Chapter 1 3

Differential Equations

In this chapter, students will be able to:
. solve differential equations of the forms

1* Order ﬂ ~£(x)
dx
d_
i g(»)
2*4 Order d’y -
-d—'rz— = f(x)

. use an initial condition to find a particular solution of a differential equation
= formulate a differential equation from a problem situation
= give an interpretation of a sohution in terms of the problem situation

13.1 Introduction

We live in a world where quantities change continuously. For example, in a room where the
air-conditioner is just switched on, we could feel the gradual drop in temperature. Other
examples include a body falls vertically downwards when released, gaming speed; a piece of
radioactive uranium loses mass by emitting radioactive particles continuously; the population
of a country changes due to imbalance between births and deaths; the money placed m the bank
grows due to interest. Changes like these can all be modelled by means of Differential

Equations (DEs in short).

A differential equation is an equation which gives a relationship between an independent
2
variable z, a dependent variable y and at least e of the dervatives <, % .. etc.

The order of a differential equation is the order of the highest derivative which occurs in it.
The degree of a differential equation is the power of the highest derivative which occurs in it.
The following are some examples of DEs:

2
(a) dl:zx.;-x’ +Inx (1% order, degree 1) (b) o Ly (1% order, degree 1)
dx dc
diy T od d_}' :
(c) F:e +3tanx (2™ order, degree 1) @ (E) =x+y (1% order, degree 2)
(Not in H2 syllabus)

A solution of a differential equation in x and y is an equation relating x and y which contains
no derivatives.
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13.2 Terminologies

Consider the equations y =2x+1, y=2x—3, and y = 2x. If we compare their graphs, we
will see that they are straight lines with the same gradient. They all exhibit the property
Y2

h 1 = - - -

In mathematics and in real life, we may be given the differential equation first, in this case

d . - ’

< =2. and we want to find the fnctions that satisfy this ‘property’.

The idea is to find a function of the form y = f(x) whose rate of change with respect to x is 2.
By inspection, we can see that y = 2x is a solution. However, there are also other possible

solutions such as y =2x+1, y=2x—3. So in general, we can deduce that any function of the

form y = 2x+ C, where Cis any real constant, is a solution of the differential equation gzl

We can obtain the solution by direct integration as y =[2 dx = 2x+ C where Cisa
constant.

Note:

1. y=2x+C is called the general solution of the differential equation % =2

2. Cis called an arbitrary constant, meaning it can be any real number. If the solution does
not contain any arbitrary constant (e.g. y =2x, y=2x+1, y=2x-3), then it is called the
particular solution of the differential equation.

3. The general solution of a first order DE contains one arbitrary constant.

13.3 Solving First Order Differential Equations

We will focus on solving first order differential equations of the following forms.
(a) % =f (x] (i.e. RHS is an expression involving x only)

®) % =g( y) (ie. RHS is an expression involving y only)

Both forms are known as separable DEs. We will solve DE of form (a) via direct integration
and DE of form (b) via separation of variables.

(a) :x—y =f(x) (via “direct integration”)

®) % —g(y) (via “separation of variables”)
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13.3.1 Separable DE

To solve the differential equation of the form % =f(x), we simply use direct integration as
illustrated in the following example.

Example 13.1
. 1
Find the general solution of the differential equation % =x* - 1 +e™.
Solution:
dy 1
W_2_ 1 &
& - te

N_M.ﬁj'%ﬂr=1dy=y

This is the general solution of the DE.
Note:

Although the LHS and RHS of equation
(1) involve an indefinite integral, it will be
sufficient if we add an arbitrary constant C'
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b emmeeceeeceemmm———————— - - to the RHS of the solution only.
Self-Review 1
1.
Solve the differential equation < = cos3x. [y=3sin3x+C]

To solve the differential equation of the form % = g(v), we will rewrite the equation into the

dy g(») 1 dy 1 _ . . )

form —=—. = ———=1=——dy=1dx, before integrating both sides of the
dc 1 g(y) dx g(y)

equation. This method is called “separating the variables”. We will illustrate the method using

the following example.

Example 13.2 2
Fiad the general sofuton o the differential equation ¥ =~ in the form »* =£(x).
y

Solution:

b i Separate the variables

de y

i

| “tdy _ l

)¢ s 5

]

! fye* dy i| Using the result jf'{x}e“” de=e"@ 4 C.

E o gadq’ -ffd'ﬂr‘ i
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Add a constant to the RHS.

Denote A4 as a ‘new’ arbitrary constant.
| Caution: You can define new arbitrary
constant provided that the new constant

has no expression of x inside.
Example 13.3
1
Find the general solution of the differential equation 2%=1+H , where n > 0, expressing
n
n In terms of ¢.
Solution:
2-'.:l.lrr l+n® )
& n Separate the variables
e e [ | . e o o e iy |
I
- _dn 21 | Using the result
}%ﬂ jar-t I+n"ﬂ"’ﬂ’ E fl?(f;]
v 5, I - : mdx:lu|f{x)|+{:'_
' %ﬁ{ e an = Xyl I 1
: e : ~ -
| mlﬂ,]. v =% t+C,| @0 Why do we omit the modulus sign?
[] £ [}
i (ant =€ "
' 1. whae A=¢f
[] i - ﬁ{. T ' 1 B
1 nhﬁa N70 tne.geaectl foluhim |13 Jfﬂﬂj’ “1')
e ]

As mentioned in Section 13.2, a particular solution of a DE is one that does not contain any
arbitrary constant. By making use of some initial condition(s), we will be able to find the
numerical value(s) of the arbitrary constant(s) in the general solution of the DE as illustrated in
the next example.

Example 13.4

Find the particular solution of the differential equation %‘E:l—h for which x =1 when r=0,

giving your answer in the form x=1(r).

