
t
  

 
3
29  d 1 dx x t

  

  
1
22 1 9 x t c

             

When t = 0, x = 0,  
1
22 9 0 0 c

  

 c = 2
3

          


2 2 3 2

3 39
t

t
x


  



 23 24
9 9

t

x






 9 – x =
 2

36
3 2t 

 x =
 2

369
3 2t




        
 22222222222

33333333336666666666666669    
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(ii) Sketch the graph of x and describe the behaviour of x as t increases. Find the 
 amount of time needed for the concentration of C to reach 4.5 gram/litre. [3]

Solution 

[G1 – shape with asymptote (no need for correct value of limit] 

As t increase, x increases and approaches the value of 9 gram/litre.   

 From GC or otherwise, t = 0.276 mins or 16.6 s (3sf) or 
 2 2 1

3


   

It is now given that a > b instead.

(iii) Solve the differential equation to find t in terms of x, a and b by using the 
 substitution u = b x for 0  x < b.      [6]

Solution 

d 1 1
d 22
u

x ub x


  


          

u b x   2x b u  ,   2d d
d d
u x

a b u u
t u
   

   2d 2
d
u

u a b u u
t
    

  2
12 d 1du t

a b u
 

 


           

12 tan u
C t

a b a b

  
 

         

When t = 0, x = 0, u = b  ,  0 = 12 tan b
C

a ba b




    

 C = 12 tan b

a ba b





 t = 1 12 2tan tanb b x

a b a ba b a b

  


  
      

t

x
x = 9

0

= 0000000000,,,,,,,, u === bbbbbbbbbbbbbbbbbbbbb ,,,,,,,  00000000000000000000000000000000 ====== CCCCCCC
a



1 bb
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4 The illumination of an object by a light source is directly proportional to the strength 
of the source and inversely proportional to the square of the distance from the source. 

A small object, P, is placed on the straight line passing through two light sources A and 
B that are eight metres apart. It is known that the light sources are similar except that S,
the strength of light source A, is a positive constant and is three times that of light source 
B. It can be assumed that I, the total illumination of the object P by the two light source 
is the sum of the illumination due to each light source. 

The distance between the object P and light source A is denoted by x. 

(i) Show that when P is between A and B,  

I =
 22

1 1
kS

x xD E

 
 

  
where k is a positive constant and, 

D and E are constants to be determined.     [1]

Solution 

I =
 22

1
3

8

k S
kS

x x

 
 
 


where k > 0

=
 22

1 1
3 8

kS
x x

 
 

  
 so D = 3 and E = 8     

(ii) Show that there is only one value of x that will give a stationary value of I.
Determine this value and the nature of the stationary value without the use of a 
graphic calculator.        [5] 

Solution 

 
 33

d 2 12 1
d 3 8

I
kS

x x x

 
    

  
 = 

 33
1 12

3 8
kS

x x

 
  

  
     

Let d 0
d

I

x
 

 33
1 1 0

3 8x x
  


       

  x3 = 3(8 – x)3

x =  3 3 8 x

  x =
3

3

8 3
1 3

        

Hence I will have a stationary value only when x =
3

3

8 3
1 3

.  (Shown) 

A P B

x 8 – x

xxxxxxxxxxxxxxxxx =  3 333 

xx =
3

33

8 388 38 38 38 38 38 38 38 3338 338 38 38 38 333888 33883333333333

1 31 333
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2

42 4

3 1d 32
d 3 8

I
kS

x x x

  
  

  
         

=
 44

3 12
8

kS
x x

 
 

  
> 0 for all x.      

 I is minimum when x =
3

3

8 3
1 3

.        

It is now given that I =
 

2

2 2

4 48 192
16 64

x x

x x x

 
 

for 0 < x < 8. 

(iii) Sketch the graph of I, indicating clearly any equations of asymptote and 
coordinates of the stationary point.      [3] 

Solution 

(iv) It is desired to place P such that I =  2
1x x   where 1x is the value of x

found in part (ii) and  is a positive constant. Find the value of  if there is only 
one possible position to place P.      [2] 

Solution 

I =  2
1x x    is the equation of a semi-circle centred at  1,0x and radius  .

