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2017 GCE A Level H2 FM 9649 Paper 2 Solutions 

 

 
 [Solution] 

(i) Recurrence relation: 
1 23r r ru u u− −= −   

 Auxiliary equation:   2 3 1 0m m− + =  
3 5

2
m


 = .  

Hence, general solution is:   
3 5 3 5

2 2

r r

ru A B
   + −

= +      
   

,  r = 0, 1, 2, … 

(ii) Using the initial conditions,  

0 2u =  2 (1)A B + = −−−−  

1 3u =   
3 5 3 5

3 (2)
2 2

A B
   + −

 + = − − − −      
   

 

( )
3 5 3 5

2 3
2 2

B B
   + −

 − + =      
   

 

 3 5 5 3B + − =    

 1, 1B A = = . 

Hence,  
3 5 3 5

2 2

r r

ru
   + −

= +      
   

 

(iii) When 0 2u = , from (1) we have  ( )
3 5 3 5

2
2 2

r r

ru A A
   + −

= + −      
   

  

                                                                   
3 5 3 5 3 5

2
2 2 2

r r r

A
      − + −
 = + −                 

 

3 5
0 1

2

−
  , when ,r →  

3 5
0

2

−
→ . 

So, when ,r →  0 0ru A→  =  

3 5
2

2

r

ru
 −

 =   
 

    and   1 3 5u = − . 
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[Solution]  

2 2 2
1 cos cos 2 cos3 cos 2

1 2 3

2 2 2
          + sin sin 2 sin 3 sin 2

1 2 3

n n n
C iS n

n n n
i n

   

   

     
+ = − + − + +     

     

      
− + − + +      
      

  

( ) ( ) ( )
2 2

1 cos sin cos 2 sin 2 cos 2 sin 2
1 2

n n
C iS i i n i n     

   
+ = − + + + − + +   

   
 

2 3 2
2 2 2

1 e e e e
1 2 3

i i i i n
n n n

C iS         
+ = − + − + +     

     
 

Compare with:   ( ) 2 31 1
1 2 3

n n
n n n n

x x x x x
n

       
− = − + − + +       

       
    for n +   

( )
2

1
n

iC iS e  + = −  

( )
2

2 2 2

n

i i i

e e e
  

− 
= −   

2

cos sin cos sin
2 2 2 2

n

ine i i        
= − − +    

    
 

 

2

2 sin
2

n

ine i  
= − 

 
 

( ) ( )
2 2 2

2
2 sin

n n
in ne i  = −
 

 

( )( ) 2

2
cos sin 4 sin

n nn i n


 = + −  

Comparing real parts:   ( ) 2

2
4 cos sin

n nC n


= −  

Comparing imaginal parts:   ( ) 2

2
4 sin sin

n nS n


= −   
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[Solution] 

2 , 2 , 0x at y at t p= =     

(i) Curve surface area  

2 2

0

d d
2

d d

p x y
y dt

t t


   
= +   

   
   

 ( ) ( ) ( )
2 2

0
2 2 2 2

p

at at a dt= +  

 2 2

0
4 2 1

p

a t t dt= +  

 
( )

3/2
2

2

0

1
4

3 / 2

p

t
a
 +
 =
 
 

 

 ( )
3/2

2 28
1 1

3
a p  = + −
  

 

 

(ii) When p is small,  

 Curve surface area 

        rl=   

         ( )
3/2

2 28
1 1

3
a p  = + −
  

 

                   2 28 3
1 1

3 2
a p

 
 + − 

 
 

                   2 24 a p=  

 

When p is small, the arc of the parabola is almost a line segment 

joining (0, 0) to (ap2, 2ap), so the approximate surface area 
2 24 a p  is the surface area of the cone generated when this line 

segment is rotated about the x-axis  

= ( ) ( )
2 22(2 ) 2ap ap ap +

( )

1
1 2 2

2 2 2 2 2 2 222 4 4 1 4
4

p
a p p a p a p

 
=  + =  +   

 
 

x 

y 

0 

P(ap2, 2ap) 
       x 
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[Solution] 

 

(i) 

2 1 1

3 2 1

3 1 2

4 3 1

 
 
 =
 
 
 

M  ~

2 1 1

0 1 1

0 1 1

0 1 1

 
 

−
 
 −
 

− 

~

2 1 1

0 1 1

0 0 0

0 0 0

 
 

−
 
 
 
 

 

 rank of  M  = 2   

  number of independent rows of  M  = 2   

   number of independent columns of M = 2   

(ii) (a) 
2 0

0

x y z

y z

+ + =


− =
 

 ,x z y z = − =  

  A basis for the null space of M = 

1

1

1

 −  
  
  
  
  

 .  

