ANNEX B
TPJC H2 Math JC2 Preliminary Examination Paper 1

1 |Equations and x <=3
Inequalities
2 |Graphs and H-1<y<l1
Transformation (iii) Translation by 4 units in the positive x-direction,
followed by

-Stretch of factor 2 parallel to the x-axis.
Alternative Answers:

Stretch of factor 2 parallel to the x-axis, followed by
Translation by 8 units in the positive x-direction

3 |Functions () = -Jx +k

v Dy = (0’ °°)

(i) R, =[~1, 4]

Dy = (-0, k)

Since k>5, Rg 0D, . Thus fg exists.
(iii)(a) fg(=1) =£(0) = k>

Ry, =| (4-K)7, (-1-k)?]

(b) ) ,
=[(4=k)", (144’
4 |Complex numbers (i) O smallest positive integer n = 5.
(ii)|w| =2, arg(w) = %
(i11) Hence Method: arg(z—w) = —{n —% —%}

52

3n
=-"— (exact
1 ( )

Otherwise Method:

z=w=(-1-v3)+(-1-+3)i

S R L P .
arg(z—w) = (n 4)




Differentiation &

1287

Applications V=3

v 0.12n cm’s™

dr

AP and GP (a)1)d =15

(ii) S,, = 4150 cm

(b)) k=9

(i) n = 6, Length = 235 cm
Sigma Notationand | .. 1 1
Method of Difference (H)Z 2n+1)(n+2)

(i) Asn—o0, — 1 ¢

2(n+1)(n+2)
1 1

|
4 2n+h(n+2) 4
Sum to infinity = %

(iv)13

Differential Equations

3kt _1

e3kt + 2
(i1)1.45 hours

(i) x =

1 |
m)x =—¢——sinft
(iii) )

(iv)

v

0

The graph shows that as time increases, the drug
concentration still continue to increase / the curve shows
a strictly increasing function beyond the maximum level
of drug concentration.

Application of
Integration

(i) 64n
(iv) The reflected light from the bulb produces a
horizontal beam of light/ produces a beam of line

parallel to x-axis.




(V) y* =4(x=1)

10

Vectors

(3 5
(11)(5, 3, Ej

(iii) (0, 3, 2)
(iv) 6 =80.4°, 49.8°

14
(V)x+2y—3z:—m or x+2y—3z=L
2 2
(vi) BD = ~ Y0 379 units
c0s49.8°

(vii) 60°




H2 Mathematics 2017 Preliminary Exam Paper 1 Solutions

3x°+7x+1
- T <

2x-1
x+3
2+ 7x+
ATl o <0
x+3
3x7+7x+1-2x-1)(x+3) <0
x+3
X +2x+4 <0
x+3
(x+1)*+3 <0
x+3

Since (x+ 1)2 +3 >0 for all real x, the inequality reduces to:
x+3<0
= x<-3

2

x00

Let y=1
1+x

7
y(l+x?)=1-x*

(y+Dx*+(y=D=0

Discriminant =0: 0° —4(y+D)(y-1D)=0

—4(y*-1)20

y2-1<0

y251

-1<y<l1

Since y =—1is an asymptote, —-1<y<l1

Alternative Method:
2

1—x
Let y=——, x0O0 :
Y 1+ x?
y(l+x?) =1-x*
(y+Dx*+(y-1)=0

1_
X =
+

<

, y£-1

~<
—

Since 220 D00, -2 50

y+l
+ - +
O o >
-1 1 X

O-1<y<l1




2 (ii)

1-(-x)*
1+ (=x)
2

p(=x) =

_I=x
1+x?
=p(x) forall x(I[I (shown)

2(iii)

1
Graph of q(x) = p(ax —4} x0[ is obtained from the graph of p(x) by:
- Translation by 4 units in the positive x-direction, followed by

Stretch of factor 2 parallel to the x-axis.

3(1)

Lety:(x—k)2
x—k=i\/§
xX=—\y+k ('.'x<k)
£ (x) =—Jx +k

D, =(0. )

3(ii)

R, =[-1, 4]
Dy =(-o0, k)
Since k>5, R, [0 D;. Thus fg exists.