Hence when there is only 1 position to place P, it must happen when  = 0.2276094 
            

i.e.  = 0.0518 (3sf)          

x

I

�

(x1, 0)

I =

x = 0 

�

(4.72, 0.228)

x = 8

222  iss thththhhhhhhhhthhhhhhhhhhheee eeeeeeeeee eqeqeqqeqeqeqeqeqeqeqeqeqqeqeqqqeqqqqquauauauauuuauauuauuuuuauuuauauatttiononn oooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooofffffff ff fffffffff a a a a aaa aaaaa a a aaaaaaaaaaa sesesesemimimimi-

eerere iis s ononlyly 11 ppososititioionn toto pplalace
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Section B: Statistics [60 marks]

5 Greenhouse gases generated by Singapore comes mainly from the burning of fossil 
 fuels to generate energy for industries, buildings, households and transportation. 

The following table* shows the total greenhouse gas emissions, X (kilotonnes of 
CO2), and the total deaths in Singapore, Y from 2007 to 2016. 

*Extracted from www.singstat.gov.sg

(i) Draw a scatter diagram for these values, labelling the axes and state the product 
moment correlation between X and Y. Use your diagram to explain why the best 
model for the relationship between X and Y may not be given by Y = aX + b,
where a and b are constants.       [3] 

Solution 

From the GC, r = 0.90527 = 0.905 (3 sf)       

From the scatter diagram, the points follow a curvilinear trend rather than a linear trend, hence 
Y aX b   may not be the best model.       

Year 2007 2008 2009 2010 2011 2012 2013 2014 2015 2016
Total 
Greenhouse 
Gas Emissions 
(X)

42613 41606 43100 47063 49930 48712 50299 50908 51896 51519

Total Deaths 
(Y)

17140 17222 17101 17610 18027 18481 18938 19393 19862 20017

17000

17500

18000

18500

19000

19500

20000

20500

40000 42000 44000 46000 48000 50000 52000

To
ta

l D
ea

th
s (

Y
)

Total Greenhouse Gas Emissions (kilotonnes of CO2) (X)

errr ddddddddddddddddddiiiaiiiiiiiii grgrgrgrrrrrrrrrramamamamamamammamammamamamaammamm, ,,,, ththththththththththththththt eeeeeee pooininininnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnnntsttststststststststttststststttsttt fffffffffffffffffffololololololooooooooooo lolololololow wwwww
ayyy nnnnnnnnnnnotototototoototootototototoototot bbbbbbbbbbbbbbbbe e ee eeeeeeeeeeeee ththththththhthththttthhhhhhththhthheeeeeeeeeeeeeee bebebebeebeebbebebebebbebebbebbebeb stststststtstststststsstttttsttssttt mmmmmmmmmmmmmmmmmmmododdododododelelelelelel...... 
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(ii) Comment on the correctness of the following statement.

“Since there exists a high positive linear correlation between total greenhouse 
gas emission and total deaths, the deaths are a result of the greenhouse gas 
emissions.”          [1]

Solution 

High positive linear correlation does not indicate causation, hence it is incorrect to state that 
the deaths are a result of the greenhouse gas emission. Moreover, there are other factors 
affecting the total deaths in Singapore.       

(iii) Explain clearly which of the following equations, where a and b are constants, 
provides the more accurate model of the relationship between X and Y. 

  (A) 4Y aX b 

  (B) lgY aX b         [3] 

Solution 

From GC,  r = 0.928 for 4Y aX b         

  r = 0.912 for lgY aX b         

Since the product moment correlation coefficient for 4Y aX b  is closer to 1 as compared 

to the one for lgY aX b  , 4Y aX b  is the better model.          

The Government has pledged that Singapore’s greenhouse gas emissions will peak 
around 2030 at the equivalent of 65 million tonnes of carbon dioxide. 