Solution:

= Separate the variables
—=1-2x

:uzd_:f___“-'-“:l- --------------------------- Note: |1 -2 = e-2-2€

: oo 1—11-&J ﬁL;| . II »

: i*_h,w:ydk, Add “+™ to RHS when modulus
] ™ -

'-_"-_ __‘i. - 'ld.'b

3 fimdx=/

i
1
1
:
'| sign is removed.
l
|

r=-—
1
i
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-

=W |1-2x| =etc
\1- 2| =20

-1C 1k

-7 =4+ &

1y A B vhere Az = Notice that in this example, we
F o FAE} _.A:PH;; A %8 determine the wvalue of the

Lol arbitrary constant after we have

»> . taken care of the modulus sign.
What if we solve for C instead of
A?

T R R R T T T R R R T T R R N T T R R R T R R R T TN N Lk L )

1) To find the particular solution of the DE, we will need to find the genﬂ'l'all solution of
the DE first and then use the given initial conditions to determine the specific value of
the arbitrary constant.

2) A different set of initial conditions will give different particular solution.
Example 13.5
A curve C with cartesian equation y =f(x) obeys the differential equation % = xe™ .

(D What can you say about the gradient of the curve Cas x — w0 ?
[You may assume that e —» 0 as x —» —0]

(i) Write down the x-coordinate of the stationary point on C and determine the nature of
this stationary point without referring to the graph of C.

(iiif)y  Given that C passes through the origin, find the cartesian equation of C.

(iv)  Sketch the graph of C.

Solution:

(i) Yoo swasxsw
dx

so the gradient of the curve approaches infinity as x — 0.
dy _

= =xe* 50asx >
dx

so the gradient of the curve approaches zero as x — —o0.

(ii) %=ﬂ=&m” =0=>x=0 (as e >0forallxeR)

So C has a stationary pomt at x = 0.

dy xe”{{ﬂ ifx<0

dx >0 ifx>0
x 0 0 0*
Sign of dy/dx = 0 +
Shape of tangent ~ i ] ™
Thus the stationary pomt 15 a munimum point by the first
derivative test.

-

(iii) Integrating directly,
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——xe T y= I:ﬂ‘:

s IE I lrdx
2 2
=L e —leh +4
2 4

=%e1‘(2x—1)+A
Since C passes through O, y = 0 when x = 0.

D=—1+A:>A=—1-.
4 4

|
Hence cartesian equation of C'is y = :i-e"{Zx—l}-d-I.

6

Integration by parts
with
2
\d* N

=] ‘F_—

Note that
¥ =% is a horizontal

(iv) vt asymptote since
C x —>—a0
e (2x-1)—>0
1/4 1 .

— y= 1 1

:> —
O > Notice how the
) gradient of the curve
Note: C is called the solution curve of the DE passing is related to your

through the origin result in part (i)
Example 13.6

By considering %{ylnx} or otherwise, solve the DE {xlﬂx]%+ Yy =XCOSX.

Solution:

d dv ¥
I(.v x)=( IJI .

(xlnx)%+y=xcosx=>{lnx}g—:- +§=msx

-

\
E
o

Caution: —li:; cannot be re-defined as
x
another constant. (Why?)

Self-Review 2

form y = fix).

Find the general solution of the differential equation Ed.{ =1-y*?, giving your answer in the
x

o |
Ae™ +1

=
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13.3.2 Reduction to a Separable DE by Substitution

Very often we encounter DEs that are not separable (ie. not of the form %ﬂ’ (x) or

dy_
dx
first before solving.

In general, we may follow this set of procedures:

g(»)). In this case, we have to reduce the DE to a separable one via a suitable substitution

Step 1: Differentiate the given substitution.
Step 2: Apply the substitution and simplify into a separable DE
Step 3: Solve the separable DE, which is now in the new variables
Step 4: Change back to original variables

Example 13.7

The variables x and y are related by the differential equation 3x* %+ y* =2x=0. Show that
) L du
by using the substitutionu = xy”, the differential equation may be reduced to - =2x . Hence

find the general solution of the differential equation 3@!%+y’—2x:l],

Step 1: Dufferentiate the given substitution
with respect to the independent variable (Le.
x) of the original DE.

Step 2: Apply the substitution z = xy* and

h ! 1 " - ™
— =y 4+ 3x° —into the o 1 DE. The
& ¥ +3xy % rgina

new dependent variable becomes u .

=z [2xdy 2%t ¢

Ir.h!f_{_ i = ﬁy1jubgfﬁv£
-21;1 =ex ke

Step 3: DE is now in the separable form of

% =g(x). Solve for u.

Step 4: Change the DE back to its original
variables by using replacing u with x°.

It is not necessary to express y explicitly in terms of x when finding the solution of the DE
unless required by the question.
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Example 13.8
By using the substitution y =wux? , find the general solution of the differential equation

d .. .
fay-z@:f,glmg your answer in the form y = f(x).

Solution
[0 ok ey 1| Step 1: Apply implicit differentiation and
E &;IL* T E product rule.
i [l
RS RSNy i| Step 2: Substitute and simplify.
I da ) 1—? i | We obtain a separable DE of the form
RN O o s Ll EL | B )
| =—= uj.
Bk s ol A |
1E=u:x4 The new dependent variable is u.
dx
JQu
T Step 3: Separate the variables and solve.
-1
1 Ldu=[udu="_sc
= du = [1dx qu Ju a7
1
——=x+C
1;2 Step 4: Replace » with the original variable
-—=x+C yusingy=ux2(i.cu=l,)
¥y -
== .'I.'l
x+C

Example 13.9 (MC N91/II/14b modified)

Show that the differential equation f%x’_’_zm;:u may be reduced by means of the

. du 3
titution y =ux’ to —=——.
substi 0 y=ux e i

Hence, or otherwise, show that the general solution for y in terms of x is y:(:x=+ljwhﬁ-¢c

x
is an arbitrary constant. Sketch, for x > 0, a solution curve comresponding to C>0.  ¢=v m

L0
Solution: .

y=ux' #?—;=2ﬂ+f%=12%=m3+x‘(—h—

Substituting mto DE gives
du
4
Zﬂ.l'} +x E;—ZI(IHI)+3 =0

du 3
= —=-=
dx x!
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:I@:{%ﬁ
X
:}u—lﬂ’:‘
x
Vv |
=5 =—+C
X h o ¥
. y=u:2:}u=—=
= yp=0x"+— x
X
Y Note:
Let C =1 = 0 and use the
GC to obtain a sketch.
c>0 Notice that there is a
> vertical asymptote at
[¥] x x=0.

