H2 Mathematics (9758) JC1 River Valley High School Mathematics Department, 2022

Additional Practice Questions (H2 Chap 6A Integration Technigues)

1. [2008/Promo/AJC/Q8(b)]
()  Giventhat y =(sinx)e™, find j—y

X
Hence, or otherwise, show that I(sin 2x)e™™ dx = 2(sin x)e™™ —2e™™ +C ,
where C is an arbitrary constant. [3]
(i)  Find j (sin X)(sin 2x)e""* dx . [3]
. dy . diex 2 o s . .
(1) —=—{(sinx)e™ =(cosx)(e™") +(sin x)(cos x)e"™
dx dx

(11) Method 1
Integrating both sides w.r.t x:

(sin x)e™* = [(cos x)(e)dx + f(sin x)(cos x)e*dx

0

sinx snx
=¢e L8

| =

f (sin 2x)e***dx

| (sin 2x)e™*dx = 2(sin x)e"*** —2¢"** + C (shown)

Method 2 (by parts)

_[ (sin2x)e™*dx =2| (sinx)(cosx e *dx

. du d\ \ ainx inx
Letu=sinx = —=cosx and — =(cosx )& = v=e""
dx dc '

f(sin 2x)e"™ ¥ dx = 2(sin x)e*™* -2 f(cos x)e* *dx

=2(sinx)e™™ —=2¢"* + C (shown)

(111) (by parts and using (i1))

[ (sin x)(sin 2x)e™*dx
= (sin x)[2(sin = 2@5;"“"]
—j. 2(sin x)(cos x )™ — 2(cos x)e™dx
= (sin x)[2(sin x)e™™ — 2e**]- [2(sin x)e*™ — 2¢"**] + 26" + ¢

=2¢"[sin’ x - 2sinx+2]+¢
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2. [2008/Promo/ACJC/Q4]

4x -1
Express 6x° X" +4x— in the form A):+ B + CX: D where A, B, C and D are
( +1X3x +2) X“4+1  3x°+
constants to be determined. [3]

32 _
Hence, or otherwise, findJ~6X2 X +A2'X L [3]
(x +1)(3x +2)

Solution:
6x° —x’+4x-1_Ax+B Cx+D
(2 +D3x*+2) x*+1 3x2+2
6x° —x> +4x-1=(4Ax + B)(3x> +2)+ (Cx + D)(x* +1)

coefficient of x°: 34+C =6

coefficient of x*: 3B+ D =-1

coefficientof x: 24+C =4

constant: 2B+D=-1

Solving using G.C. or manually: 4 =2.B=0,C=0. D=-1

P B B .
J6.\1 X :’h 1 i \..x B ‘1 .
(x~+DBx"+2) cx +1 3x"+2
2% 1 1
:| ,\ dx——' ~dx
41 37

= 1n|x3 - 1| -~ % "E' tan \Ex +cC

V6. 6

or lnlx ll———tan —X+c
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3. [2008/Promo/CJC/Q14]

2
(@) () Express Jﬂ;% in partial fractions. [4]
. . x> —3x+7
H find | f(x)dx, where f(x) = : 2
(ii) ence fin I (x)dx, where f(x) W [2]
(b) By substituting u =/3x* +5, find the integral _|'3x\/3x2 +5dx. [3]
Solution:
aiy X201 A Btc
(1-x)(44%?) I= % 44 x*
x*-3xt] = Al4+xt)+ (=x)(BxtC)
%= | 5 = BA = A=z|
=0 =4ptc > C=3
x:-l: || = GA+2(-B43) > R=0
x=3x+] o : 3
(=0@0) © =X T R
2
i) X3l 3
(1=%) (44 %3) AX B f!—x t 44x> X

b) f3></3x*+5 Ax e j;x%S

ek
= [ du B L3045y (b
y3 =20 o BB
o T +C J3Xx‘t'5 s
, U 0'\41 3% o!x

3]
W [—
Ly |

wo
>

~

i 13
ur
| T
O

-+

')
#*
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4. [2008/Promo/HCI/Q2]