(iv) Using the model you have chosen in part (iii), write down the equation for the 
relationship, giving the regression coefficients correct to 5 significant figures. 
Hence find the estimated total deaths in the year 2030 if Singapore’s pledge is 
fulfilled and comment on the reliability of the estimate.   [3]

Solution 

The required equation is 16 46.4326 10 14911Y X  

When X = 65000,   Y  =  4166.4326 10 65000 14911   

= 26393.6

= 26400 (3 sf)       

The estimate is not reliable as extrapolation is carried out where the linear correlation outside 
the range of X, i.e. [41606, 51896] may not be valid.      

= 2262626266262626666626626662662662666666626626666266666666666666666666666666626666666262640404040404004004040400404000004000040400004000404040404004000000000000000000000 (3(3(3(3(3(3 ssssssf)

s nononooooonoonooot tttttttttttt rerererererererrerererrreerrrr lilliilililiiababababbbbbababableleeeeeeeeeeeeee aaaaaaaaaaaaaaaaaas ssssssssss exeexxexexeeeeexeeexee trapapapapapapololololololatatatatatation
i e [41606 51896] may not b
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6 Birth weight can be used to predict short and long-term health complications for babies.
Studies show that the birth weight of babies born to mothers who do not smoke in a 
certain hospital can be assumed to follow a normal distribution with mean 3.05 kg and 
variance  2 kg2.

The hospital classifies babies based on their birth weight as shown in the table below. 

Birth weight Classification
Less than 1.5 kg Very low birth weight
1.5 kg to 2.5 kg Low birth weight
2.5 kg to 4.0 kg Normal birth weight

More than 4.0 kg High birth weight

(i) A sample showed that 20.2% of the babies born to mothers who do not smoke 
have low birth weight. If this is true for the entire population, find two possible 
values of , corrected to 2 decimal places. Explain clearly why one of the values 
of   found should be rejected.      [4] 

Solution 

Let X be random variable representing the birth weight of a baby in kg. 
 2~ N(3.05,  )X   
P(1.5 2.5) 0.202X  
By plotting the graph of P(1.5 2.5) 0.202y X   
using GC,      
we have 0.70 (2 dp) or 1.56    (2 dp) 

If  = 0.70, P(2.5 < X < 4) = 0.70 
If  = 1.56, P(2.5 < X < 4) = 0.37 
  
Reject  = 1.56 as this would mean that it is very much more likely that a baby will be born 
with “abnormal” birth weight than normal birth weight.     
(Or when  = 1.56, P(X < 0) = 0.03 compared with P(X < 0) = 6.610–6 for  = 0.7) 

Studies also show that babies born to mothers who smoke have a lower mean birth 
 weight of 2.80 kg. 

For the remaining of the question, you may assume the birth weight of babies born to 
mothers who smoke is also normally distributed and that the standard deviations for the 
birth weight of babies born to mothers who do not smoke and mothers who smoke are 
both 0.86 kg. 

(ii) Three pregnant mothers-to-be who smoke are randomly chosen. Find the 
probability that all their babies will not be of normal birth weight. State an 

 assumption that is needed for your working.     [3] 

eight of babies born to mothe
86666666 kgkgkkkkkkkkkkkkkkkkk . 

ThThThThhThhThhhThrerererererrerererereererererreeereerreer e eeeeeeeeeeeeeeeeeeeeee prprprprprpregeegegeegegggegegggggggggggggnananananananananaananannananannnnnnaan ntntntntntntntnntntntntntntntntntntntnnnnntnnt motototothehehehersrsrsrs-to-
probb babililitityy ththatt alalll ththeiir bbab
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Solution 

Let Y be r.v. denoting the birth weight of a baby in kg from a mother who smokes. 
2~ N(2.8,  0.86 )Y

Required probability  =  31 P(2.5 4)Y         

    31 0.55493 
= 0.088157 
= 0.0882 (3 sf)        

Assumption: The birth weights of babies are independent of one another.   

(iii) Find the probability that the average birth weight of two babies from 
 mothers who do not smoke differs from twice the birth weight of a baby from 
 a mother who smokes by less than 2 kg.      [3] 

Solution 

1 2Let  2
2

X X
A Y


 

 E 3.05 2(2.80) 2.55A    

   2 2 2 2Var 0.5 0.86 2 2 (0.86 ) 3.3282A    

 ~ N( 2.55,  3.3282)A           
Required probability =  P 2A  =  P 2 2 0.37521A   

0.375 (3 s.f.)