(b) Since the column space = range space, and the first two columns are linearly 

independent, 

  a basis for the range space of M = 

2 1

3 2
,

3 1

4 3

    
    
     
    
        

  . 
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[Solution] 

2
2

2

d d
5 6 2e

dd

xy y
y

xx

−
+ + =   

Auxiliary equation: 
2

5 6 0m m+ + =    2 or 3m = − −   

Complimentary Function: 
2 3

e e
x x

y A B
− −

= +   where A and B are arbitrary constants. 

Let particular integral be 
2

e
x

y px
−

=   

    
2 2d

e 2 e
d

x xy
p px

x

− −
= −   

  
2

2 2

2

d
4 e 4 e

d

x xy
p px

x

− −
= − +  

Substitute into DE:   
2 2 2 2 2 2

4 e 4 e 5 e 10 e 6 e 2e
x x x x x x

p px p px px
− − − − − −

− + + − + =   
2 2

e 2e

2

x x
p

p

− −
=

 =
 

General Solution is 
2 3 2

e e 2 e
x x x

y A B x
− − −

= + +   

                              
2 3 2 2d

2 e 3 e 2e 4 e
d

x x x xy
A B x

x

− − − −
= − − + −  

When 0, 0x y= = ,  0A B+ =   ----  (1) 

When 
d

0, 5
d

y
x

x
= = ,  2 3 2 5A B− − + =   

              2 3 3A B+ = −    ----- (2) 

Solving (1) and (2): 3, 3A B= = −   

Particular solution is ( ) 2 3
3 2 e 3e

x x
y x

− −
= + −  

        
3 2 2d

9e 4e 4 e
d

x x xy
x

x

− − −
= − −  

When 
d

0,
d

y

x
=     

3 2 2
9e 4e 4 e 0

x x x
x

− − −
− − =  

    ( )
4

e 1
9

x
x

−
= +   

Since e
x

y
−

=   is a strictly decreasing function and ( )
4

1
9

y x= +  is a strictly increasing 

function, therefore the two graphs e
x

y
−

=  and ( )
4

1
9

y x= +  intersect only once. Hence  

d
0

d

y

x
=  only has one real solution. Thus, ( )0.444,0.808  is the only turning point on the graph 

of 
2 3 2

e e 2 e
x x x

y A B x
− − −

= + + .

x 

y 

0 
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[Solution] 

(i) Consider 

0.7 0.6 0.4

0.2 0.2

0.1 0.4 0.4



 



− 
 

− = − 
 − 

A I  

When  = 1,  

( )det A I− ( ) ( )( ) ( )0.3 0.4 1 0.08 0.6 0.2 0.4 1 0.02 0.4 0.08 0.1= − − − − − − − + − −                        

= 0 

 A has an eigenvalue equal to 1. 

 And   A –  I =

0.3 0.6 0.4

0.2 1 0.2

0.1 0.4 0.6

− 
 

− 
 − 

 

   

Let  

0.2 0.1 0.52

1 0.4 0.14

0.2 0.6 0.18

     
     

= −  =     
     −     

x ,  we have  

0.3 0.6 0.4 0.52 0

0.2 1 0.2 0.14 0

0.1 0.4 0.6 0.18 0

−    
    

−    
    −    

 =  

 

Therefore, an eigenvector of A corresponding to eigenvalue 1 is 

0.52

0.14

0.18

 
 
 
 
 

. 

 

(ii)   ( )

1 0.7 0.6 0.4 1 0.3

0 0.2 0.2 0 0

1 0.1 0.4 0.4 1 0.3

 

 

 

− −      
      

− = − =      
      − − − − +      

A I  

 

      = 0.3  ( )

1 0

0 0

1 0



   
   

 − =   
   −   

A I  

Therefore, an eigenvector of A corresponding to eigenvalue 0.3 is 

1

0

1

 
 
 
 − 

. 

     

Similarly, 
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( )

2 0.7 0.6 0.4 2 2 0.4

5 0.2 0.2 5 5 1

3 0.1 0.4 0.4 3 0.6 3

 

  

 

− − −      
      

− − = − − = +      
      − − −      

A I  

 

      = −0.2  ( )

2 0

5 0

3 0



   
   

 − − =   
   
   

A I  

Therefore, an eigenvector of A corresponding to eigenvalue  −0.2  is 

2

5

3

 
 
− 
 
 

. 