Note: You will be given the substitution in all questions. ©

13.4 Solving Second Order Differential Equations
4
In H2 Mathematics, we shall only consider second order DEs of the form L3 f(x) which can

dx’

be solved by performing direct integration twice. However, do take note that the general
solution of a second order DE has 2 arbitrary constants.

Example 13.10

2

Find the general solution to the differential equation % =2sin” 3x. Hence find the particular

sohution to the above differential equation if y = 2, % =1 when x = 0.
Solution:
2
% = 2sin’ 3x

< | % g (- (06X d X
5 e

L]

SRR VERY
:E; FEy.

L

v fdy

LT fx-ymta 1A

| 4 e gt B
A i L

: as 5

- S e

Use of double angle formula (from MF26).

Integrating both sides of DE with respect to

X

&'y
e
Integrate again with respect to x

d
mmqfqﬂ

#E}
dx
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""""""""""""" Note:

The general solution of a 2" order DE

contains fwo arbitrary constants.

initial conditions are required.
In this case, the initial conditions are
(x=0y=2)and {x=0, ¥ 1)

To find the particular solution, /o sets of

Example 13.11 (Reduction of a Second Order DE into a First Order DE)

A particle P moves such that its x-coordinate varies with time ¢ according to the differential

. dix (e e dx . . .
equation EF—Z o = 0. Use the substitution y ZE to show that the differential equation
can be reduced to the differential equation %= 2y* . Hence solve the given differential

equation for x in terms of ¢ given that when =1, x =0, %z—l.

Find the time when the x-coordinate of P is —In+/2 .

Solution:
_dx - dy _d’x
R TIRr I
2 2
Substituting into %-2[%’3 =0 gives
dy dy

e L S S dy
= 2y? {‘,l::-de 2y whmhmaﬁrstnrde;rDEnfthefnrm—Jf—=f[y).

Hence Iy'zdy = EId: :

BV,
y
I

A-2t

where 4=-C

Therefore we have de__ 1 since y:ix-.
de A4A-2r ds

Substitute =1, %riz_l into the above DE gives —1:—-1—=> A=1
A-2 :
dx

. -

d -2
fax= 25
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_-
r-_-—ln|l 2r|+B
Substttuter # x = 0 into the above equation gives B = 0.
Hence x:—i-ln|l—2r|_

. ; 1 1
Put x=—In+/2 into the above gives —Eln|1—2r|=—ln\ﬁ=—§]n2
= Infl-2|=Mn2
=1-24=2

=>1—2r=12:>r=% or —% (reject “- ¢t = 0)

Hence the time is r=% when the x-coordinate of P is —In/2 .

Self-Review 3
2

Find the general solution to the differential equatinu% =e”*. Hence, find the parlicular
ge !
[¥ =éeh +ex+d, y =—{e" +6x+3)]

g - Lo™ 1A
solution for which y = land{—E—thcnx 0. &'-XZ ? y

,pﬂ"‘ﬁ"”"‘&r— fﬂ.'l-q'q_,r
13.5 Applications of First Order Differential Equations . jo g_ 12¢ 3 /

- Mathematical Modelling

It is often desirable to describe the behaviour of some real-life system or phenomenon, whether
physical, sociological, or even economic, in mathematical terms. The mathematical description
of a system or a phenomenon is called a mathematical model. For example, we may wish to
understand the mechanisms of a certain ecosystem by studying the growth of animal
populations in that system, or we may wish to date fossil by analyzing the decay of a radioactive
substance in the fossil in which it was discovered. In this section, we will attempt to model a
system or a phenomenon with the help of differential equations.

In the process of mathematical modelling, it is often necessary to consider the following:

1. Identification of the variables that is responsible for changing the system.

2. Making a set of reasonable assumptions, or hypotheses, about the system we are trying to
describe. These assumptions will include any empirical laws that may be applicable to the
system, for example the growth and decay law and Newton’s Law etc.

The assumptions made about a system frequently mvolve a rate of change of one or more
variables. This gives rise to equations involving derivatives, that is, a differential equation or
a system of differential equations. The independent variable is usually time, denoted by ¢, since
the change is occurring over a time period.
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For mathematics at H2 level, you should obtain one differential equation which takes the

1
form of either %:f{x} ,%zg{y} or %‘I—{=h(x]_

A modelling problem involves the following stages:

()  identifying the dependent and independent variables

(i)  inferring the initial conditions

(iii)  solving the resulting DE, usually separable _

(iv)  interpreting the solution of the DE and making prediction about the behaviour of the
system in the long run

Tips:
(1) When formulating the differential equation, remember that the
Rate of change of variable = Rate of increase — Rate of decrease

(2) When solving the differential equation, do pay attention to some key words in the
question such as “initially”, “at the beginning” or “originally” which implies ¢ = (.

Example: 13.12

Formulate differential equations describing the scenarios below.
(@) The rate of growth of the population of a certain organism is proportional to the population
of the organism.

(b) Newton’s law of cooling states that the rate of decrease in the temperature of a hot body is
proportional to the difference in temperature between the body and the surrounding.

(c) Water is poured into a filiration device at a constant rate of a litres per minute. The
device discharges water at a rate proportional to the volume of water in the device.

Solution:

(a) Let p (dependent variable) denotes the population of the organism at any time r
(independent variable).

rate of nwreare x p i
rate of1ntreal = kp ,where k>0 :
|
1
1
1

Fate pp deveg)e =0

Theretore dp - -p
- il

L L L.
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_-__-_—
(b) Let x denotes the temperature of the hot body at time ¢ and x, the surrounding temperature.