Babies whose birth weight not classified as normal will have to remain in hospital for 
further observation until their condition stabilises. Depending on the treatment received 
and length of stay, the mean hospitalisation cost per baby is $2800 and standard 
deviation is $500.  

(iv) Find the probability that the average hospitalisation cost from a random sample 
 of 50 babies, whose birth weight not classified as normal, exceeds $3000. [2] 

Solution 

Let W be random variable representing the hospitalisation charge of a baby.  
 E 2800W   and   2Var 500 250000W  

Since 50n  is large, by Central Limit Theorem,
1 2 50...

50
W W W

W
  

 ~
2500N 2800,   approximately

50
 
 
 

  

i.e. ~ N(2800,  5000) approximatelyW       [M1] 
  P 3000 0.00234 (3.s.f)W   [A1]

s llllllarrarrararrargegegeegeegegg , bybbbbbbbbbbbbbbb CCCCCCCCCCCCCCCCCCCeneeeeneeneneeee trtt alaaa  Limit TTTTTThehhhhh
5050505050505050050505

0
WWWW55555.......

~~~~~~~~
22222255555555555555555555555555555555550000000000000000002222222222222222288888888888888888888000000000000000000000,   NNNNNNNNNNNNNNNNNNNN 555555000000

555555000000
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7 Three cards are to be drawn at random without replacement from a pack of six cards 
numbered 0, 0, 1, 1, 1, 1.

The random variables X1, X2 and X3 denotes the numbers on the first, second and third 
card respectively.  

(i) If Y = X1 – X2 + X3, show that P(Y = 1) = 1
3

and find the probability distribution 

of Y.          [3]

Solution 

P(Y = 1) = P(0, 0, 1) + P(1, 0, 0) + P(1, 1, 1) 

= 2 1 4 4 2 1 4 3 2
6 5 4 6 5 4 6 5 4
              

= 1
3

 (Shown)  

y –1 0 1 2
P(Y = y) P(0, 1, 0) = 2 4 1

6 5 4
 

    = 1
15

  

P(1, 1, 0) + P(0, 1, 1)

= 4 3 2 2 4 3
6 5 4 6 5 4
    

= 2
5

1
3

P(1, 0, 1) = 4 2 3
6 5 4
 

    = 1
5

(ii) Find the values of E(Y) and Var(Y).      [2]

Solution 

E(Y) = 1 1 20
15 3 5

    = 2
3

 = 0.667 (3sf)     

Var(Y) = 
21 1 4 20

15 3 5 3
     
 

= 34
45

 = 0.756 (3sf)    

(iii) Find the probability that the difference between Y and E(Y) is less than one 
standard deviation of Y.       [2]

Solution 

2 34P
3 45

Y
 

   
 

= P(Y = 0) + P(Y = 1)      

= 2
5

+ 1
3

= 11
15

= 0.733 (3 sf)   

444


4444 4444444444
4555 45 455555 4555

======== P(P(P(P(P(PP(P(P(PP((P(P(P(PPP YYYYYYYYYYYYYY ============= 000000000000000))))))))))))))) ++++++++++++++++++++ P(PPPPPPPPPPPPPPPPPPPPP YYYYYY ====== 1)1)1)1)1)1) 
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8 A factory makes a certain type of muesli bar which are packed in boxes of 20. The 
factory claims that each muesli bar weigh at least 200 grams. Muesli bars that weigh 
less than 200 grams are sub-standard. It is known that the probability that a muesli bar
is sub-standard is 0.02 and the weight of a muesli bar is independent of other muesli 
bars. 

(i) Find the probability that, in a randomly chosen box of muesli bars, there are at least 
one but no more than five sub-standard muesli bars.    [2] 

Solution 

Let X be the random variable denoting the number of sub-standard muesli bars, out of 20. 
X ~ B(20, 0.02) 

 Probability required = P(1  X  5) 

     = P(X  5) – P(X = 0)      

     = 0.33239 

     = 0.332 (3 sf)       

The boxes of muesli bars are sold in cartons of 12 boxes each.  

(ii) Find the probability that, in a randomly chosen carton, at least 75% of the boxes 
will have at most one sub-standard muesli bar.     [2]

Solution 

Let Y be the random variable denoting the number of boxes of muesli bars that have at most 
one sub-standard muesli bars, out of 12 boxes. 

P(X  1) = 0.94010 

 Y ~ B(12, 0.94010)          

Probability required = P(Y  0.75  12) 