Solve jxcos(ln X) dx. [5]
Solution:
u#=cos(Inx) vi=x
) 1 . 4 3 1 9
u'=——sin(ln x) v=—x"
X : 2

| xcos(ln x) dx

1, & %k . &
==X cos[_lnxl*’-:.xsxn!»ln x) dx

u=sin(lnx) vi=x

A | ; . 1 5

u'=—cos{ln x) vV=—X
X ‘ 2

| xcos(ln x) dx

1 , . o111 5., .orl . :
=—x"cos(lnx)+—| —x‘sm(lnx|—|—xcos[lnxn d\'l
2 : 2|2 72 ]
5 { ; \ 1 2 ¢ ) 1 2 .« 7 \
1—' xcos(lnx) d\':;x cosllnx|+--1—x sin(ln x)

¢ ' : 2 3 . w . K B .
| xcos(In x) dx=_x"cos(lnx)+ - x"sin(lnx)+C

-~
- -
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5. [2008/Promo/NJC/Q11(a)]

By considering x+1= A(-1-2x)+ B, where A and B are constants, or otherwise,
X+1

X ax. 4
J3=x-x* " X

find j
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6. [2008/Promo/SAJC/Q10]

Find the following integrals :

4

(a) ——=0x [3]
J\9-4x?
(b) (cos 2x+€™"**)cos 2x dx [3]
 2x-1
C _ 4
© J x?+4x+5 14]
Solution:
10
(a)
10 (cos2x+ e )cos 2x dx
® |
=J (cos® 2x+e*** cos2x) dx
(1, : \ [ dnlx o YR
=J :l_l—cos-lx_l dx+|e " cosdxdx
1/ 1, V. 1
== xX+=sindx |+—e¢  +C
2| 4 1 9
1 1, ) R
=—x+—sindx+—e  +C
2 8 2
10 " 2x-1
—_—
(©) Jx*+4x+5
2x+4 -5 .
:j - - — ax
x*+4x+5 x +4x+5
f 2x+4 _ _T 1 .
— '—r—— x—=5| ————dx
dx +4x+5 Jd(x+2) +1
=In(x* +4x+5)-5tan (x+2)+C
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7. [2008/Promo/TJC/Q11]

Find
@ J'cot2 3x dx. [3]
(b) Findjxsin_l(xz) dx. [4]

(c)  Giventhat 3—2x=A(2x—4)+B for all values of x, find the constants A and

L 3-2X
B. Hence or otherwise, find jz—dx. [4]
X" —4x+6
Solution:
(a) ‘cot:S:c dx = Hcosec:_vx—ll dx
| S
=—=cot3x—x+c
®) [xsin™! () dr=2sin7 ()~ [| = |22
- & 5 T \’ . : 4
- * Jyl—x
2 3
o =i 3} £ X
= —sin 1|\:’,-| dx
2 4
- 1=
2 3
F w~id 2} A F AN .
=—sin |x |-3| = dx
- TAfl-x"
2 ’
X - 4
=-——sin ll.\“ — 241-x" |+c
=
" e sl oy B
=-—sin llx’)——] 1-x" |+c
$ | >

(c) By comparing coefficients, 2A4=-2=A4=-1
3=B-44=B=-1
r 3-2x . —(2x-4)-1
| de= < X
x —4x+6 x'—4x+6
e 2x-4 |, ¢ 1
=_| ~ \.(.\.'_' = d\
x*—4x+6 (x-2)" +2

o

1 l
ftan ,JZ- T &

=—In(x* —4x+6)-
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8. [2010/Promo/HCI1/Q12]
(@) Write down the constants A and B such that, for all values of x,

2x+5=A(x-1)+B.

