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Tutorial Solutions

Basic Mastery Questions

1. Consider the following right-angled
triangle

Noting that o = %— 6, we have

@ sinazgzcose,
c
(b) cos a=9=sin 0,
C
(© tanozzézi i=cot49.

b (g):tané’

Remark: Even though we have only justified
the above results for an acute
angle @, these relationships in fact

hold for all values of .

2. We use the ASTC diagram.

(@ sin(120°)is positive as it lies in the
second quadrant. Therefore n = 1.

(b) The smallest positive integer n is 2,
since

n=1: tan(120°) <0 (2" quad)
n=2: tan(240°) >0 (3" quad)

(c) The smallest positive integer n is 3.
This is because the cosine function
gives negative values in the 2" and
3" quadrants, and cos(360°) =1.

Remark: If the smallest positive integer is n =
k, you must also explain why n
cannotbe 1,2,3, ..., k—1.

Since the principal value of tan'1 is

z cos(tan‘ll) = cos(zj = ﬁ
4 4

2

(@) By considering the principal range for
tan™ x, and the graph of the tangent
(or inverse tangent) function,

O<0<£.
2

) 1 1
b)(i) cot@=——=—.
(b)) tangd X

(b)(ii)

X+l

0

1
From the above right-angled triangle,

secezié’zx/x2 +1.

CcOos

Note: Do not give your solution as
sec(tan’1 x).

Alternatively, use the identity
tan*@+1=sec’# and the fact that
sec x Is positive when @ is an acute
angle.

(b)(iii) By the same right-angled triangle,

, 2
cosecl = _l _ VX +1.
sing X

Alternatively, use the identity
cosecé

secd

(Analogy: tané = sin@ )
cosé

cot 8=
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5 tan(A+B) = tan A+tan B 9. Since 0<x<2x, we need to consider the
1—1tanlAtanB interval = <| 2x+ 2 |<4r+Z.
__2%3 4 4 4
1—(Lx1
(3x3) Therefore, sin| 2x+ 2~ |=0.
=1 4
Basic angle =0
2tan A V4
tan(2A) = Z =
(2A) T—tan’ A :>(2X+ 4) 7,2, 3rordr
2x3 37 Tr 1
=1 37 Iz Un or
1-(3) 8'8' 8 8
_4
3 .
10. (@) Bysinerule,
> sin ZABC _ sin ZBAC
6. R=[1+(\3) =2 AC BC
4 ﬁ T = sin AABC_Esm 30° = E
a =1tan T —g 20 S
= /ABC =~ 23.6° or 156.4°.
Therefore, .
. (rejected)
sinx++/3cos x = Zsin(x+§j. The second solution is rejected
because sum of all angles in a triangle
Presentation: For this question, do not merely must be 180°.
give the value of R and «, because this is not _
precisely what the question is asking for. Your (b) Bysine rule,
solution should be an expression in the form DF _ EF
Rsin(X+ ). sin Z/DEF sin ZEDF
sin53.1°
Remark: R-formulae are related to the = DF =10| ———-
- sin30
addition formulae. Observe that 16.0
sin x++/3cos x =Ll em
> .
_ |2 & (c) By cosine rule,
+(‘F) { sin x) /1+\/§ (cosx) ( } HIZ = GH? + GI2 — 2(GH)(GI) cos /HGI
— R(sinxcosa +cos xsina) = HI? =122 +10° — 2(12)(10) cos 30°
Rsin(x+a) ~30.154
= o).
= HI =+/36.154... (lengths are positive)
1 . ~6.01 cm.
7. Basicangle = cos™ (—] =—,
2) 3 (d) By cosine rule,
cosx=1 —x=" or S JK? = J12 + KL2 — 2(JL)(KL) cos £ILK
' 2 2 2
2 3 3 s cos 2JLK < JE+KLE - K
2(JL)(KL)
. 1 T 9?4+8°-12° 1
— = I L _2 16 i L
8.  Basic angle =tan [Jﬁj 5 20® 144
1 572. 1172' = /JLK =~ 89.6°.
tanx=——==x=—or —.
3 6 6
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Intermediate Level Questions

1.  Since sin?@+cos*@ =1 forall 6,

smAziJmezAzgzzcmA:ig
— 12 . 5
cosB:idl—sm B ZE = smB:iE

Using the identity
cos (A+ B) =cos Acos B —sin Asin B,

cos A sinB cos(A+B)
4 5 33
5 13 65
4 5 63
5 13 65
4 5 33
5 13 65
4 5 63
5 13 65

Extension Question:
Identify which quadrant does the angle
A + B lies in for each of the possible

values of cos(A+B).

_sinA
1-cos2A
sin A
1—(1—2s,in2 A)

2. (a3 LHS

=—S'_”2A — RHS.
2sin“ A

LHS:\/2+2cosx

=\/2+ 2(2cos2§—1j

_ 4c052§ ~ RHS.

(b)

LHS = cos* §—sin* @

= (cos” 6?)2 —(sin? 6?)2

= (cos’ 6 +sin’ 0)(cos® 6 —sin’ 6)
= (1)(cos 20)

= RHS.

(©)

2. (d) RHS= tan[x+%j

3.