  = P(Y  9) 

  = 1 – P(Y  8) 

  = 0.99568 

  = 0.996       
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As part of quality control for each batch of muesli bars produced daily, one box of 
muesli bars is randomly selected to be tested. If all the muesli bars in the box weigh at 
least 200 grams, the batch will be released for sales. If there are more than one sub-
standard muesli bar, the batch will not be released. If there is exactly one sub-standard 
muesli bar, a second box of muesli bars will be tested. If all the muesli bars in the second 
box weigh at least 200 grams, the batch will be released.  Otherwise, the batch will not 
be released.

(iii)Find the probability that the batch is released on a randomly selected day. [2]

Solution 

Probability required  = P(X1 = 0) + P(X1 = 1) P(X2 = 0)    

   = 0.84953 

= 0.850  (3 sf)       

(iv) If the factory operates 365 days in a year, state the expected number of days in the 
year when the batch will not be released.      [1]

Solution 

Expected number of days when the batch will not be released  

= 365 – 3650.84953

= 54.9 (3 sf)          

To entice more people to buy their muesli bars, a scratch card is inserted into each box. 
The probability that a scratch card will win a prize is p. It may be assumed that whether 
a scratch card will win a prize or not, is independent of the outcomes of the other scratch 
cards.

Jane buys a carton of muesli bars. 

(v) Write in terms of p, the probability that Jane win 2 prizes.   [1]

Solution 

Let W be the random variable denoting the number of prizes Jane wins, out of 12. 

W ~B(12, p) 

 10212
P( 2) 1

2
W p p

 
   

 

 10266 1p p 

( , p)

 10111101111101110101011010222222222222)))))) 22ppp2222222))))))) 22222222222 1111111111111112222222222222
222))

 22222  222222
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The probability that Jane win 2 prizes is more than twice the probability that she win 
3 prizes. 

(vi)  Find in exact terms, the range of values that p can take.       [2]

Solution 

P(W = 2) > 2 P(W = 3)

   10 92 312
66 1 2 1

3
p p p p

 
   

 
         

   10 92 366 1 440 1 0p p p p   

   92 1 3 1 20 0p p p p     

   92 1 3 23 0p p p  

Since 0  p  1, 0 < p < 3
23

        

9 In preparation for an upcoming event, a student management team is considering having 
meetings on this Friday, Saturday and Sunday.  The probability that the meeting is 

conducted on Friday is 1
6

.  On each of the other days, the probability that a meeting is 

conducted when a meeting has already been conducted on the previous day, is 2
5

 and 

the probability that a meeting is conducted, when a meeting has not been conducted on

the previous day, is 1
3

.

Find the probability that 

(i) a meeting is conducted on Sunday,      [3]

Solution 

P(meeting is conducted on Sunday) 

1 2 2 3 1
6 5 5 5 3
      

5 1 2 2 1
6 3 5 3 3
      

  

481
1350

 (or 0.356)    

y

x

y = x2(1 – x)9(3 – 23x)

0 13/23

M

NM

Friday Saturday Sunday

M

NM
M

NM
M

NM

M

NMM

NM M

NM

M
1/6

2/5

N5/6

2/5

1/3

1/3

1/3

2/5

2/3

3/5

3/5

3/5

2/3

333333 6  3 5 3555 355555555555555 33 5 3 3

56))6)66)))))))))    
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(ii) a meeting is not conducted on Friday given that there is a meeting on Sunday.
           [3]

Solution 

P(no meeting on Friday | meeting on Sunday) 

=  
 

P no meeting on Friday and meeting on Sunday 
P no meeting on Friday

5 1 2 2 1
6 3 5 3 3

481
1350

     
 
 
 

         

400
481
0.83160
0.832 (correct to 3 s.f.)






        

The student management team consists of 7 girls and 3 boys.  At one of the meetings, 