Difference in the temperature between the body and surrounding = x - x,
(why not x,-x 7)

R S S EEmm s ———— =

Vale ot decregient (X ~ ¥o)

]
I
]
-
Yot ot atiremie = k(¥ =x,), k>0 :
dX :

'

1

d_'b *ﬂ-k[Y-Yﬂ?,k?p

T R e N e e m BN W e

rate of lcreat = g

i
[ |
rate of dereae =Y whewc k70 i
' dv s G-ky i
n

'

]

a4

e T T R e e

Example 13.13 (Modelling radioactive decay)

The rate at which a certain radioactive substance decays is proportional to the amount present.

A block of this substance having a mass of 100g initially is observed. After 40 hrs, its mass

reduces to 90 g. Form a differential equation to describe this phenomenon. Find

(1) an expression for the mass of the substance at any time and give a sketch to illustrate the
process of decay with time

(i1) the time-lapse before the block decays to one half of its original mass.

What assumption do you need to make in order for the model to be appropriate?

Solution:

yal

Separating the variables.

- e o S S

|x'|=x since x >0
= Inlx|=-k+C

= x e 0 et xe ™

= x=Ae™  where d =’ Two conditions are required
x=aAe - to solve the constants k and
A

-
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Take note that

110
(g
e ®? H0asrom,

horizontal asymptote y = 0

We only sketch r > 0
ey , (why?)

‘“.] wh'l-i'l X= 5‘9IP

~{ L
S = loDe (“h %7-4: Original mass was 100g.
Lot = 267 ﬁq Make use of the particular
sohition found in (i) to find
Fv themodel v e Approprnte, wenedd 10 Whume fhat the time lapse.

the ey, ot ﬂ"""t*-'fwul.-mllj rﬂf”&"!&f“ oy
tiflm.i QMo

Example 13.14 (N2010 P1Q7)

A bottle containing liquid is taken from a refrigerator and placed in a room where the
temperature 1s a constant 20°C . As the liquid warms up, the rate of increase of its temperature
6°C after time s minutes is proportional to the temperature difference (20-6)° C . Initially the
temperature of the liquid is 10 °C and the rate of increase of the temperature is 1 °C . By setting

1
up and solving a differential equation, show that 6 ~20-10e 10

Find the time it takes the liquid to reach a temperature of 15 "C, and state what happens to 8
for large values of r. Sketch a graph of 6 against .

rate of Ifncrease=0
rate of dereale 0 #(20-6)
rorte ot Ferefic = L(20-0) ;whee k770

A9 _ ¢ (20-0) -0
I 8

Pyt <=0 = =% g =l|o
m’ '* s ' =t r

. 1;] Using the result:

A, %E -nﬁc-,-.n-e‘) f'(x)

r_ d6 ' T & i@+ C
26 2Tt 'f{b‘ﬁ’

R -
_.h,/!ﬂ-'s( T tC
= Hg!ﬂ

20-0 =to. ie_k'c:(j:e_c)e"“

- -& -
WO = 2 o

20-6= fo5t  where d 210"

| )56
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] wt AL 1=0, O=/0 - '
| f‘ﬂ;l?-ﬁ}' lere , 8 = 2048 (o ™ (hpd)
i = :
L

-nn-u----——-—u-----——jr_ _____________________ 1
When 6=15, 15=20-10e 1 :}::—lﬂln%zlﬂlnz min
As t — 0,0 increases and approaches to 20 °C since € ' — 0.

1
Graph of 6 =20— Ae 1 Note that & =10 at =0

Horizontal asymptote
# = 20 must be indicated
for the solution curve.

Why is there a horizontal
asymptote?

.
-

o t

Example 13.15 (2016 Prelim RVHS/I/8 — Logistics model)

In a certain fish farm, the growth of the population of garoupa is studied. The population of
garoupa at time  days is denoted by x (in thousands). It was found that the rate of birth per day

is twice of x, and the rate of death per day is proportional to x” .
(1) Given that there is no change in the population of garoupa when its population hits 10000,

write down a differential equation relating % and x.

(i) Its owner decides to sell away 1800 garoupa daily. Modify the differential equation in part
(i) and show that the resulting differential equation can be written as

% = —é[{x —58 -a* ] . where a is a constant to be determined.

Given that the initial population of garoupa is 13000, solve this modified differential

equation, expressing x in terms of 1.
Deduce the long term implication on the population of garoupa in the farm, and sketch the
curve of x agamst 7.

Solution:

mkaﬁm“fc-h"
m#aé&rw Ty
% =1 -kx”
Whea X =(o, % =0
0=
2U0) Ry 2K°F

. - R
“aﬂ'b:l‘): E'
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Learning Experience (I)
Application of Differential Equation: Radiocarbon C* Dating

In Example 13,1?, the time taken for 100 g of the radioactive mass to decrease to 50 g is 263
hrs. In fact, the time taken for the radioactive mass to decrease from 50 g to 25 g is also 263

hrs. It is known as the half-life of the radioactive substance, which is characteristic to that
radioactive substance.

One of the radioactive substances that is present in all living matters is isotope carbon-14 (C-
14). After the death of the living matter, the amount of C-14 in the dead material decreases at a
rate proportional to the amount present. (Similar to Example 13.13). If we know how much C-
14 is left in the dead material, we can estimate the length of time the matter has been dead. The
half-life of the C-14 is approximately 5600 years.

Task: A cypress beam found in the tomb of Sneferu in Egypt contained 55% of the radioactive
carbon-14 that is found in living cypress word. Using the working in Example 13.13, show that
the tomb is at least 4830 years old.

Let r be the amount of radioactive carbon-14 in a cypress beam | ¢ is the time (in
found in the tomb of Sneferu at time . years) measured
from the instant the

wood dies.