 

 1−
A=QDQ   

 

0.7 0.6 0.4

0.2 0 0.2

0.1 0.4 0.4

 
 

=  
 
 

A ,  let  

0.2 0 0

0 0.3 0

0 0 1

− 
 

=  
 
 

D ,  and   

2 1 0.52

5 0 0.14

3 1 0.18

 
 

= − 
 − 

Q  

 

AQ =

0.7 0.6 0.4

0.2 0 0.2

0.1 0.4 0.4

 
 
 
 
 

 

2 1 0.52

5 0 0.14

3 1 0.18

 
 
− 
 − 

0.4 0.3 0.52

1 0 0.14

0.6 0.3 0.18

− 
 

=  
 − − 

 

 

QD = 

2 1 0.52

5 0 0.14

3 1 0.18

 
 
− 
 − 

0.2 0 0

0 0.3 0

0 0 1

− 
 
 
 
 

0.4 0.3 0.52

1 0 0.14

0.6 0.3 0.18

− 
 

=  
 − − 

 

 

 Thus  AQ = QD       1−=A QDQ      

 

If  A = QDQ–1, 

   A2 = (QDQ–1)(QDQ–1) = QD(Q–1Q)DQ–1 = QD(I)DQ–1 = QD2Q–1 

   A3 = (QD2Q–1)(QDQ–1) = QD3Q–1 

               

    An = QDnQ–1   for  n = 0, 1, 2,    

When n = −1, A−1 = (QDQ−1)−1 = (Q−1)−1D−1Q−1 = QD−1Q−1 

Thus      An = QDnQ–1   for  n = −1, 0, 1, 2,   

                           

( )

1

1 0 0

0 0.3 0

0 0 0.2

Q Q
n

n

−

 
 

=  
  − 
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[Solution]  

Let X and Y be the respective time from taking the paracetamol tablets and the new 

tablet till gaining pain relief.  

Let x and 
y  be the population mean time of X and Y respectively.  

 

Assumptions: X and Y follow two independent normal distribution with a common 

variance.  

    

1 30n = , 
1609

53.633
30

x = = , 
2

2 1 1609
92314 207.5161

30 1 30
xs

 
= − = 

−  
 

2 26n = ,  
1242

47.76923
26

y = = , 
2

2 1 1242
67173 313.7446

26 1 26
ys

 
= − = 

−  
 

sp
2  =  

2 2( 1) ( 1)

2

x x y y

x y

n s n s

n n

− + −

+ −
= 16.02172        

 

H0: 0y x − =     

H1: 0x y −   

Level of significance: 5% 

Under H0, 

Test statistic:   30 26 2 54

0
~

1 1

30 26
p

X Y
t t

S

+ −

− −
=

+

 

              

From GC, tcal = 1.366   

                            p-value = 0.0888 > 0.05 

Since p-value > level of significance, we do not reject H0. 

There is insufficient evidence at 5% level of significance to conclude that the new 

tablet acts more quickly than paracetamol. 
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[Solution] 

H0: The data are drawn consistent with the specified distribution with   

      ( ) ( )P 1 e xX x x − = +  , 0x  . 

       H1: The data are not drawn consistent with the above specified distribution. 

Level of significance: 1% 

 

 Based on H0, the expected frequencies are shown below: 

E1 = ( ) ( ) ( ) ( )0 1100P 0 1 100 P 0 P 1 100 e 2e 26.424X X X − −  =  −  = − =    

E2 = ( ) ( ) ( )1 2100 P 1 P 2 100 2e 3e 32.975X X − − −  = − =    

E3 = ( ) ( ) ( )2 3100 P 2 P 3 100 3e 4e 20.686X X − − −  = − =    

E4 = ( ) ( ) ( )3 4100 P 3 P 4 100 4e 5e 10.757X X − − −  = − =    

E5 = 100 26.424 32.975 20.686 10.757 9.158− − − − =  

 The only constraint is:  
i iO E=  =100,  

Degrees of freedom = 5 − 1 = 4 

Test statistic:   ( )
2

2

4~
i i

i

O E

E


−
  

From GC, we have 2

cal  = 21.567. 

p- value = 0.000244 < 0.01 

 We reject H0 , there is sufficient evidence at the 1% level of significance to claim that the 

data are not consistent with the above specified distribution. 
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[Solution]     

(i) 
20

d 1
1

a k
x

x
=

+   
1

0
tan 1

a

k x−  =    1tan 1k a− =   
1

1

tan
k

a−
 =  

 

 

 

 

 

 

 

 

 

(ii) ( ) ( ) ( )
( )2

2

1 2 1 10 0 0

ln 11 2 1
E f d d ln 1

2 tan 1 2 tan 2 tan

aa a ax
X x x x x x

a x a a− − −

+   = = = + =   + 
    

( ) ( )2 2 1

1 2 1 100 0

1 1 1
E f d 1 d tan 1

tan 1 tan tan

a a a a
X x x x x x x

a x a a

−

− − −

 
 = = − = − = −   + 

   