_ tanx+tan%
1-tanxtan %
in
41
_ sinx.
coS X
Sin X + cos X
COS X
" cosx— sinx
coS X

=LHS.

sin5@ +sin @
cos50 —cosé
_ 2sin3@cos 26
~ —2sin30sin 20
=RHS.

() LHS=

0 LHszsin[stjco{gx_zj
2 2

“afonosen(3)

=RHS.

Method 1: Double angle Formula

sin2x =sin x,where 0< x<2x
= 2sin Xcos X =sin X

= (sinx)(2cosx-1)=0
. 1
= sinXx=0 or cosx=—

= x=0, r, 272,%, or 5—”

Method 2: Factor Formula

sin2x—sinx=0,where 0<x<2r

= 2cos£3—xjsin£§j =0
2 2
3X X

3X =« 37 5x X
= —=—,—,— or —=0,7r
2 2 2 2 2
= X=£,7Z',5—7r,0, or2rx
3 3
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4.  This is a quadratic equation in terms of
sin 2x.

sin® 2x—sin2x =2, where 0< x <27
= sin’2x-sin2x-2=0
= (sin2x—-2)(sin2x+1)=0
= sin2x=-1
or sin2x=2
(rejected, . —1<sin2x <1).

Since basic angle for sin2x=-11is Z,

= 2x:3—”or7—7r (as 0<2x<4r)
2 2
37 In
= X=—o0r —.
4 4

S. ZXYZ =180°—(72°+55°) =53°.

By Sine rule,
132 XY  YZ
sinb3° sin72° sinb5°

= XY =15.7cm (to 3s.f.), and
YZ=135cm (to 3s.f).

6. BYEITHER
using cosine rule three times to find
the smallest angle among all three
angles,

OR

observing* that the smallest angle of
the triangle must be opposite the side
of the triangle with the smallest
length,

11

6° =8 +11> —2(8)(11) cos &
= 0 ~32.2°.

* This observation is proved in Q8.

7. (@) LHS=2cosd-cos30—cos50
=2c0s 60 —(c0s36 +c0s56)
=2c0s 6 —2cos(—0) cos 46

=2c0s6[1-cos40]
=2(cos 9)(25in229)
— 4¢0s0(2sinfcos )’
=RHS.

Alternatively,
= (cos @ —cos 30) + (cos & — cos56)

= -2sin26sin(—#) — 2sin36sin(-20)
=2(sin26)(siné +5sin36)

= 2(sin20)(2sin260 cos(—0))

= 4sin?260 cos @

= 4(2sin@ cos @) cos &
=RHS.

(b) () = cos® 9+%sin 20-1

_1rcos2d +%sin 26-1

:l(cos 20 +sin 29)—l
2 2

2 : 1]
_7[(00329)ﬁ+(sm29)ﬁ} >
:ﬁcos(za—zj—l (R-formula).

2 4) 2
(c) Since _ﬁ_ls[f(e)]ﬁ ﬁ_l,
2 2
we have;
0<[f(@)] smax{(ﬁz"lJ ,("Jz"lJ }

3+22

4

= 0<[f(O)] <
Remark: In the above solution, we define
max{a, b} to be the maximum of the
two numbers a and b. Thus if
a> Db, then max{a, b} =a. If
a <b, then max{a, b} =b.

Ilustration: max{-3, -4} =-3.
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8. (i) Fromsine rule
a b

sinA:sinB :sinC
a>b>c=sinA>sinB>sinC.

= constant,

(i) Giventhat 0< A B,C <90°, we use

the fact that the graph y = sin x is
increasing in this interval to conclude
that A>B>C.

(iii) Since A=180°—(B+C) and
B+C isacutewithB+C>B
(> C respectively),
sin A=sin(180°—(B+C))
=sin(B+C)
>sinB  (>sinC resp.).
Observe that A>B + C > B.

In addition from (ii), B > C.
Therefore A>B > C.

9. ZATB=31°-18°=13°.
Using sine rule on triangle AATB,

20 TB
sin13° sin18°
:>TB=20_Sml8 .

sin13°

Using sine rule on triangle ABTP (where
point P is the base of the tower),

B  h
sin90°  sin31°
= h =TBsin31°.
_ 20sin18 310
sin13°
~14.2 metres.

10. Add auxiliary lines as follows:
5 Y

SO
) .

3

10. (Continued)

By Pythagoras theorem, distance from
origin to centre of circle = 5 units.

Therefore required answer

=atf = tan‘l[gjisin‘l(%j

Smallest acute angle = 0.726 rad.
Largest acute angle = 1.129 rad.

Challenging Questions

1.

Let y=cos™x so that using the identity
proved in BMQ Q1(a),

x:cosyzsin(z—yj
2

- _1 7[
= sin X:E—y.

Therefore,
LHS=sinx +cos™ x

(5

=RHS.

Squaring both sides gives
sin® X+ 2sin xcos X+ cos® x =1
= 2sinxcosx =0
=sinx=0 or cosx=0

= x=0,£, 72',3—”, or 2r.
2 2

However, we have introduced incorrect
solutions after squaring both sides, and thus
we need to eliminate these incorrect
solutions:

X SiN X +C0S X Correct?
0 1 Yes
zl2 1 Yes
T -1 No
3rl?2 -1 No
27 1 Yes

Therefore, x=0, % or 2r.

Remark: Alternative method is to use R-
formula.
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