T N

The American chemist Willard Libby (1908 — 1980) was the one who uses the half-life of
carbon-14 to estimate the age of decayed or dead wood. This technique is called radiocarbon
dating. He was given the Nobel prize for Chemistry in 1960 for this work.
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Tutorial 13 H2 Mathematics Year 2/2020
d
A Solving First Order Separable DEs of the Form % ={(x) and E'P =1(y)

1. Find the general solution of each of the following differential equations:

2 _dy dv
=32 — =
(a) sec o tan x (b) dx+2y 1

B Solving DEs Reducible to the Form % =f(x) or % =1(y) by a Suitable Substitution

2. Find the general solution of each of the following differential equations by means of the
suggested substitution:

(a)%=%;%;:=21+y (b) rg%=2y+lenx , Y=

3. Use the substitution y =vx, where v is a function of x, to reduce the differential equation
1%:3x+y tﬂadiﬁ'erentialequatiunoftheihrm%:f[x].
() Solve the above differential equation for v in terms of x.
(ii) Hence find y in terms of x and obtain the particular solution for which y=0whenx=2.
(i) vaethat,inﬂmgenﬂalcase,%i—{=%. (MB J75/11/ 20)

x
C Solving Second Order DEs of the Form gx—'f =f(x)

2

4. (a) Find the general solution of the differential equation 4 cos’ 3x .

e

(b) By considering %(:c]nx),ﬁnd J.lnxd_x.

2

Hence solve the differential equation —:T‘fﬂnx given that whenx =1, y =0 and %:-z-[_

D Miscellaneous Problems on Solving First Order DEs

3x

2

S. @® Find the genenal solution of the differential equation %: <
X

(i) Find the particular solution of the differéntial equation for which y = 2 when x =0,
(iif) What can you say about the gradient of every solution curve as x — +o0 9 Justify your
conclusion.
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(iv) Sketch, on a single diagram, the graph of the particular solution found in part (ii), together

with another solution curve corresponding to a negative value for the arbitrary constant in
the general solution obtained in part (i). (H2 Math N2008 / 1/ 4 modified)

| ol d: . dy 49
6. Given that -=el“a,mpmss = in terms of x, = and g
F
Hmmwthatthediﬂ'mmmaﬁun%+2%=ﬂm *
can be reduced to the differential equation % =™

Hence solve the differential equation (*), expressing y in terms of x.
(DHS Prelim 2012 / 1/ 11(a) modified)

E Applications of Differential Equations as Mathematical Models

7. The current / in an electric circuit at time r satisfies the differential equation 4%— =2-31.

Find I in terms of ¢, given that /=2 when r = 0.
State what happens to the current in this circuit for large values of 2. (H2 Math N2007 /1/ 4)

8. A rectangular tank has a horizontal base. Water is flowing into the tank at a constant rate, and
flows out at a rate which is proportional to the depth of water in the tank. At time ¢ seconds the
depth of water in the tank is x m. If the depth is 0.5 m, it remains at this constant value. Show
that %: —k(2x~1) where k is a positive constant.

When ¢ = 0, the depth of water in the tank is 0.75 m and is decreasing at a rate of 0.01 ms™. Find
the time at which the depth of water is 0.55 m. (Math 9233 N2001 /I / 14(b))

9, A sky diver jumped out of an aeroplane over a certain mountainous valley with zero speed and ¢
seconds later, the speed of his descent was v metres per second. He experienced gravitational
force and air resistance which affect v. Gravity would increase his speed by a constant 10 metres
per second” and the air resistance would decrease his speed at a rate proportional to the square of
his speed. It is given that when his speed reaches 50 metres per second, the rate of change of his
speed is 7.5 metres per second’.

By setting up and solving a differential equation, show that

100(1-¢™)
v= —1 - where m 1s a constant to be found.
+e

Describe briefly what his speed would be after he had descended for a long time and just before
he deployed his parachute. (2017 YJC Prelim/P1/10)

Curiosity is the fuel that fires innovation
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10.

11.

An epidemic bird flu spreads in a farm which has a large number of chickens. Initially, 10% of
the chickens are infected. After two days, 20% of the chickens are infected. The rate of infection
is proportional to the product of the proportion of chickens infected and the proportion that are
not infected. The proportion of infected chickens at time f (in day;.') is denoted by p. (You may
assume there are currently no available vaccines to curb the infection.) o
() Formulate a differential equation and show that the particular solution is given by

1

1+ 9[%]
(ii) Find the time taken for 90% of the chickens to be infected.
(iif) Sketch a graph of the particular solution in (i).

Comment on whether the model can be regarded as a good model of the situation in the real-
world context.

_P:

In a model of mortgage repayment, the sum of money owed to the Bank is denoted by x and the
time is denoted by r. Both x and ¢ are taken to be continuous variables. The sum of money owed
to the Bank increases, due to interest, at a rate proportional to the sum of money owed. Money is
also repaid at a constant rate r. Given that when x = a, interest and repayment balance. Show
that, for x> 0,

de r

5 - (x—a).
Given that, when ¢ = 0, x = 4, find x in terms of f, r, g and A.
On a single, clearly labelled sketch, show the graph of x against ¢ in the two cases:
MHA>a, (i)4<a
State the circumstances under which the loan is repaid in a finite time T (say) and show that, in

thiscase,lr:Elu[ - J (MC 189 /11/ 13)

r a-—A

1.

me estions

A stone 1s held on the surface of a pond and released. The stone falls vertically through the water
and the distance, x metres, that the stone has fallen in time r seconds is measured. It is given that

x=0 and %:u when ¢=0.

2
(f) The motion of the stone is modelled by the differential equation gl—f+2%:-= 10,

. . dx : . '
(a) By substituting Y=g show that the differential equation can be written as

d
E}’ =10-2y. [1]
(b) Find y in terms of 7 and hence find x in terms of 1. [6]
(if) A second model for the motion of the stone is suggested, given by the differential equation
2
%:lﬂ-jsm%tFindxintemﬁufrfnrthisnmdel [3]
(iii) The pond is 5 metres deep. For each of these models, find the time the stone takes to reach
the bottom of the pond, giving your answers correct to 2 decimal places. [2]

(2016 A-Level P1 Qn 9)

Curiosity is the fuel that fires innovation
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2. It is given that the rate of increase of the temperature of an object over time is proportional to
the difference between the temperature of the object and that of the medium in which it is placed.
A steak is removed from a freezer and put into the refrigerator to thaw. The freezer is kept at
—10°C and the refrigerator is kept at 4°C. After 4 hours, the temperature of the steak was —6°C.