( ) ( ) ( )
( )

2
2

22

1 1

ln 1
Var E E 1

tan 2 tan

aa
X X X

a a− −

 +
 = − = − −  
  

 

(iii) 
1

P
2

X a
 

 
 

 
( )

1
1 1

12 2

1 12 1 00

1
tan1 1 2d tan

tan tan1 tan

a a
a

x x
a ax a

−

−

− −−
 = = = 

+
  

   



x

y

  

 - 

 

 

a = 2 

a = 4 
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       When a is small, 
1

P
2

X a
 

 
 

=

( )

2

1
1

10 0 01

2

1

2

d 1 11 tan 1tan d 2 2 12lim lim lim
d 1 2tan

tan
d 1

a a a

a aa a

a
a

a a

−
−

−→ → →−

     +   
     = = = 
 
  +

 

When a is very large, 
1

P
2

X a
 

 
 

 Total probability = 1. 

Alternative Method 

From the graph of 
1

1

1 1
tan

tan 2
y a

a

−

−

 
=  

 
, we see that as 

1
0,  .

2
a y→ →  

1 1
P

2 2
X a

 
   

 
 

 

When ,  1.a y→ →  

1
P 1

2
X a

 
   

 
 

 

 

 

 

  

 

      





a

y
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[Solution]     

(i) Let X be the number of customers the company will have to contact until one who 

is not happy with their download speed.    

( )Geo 0.08  X   

( )
1

E 12.5
0.08

X = =   

( ) 2

1 0.08
Var 143.75

0.08
X

−
= =  

Standard deviation of X 143.75 11.9896 12.0= =    

( ) ( )

( )
25

with the download speeP 25 P the first 25 customers contacted are all happy 

                 1 0.08

                 0.12436 0.124

dX  =

= −

= 

 

(ii) p = P( a random chosen customer is unhappy) 

 P(exactly 25 customers are contacted)  

= P(the first 24 customers are all happy with the download speed) 

( )
24

1 p= −  

(iii) P(fewer than 25 customers are contacted) = 0.895 

1 P(exactly 25 customers are contacted) 0.895 − =  

( )
24

1 1 0.895p − − =  

1

241 0.105 0.0896p = −   
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(iv) Let M Mb/s be the population median download speed. 

0H :  75M =  

1H :  75M   

Level of significance: 1% 

Let S+ be the number of customers report download speeds > 75 Mb/s   

S− be the number of customers report download speeds < 75 Mb/s   

 

Test Statistic:  ( )1
B 50,

2
S S+=   if 0H  is true. 

Computation:  S− = k ,  S+
= 50 k− .  

 

Since ( )P 16 0.00767 0.01S  =   

and    ( )P 17 0.0164 0.01S  =   

At 1% level of significance,  

critical region = { S: S 16  } 

observed value of  S = 50 k−  

For 0H  to be rejected, 50 16k−    

                                 34k    

So possible values of k are 34 50k  , k + .  

 

 
[Solution]     

(i) Let p be the population proportion of cars that generate more than the proposed new 

limit for pollutants 

133
435,    0.30574

435
sn p= = =  

A 95% confidence interval for p is given by  

( ) ( )1 1
1.9600 1.9600

             0.26245 0.34904

                  0.262 0.349

s s s s

s s

p p p p
p p p

n n

p

p

− −
−   +

  

  

 

s ( )P S s   

15 0.00330 < 0.01 

16 0.00767 < 0.01 

17 0.01642 > 0.01 
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(ii) After the publicity drive, 
s

k
p

n
= .  

Let 1p  be the new population proportion after the publicity. 

A 95% confidence interval for  is given by  

( ) ( )
1

1 1
1.95996 1.95996

s s s s

s s

p p p p
p p p

n n

− −
−   +  

Since the 95% confidence interval for  is (0.227, 0.305),  

0.227 0.305
0.266

2sp
+

= =   

0.266
k

n
 =   0.266k n =   

Also, 
( )0.266 1 0.266

0.266 1.95996 0.305
n

−
+ =  

493.11 493n =   

0.226

  131

k n=


  

 

(iii) Before publicity, 0.262 0.349p   

After publicity, 
10.227 0.305p   

 

 

 

 

 

The two confidence intervals overlap, so it is possible that  (say) and  (say) 

so that  this suggests that the proportion of cars that generate more than the new limit 

for pollutants after the publicity is greater that the proportion before the publicity. Hence the 

figures may not necessary support the claim that the publicity drive has been successful.  

 

1p

1p

1 0.29p = 0.27p =

1 ,p p

 

0.227 0.262 0.305 0.349 

 