. 2X+5
Hence find | — dx. 4
Ix2—2x+5 4]
(b)  Find the derivative of tan(x*). Hence findjx3 sec? (xz) dx . [4]
(c) By using the substitution x—l find the exact value ofj ;dx. [5]
u 22 x\[x? — 4
Solution:
8| A=2,B=7
J' 2X+5 J' 2X—-2+7
X2 —2x+5 2x+5
_J' 2X—2 J' . 7 dx
2x+5 X" —2Xx+5
=In‘x2 —2x+5‘+7j# dx
x-1) +4
=In‘x2—2x+5‘+ztan‘ X1l
2 2
(b)

%tan(x2)=2x3ecz(x2)
J'xe‘ sec? (xz) dx = J'x2 - xsec? (xz) dx
u=x° v'=xsecz(x2)

u'=2x v=%tan(x2)

Ixssecz(xz) dx =7tan Ixtan )dx

_ X?Ztan(xz)Jr%J‘%r;(:;) dx=X—22tan(x2)+%ln‘cos(x2)‘+C
© x=1:>dx=—u—12du
x=2\/§:>u=$ and x=4:>u=%
. 1

N

=—[sin‘1(2u)]ii2

4
_l(l_lj_l
204 6) 24
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9. [2010/Promo/RVHS/Q11]

@ Using the substitution u =e*, find j—z dx. [4]
e’ +2e

(b) By expressing 4x — 5 in the form A(2 — 2x) + B, show that

Il 4X=5 dx = 2 3+b_n,whereaandbareconstantstobefound.
034 2x— X
[6]
Solution:
a u=eX:>d—u=eX=u.Then:
dx
J.e +2e” _J. ( j
=_|' 21 du
u-+2
= J' % du
(J§)+u
~ L e (Lj+c
V2 J2
NC
= ——tan +C
2 V2
b. J-l 4x -5 J-l —2(2-2x)-1 1
0J3+2x—x? V3+2x—x?

_2J-1 2-2x

—_—dXx - | ——dx
0\3+2x—x? J‘0\/3+2x—x2

_2J-1 2-2x

o —ﬁﬁ dx
_Z[ZWI - {sin‘l(XT_lﬂ:
] oo (]

v/

4\/§—8—0—E

24\/3-48-7
6
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10 2014 VJIC/ Promo/ 4

(@) FindJ‘tanz (3x) dx.

2X+3
b) Find | 5———
(b) Fin J‘x2—2x+5
(©)

Differentiatesin™"(x) with respect to x.

1
3)4

X

[2]

[4]
[1]

dx, simplifying your answer.

4
Hence find the exact value of I

Solution:

1 Sin_l(XZ)\/l—X4

[4]

10(a) J'tan2(3x) dx = I[secz (3x)—1] dx
:%tan(BX)—XJrC
[
x2 —2x+5
_J'(zx 2)+5

X —2X+5

2X—2
x> —2x+5
=In‘x2 —2x+5‘+5x£tan‘l(x—_1j+c
2 2
=In(x2 _1()(—_1j+c
2

( (x—l)2 +4>0 for all real values of x)

(b) dx

dx

+5f( !

x—1)" +4

5

—2x+5)+—tan
2

()
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11

2014 NYJC/ Promo/ 6

. 1
(®) Fmdj. xIn(2014x) dx

2X
(b)  Use the substitution u=e*+2 to find j Xe d
e’ +

(© () Find [xcos2xdx.

(i)  Hence find .[OZ xsin® x dx , giving your answer in exact form.

[2]

[4]
[2]

[3]

(a)

3 1/x
-[In 2014x
=|n\|n 2014x \+c

JxIn 2014x

(b)

u=e*+2

gﬂ=eX=u—2::>dx:—d—u—
dx u-2

J‘e_zxdxzj‘ﬂ.idu

e 42 u u—2
- 2
= [—=du —Il—adu
=u-2Inju|+C
=e*+2-2In

=eX—2In(eX+2)+C

(©)

. 1 . 1.
0] Ixcost dx=5xsm 2x—I53|n 2X dx
=Exsin2x+£0032x+c
2 4
(ii) jixsinzxdx
=—J. 1 cost D X dx — I xcostdx}

_1 lxz—lxsinZX—lcost )
2|12 2 4 0

Al e
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