It 1s given that %:ﬂe—q), where 6 °C is the temperature of the steak { hours after it is
placed in the refrigerator and % is the constant of proportionality.
(i)  Explain whether k should be positive or negative.
(i) Find & in terms of ¢ and verify your answer in (i).
(ili) Sketch the graph of @ against f .
(iv) Determine when the steak will be thawed to 2°C.
(CIC Prelim 2011 / I/ 4 (Modified))

Answers to Tutorial Questions
1
1(ﬁ)y=-%on52x+c (h}y=%(l+t2‘e'z") 2(a) y-In[2x+y|=x+C (b)y:ix’{m:)2+::t1

3. f(::):%; () v=3ln|x|+C (i) y=3xIn|x-(3n2)x

x> cos6x
. (B}J:T_ P

2
+Ce+D (b) xlnx—x+C; y =%(2]ﬂx—3)+%

3 - 3 dz d*y . TR e 2
5(1) }’=E|ﬂ(xz+l)+ﬂ‘{u}_v=5!n(x’+l]+2 6. e g2 y=oe 4 4B
3
7. ::%[Hzﬁ']; 1-% 8. 4025 9. m=02 10(i) 10.8 days

r

11. I={A-a}e;‘+a;d <a

Curiosify is the fuel that fires innovation



Extra Practice Questions (H2 Maths- Differential Equations)
(The questions will not be discussed during tutorials. Full solutions will be uploaded to NY
Portal)

1 2015 Prelim 3/I/5 (modified
: . : : . d
(i) Find the general solution of the differential equation Ev =1-y". [3]
’ : 1
(ii) Find the particular solution of the differential equation for which y = - when
x=0. [1]
(lii) What can you say about the gradient of every solution curve as x — +0? [1]
Sketch the graph of the solution found in part (if). [1]

2 201 lim DHS/1/10 (m ed

(a) Show that the substitution w=xy” reduces the differential equation

213):—‘2 =4x?y* — y? +1
to the form

E =aw’ +b,
dx
where a and b are to be determined.
Hence obtain the general solution in the form y* = f(x). [5]

(b) A certain species of bird with a population of size n thousand at time ¢ months satisfies
the differential equation

dr?
Find the general solution of this differential equation. [2]

Given further that » = 30 when ¢ = 0, show that

t

n=16e *+Ct+14 (%
where C is an arbitrary constant. [1]
Sketch 3 members of the solution curves given in (*) corresponding to C=-1,0,1.  [3]

3 15 Prelim YJC/1/4

z
Find the solution of the differential equation % = —:—xy- m the form y = f(x), given that

y=0 mg—:lwhcnx:{}, [4]

Sketch the solution curve, stating the equations of any asymptotes and the coordinates of
any points of intersection with the axes. [3]



4

2015 m RVHS/I1/4

(a) Show that the differential equation x%+u—\f4—(m)2 =0 may be reduced by

means of the substitution y =ux+2 to %—ﬁ'd}r-f . [2]

Hence, find the general solution of the differential equation, leaving your answer in
exact form. [4]

(b) The displacement s (metres) of an object moving in a straight line from a fixed point

O 1s related to time ¢ (seconds) by the differential equation % =vJ4s-5" .

(i) Sketch the solution curve of the particular solution for 0 <t < 4n given that

s:lwhmfﬁ?". [4]

(if) Describe the motion of the object and comment on whether the differential
equation in s and 7 is an appropriate model in the real-life context. [2]

2015 Prelim RI/TI/4 (modified)

(a)  The variables « and r are related by the differential equation
& =(a-u)(b-u),

where a and b are positive constants such that # < a and » <b.
It is given that « = 0 when ¢ = 0. Find, simplifying your answer,
(i) u, in terms of r and a, when a = b, [3]

(iii) ¢, in terms of u, a and b, when a # b. [5]

(b) A differential equation is of the form y:px+gx%, where p and g are

constants. Its general solution is y=x+ ¢ ., where C is an arbitrary constant.
X

(i) Find the values of p and g. [2]
(ii)  Sketch, on a single diagram, for x> 0, 3 solution curves corresponding
to the following cases: C=0, C>0and C<0. [3]

6 2017 Prelim AJC/II/L

At the intensive care unit of a hospital, patients of a particular condition receive a certain
treatment drug through an intravenous drip at a constant rate of 30mg per hour. Due to the
limited capacity for absorption by the body, the drug is lost from a patient’s body at a rate
proportional to x , where x is the amount of drug (in mg) present in the body at time ¢ (in
hours). It is assumed that there is no presence of the drug in any patient prior to admission
to the hospital.

Form a differential equation involving x and r and show that x = %{1—&"’)

where k is a positive constant. [4]
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(li) If there is more than 1000mg of drug present in a paticnt‘s body, 1t is considered ap
overdose. Suppose the drug continues to be administered, determine the range of
values of k such that a patient will have an overdose. 2]

For a particular patient, k = % .

(iif) Find the time required for the amount of the drug present in the patient’s body to
be 200mg. [3]

2018 Prelim NJC/I/11

A swimming pool contains 375000 litres of pure water. Water containing s milligrams of
free chlorine per litre flows into the pool at a rate of 10 litres per minute. The pool is also
draining at a rate of 10 litres per minute, such that the volume of the water in the pool
remains constant.