3(iii)

fo(~1) = £(0) = k*

Using R, = [—1, 4] , and the fact that f is a strictly decreasing function in the given domain,

Ry, =[ (4-K), (-1-k)’ |
= (4=k)", (1+1) |

4(1)

3

|Z|: V12+\/§2 =2 argz=—{n—tan_1[?ﬂ:—ﬁ

(nnt 2nm 4n
2 273 s
=2""e

[ (8—m)m
- 271—261( 6 J
iz)" -
( 2) is purely imaginary: cos ((STn)nJ =0
z
G- _ ok +1)g, k00
n=5-6k, kU]
Note: You may also have alternative form:
BT ok -1, kor
6 2

n=11-6k, k00




[l smallest positive integer n =35.
Alternative Method:
narg(iz) —2arg(z) = narg(i) + narg(z) —2arg(z)

nt 2nt  4n
_ LT

2 3 3
_@8—mm
6
4 (ii) |wz|=4
2|w =4
Wi =2
o3
z 6
5w
—arg (w) ~2arg () = -7

_13n
6

Since —m <arg(w)<m, arg(w) =g (exact).

4(iii)

arg(z —w)

oag=Ll | (F_m),m ®ll_m
2 2 3) 2 6 12

Hence Method: arg(z—w)= —[n -— ——}

=—§—e{n-m




Otherwise Method:

2= w=(-1-33)+(-1-43)i arg(rw):-(n-gj:ﬁ_ﬂ

Using similar triangles: I 6-h
4 6
2
r=—(6-h
2 (6-1)

V =nar’h

=n(§(6—h)}2h

:%(36—12h+h2)h

:%(36h—12h2 + /f) (shown)

For maximum V, (;—V =0:

ﬂ(36—24h+3h2):0
9

Using GC: h=2 or h=6 (Rejected as i = 6 is height of cone)
Method 1 (1st derivative sign test)

h 2° 2 2"

Sign of av + 0 -
dh

slope — —

281

Thus, maximum volume V = 1 when 4 =2 cm.

Method 2 (2nd derivative test)

d*V _4n
=" (-24+6h

2
Whenh=2: 42 =_10T 4
a3

Thus, maximum volume V = 128m .

v _dv dh

=%"(36 —24(1.5) +3(1.5)2)(0.04)

=0.12n cm’s™ (Accept: 0.377 cm’s™")

6(a)()

u,, =a+(n-1)d
350 =65+19d
d=15

6(a)(ii)

S :%(65 +350)

=4150 cm (Accept: 41.5 m)




6(b)(i)

s =4

o 1_%

=9a
U integer k =9.
6 (i) Method 1:
14
Number of ways =( 3 jXS! =2184
Method 2:
Number of ways =14%13x12=2184
6(b)(ii) | S <2000
-(8/Y
423[1 (85) } o
-8 -
1-%
n 2000
—(8 =
! (A) = 3807
n 1807
8 -
(A) = 3807
1807
< ln( 3807)
ns —8
in{8)
n<6.3267
U Largest integer n = 6.
8 6-1
=423 —
Length of shortest plank is "o (9)
=235cm (3 s.f)
7(i) 1 _ 1 1
=1 2(r=1) 2(r+1)
1 11
r(r* =1 r{2(r=1) 2(r+l)
_1 11
20 r(r=1) r(r+l
7 (i) L, 1,1 +...+ (nth term)

" 2x3 3x8 4x15




n+l 1

=t ),

:lnﬂ 1 B 1
25| r(r=-1) r(r+l

1
(n+Dxm+2J
_ntr .t
2|2 (n+)(n+2)
R S
4 2n+D)(n+2)

T N 1 .
2(n+)(n+2)
1 1 1
4 2n+h(n+2) 4

Sum to infinity :i

—
™o <)% — S, <0.0025

= <)l —F —;} <0.0025
4 |4 2n+D(n+2)

=0 <); <0.0025
2(n+1)(n+2)

= (n+1)(n+2)>200

Using G.C.
n<-15.651 or n>12.651

Since n0O0 ",
Smallest value of n =13




8(i)

Method 1: Using Partial Fractions

b dx_
1+x—2x2 dr 1 B 1
j I dx:jkd, I+x-207  (I-x)(1+2x)
1+x-2x

2 1
2 1 11 - A _ﬁ
— dx— | — dx= |k dt 2x+1 x-1
3 ) 2x+1 3) x—-1

l1n|zx+1| —11n|x—1| =kt+C
3 3

lln
3

2x+1
x—1
_Ae +1
T A -2

2x+1

x—1

=kt+C

= Ae™M, A=+

X

A+

Whent=0, x=0: 0
A-2

=A=-1

3kt _1

Ux=—1——
e3k[+2

Method 2: Completing the square

b dx
1+x-2x" dr

;2 de=1 k dt
1+x-2x

ErErEa

S [EEm i
1 ln‘ %er_%‘ =kt+C
22(3)) 134 (1)