they sit at a round table with 10 chairs.   

(iii) Find the probability that the girls are seated together.   [2]

Solution 

  (4 1)!7!P girls are seated together
(10 1)!

 
          

1
12


       

Two particular boys are absent from the meeting.

(iv) Find the probability that two particular girls do not sit next to each other. [3] 

Solution 

Probability required  =
8

2
1(8 1)! P
2!

1(10 1)!
2!




     

7
9

   

uuuiriririiirirriiredededededededdeddededededededed =
88

2222222222222222222222222222222222
111111(((((((((((((((88888888888888888 111)! PPPPPPPPPPPPPPPPPPPPPPPPPPPPPPPPPPPPPPPPPPPPPPPPPPPPPPPP888888

22222222222222222222 222222222222222222222222222222!!!
111111((((((111111111111111000000 1111111))))))!!!!!!
2222!
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10 Along a 3km stretch of a road, the speed in km/h of a vehicle is a normally distributed 
random variable T.  Over a long period of time, it is known that the mean speed of 
vehicles traveling along that stretch of the road is 90.0 km/h. To deter speeding, the traffic 
governing body introduced a speed monitoring camera. Subsequently, the speeds of a 
random sample of 60 vehicles are recorded. The results are summarised as follows.

 2
5325, 2000.t t t      

(i) Find unbiased estimates of the population mean and variance, giving your answers 
to 2 decimal places.         [2]

Solution 

Unbiased estimate of the population mean = 5325 88.75
60

t        

Unbiased estimate of the population variance = 
 2

2 2000
59 59

t t
s


 


                                    = 33.89830508 

             = 33.90   

(ii) Test, at the 5% significance level, whether the speed-monitoring camera is effective 
in deterring the speeding of vehicles on the stretch of road.   [4] 

Solution 

Let  denote the population mean speed of the vehicles traveling along the stretch of the road. 

To test H0

Against H1       

Conduct a one-tail test at 5% level of 

Under H0, since n = 60 and is sufficiently large, by Central Limit Theorem, 
33.89830508~ 90.0,

60
T N

 
 
 

 approximately.       

Using GC, p-value = 0.0481545117        

Since p-value < 0.05, we reject H0. There is sufficient evidence at 5% level of significance to 
conclude that that the mean speed along the 3km stretch of road has been reduced.  

< 0.00000.....050050050005000 , wewwwwwwwwwwwwwwww rrrrrrrrrrrrrrrejejejejeejeejejejejejjejejejejjeceecceeee t HHH0. ThThThThThThererererre e eee e isiiiii
hhatatattatttatatttattat ttttttttttttttheheeheheheeeheeheh mmmmmmmmmmmmmmmeaeaeaeaeaeaeaeaeaeaaeaeaeaeaeaeaeannn nnnnnnnnnnnnn spspspspspspspspspspspppspspppspspeeeeeeeeeeeeeeeeeeeeeeeeeeee d ddddddddddddddddddddddddddddddddd llllalalaalalalaaalalalalaaaalaalaaaaalalaaaaaaaalaala onononononoonoooonooooooooooooooooooooo g g g g gg ththththththe
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(iii) In another sample of size n (n > 30) that was collected independently, it is given that 
t = 89.0. The result of the subsequent test using this information and the unbiased 
estimate of the population variance in part (i) is that the null hypothesis is not 
rejected. Obtain an inequality involving n, and hence find the largest possible value 
n can take.           [4]

Solution 

If the null hypothesis is not rejected, zcalc must lie outside the critical region. 

Critical Region: 1.644853626  z           

Test Statistics, 
90.0

33.89830508
T

Z

n


  ~ N(0, 1) 

 zcalc =
89 90.0

33.89830508
n


> –1.644853626

1.644853626  
33.89830508

n
          

9.576708062n 

n < 91.713           

Since n  is an integer, the largest possible value n can take is 91.
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