() Show that the rate at which the mass of the free chlorine, x grams, is changing in the
pool over time, f minutes, can be modelled by the differential equation

E _378%s-x
de 37500 °

State a necessary assumption for the above model to be valid. [3]
(i) Given that no free chlorine is present in the pool initially, find x in terms of ¢ and s 4]
(iii) Find, in terms of s, the mass of free chlorine present in the pool after one hour. [1]

(iv) Sketch the graph of x against ¢ which is relevant to the context, labelling the point(s)
where the curve crosses the axes and the equation(s) of the asymptote(s). Hence
determine the mass of free chlorine present in the pool after a long period in terms of s.

[3]

To prevent health complications, the recommended safe level of fiee chlorine to be used is

between 375 grams and 1125 grams in a pool which contains 375 000 litres of water. Find
the range of values of s that should be used. [2]

2018 Prelim PJ

Environmental conditions such as acidity, temperature, oxygen levels and toxins influence
the rate of growth of microorganisms. A biologist investigates the change of population of
a particular type of microorganism of size » thousand at time ¢ days under different
conditions. In both models I and II, the initial population of the microorganism is 3000 and
the population reaches 2000 after 1 day.

(i) Under model I, the biologist observes that the rate of growth of microorganism is a
constant whereas the death rate is proportional to its population. He also observes that
when the population of the microorganism is 1000, it remains at this constant vahue.

By setting up and solving a differential equation, show that n=1+2"" (8]

(if) Under model II, the biologist observes that n and r are related by the differential

2
equation 37~ 461 Find the partculr solution of this differental equation. (3]

2



(iii) By sketching the graphs of n against ¢ for both model I and II, state and explain which
of the two models is more harmful for the growth of this type of microorganism. [2]

9 2016 Prelim TJC/1/11

10

On the remote island of Squirro, ecologists introduced a non-native species of insects
that can feed on weeds that are killing crops. Based on past studies, ecologists have
observed li}at the birth rate of the insects is proportional to the number of msects, and the
death rate is proportional to the square of the number of insects. Let x be the number of
insects (in hundreds) on the island at time ¢ months after the insects were first introduced.
Initially, 10 insects were released on the island. When the number of insects is 50, it is

: . &
changing at a rate that is 4 times of the rate when the number of insects is 100. Show
that

%zﬁx(?—x]
where f3 is a positive real constant. [3]
Solve the differential equation and express x in the form 1+;4” , where p and g are
constants to be determined. [6]

Sketch the solition curve and state the number of insects on the island in the long run. [3]

2018 Prelim S 1/11

A charged particle is placed in a varying magnetic field. A researcher decides to fit a
mathematical model for the path of the fast-moving charged particle under the influence
of the magnetic field. The particle was observed for the first 1.5 seconds. The displacement
of the particle measured with respect to the origin in the horizontal and vertical directions,
at time ¢ seconds, is denoted by the variables x and y respectively. It is given that when

t=0, x=-%,y=ﬂand %zlTheWiahlﬁarerehtedbythediﬁeremialaquations

dz
{msr)%+ysinr=4cus’r-f and ¥:=cos3fcosr.
(i) Using the substitution y = vcost, show that $=4—v’ and hence find y in terms of
. [7]
1 1 1
= cosdt——cos2r+3t+—.
(ii) Show that x 32-::05 3 3 [4]

(ili) Sketch the path travelled by the particle for the first 1.5 seconds, labelling the
coordinates of the end points of the path. The evaluation of the y-intercept is not
needed. (2]



Answers Key to Extra Practice Questions

1
2 myzztan{21+ﬂ];
iz
I
(i) n=16e * +Ct+D,D =14
n [ thousands
n=16e 1 +Ct+14 =1
30
C=0
R G n=14
T=-1
ol 14.4 t / weeks
3 4 {R}H:ZS'm{x+c)
x —
(ii) The object oscillates about the starting point
which is 2m from O, with an amplitude of 2m.
The motion assumes the absence of resistance
whereby the amplitude remains constant which is
< unrealistic in real-life
e TG S -
D) u= a*t (1) 0<k <0.03 (iii) = 7.16h or 7h 9min
ar+1
@ =L 2 o 1
b-a b(a-u) T | (i) x=375s|1-e 375““];(iii) STSE[I—EE];
(b)) p=2andg=-1
(b)(ii) (last part) l1<s<3
¥ i
€>0 — 8 1) =2 -2r+3
'. /‘ﬂ 2 _
Ru_/// 2 * =i 19e77 * The number of insects will
/ approach 200 in the long run.
/ "
/ =
10 2(e* —1)cost
W y=—= -




3l

800(k +1)

X

A=6x" +Ex[@]{k +1)=6x" +
x

When A is stationary, %= 0. Thus

(i)

(iii)

(v)

2
e u:lz+lﬁﬂﬂ{k+l)

o 7 >0 since x >0, and k> 0.

—

Hence A is a minimum when x=[:

m__zm(knl 3

x x x 3 a 2(k+1)

D<ck<l = l1<k+1<2 = 2<2(k+1)<4

If the box has square ends, then

Therefore

It is mandatory to do a first or
second derivative test to ensure
that A is minimum even if only
one value of x is obtained for
L-o0.

x > 0 since x represents the length
of one side of the box.

We have used the fact that: when

a, b>0thena<bh = l-_-..l
a b

Q: Is it still true that:
when a, b < 0, then a < b

1.1
a

What about the case whena <0,
b=07




Example 23 (SRJC Prelim 2008 / 1/ 6)
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The diagram below shows the cross-section of a cylinder of radius x that is inscribed in a sphere of fixed
internal radius R. Show that A4* =16x°x*(R* —x*), where A is the curved surface area of the cylinder.

Prove that, as x varies, the maximum value of 4 is obtained when the height of the cylinder is equal to

its diameter. :
—
e :
"
"R !
Solution: '
Let h be the height of the cylinder. It s very common that the
By Pythagoras’ theorem, diagram of the question always

2
R’ =f+(lﬁJ
2

= b’ =4R*-4x?
A=2rxh

= A’ =4x'R

A’ =47’ X (4R* - 4%") rgpoum)

= A =167°R*x* -=1617x" woeem- (n
Differentiate (1) w.r.tx,
u% =32r°R*x - 64n’x’

dd  327*R*x-64r'x’

dr 24

Since A=0 ,

167 x(R? ~2x%) 167 X(R—2x) (R++2x)

—(2)

. . dA
At stationary point, E =0

1673 x(R -JEx}(mJix]: 0

provide an equation connecting
two variables.