U+
FEA%
3 1-x

2x+1
3 [2(1-x)
2x+1
2(1-x)
2Ae -1
2(Ae™ +1)

=kt+C

= Ae™, A=%e™

X =




2A-1 1

Whent=0, x=0: 0=———=> A=—
2(A+1) 2
e3kl _1
Ox=—
e3k[ +2
8 (ii) 3k _
When ¢ =1, x=§: D§=e3k—1 e* =10
4 4 e"+2
1
=k= §1n10 (shown)
10" -1
x —_
10" +2
Whenx=—: O =971 15 =08
10 10 10°+2
In28
=>1r=
In10
=1.45 hours (3 s.f.)
Also Accept: 86.8 mins (3 s.f.)
8 (iii) o[ 1
—=sm"| =t
t 2
I 1
=—-——cost
2 2
1 1
xX=|———cost dt
J‘ 2 2
= lt . sint+C
2
Whent=0, x=0: C=0
Ux= lt —lsin t
2 2
8(iv) X,
0 t
The graph shows that as time increases, the drug concentration still continue to increase /
the curve shows a strictly increasing function beyond the maximum level of drug
concentration.
9() y* =(41)* =161’

=8(21%)

=8x  (shown)




4

Volume = nj 8x dx

0

=7 [4)62 Jz
=64n

9(ii)

gy, Loy
dr dr

Gradient of tangent 7S = tan &

Dtan6’=%

cotd =t (shown

9 (iii)

4t -0
2t =2
2t
-1
%
__ /tan@
San'6™!
tan~ @
_ 2tand
1-tan’ @
=tan 26
tan @=tan 260 = @=26 (shown)

Gradient of line QP =

UQPR=180°—¢ (interior angles)
=180°—268 (by earlier results)

OTPQ +(180°-26)+ 8 =180°
OO7TPQ=6  (shown)

9 (iv)

The reflected light from the bulb produces a horizontal beam of light/ produces a beam of
line parallel to x-axis

9(v)

+21% 4t +
Midpoint M=[2 2 ,4t Oj

2 2
=(1+t2, 2t)
x=1+¢
y
===
Y 2

Locus of midpoint M is:

2

x=1+2
4

¥ =4(x-1)




10(1)

2-1 1
AA'=|4-2|=| 2
1-4 -3
1
Since AA'=| 2 =n,,
-3

AA' is parallel to the normal of p,,
and thus AA’ is perpendicular to p, .

Alternative Method:

1-2 1
Since A'/A=|2-4|=-| 2 |=-n,
4-1 -3

A'A is parallel to the normal of p,,

and thus A' A is perpendicular to p,

10 (ii) | Since M is the midpoint of A and A":
3
S 2 1 A
OM = ) 41+ 2(|=| 3
1 4 5
%
) 3 5
Coordinates of M are | —, 3, — |. v\ Note:
2 2 Question asks for
3 5 coordinates form.
Since —+2(3)—3(—j =-6+6=0,
2 2
M liesin p, . (shown)
10 (iii) 1+A
OB=| 2-A | for some A0 .
4+2/

Since Blieson p,, (1+A)+2(2-A)-3(4+24)=0

-7-74=0
A=-1

S

>

1]
N W O

Coordinates of B are (0, 3, 2).

7

Likewise for part (vi).




10 (iv)

6 =cos™ BAA'B
ZAlA B Note:
You are expected to
1Y)(2 recognize that A'B=BC.
-1[] -1
S\2 1
=cos
V6V6
_ ol
=cos |—
6
=80.4° (1d.p.)

Hence, acute angle between the line AB and p,

_180°-80.4°
2
=49.8° (1d.p.)
10 (v) | Possible cartesian equations of p,:
x+2y—3z=—M or x+2y—3z=M
2 2
10 (vi) | As incident ray AD varies, D is nearest to origin when OD is the shortest. Note that p,
contains the origin.
-1
AB=| 1 |=V6
-2
c0s49.8° = ﬂ
BD
—Bp=—"% =379 units (3.
co0s49.8°
10 (vii) | Let y be the required angle of inclination:

cos” 60° +cos® 45°+cos’ y =1
1 1 )
—+—+cos” y=1
4 2 4
cosy—+l
2

[ y=60° (since y is acute)

End of Paper