Here, R =xl+[th
2

connects

x and h.

Notice that it is not necessary to
write 4 explicitly in terms of x
(by taking square root) before
differentiating as A4° can be
differentiated implicitly to give
a neater form. This is a useful
skill to employ in many

situations.




£k

=0 (reject) ,%.-% (teect)

Therefore x= %

Observe that R++2x>0 since R>0and x> 0. Not
ote:

RY R 5 From (2) we have
When x=(ﬁ),1{72- = R-vJ2x>0,s0 dAzlﬁJrzx{R—-ﬁx)(R+~EI]

‘ dx A

When x=[j’%] ,x>:75 = R—\J'Ex-:ﬂ,so

&)
=0 0 <0

Hence, when x=£, A 1s maximum.
V2

R
x=—0=2x'=R%.

V2
. h=y4R* —4x* = [4(2x%) - 4x°

=+/4x® = 2x = diameter of cylinder
Hence, the maximum value of A4 is obtained when the height h of

Si=
—
Sl

the cylinder is equal to its diameter 2x.

8.9.1: General steps involved in solving optimisation problems

Eleps Explanation and Illustration

1. Obtain the equation of constraint and write | This is usually an equation connecting two variables,
| one variable in terms of the other. say x and y.

For example, the equation of constraint could be
x+y=1. Writing y in terms of x givesy =1 —x.
Note: If the variables are not defined in the question,
you will need to define them first before proceeding.




34
2. Obtain an equation connecting the variable | For example, this equation could look like

to be optimized, say 4 and the variables x and | 4 = xy.

¥. Write 4 i terms of x and y.

Notice that 4 is expressed in terms of two variables x

and y.
3. Substitute the variable in terms of the other | This substitution reduces the number of variables by
in step | into the equation in step 2. one.

For example, substitute y =1 -xinto A = xy gives
A =x(1 - x) so that the quantity 4 is in terms of only

one variable, x.

4. Differentiate the variable to be optimized

Differentiate A with respect to x in the equation A =
with respect to the single variable.

d4
1 —x)to obtain —=1-2x.
x(1 - x) to obtain m

5. Set the derivative to zero and solve the

1
Set ﬂﬂ] =>1-2x=0=x=—.
equation . dx 2

6. Determine the nature of the stationary value | Construct a table for the first derivative test

of the optimized variable using either the first | o

or second derivative test, whichever is easier.

k]
find the sign of ?i_ﬁ for the second derivative test.
X

r=—

Note: This step is mandatory unless the

rl
question specifically says that this is For example d_“!l —
) == :
unnecessary. w,

Bt =

So A 15 a maximum when x=l_

Note: In this example, the second derivative test is

easier.
7. Obtain the optimum value of the variable to | In this example,
be optimized.
op the maximum value of 4 is l(l—l)=l.
2 2) 4 J
Self-Review 5

(a) A piece of wire of length / units is cut into two pieces. One piece is bent to form an equilateral triangle
while the other piece is bent to form a square. Prove that, when the combined area of the two figures

attains a minimum, the length of each side of the equilateral triangle is approximately 0.188/ units.
(You need to verify that the value obtained is a minimum)

(b) Find the coordinates of the points on the curve y =x* +2x -1 that is closest to the point (-1,2).

[(0.871,1.50) and (-2.871,1.50)]



35

Annex: A short note about locus
A locus is a path formed by a moving point which moves according to certain conditions.

Example 1 . . . _
The locus of a point P moves so that it is always a same distance r from a fixed point C (h, k). What

shape is it? Find its Cartesian equation.

Solution: ‘ . _
Obviously, it is a circle. The centre is the point C and the radius is r.

To find the Cartesian equation of the locus of a moving point, we always let the coordinates of the
moving point P be (x, y) , then we have
cP=r = J(x-h}+@-k)y=r

= (x=-hP+(y-k)}=r

Example 2
The locus of a point which moves so that it is an equal distance from two points, A4 (a, b) and B (¢, d) .
What shape is it? Find its Cartesian equation.

Solution:
It is a straight line. In fact, it is the perpendicular bisector of the line joining A and B. To find the

Cartesian equation of the locus, we let the coordinates of the moving point P be (x, y), then,
PA=PB = J(x-a) +(y-b) =y(x-c)’ +(y—d)’
= (x-af +(y-b) =(x—c)' +(y-d)’
= [(x-a)-@-o)[(x-a)+(x—c)]=[r-D)--B)][(y-d)+(y-2)]
p—
=

(c—a}(lx—a—c):{b—d](iy—b—n‘}

c—a 2(c-a)x (c-a)(a+c)
5d ) T b-d

2y-b-d=

c—a a+c[¢-—a) b+d
= ¥= x= +

b—d 2 \b-d 2

c—a c—-a* (b+d)(b-d)
= y= x— +

b—d 2(b-d) 2(b-d)

2 _ 2Rl g2

= y:c-a ¢—a'=b"+d”~ M

b-d _ 2(b-d)

It is an equation for a straight line.
T;l?;,f we want to prove that this locus is the perpendicular bisector of the line AB.
d-b

Gradient of AB is i
c—-a

Gradient of the locus =—

c—a
d-b

Since d_bx[—c_a]z-—l

c-a | d-b
The locus is perpendicular to the line joining A4 and B.
Hence the locus is a perpendicular bisector of the line joining A and B.

In general, to find the Cartesian equation of the locus of a moving point P that satisfies a
certain Fule or condition, we let the co-ordinates of the point P be (x, y), and form an
expression connecting the variables x and y based on the given rule or condition.







